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I. Ihe Damping produced by Eddy Currents induced in 
Metal Spheres and Cylinders Oscillating in a Non-Uniform 
Magnetic Field , and its Application to the Determination of 
Resistivity. By S. Davies, B.Sc., and E. J. Evans, D.Sc. r 
University College of Swansea *. 

Introduction . 

I T is well known that the resistivity of a conductor can 
be measured by swinging a magnetic needle over the 
conductor, or bv oscillating the conductor about a vertical 
axis in a uniform magnetic field. Both methods were 
employed by F.Himstedtf, who also considered the problem 
from the theoretical standpoint. In the first method a 
magnetic system was set swinging near a fixed copper 
sphere, and the damping produced by the induced currents 
was measured. In the second method the damping w r as 
determined when the copper sphere w as set oscillating about 
a vertical axis in a uniform magnetic field. Warburg J 
emphasized the importance of considering the effect o£ 
hysteresis when a magnetic needle is set swinging over 
magnetic substances. When a needle swings over an iron 
plate the damping is greater than would be expected from 
,its specific resistance. Weber § also employed the same two 

* Communicated by Prof. E. J, Evans, 
t Wied. Ann. ii. p.*812 (1880). 

X Wied. Ann . xiii. p. 159 (1881). 

§ Wied. Ann . lxviii. p. 706 (1899). 

Phil . Mag.S. 7. Vol. 9. No. 55. Jan . 1930. 
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where 


Mr. S. Davies and Prof. E. J. Evans on the 
log decj—log dec s = ±k a T 


SK^Hy 


v s D 2 
2ir\ ds ) ’ p 

v2 D 3 1 
ds ) • p 


- T 
d' 1 


fi ( <^H\ 3 ^ ^ m 

^'Us/ ‘ p *2 * 


( 6 ) 


C=|- = =4=0°625. 
2 it 160 


(b) Cylinders. 

(1) The pendulum bobs were cylinders of copper or brass 
swinging with their axes vertical in the horizontal magnetic 
field between the pole-pieces of the electromagnet. The 
lines of magnetic force were perpendicular to the axes of 
the cylinders. 

In this case the experimental results in conjunction with 
the theory of dimensions show that 

log de Cl - log dec,=K ^)” I. T, . (7) 

where K is a constant and /(D. 1) is of dimensions L 2 . 

(2) The pendulum bobs were cylinders supported by a 
bifilar suspension of fine silk, and swinging with their axes 
parallel to the lines of force. 

The experimental results indicate that the difference of 
logdec is independent of the lengths of the cylinders, and 
it therefore follows from the theory of dimensions that 

logdecj-logdecjsrC,^) . . (8) 

where Cj is a constant. 

According to Keeping* the value of Ci= j^g='00781. 


Experimental Work. 

According to equation (6) deduced for a sphere, oscillating 
between the poles of the electromagnet, the difference of 
logarithmic decrement with and without the magnetic field 
is given by 

!ogdeo 1 -logd.o ! =C(4?) 1 yD*.T. 

* Loc. ciL 
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The experimental work therefore involves the measure- 
ment of , the rate of variation of the magnetic field 


along the line of vibration of the pendulum, the resistivity p, 
the density d, the diameter D, and the period of swing T, 
together with the difference of logarithmic decrement with 
and without field. In order to test the various relationships 
involved in the above equation, spherical pendulum bobs 
were made of copper, aluminium, tin, zinc, lead, mercury, 
brass, and an alloy of tin and lead. In the case of copper, 
four spheres of diameters 2*48, 2' 12, 1*715, and 1*263 cm. 
respectively were made. The smallest sphere of diameter 
1*263 cm. was turned from a rod of very pure copper, and 
its resistivity was determined by measuring the resistance of 
the rod with the Kelvin bridge. This measured value of the 
resistivity was used in the application of the above equation 
to the measurement of resistivity. 

The spheres of other materials were turned from rods or 
from cylinders of the materials specially cast for the purpose. 
With the exception of zinc and mercury, the actual resis¬ 
tivities of the materials employed in the preparation of the 
spheres were actually measured. 


Resistivities. 

The resistances of the various materials to be measured 
varied from about 0*0000670 ohm for the copper rod to 
•00149 ohm for the lead rod. An accurate method for the 
determination of low resistances was therefore necessary, 
and for this reason the measurements were made with a 
Kelvin bridge constructed by the Cambridge Instrument 
Company. The method is well known, and no description is 
therefore necessary. 

Logarithmic Decrement. 

The metallic spheres were suspended by a fine silk thread, 
thus forming a simple pendulum. Behind the thread on the 
toj> of one of the pole-pieces, and parallel with the line of 
swing of the pendulum, was fixed a centimetre scale with 
its middle point opposite the centre of the magnetic field 
between the pole-pieces. The pendulum and scale were 
viewed by a telescope placed at a distance of about 4 feet 
from the magnet. Tne logarithmic decrement was then 

determined in the usual wav. 

* 



6 Mr. S. Davies and Prof. E. J. Evans on the 


Measurement of the Intensity of the Magnetic Field at the 
Centre of Swing and the Variation of the Field along 
the Line oj Swing. 

The electromagnet was designed to give a strong and 
uniform magnet field over a comparatively large area, 
and the pole-faces were'of rectangular cross-section, having 
a length of 16*5 cm. and a breadth of 5*0 cm. 

In the present experiments, measurements of H and 

were carried out with the distance between the pole-pieces 
tapering from 3‘96 cm. at one end to 3*46 cm. at the other 
end, and also with the same distance tapering from 4*45 cm. 
at one end to 3 45 cm. at the other end. Three points, 
A, B, and C, were selected along the line of swing of the 
simple pendulum, and the intensities of the magnetic fields 
at B, the point of rest of the pendulum bob, were deter¬ 
mined for 2, 3, 4, 5, and 6 amperes passing through the 
magnet coils by means of a search coil or fluxmeter. The 


values of 


rfH 

di' 


corresponding to various values of the 


current passing through the magnet, could then be calcu¬ 
lated from the deflexions observed when the search coil 
was placed at A and C respectively. The points A and C 
were situated on opposite sides of B, and at a distance of 


2 cm. from it. The values of determined in this way 

were accurate to within about 4 per cent., and within the 
limits of experimental error the deflexions at A, B, and 0 


indicated that -r- was constant over the distance AC. 
ds 


With the pole-faces adjusted for the larger taper a more 


accurate value of — was 
ds 


obtained when a current of 


5 amperes was passed through the electromagnet. Two 
small coils of equal mean area, and whose centres were 
at a distance apart of 4 cm., were connected up in series 
with the fluxmeter so that the E.M.F.’s induced were in 
opposition when the coils were simultaneously removed from 

tfH . . . 

the fields at A and C. The value of -r- obtained in this 

ds 


way was about 3 per cent, higher than that obtained 
by the previous method, and will be used later in the 
determination of the values of the constants C and Oi 
in equations (6) and (8). 
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Damping produced by Eddy Currents. 
Experimental Results for Spheres. 

Table I. 

Magnet pole-faces tapering from 3*46 cm. at one extremity 
to 3'96 cm. at other extremity. 


Nature of 
pendulum 
bob. 

Diam. of 
bob in 
cm. 

Current 
in amps, 
through 
magnet. 

Field in 
gauss 
at B, the 
centre of 
swing. 

Period 
of swing 
in secs. 

Temperature 
in degrees 
centigrade 
of air 
between 
poles. 

Log dee 
with 
field— 
log dec 
without 
field. 

Copper. 

1*263 

5*0 

5660 

1*0 

23*0 

*00158 


tt 

ii 

n 

1*5 

22*5 

•00236 

»i . 

tt 

tt 

f > 

2*0 

23*8 

00312 

n ••••• 

1*715 

tt 

»* 

1*5 

17*7 

*00434 

. 

2*120 

If 

i> 

St 

18*8 

*00653 

»» . 

2*480 


n 

ft 

17*7 

•00901 

Brass. 

1*723 

»» 

i» 

ft 

23*8 

*00125 

Zinc . 

1*174 

Ii 

»» 

1*0 

19*1 

•00103 

»? . 


*> 

»» 

1*5 

tt 

•00154 

M *. 

»» 

»» 


2*0 

tt 

00204 

.. . 

2*485 

»» 

tt 

1*5 

21*2 

*00310 


Table II. 

Magnet pole-faces tapering from 3*45 cm. at one extremity 
to 4*45 cm. at other extremity. 


Nature of 
pendulum 
bob. 


Diam. of 
bob in 


Current . 

• gauss Period 

through aC B ’ tl,e of swin e 
centre in secs, 
magnet. - 

° of swing. 


Temperature Log dec 
in degrees with 

centigrade field — 

of air log dec 

between without 

poles. field. 


Copper . 

1*263 

Aluminium... 

1*232 

tt 


tt 

tt 


♦» ••• »» 


it 

.. 2*19 

Lead . 

.. 1-26 

»i .. 

,. 2*48 

Tin. 

. 1*703 

Lead- 
Tin .. 

. 1*713 

alloy. 

Mercury. 

. 2*16 


5*0 

4993 

1*5 

2*0 

2152 

>i 

30 

3207 

tt 

40 

4218 

ii 

5*0 

4993 

tt 

6*0 

5445 

ft 

5*0 

4993 

tt 

5D 

4993 

1*5 


tf 

,t 

tf 

»i 

** 

M 

i i 

»> 


21-2 -00712 

22-5 00247 

„ -00625 

„ -00900 

„ -01290 

„ -01610- 

22-0 -04110 

22- 5 -00046, 

21-4 -00177 

23- 7 -00229 

20-1 -00122 

10-0 -00024, 
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Discussion of Results. 

According to equation (6) the difference between loga¬ 
rithmic decrement with the field and without the field is 
given by 

p D s T 

W*J • p 'd' 

The variation of the difference of log dec with the various 
quantities concerned will now be considered. 

Table III. 

Variation with T. (Field at centre of 
swing=5660 gauss.) 


, Nature of 

pendulum 
bob. 

Period 
of swing 
in seconds. 

Log dec 
with field — 
log dec 
without 
field. 

Log dec, — log 
T 

Copper, 1*263 cm. 

1*0 

•00158 

•00158 

*» 

1*5 

•00238 

•00158 

»» *••• 

2*0 

•00312 

00156 

Zinc, 1*714 cm. 

1*0 

•00103 

•00103 

»» . 

1*5 

•00154 

•00103 

»j . 

2*0 

•00204 

•00102 


The results show that for a given pendulum bob, keeping 
the field at each point constant, the value of log decj—log dec, 
is directly proportional to the period of swing. 

Table IV. 

Variation with Diameter “ D.” 

Period T=l*5 seconds in all cases, 5 amperes passing 
through magnet and distance between pole • faces 
tapering from 3 - 46 cm. at one end to 3’96 cm. at other 

end. 


Field in 

Nature of Diameter ** D * gauss at Log dec, - log dec a 

pendulum bob. in cm. centre Jjs .■ 

of swing. 


Copper . 1*263 5660 *00149 

„ 1*715 „ *00148 

„ 2*120 „ 00Uo 

. 2*480 „ *00147 
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The resnlts given in Table IV. show, for spheres of the 
same material oscillating in the same magnetic field with 
the same period of swing, that (logdecj—log dec*) is pro¬ 
portional to the square of the diameter. 

Table V. 

Variation with . 

ds 

Aluminium sphere of diameter 1*23 cm., and the distance 
between pole-faces tapering from 3*45 cm. at one end 
to 4*45 cm. at other end. 


Current 
through 
magnet in 
amperes. 

Field in 
gauss at 
centre 
of swing. 

dR 

ds 

in gauss 
per cm. 

Relative 
values of 

(?)'• 

Relative 
values of 
log dec 1 — 
log decg. 

2 

2152 

361 

1 

1 

3 

3207 

54-0 

2*24 

213 

4 

4218 

69-0 

365 

3*64 

5 

4993 

83-4 

5*34 

5*22 

6 

5445 

91-6 

6*43 

6*52 


The above results show that the difference of logarithmic 
decrement with field and without field is proportional to 

ds ) w ^ en the curren f passing through the magnet is 

changed. 


c 


Measurements of the Resistivities of the various Conductors 
by comparison with the Resistivity of the Material from 
which the small Copper Sphere of Diameter 1*263 cm. 
was turned. 

Let den, p^, Dcu, and (log decj—log dec 2 )cn represent the 
values of the density, resistivity, diameter, and the difference 
of log dec with and without the magnet field in the case of 
copper, and d n , p m , D m , (logdec»—log dec,) m the corre¬ 
sponding quantities in the case of the material examined. 

It follows then, from equation (6) when and T are 
the same for both, that 

„ _ D** dcu (logdecj —logdeepen 
P * D’c 'd m ‘ (log decj—log dec,) m * Pc " 
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The resistivities of the varions substances calculated from 
the above equation are collected in Table IV. The values 
of the resistivities have been calulated from the results given 
for (log dec!—log dec a ) in Tables I. and II. when a current 
of 5 amperes passed through the magnet and T= 1'5 
seconds. 

The resistivity of the copper from which the small sphere 
was turned equals 1*703 microhms per cm.* at 16*7° C. 
The resistivities in all cases can be reduced to 18° C. from 
the known values of the temperature coefficients of resistance. 

Table VI. 

Resistivity 


Nature of 
sphere. 

Diameter 
of sphere 
in cm. 

Density of 
material 
in grams 
per c.c. 

in michroms 
per cm. 3 
at 18° C. 
determined 
from 

pendulum 

experiments. 

Resistivity 
in microhms 
per cm.* 
at 18° C. 
determined 
directly. 

f 

1*23 


295 

2-91 

Aluminium ... { 


2*71 



\ 

219 


2*92 

2-91 

r 

1-714 


615 

610 

Zinc .< 


7-18 



l 

2-485 


617 

610 

Brass .. 

1-723 

8-40 

6-50 

6-29 

r 

1-26 


20-9 

21-5 

Lead .^ 


11-37 



l 

2-48 


21*20 

21-5 

Tin .. 

1-703 

7*22 

11-92 

120 

Lead-Tin alloy 

1*713 

904 

18-5 

18-2 

Mercury. 

2-16 

13-6 

96-6 

95-6 


The resistivities determined from the pendulum experi¬ 
ments agree within about 2 per cent, with those determined 
directly with the Kelvin bridge. 

Determinations of the Constant “ C” 

The determination of the constant “ C ” in the equation 

logdeci—logdec 2 = C(“j"') . ~.^ .T 
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is rendered fairly difficult owing to the smallness of the 
* dYL 

quantity . The value of was therefore re-deter¬ 
mined when the distance between the pole-faces varied from 
3*45 cm. at one end to 4*45 cm. at the other end, and a 
current of 5 amperes passed through the electromagnet. 
Two coils of equal mean area, whose centres were 4 cm. 
apart, were connected in series with the fluxmeter, so that 
the E.M.F.’s induced in the coils opposed one another when 
removed simultaneously from the field between the pole- 


pieces. 


The value of 


dE 

ds 


obtained in this way was 86 gauss 


per cm., and was about 3 per cent, higher than 83*4 gauss 
per cm. previously obtained. 

Considering the results obtained with the small copper 
sphere of diameter 1*263 cm., we find :— 


Difference of log dec = *00712. 

Density of copper = 8*92 gm. per c.c. 

Resistivity of copper at 21*2° C. * 1*733 x 10~ 6 ohm 

per cm* 

= 1*773 x 10 s C.G.S. units. 
T=l*5 seconds and = 86 gauss per cm. 


Putting these values into the above equation, the constant 
“ 0” is found to be equal to *00622. 

The value obtained by Keeping *, from theoretical con¬ 
siderations, is *00625. 


Discussion of Results. 

Variation with T. 

An inspection of the results contained in Table VII. for 
the copper cylinder of length 2*57 cm. and diameter 
1*270 cm., with a current of 5 amperes passing through 
the magnet, shows that the difference of log dec is approxi¬ 
mately proportional to T. 


Variation with • 

Taking the results for the copper cylinder 1*279 cm. long 
and 1*270 cm. diameter in conjunction with the values of 


• Loc . o it. 



12 Mr. S. Davies and Prof. E. J. Evans on the 
Experiments with Cylinders. 

(a) Cylinders oscillating in the horizontal magnetic field 
with their axes vertical, and the distance between the 
pole-faces varying from 3’45 cm. at one end to 4 - 45 cm. 
at the other. 

Table VII. 


Material 

of 

cylinder. 

Length 

in 

cm. 

Diameter 

in 

cm. 

Current 

in 

amperes 

through 

magnet. 

Field 

in 

gauss 

at 

centre 

of 

swing. 

Period 

of 

swing 

in 

seconds. 

Tempera¬ 
ture in 
degrees 
centi¬ 
grade 
between 
poles. 

Log dec 
with 
field- 
log dec 
without 
field. 

Copper... 

1*279 

1*270 

2 

2152 

1*5 

21*5 

*00172 

Si 

ii 

» 

3 

3207 

*s 

it 

*00361 

si 

19 

a 

4 

4218 



*00623 

ss ••• 

11 

a 

5 

4993 

31 

»» 

*00886 

is ••• 

it 

a 

6 

5445 

11 


*01064 

Copper... 

2*57 

1*270 

5 

4993 

1*5 

17-5 

*01315 

is ••• 

>s 

IS 

6 

5445 

si 

it 

*01606 

SI •** 

it 

11 

5 

4993 

1*0 

230 

•00860 

11 

si 

It 

5 

4993 

2*0 

22-5 

01760 

Copper... 

1*29 

1*907 

5 

4993 

1*5 

23-5 

•01279 

si ••• 

it 

13 

6 

5445 

ii 

11 

*01550 

Copper... 

2*57 

1*910 

5 

4993 

1*5 

22*5 

*02484 

is ••• 

a 

»» 

6 

5445 

a 

tt 

*03069 

Brass ... 

1*271 

1*279 

5 

4993 

1*5 

18*5 

*00269 

si ••• 

»> 

a 

6 

5445 

ti 

it 

*00331 

Brass ... 

2-57 

1*27 

5 

4993 

1*5 

22-0 

*00105 

a ••• 

It 

si 

6 

5445 

ii 

II 

*00475 

Brass ... 

127 

1-926 

5 

4993 

1*5 

20*5 

*00395 

tr ••• 

It 

II 

6 

5445 

ii 

ii 

*00482 

Brass ... 

2-57 

1-925 

5 

4993 

1*5 

19*5 

*00776 

»* 

9) 

11 

6 

5445 

ii 

ii 

00937 

(f)' 

contained in Table V., 

it can 

be shown that the 


difference of log dec is approximately proportional to 






Damping produced by Eddy Currents. IS 

Variation of Difference of log dec with Dimensions of 
Cylinders. 

The experimental results given in Table VII. show that 
the difference of log dec for a cylinder with its axis perpen¬ 
dicular to the magnetic field depends upon both the length 
and diameter of the cylinder, but is not proportional to their 
product. The experimental results, coupled with the theory 
of dimensions, suggest the following equation:— 

log decj — log dec 2 = constant . i. T, 

where l and D represent the length and diameter of the 
cylinder, and f(l, D) is of dimension L 2 . 

Determination of Resistivity. 

The resistivities of brass and copper can be compared for 
cylinders of the same dimensions by means of the equation : 

( log — log de Cjleoppe r ^copper _ Pbrans 

(logdeC!—log (Jec 2 )brass ^braal /^copper 

Experiments tvith Cylinders. 

(b) Cylinders with bifilar suspension oscillating with their 
axes parallel to the lines of magnetic force. 

Table VIII. 


Material 

of 

cylinder. 

Length 

in 

cm. 

Diameter 

in 

cm. 

Current 

in 

amperes 

through 

magnet. 

Field 

in 

gauss 

at 

centre 

of 

swing. 

Period 

of 

swing 

in 

seconds. 

Tempera¬ 
ture in 
degrees 
centi¬ 
grade 
between 
poles. 

log dec 
with 
field - 
log dec 
without 
field. 

Brass ... 

2*57 

1-925 

5 

4993 

1*5 

15*2 

•00625 

» 

»» 


*i 

»» 

1*0 

19 

00423 

Copper... 

2-57 

1*910 

2 

2152 

1*5 

16-5 

*00404 

»» 

tl 

»» 

3 

3207 

ii 

91 

*00924 


i» 


4 

4218 

>i 

19 

*01537 

n 

19 

it 

5 

4993 

»i 

If 

*02148 

»t ••• 

If 

it 

6 

5445 

»i 

91 

*0262 

Copper... 

1-29 

1*907 

5 

4993 

1*5 

15*5 

*0214 

»! 

»* 

♦» 

ti 

ii 

1*0 

16.0 

*0142 

»l ••• 

>» 

t* 

it 

ii 

2*0 

17*5 

*0284 

Copper... 

1-279 

1-27 

5 

4993 

1*5 

18*0 

*00960 
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Using the results for cylinders of length 2*57 cm. and 
diameter 1’27 cm. in Table VII. and the resistivity of copper 
at 20° C. (1*73 microhms per cm. 3 ), the resistivity of brass 
calculated from the above equation is 6 microhms per cm.* 
This result is in fair agreement with the value determined 
by the Kelvin bridge, viz. 6’3 microhms per cm. 3 

Discussion of Results. 

Variation with T. 

Inspection of Table IX. shows that for a given substance 
and a given current passing through the magnet the 
difference of logdec is proportional to the period of swing T. 


Variation with Dimensions of the Cylinders. 

(i.) An examination of Table IX. also shows that for a 
given substance the difference of logdec is practically 
independent of the length of the cylinder when the latter is 
oscillating with its axis parallel to the lines of force. 

(ii.) A comparison of the differences of log dec for copper 
cylinders of diameters 1*27 cm. and 1*907 cm. shows that 
the difference of log dec is directly proportional to D*. 


Variation with 


« (t; 


V. 


If the differences of logdec for the copper cylinder of 
length 2*57 cm and diameter 1*910 cm. given in Table VIII. 


en in 


( dH \ 2 

— 1 giv 

Table V., it can be shown that the difference of log dec is 
proportional to j • 


Determination of Resistivity. 

If the resistivity of copper be known, the resistivity of 
brass can be determined from the values of the difference 
of logdec for brass and copper cylinders of known dimensions 
and densities. Taking the values from Table VIII. for brass 
and copper cylinders of diameters 1*925 and 1*910 cm. 
respectively, the resistivity of brass works out to be 
6 4 microhms per cm. 3 This value is in fair agreement with 
the experimental value 6*3 ohms per cm. 3 
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The experimental results for cylinders oscillating with 
their axes parallel to the lines of magnetic force show that 


log decj—log dec 2 = Ci(^) . 


D* 


- T 
d mL ‘ 


Determination of the Constant C\. 

Considering the results for the copper cylinder of length 
1*29 cm. and diameter 1*907 cm., it follows that 

fdE\ QC 

I — j=86 gauss per cm., 

log decj—log dec 2 =*0213 8 , 
d= 8*92 grams per c.c., 

T= 1*5 seconds, 

p= t*70x 10"® ohm per cm. 3 =l*70x 10 3 C.G.s. units. 

The value of Ci calculated from the above equation 

as * 00802 . 

Taking the results for the copper cylinder of diameter 
1*910 cm., the value of Cj=*00804. 

The mean value of Ci= 00803= T | 5 approx. 

The value of Ci deduced theoretically by Keeping* is 


Summary of Results. 


1. The logarithmic decrements with and without the 
magnetic field have been measured for spheres and cylinders 
of conducting material swinging as pendulums between the 
pole-pieces of an electromagnet. The pole-pieces, which 
were of rectangular cross-section, were mounted with a 
slight taper, so that the spheres and cylinders were oscillating 
in a non-uniform field. Measurements showed that, for a 
given current passing through the magnetic coils, the value 


of 


dR 

ds 


along the line of swing was constant. 


2. It has been shown in the case of oscillating spheres 
that the difference of log dec with field and without field is 
given by 

fdH\* D* 1 


C! 


ds) * p •d 


*T, 


* Loc. cit. 
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where D is the diameter of the sphere, p the specific resis¬ 
tance of the material composing the sphere, d the density, 
T the period of swing, and C a constant equal to ’00625. 

3. For cylinders oscillating with their axes perpendicular 
to the magnetic field, the difference of log dec is given by 

, viHy fa d> i „ 

constant J . ——- . ^. T, 

where l represents the length of the cylinder and/(H)) is 
of dimensions L 2 . 


4. For cylinders oscillating with their axes parallel to the 
magnetic field, the difference of log dec is given by 


, /dH \ 2 D 2 1 ,n 
l \ds) ’ p 'd 


where the constant Cj is equal to y|^ or ’00781. 


5. The method can be used for comparing the resistances 
of conductors in the form of spheres and cylinders or for 
determining resistivities absolutely. 


II. On the Damped Oscillation of a Conductor in a Non- 
uniform, Magnetic Field, By E. S. KEEPING, B.Sc 
D.I.C. (University College of Swansea) *. 

T HIS note is intended as a supplement to the preceding 
paper by Mr. S. Davies and Prof. E. J. Evans (l> 
on the damping produced in metal spheres and cylinders 
oscillating in a non-uniform magnetic field and its application 
to the determination of resistivity. It gives a theoretical 
deduction of certain formulae quoted in that paper. 

There exists an extensive literature on the induction of 
eddy-currents in moving conductors, and the particular 
problems of the torsional oscillations of a suspended sphere 
and of a suspended cylinder with its axis vertical in a uniform 

* Communicated by Prof. E. J. Evans. 
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field have been investigated by various writers <2> . The 
to-and-fro pendulum motion in a non-uniform field does not 
appear, however, to have been previously discussed. The 
only cases treated here are those of the sphere and the 
cylinder with its axis along the lines of force. The corre¬ 
sponding problem of the cylinder with axir perpendicular to 
the field presents great analytical difficulties. 

Taking the origin of Cartesian coordinates at the centre 
of gravity of the pendulum bob when at rest, and the axis of 
x vertically upwards, the motion may, for small oscillations, 
be taken as simple harmonic along the y-axis. The magnetic 
lines of force are then practically parallel to the s-axis, and 
the strength of field increases uniformly along the y-axis, the 
gradient being produced in practice by slightly inclining 
the plane-poles of an electromagnet. The problem of the 
moving bob is then practically identical with that of the same 
bob at rest in a magnetic field fluctuating harmonically. 
If h is the amplitude of oscillation of the hoi), the field at its 
centre fluctuates between the limits H 0 + /i diljdy. The 
magnetic field is not constant over the whole of the bob, but 
the extent of the fluctuation is the same at all points, and 
as the induced currents depend entirely on the variable part 
of the field, we can regard the eddy-currents actually produced 
as due to a uniform but harmonically oscillating field 
hdHJdy co? pt. 

If E, M are the electric and magnetic field strengths in 
a medium of unit permeability and conductivity <r, 

curl M=47raE, 
curl E=-dM/rft, 
div M=0, 
div E = 0, 

the units being electromagnetic. These equations may be 
solved in particular cases bv the method given by Bromwich <sl . 
The solutions must satisfy the boundary conditions that the 
tangential and normal components of magnetic field strength 
are continuous across the boundary. This type of solution 
has been used by Marcus (4) for the analogous problem of a 
rotating sphere. 

Spherical Conductor. 

Let a be the radius of the sphere. The axis of z is one of 
symmetry, and may be taken as the axis of spherical polar 
coordinates. A solution of (1) is 

Phil. Mag. S. 7. Yol. 9. No. 55. Jan. 1930. 



C 



18 Mr. E. S. Keeping on the Damped Oscillation 


„ B 2 U , BU 
Mr ~ Br 2 47r<T d*’ 
M-l^U 

B 2 U 


M = _ i _ 

^ r sin 0 dr 

E r s=0, 

E *=,4rsaV^)’ 

rMd<> 

where V is any solution of the equation 


. (*> 


3 ! U ± 1 B / . -BU\. 1 B 2 U BU 

B^ 2 + f* sin 0 M V ^ W + r“ sin 2 0 Bd> 2 “ 47rcr ^ 
If we write U=V(r, 0, <fi)e >qf , the equation becomes 


• ( 3 ) 


(V 2 +* 2 )V=0,.(4) 

where k 2 — —itriaq .(5) 

A solution of (4) is 


V=A cos 0[(sin kr)jkr— cos kr], 
whence from (2) 


M r = 2A. cos 6. e^[(sin hr)/hr* — (cos Icr)/^], 

M $= — A Jr . sin 6. e^ f [cos krjr— sin kr/kr*+k sin It], 
M,=0, 

E r =0, 

E®-0, 

E®*A/r.sin0ige^[(sinlr , )/Ir—coslr]. ... (6) 

Outside the sphere the part of the magnetic field arising 
from the induced currents is derivable from a potential 
which satisfies the relation 

V 2 x=0..(7) 

The appropriate form of ^ is Y«/r’ ,+1 , where Y„ is a 
spherical harmonic, and the particular solution corresponding 
to (6) is given by 

( 8 ) 


y=B/r 2 .cos 6 , 
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The magnetic field arising from this is 
M r '=2B/r*. costf. e iqt i 
M 0 '=B/r».8in^.M 


( 9 ) 


i 

V 


M/=0. 

The external inducing field is given by 
Hr = h dHjdy. cosj ot . cos 6 ? 

H$= —hdHjdy .cos pi* sin 8 y 

H,=0, 

•which may be written, in conformity with (6) and (9), 
H r =S^/i . cos 0, 

R 9 =$-$hdRjdy . sin 0, 

H* = 0, 

the summation being over the two values of q— ±p. 
The boundary conditions at r=a give 

2A[ (sin ka)/ka 3 — (cos ka)/a 1 '] = 2B/a 3 + \h dRjdy 

A/a [(cos ka)ja —(sin ka)jka * + k sin £a] 

= -Bja? + ^i dRjdy, 

3/<a 


( 10 ) 


( 11 ) 


whence 

and 


A = 


4&sinA-a 


dRjdy 


( 12 ) 


E ,= s nr^; 

r 4*sin£a 


<(H sin 0. i Qt fsin kr , ~| 

(13) 


The two values of k in this summation are 
*i = (1 —*) ^'itrapA 
k 2 =(l + i) \/ 2ircrp.) 


(14) 


Now in the experimental work v'' 2nop .a is of the order 
of 1/10, so that it is permissible to the degree of approxima¬ 
tion justified by the data to neglect terms of the third and 
higher orders in the expansion of (sin kr)jkr and cos kr. We 
then obtain, on adding together the two expressions for E^, 

dRjdy . jt> sin pt.r sin 6.. . . (15) 
C 2 
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The work done per second by the eddy-currents in the 
sphere is given by 

W=jfjVE *dt .(16) 

integrated throughout the volume of the sphere. This gives 
W=2/15. ir<raS(dK/dy) s hy sin 2 pt. 

= 2/15.7T<r. a 5 . (dH/dy ) 2 . y 2 , . . . (17) 

y being the instantaneous velocity of the sphere. 

If F is the instantaneous force per unit mass acting on the 
sphere due to eddy-currents, 

W=4/3. 7 T pa 3 . Ft), 

so that 

F=l/10 . cjp . a?(dFL/dyYy=2xy, 

where p is the density of the material of the bob. 

The logarithmic decrement of the oscillations is, therefore, 

*T/2 = T/40 . a I pa 2 . {dH/dijf, . . . (18) 
where T is the period of swing of the pendulum. 

It is clear from the discussion of results in the paper of 
Davies and Evans above that this formula is in satisfactory 
agreement with experiment. 


Cylindrical Conductor, loith Axis along Lines of Force. 

Taking the axis of 5 as that of cylindrical coordinates, 
p, </>, z, with the origin at the centre of the cylinder, we find 
as solution of (1), 

B 2 U 

1 d 2 U 


M*=. 




p'dQ'dz 


au 


jr __ __ 4 .^ 0 -_ 

F _ 1 

p WF 




E,= 


B 2 U 

Bp 


E,=0, 


/ 


where IJ is any solution of the equation 

BU 

-s 


( 19 ) 


W + lW + i„|!g + P-4 TO f=0. (20> 


! -L2 
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Noting that there is symmetry about the 2 -axis, and 
putting U=V<^, we find for V the equation 

B 2 V ldV , a 2 Y 


B /» 2 + p Bp + B * 2 +PV - 0 ’ 


( 21 ) 


P = — Airio-q. 


where, as before, 

A solution of (21) is 

V=AJo(*p)e“ vra ***, 

whence 


( 22 ) 


M p =- AV?^PJ 0 '(«p) e - ^~ kt •*. M 
Mz=a 2 AJ 0 (ap)e - 
E 0 =i 9 «AJ,/ (*p)e - v7rr * 2 • *. /#, 
M^=E p =E^—0. 


• (24) 


The magnetic potential ^ of the field in outside space 
arising from the induced currents may be written 

X =BJ 0 ( / S /1 ). 

whence 

M p '= — BJ 0 '(ftp)j3. e-^e^r 
M.J— B£J 0 (ftp)e~P- e iqt i 
M/-0. 

The external inducing field is 
H p =H 0 =O, 

E^MdE/dyXe&A 


(25) 

(26) 


(27) 


The boundary conditions at the curved surface of the 
cylinder, p=a, are 

. J 0 '(«a)e - -BJ 0 'OSa)y8e-^J 

« 2 AJ 0 («a> - - * _ B/3J 0 (/3a) . e~^ + U dE/dg, j 

. . (28) 

which are satisfied by putting 

/3= 'V / ?^F = 0. 

Hence 

E^=2i?^A.W 0 '(l*p).(29) 
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Expanding the Bessel functions in series, and retaining 
terms np to the third order, the expression for E reduces, 
after some manipulation, to 

~E^=^phpdRJdy . [2 sinpt 4- cos pt . w<rp(2 a* +p 8 )]. (30) 

The work W done per second is therefore given by 

i'a Cix 

W=2&<r 1 1 (t php dRJdyY . [sinpt 

4' 0 Jo 

+ ^ trap (2a 2 +p i 4 5 ) cospt] 8 dp . pd<f> 

—^iratya p 2 h? sin 2 pt (dH/dy) 2 4- terms of higher order in 
op which are negligible. (6 denotes the half- 
length of the cylinder.) 

The force per unit mass acting on the cylinder is therefore 
given by 

T?=l/8 . a/pa 2 . y=2icy, .... (31) 
and the logarithmic decrement of the oscillations is 

K T(2^1/32o/pa\(lH/c/y) s , .... (32) 

which again is in satisfactory agreement with experiment. 

In the above working the boundary conditions at the flat 
ends of the cylinder have been ignored. Two of these are 
satisfied by the solution given, but the third appears to be 
incapable of being exactly satisfied by a solution of this 
type. It is clear, however, from the symmetry of the 
problem that the eddy-currents will flow in concentric circles 
in planes perpendicular to the axis, so that the effect of the 
finite length of the cylinder will be very small. That this is 
so is proved by the experimental work of Davies and Evans <e) . 
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III. Determination of the End Correction and Conductance 
at the Mouth of a Stopped Organ (Flue) Pipe. By 
A. E. Bate, M.Sc., Northern Polytechnic , London *. 

§ 1. TN a previous communication t an account was given 
X of the effect of variation in the pressure of the air 
and of the dimensions of the mouth of a stopped organ-pipe 
on the frequency of the pipe. It was shown that, after tne 
length of the pipe had been suitably adjusted, the most 
stable note was obtained when these factors were connected 
by the equation 

^•.LVs-a.(I.) 

in which V stands for the velocity of the air in feet per second, 
n „ „ frequency, 

h „ „ height of the month in feet, and 

$ „ ,, the width in inches of the slit from 

which the air issues. 

The pipe referred to had its mouth in a plate which 
otherwise closed one end of the pipe, and in consequence the 
air had to be blown across the pipe instead of along it; this 
enabled the height of the mouth to be altered without altering 
the length of the air column. 

The same pipe was used to obtain the results given in this 
paper, but in this case the slit width was *05 inch throughout, 
so the formula becomes 

. a-.) 

and £yoy\\ this the air pressures were calculated which were 
required to make the pipe speak with maximum stability at 
frequencies of 126, 256, 266, *520, and 340 respectively, and 
with heights of mouth equal to 0'35 , 0*5, 0'6o 9 and 0'8 inch 
in each case. 

§ 2. The correction was obtained by subtracting the length, 
of. the pipe ^measured from the lip to the inner face of the 

(wepuarter of the corresponding 

for each height of mouth, the air pressure having \>een 

* Communicated by Reg. S. Clay, D.Sc. 
t Phil, Mag. viii. p. 750 (1929). 
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adjusted to its appropriate value each time. The length of 
the pipe was found at which it gave four beats per second 
with the fork used as standard, i. e., until the frequency of 
tlie pipe was w — 4, where n is the frequency of the fork. 
The length of the pipe was then altered until it had a frequency 
of n +4, accurate counting of beats being assured by means of 
a metronome set at four ticks per second. Both lengths 
of pipe were measured and the arithmetic mean taken as the 
length of the pipe of frequency w, Actually the harmonic 
mean should be taken, but this is equal to the arithmetic 
mean to the degree of accuracy attained in the experiments. 
The method of beats was used, as it is practically impossible 
to obtain true agreement of frequencies directly. 


§ 3. Lord Rayleigh * gives the equation 



X.c 

2tt7A ’ 


. . (TI.) 


for a cylindrical resonator without a neck, in which L is the 
length, A the cross-section, X is the wave-length of the 
natural frequency, and c is the conductance of the orifice, 
which is assumed to be circular. He stated that c is of 
linear dimension, and equals the diameter of the orifice 

if circular, or 2^/? if approximately circular, where 

cd stands for the area of the orifice. This quantity is referred 
to in the present paper as the equivalent diameter. 

Another formula given by Lamb + for the same type of 
resonator is 


cot 


2it\j 

~X 7 



(in.) 


in which « is the end correction, i. e., the amount hr which 
L falls short of X/4 ; the other symbols are as in (II.). It 
follows that, since (II.) may be writtenj 

, 2ttL 2ir A 
cot—- = -- . - , 


that 

or 



• . (IV.) 


* Irons, Phil. Mag. p. 870 (May 19291 
t Lamb , i Dynamical Theory of Sound,’ Art. 8G. 
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This indicates that, provided A remains unchanged, the 
product etc should be constant for all frequencies ; hence, for 
a given area of mouth, i. e., for a given value of c, a should 
also remain constant at all frequencies. 


§ 4. Since the equation 


tan 


2ttL 

\ 


\ c 
2tt A 


is satisfied by any one of a series of values of L increasing 
by \/2, it follows that for each of these values the same 
frequency and mouth conditions should hold, as indicated in 
the previous paper. 


§ 5. Table I. 

Measured values of a corresponding to varying frequencies 
and heights of mouth. (All lengths in inches.) 


Frequencies. 


Height of mouth. 

128 

256 

288 

320 

340 

0-35 

— 

3*83 

3*71 

3*41 

3*36 

0*5 

— 

3*20 

3-19 

3*01 

2*92 

0*65 

2'8S 

2*85 

2*83 

2*67 

— 

0*8 

2*53 

2*53 

_ 

— 

— 


Table I. gives the values of the end correction obtained 
by direct measurement. The results missing from the second 
column were unobtainable, as the appropriate pressures were 
too low to cause the pipe to speak. The other missing values 
required pressures well above 4 ins. of water and are omitted, 
as such pressures increase the effect of the alteration of the 
density of the air in the jet beyond the limit taken in 
obtaining expression (1.). 

It will be seen that the values are practically constant at 
the lower frequencies, and increase with decrease in the 
height of the mouth. As the frequencies increase, however, 
-the correction gets smaller. This is attributed to the decrease 
in the volume of the pipe owing to the decrease in wave¬ 
length, which thereby invalidates the assumption that the 
•orifice is small in comparison with the volume of the 
resonator. 



26 


Mr. A. E. Bate on the End Correction 


§ 6. Table II. 

Conductances calculated from the measurements 
given in Table I. 


Frequencies. 


Height of 






Equivalent 

mouth. 

128 

256 

288 

r \ 

320 

340 

diameters. 

035 

— 

0*86 

0*88 

0*95 

0*95 

0*83 

0*5 

— 

1*05 

104 

110 

1*13 

0*98 

0*65 

1*21 

119 

119 

1*26 

— 

Ml 

0-8 

1*39 

1*36 

— 

— 

— 

1*24 


The values of the conductances of the mouths given in 
Table II. were calculated from the results quoted in Table I. 
by Rayleigh’s formula (II.). For the purposes of comparison 
the equivalent diameters are included ; these were obtained 
as indicated in § 3, the width of the mouth being 1*5 ins. in 
each case. The table snows that the actual conductances 
with rectangular orifices are larger than the calculated 
equivalent diameters; other workers have shown that this 
is the case with circular orifices *. 


§ 7. Table III. 

Calculated values of a, the end correction. 


Height of mouth. 



Frequencies. 



128 

256 

288 

3‘20 

340 

0*35 

— 

412 

4*05 

3-74 

3*72 

0*5 

— 

3*38 

3*40 

3-24 

3*15 

0*65 

2*92 

2*98 

2*98 

2-82 

— 

0*8 

2*56 

2*01 

— 

— 

— 


The end-corrections were calculated from equation (III.). 
It will be noticed that the discrepancies between the results 
in Tables I. and III. diminish with increase in height of mouth, 
and also with increase of wave-length. The latter variation is 
explained in §5; the other effect appears to be due to 
alteration in the shape of the mouth. 


* Irons, ibid. p. 886. 
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§ 8. Table IV. 

Conductances calculated from equation (IV.), 
using the measured end-corrections. 

Frequencies. 

Height of mouth. - -» - 



128 

256 

288 

320 

340 

0*35 

— 

0*93 

0*93 

1-04 

1*06 

0*5 

— 

HI 

1-11 

1*18 

1*21 

0*65 

1*23 

1*25 

1*25 

1*33 

— 

0*8 

1*40 

1*40 

— 

— 

— 


Since c is the only quantity in equation (IV.) which is not 
directly measured, the values of c were calculated from it, 
using the results in Table I. for «; the diameter of the pipe 
was 2^ ins. 

The results are given in Table IV. On comparing these 
with the values of c given in Table II., it will be seen that 
they agree more closely as the mouth is made larger, L e., as 
the mouth becomes more nearly square. This indicates that 
the approximation suggested by Rayleigh*—that any orifice 
may be treated as circular if it does not differ too much from 
a circle—is only valid in the case of a rectangle which is 
practically square. Even then the conductance is greater 
than the equivalent diameter. At first this was thought to 
be due to the shape of the orifice, but this cannot be the case 
in those instances in which the mouth is 0‘8 inch in height, 
as the results in Tables II. and IV. agree so closely for 
this value. 

§ 9. Table V. 

End-corrections for different heights of mouth with added 
lengths of pipe equal to X/2 and X respectively, for 
a frequency of 256. 


Height of mouth. 

Normal length. 

Normal+V-* 

Normal+^ 

0-35 

3*83 

3*79 

385 

0-5 

3*20 

3*18 

3*18 

0-66 

2*85 

2-77 

2*78 

0-8 

253 

2*50 

2-46 


* Rayleigh, ‘ Scientific Papers,’ i. Art. 5, p. 63, equation (26). 
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The theoretical conclusions of § 4 were tested for a frequency 
of 256 by lengthening the stopped pipe speaking with this 
frequency, by approximately one half-wave-length, and 
adjusting it by the method described in § 2. In this way 
the actual lengths of pipe required to produce a frequency 
of 256 with heights of mouth equal to the four values 
previously used were found. Within the limits of experi¬ 
mental error, the results indicate that the increase is one 
half-wave-length for each height of mouth. Repetition 
with a further addition of one half-wave-length gave similar 
results. 

The end-corrections for each set of results are given in 
Table V., and were obtained bv subtracting the actual lengths 
of pipe from three-quarters and five-fourths of the wave¬ 
length in each case respectively. The close agreement for 
each height of mouth shows that the conductances are 
unaltered. 

§10. Conclvsioxs. 

A stopped organ-pipe behaves in exactly the same way as 
a cylindrical resonator without a neck, provided that the 
edge-tone set up by the vortex system in the air-stream at 
the mouth of the pipe synchronizes with the natural frequency 
of the air-column in the pipe. It follows that the usual 
resonator formulae may be applied, and from these the 
equation A = c.a. is deduced, and is shown to hold experi¬ 
mentally if c is regarded as being somewhat larger than the 
equivalent diameter of the orifice. 

The author desires to acknowledge his indebtedness to 
Dr. Clay for the interest he lias shown in this research, and 
for the facilities provided. 


IV. Temperature Distribution along a Heated Filament used 
as a Catalyst. By Edward S. Lamar and W. Edwards 
Deming, Bureau of Chemistry and Soils, Washington, 
D.C.* 

Abstract. 

As expression was found for the temperature gradient at 
any point along a heated molybdenum filament used 

* Communicated by C. H. Kunsman. The basis of some of the work 
presented in this paper was used hv E. S. Lamar to satisfy the disser¬ 
tation requirements of George Washington University for the degree 
of M.A., 1928. 
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as a catalyst in the decomposition of ammonia. The 
temperature at any point along the length was obtained 
by graphical integration of this expression. The inte¬ 
grated resistance for the whole length of filament was 
compared with the measured resistance and found to agree 
within -27 per cent, at four different temperatures. 
Knowing the distribution of temperature, it was possible 
to determine the equivalent length of the filament effective 
as a catalyst at the maximum temperature. From 
considerations of the thermal losses to the gas, a value of 
the heat of dissociation of ammonia was found that was 
in good agreement with that obtained by Lewis and 
Kandall from Haber’s data. 


Introduction. 

I N the course of some investigations made by C. H. 

Kunsman * on the catalytic decomposition of am¬ 
monia, it was feared that the equivalent length effective at 
the given maximum temperature of the heated filament 
used as a catalyst varied with the maximum temperature 
owing to the cooling at the ends. The present paper con¬ 
cerns an attempt to determine the distribution of tem¬ 
perature along a cylindrical molybdenum filament, to 
obtain its length effective as a catalyst, and to determine 
the heat of dissociation of ammonia. 


Theory. 

If the radial temperature gradient is zero, the steady 
thermal state of the filament can be represented by 



d.r-f 27rrS(T)d.t! 


+ 


R(T)1 2 


7rr‘ 


dx=0. 


( 1 ) 


The term in brackets represents the gain in heat by the 
element of length dx at x in unit time by metallic conduc¬ 
tion along the axis. The second term represents the gain 
in heat through the surface of the element, and the third 
term is the gain in heat due to the flow of an electric 
current through the element, r is the radius of the 


* C. H. Kunsman, J. Am. Chem. Soe. 1. p. 2100 (19981 • li n fiaft 
(1929). " ' f 
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filament, T tlie temperature of the surface, and K(T) is the 
thermal conductivity of the metal, S(T) the heat gained by 
unit surface in unit time, R(T) the electrical resistivity, all 
at temperature T, and I the current. When the steady 
state is reached, the net gain in heat per unit time in the 
element of length dx is zero. 

If [K(T)J 2 in equation (1) be replaced by U, 

the differential equation becomes 

dU , 4K(T)S(T) 2K(T)R(T) 

dT + -7-+ • • W 

from which 

u = - (4/r)fK(T) S(T) dT - (2I 2 /ttV) f K(T) R (T) dT + 0=0. 

... (3) 

Going back to the original variables, 
^-K(T){-(4/r)jK(T)S(T) ( rr 

— (2I 2 ,7rV)j" K (T) R (T) dT + 0} ~K . (-1) 

The second integration can be performed graphically. 
If T is the temperature on an element at x and T-f AT is 
the temperature on an element at ®-+ Ax, then 

x+A.v=x+~.AZ .... (5) 

ttl T+IAT 

closely if AT is small. The derivative dx/dT is to be 
evaluated at T+| AT, as indicated. 

Values of the Necessary Constants and Functions. 

The only measurements on the thermal conductivity 
of molybdenum seem to be those of Barratt * at 0° and 
100° C. The equation K(T)=3-455 • 10 7 T - 1533 satisfies 
his two values when expressed in C.G.S. units, and is used 
for K(T). From the data of A. G. Worthing f it was found 
that the heat lost by radiation could be represented quite 
accurately as AT”=12-4 T 4 ' 9 xl0“ 1# watt per cm. 2 
Worthing found that the temperature coefficient of 
resistance was the same for two specimens of the same 

* T. Barratt, Proc. Phya. Soc. xxvi. p. 347, August 1914. 
t A. G. Worthing, Phya. Rev. xxviii. p. 190, July 1926. 
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purity. His measurements on the resistivity of molyb¬ 
denum, over the temperature range used in our experiment, 
fit the equation /j=E 0 T 1-17 ohm cm. This also fits 
accurately the temperature variation of the resistivity of 
our filament from 0° to 100° C., so we feel justified in using 
1*17 as the exponent of T. Our values of resistivity give 
R 0 =7 , 893 xlO -9 ; so we used p=7-893 xlO -9 T" 1 ' 7 ohm 
cm. 

Along a short length in the middle of the filament, where 
the temperature gradient is zero, the heat delivered to the 
surrounding gas is equal to that generated by the current 
less that lost by radiation. By plotting the logarithm of 
the heat delivered to the gas against log (T—T 0 ) a straight 
line of slope 2 is obtained (T 0 is the temperature of the 
water surrounding the tube), so we used B(T—T 0 ) 2 to 
represent the heat delivered per second to the gas. Thus 

S (T) = - {12-4 x 10~ 16 T 4-9 + B(T—T 0 )*}. 

Substituting the functions and constants thus far 
determined into equation (4) and performing the two 
simple integrations inside the brace, we have 

^, = {1*6211 x 10 _u T 6 058 *+B (26*392 T 31583 

— 81‘36GT 0 T 2-1533 + 88 , 732T 0 2 T 115K ) 

— •00404931 2 T 2-3283 CT' 3066 } ... (6) 

This is used in equation (5) for the graphical integration 
to get T as a function of x. 

The constant B was determined in each case by assuming 
the first term of equation (1) to be zero at the maximum 
temperature and solving for B in S(T). The assumption 
made seems justifiable because the filament was of uniform 
temperature for quite a distance along its length. The 

jm 

constant C for each case was obtained by setting — equal 

Cb3C 

to zero, that is to say, by setting the quantity in the brace 
in equation (4) equal to zero for the maximum tempera¬ 
ture and solving for C, the only unknown left. 

Apparatus. 

The experimental set-up was that described by 
Kunsman* with the exception that the filament was made 

* C. H. Kunsman, J. Am. Chem. Soc. 1. p. 2100 (1928); li. p. 688 
(1929). 
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one arm of a Kelvin double bridge rather than of a 
Wheatstone bridge, as the absolute value of the filament 
resistance was desired. 

The principal use of the tube was to measure the rate of 
decomposition of ammonia as a function of temperature. 
The temperature distribution along the filament was to be 
measured under the conditions of the experiment as a 
means of determining the equivalent length effective at 
the given maximum temperature. The maximum tem¬ 
perature was obtained by means of a rare metal thermo¬ 
couple spot welded to the centre of the filament. These 
wires were two mils in diameter, and there was apparently 
no cooling at the junction. It was found that wires of 
such small diameter could be sealed successfully through 
pyrex glass. Cooling fins were attached to each end of the 
filament, and the assumption was made that the tempera¬ 
ture of the ends was that of the water bath surrounding 
the tube. Preliminary investigations in air seemed to 
justify this assumption when the fins were made suffi¬ 
ciently large. 


Experimental Procedure. 

The tube was first pumped out, and the pumping system 
was then closed off from the tube by means of a mercury 
trap. Ammonia t.o a pressure of 26-6 cm. Hg was then 
admitted to the tube. Before starting a run, the ratio 
was set on the Kelvin bridge to produce the desired 
temperature. During the run simultaneous observations 
were made on the increase in pressure as the reaction 
progressed, on the current flowing in the filament, on the 
thermocouple E.M.F., and on the time. 

The change in the maximum temperature of the filament 
from the beginning to the end of a decomposition run was 
less than five degrees. From this fact, and the fact that 
the resistance was kept constant, it is reasonable to 
assume that the distribution of temperature, and thus the 
effective length of the filament, did not vary appreciably 
during a single decomposition run. 

The results of the graphical integration, giving the 
temperature as a function of the distance from one end of 
the filament, are shown in the figure for four different 
maximum temperatures. As a check on the accuracy of 
the work, the integrated resistance was compared with 
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the measured resistance and the results are shown in 
Table I. 

The effective length of filament was determined by means 
of the expression 

l=‘XkAx/k, 

where k is the rate of reaction for the temperature of the 
element Ax, and k is the rate at the maximum temperature. 



The rates of reaction for each of the temperatures used in 
the integration were obtained from a log k against T’ 1 
plot of the experimental data. 

Table I. gives the measured resistance, the computed 
resistance, the resistance that the filament would have if 
its entire length had been at the maximum temperature, 
and the effective length. 

Phil. Mag. S. 7. Vol. 9. No. 55. Jan. 1930. 
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Table I. 


}T. °K. 

Measured 

resistance. 

Computed 

resistance. 

Computed 

resistance. 

uncorrected. 

Effective 
length 
= tkbxfh 

1164 

•6969 

•6988 

•7398 

15-23 

1070 

•6324 

•6330 

•6642 

14-85 

972 

•5661 

•5652 

•5933 

14-37 

954 

•5533 

•5518 

•5804 

14-21 


Heat of Dissociation of Ammonia. 

As has been shown above, over the temperature range 
investigated the thermal losses to the gas in the tube 
could be represented as W=B(T — T 0 ) 2 . Lorenz* found 
empirically that the thermal losses from a filament to a 
gas could be represented by B(T—T 0 ) 5 ' 4 over quite a wide 
range of temperatures. In the present work, it was 
thought that the discrepancy between the two empirical 
laws could be accounted for on the basis of the fact that 
the gas was reacting chemically. Irving Langmuir f, in 
his work on the thermal conductivity of hydrogen, ex¬ 
pressed the losses to the gas as Swhere S is a 
constant known as the shape factor, and 

<t>2~ $ 1 — I K dT, 

,*1 

where K is the thermal conductivity of the gas at the 
temperature T. Tj and T 2 are the temperatures of 
the water-bath and of the surface of the metal. The 
function of convection, as postulated by Langmuir, is to 
maintain the boundary of an enveloping layer of gas 
practically at the temperature T x . Langmuir’s results 
are in agreement with the empirical law given by Lorenz. 
In the present work, the losses to the gas can be expressed 
as the sum of two terms, the first the conduction and 
convection loss, and the second the loss due to the chemical 
reaction. This second term should be proportional to 
the rate of reaction, so 

W=S (<f> 2 -<h)+qk 0 , .(7) 

where k 0 is the rate of reaction at the beginning of the run, 

* L. Lorenz, Ann. Phys. xiii. p. o82 (1881). 
t Irving Langmuir, Phys. Rev. xxxiv. p. 401, June 1912. 
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and q is the heat of dissociation of ammonia. The experi¬ 
mental values of B were plotted against total pressure in 
the tube, and the smoothed curves were extended back to 
the beginnings of the decomposition runs to determine the 
values of W when the concentration of the products of 
the reaction were zero. The values of k at the beginnings 
of the runs were determined by plotting 1 /k against pjp^ 
and extending the straight lines back to the 1/k axis, 
where p 1 /p 0 =Q, as described by Kunsman, Lamar, and 
Deming*. p 1 is the partial pressure of hydrogen, and p„ 
is that of ammonia. 

The formula K=arjc c was used for the thermal con¬ 
ductivity of ammonia in the calculation of <f> z — <f> v a is 
a constant, 77 is the viscosity, and c„ the specific heat at 
constant volume. Sutherland’s formula, 

*?—^ 0 Tty(l+ c /T), 

was used with c=370, as given in the International 
Critical Tables. c p is given in these tables by the formula 

c p =8-62+-002 (T -273) +7-2 x 10 ~ 9 (T -273) 2 

calories per mol per degree. The last term was neglected. 
The pressure of the ammonia was 26-6 cm. Hg at the 
beginning of each run and its temperature next to the 
filament was in the neighbourhood of 1000°K, so we 
think the assumption that c p —c c = constant is justifiable. 
The ratio c p /c„ at 15° C. is given in the tables as 1*31. 
This allows c„ to be calculated at 15° C., and assuming 
c p — c„ —constant to be true for all temperatures, c v is 
known at all temperatures. The constant a was computed 
using K as given for 100° C. in the Critical Tables, and tj 
and c„ as given by the above formulas (remembering to 
reduce them all to the same units), whence K=aijc e 
becomes 

K*35*05 x I0~ 6 T*{1 + *000304 (T—273) }/(l + 370/T) 

joules/cm. deg. ( 8 ) 

Table II. furnishes eight observations on equation ( 7 ). 
The values of q and S that render 

s {(*.-*,)<- W,(l/S) -t M?/S)F 

t=l 

* Kunsman, Lamar, and Deming, u Rates and Temperature Co¬ 
efficients of the Catalytic Decomposition of Ammonia over Molybdenum, 
Tungsten, and Promoted Iron,” to be published soon. 

n 9 
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a minimum were found. Thus the entire adjustment is 
thrown on to <f> a — fa for each temperature, which is fair 
enough because the experimental values of k and W are 
much more reliable than the determinations of fa —fa. 
The least-square computation yields j=50,513 joules per 
mol=12,067 calories per mol, and S=32*83. 

Table II. 

W is the power in watts supplied to a length of filament 
that has an area of one square centimetre, as com¬ 
puted from the observed current and the calculated 
resistance, minus the calculated loss by radiation. 
<f>s—faia calculated using K given in eq. (7). The 
values of k are smoothed values of the observed re¬ 
action rate, in mols per second per square centimetre. 


T °K. 

W( watts/cm. 2 ), 

)x 10*. 

^xlO* 

* - sec. cm. 

1164 

26-08 

63-22 

121-20 

1121 

22-93 

57-52 

79-10 

1081 

20-27 

53-17 

52-80 

1070 

19-47 

51-82 

46-22 

1043 

17-90 

49-17 

31-48 

1007 

15-85 

45-49 

14-QO 

972 

14-16 

42-27 

6-59 

954 

12-92 

40-27 

3-50 


Thus 12,067 calories per mol is found to be the average 
heat of dissociation of ammonia for the temperature 
interval 954° to 1164° K. Lewis and Randall * give a 
formula, based on Haber’s data, that yields q— 13,375 
calories per mol over this temperature range. The 
agreement justifies the assumption that the discrepancy 
in the empirical law for the thermal loss to the gas was due 
to the progress of the chemical reaction. 

The authors desire to thank Professor T. B. Brown of 
the George Washington University and Dr. C. H. Kuns- 
man of this laboratory for several helpful suggestions 
made during the progress of this work. 


* Lewis and Randall, ‘Thermodynamics,’ (Jhapt. xxxix. 
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Y. New Bands in the Secondary Spectrum of Hydrogen .— 
Part II. By D. B. Deodhar, M.Sc., PhD ., Physics 

Department , Lucknow UniV'-'nty, India *. 

fPHE investigation of the secondary spectrum of hydrogen 
X has been continued in the Physics Department of the 
Lucknow University, and it has brought to light a large 
number of new band-groups in the blue and the violet 
region of the spectrum similar to those in the yellow 
region, which were dealt with in detail in my last paper +. 
In the present paper I propose to set forth a system of seven 
new bands in the blue region which I have been able to 
examine thoroughly. 

The band-groups in the yellow, blue, etc. region start 
respectively on the short-wave length side of H«, Hp, etc., 
and extend further towards the violet end of the spectrum. 
In picking up band-lines use is made of the microphotograph 
of a typical first-type discharge spectrogram of hydrogen 
taken by MolFs self-registering photometer. 

There is a large mass of lines in the blue and the violet 
region of the first-type spectrum whose intensity gradation 
on the photograph indicates the presence of regularities in 
a very conspicuous way. Many of these lines appear to be 
extensions of the systems developed by Professor 0. W. 
Richardson There are some lines which have been 
grouped by Allen and Sandeman § as belonging to triatomic 
hydrogen. However, there are several lines which' are not 
yet ordered, and which show regularities according to the 
microphotograph. 

The leading lines have been picked up from the first-type 
spectrogram. The accurate picking of relevant lines has 
been further facilitated by the wave-length tables of hydrogen 
lines recently published by Gale, Monk, and Lee II. These 
authors have resolved several strong lines into their com¬ 
ponents with the help of a 21-foot concave grating, and 
the measurement of standard lines was made by them by 
means of a Fabry-Perot interferometer giving a high 
accuracy to the values of the interpolated lines. 

* Communicated by the Author. 

f Phil. Mag. vii. pp. 466-479 (1926). 

} Roy. Soc. Proc. A, cxiii. pp. 368-419 (1926). 

5 Roy. Soc. Proc. A t oxiv. pp. 293-313 (1927). 

|| Astro. Phys. Journ. lxvii. pp. 89-113 (1928). 
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The P(2)-lines of all tbe blue bands are about 150 wave- 
numbers apart, as in the case of P(2)-lines of the yellow 
bands, and the vertical differences of the various P, Q, and 
R branches are approximately of the same order as those of 
the yellow ones. These bands are named as D\, D' s , D’j, 
D' 4 , D' 5 , D'„ and D' 7) tbe D’s representing their similarity 
to the yellow bands. The signifying letter D is dashed to 
'distinguish the blue group from the yellow' group. The 
frequencies, properties, and other details of these bands are 
given in Table I. The band-lines are represented by their 
frequencies. The values of frequencies are taken from the 
tables of Gale, Monk, and Lee in general, and from the 
tables of Merton and Barratt*, Tanaka f, or Deodhar \ in 
the case of those lines which do not occur in the list of Gale, 
Monk, and Lee. The frequency of the line is followed by 
(1) the intensity estimate according to Gale, Monk, and 
Lee, and (2) the intensity estimate made by the author on 
the first-type spectrogram. It may be pointed out that the 
estimate of intensity in the list of Gale, Monk, and Lee is 
much higher than the intensity estimate in the lists of 
Merton and Barratt, Tanaka, or Deodhar. 

Many (r) and (rd) lines in Tanaka’s and Deodhar’s lists 
appear as (0)and (1) lines in G., M., and L.’s tables. How¬ 
ever, in this paper I have used G., M., and L.’s estimales for 
the sake of quick reference. Underneath the frequency 
value of the line are given the H.P., L.P.. C.D., He, Z, and 
S properties according to Merton and Barratt’s tables, where 
the letters have their usual meaning. These properties are 
followed in the same line by other claims, if any, made by 
other systems. The first and second differences are given 
in the next two columns. The horizontal and the vertical 
differences are given in Tables II. and III. respectively. 

It will be seen from Table I. that the first-type property 
is exhibited by a majority of the band-lines in the blue 
region. There are also very few important claims by other 
systems. The line D 3 P(2) appears as Hicbardson’s § 111 P(6) 
and 11R(5), but Richardson considers it to be too strong 
for either of these two series. D' S R(2) figures as 3y 4 Q(4), 
but here Richardson || appears to be in doubt about the proper 
assignment of the line as 3<y 4 Q(4) ; D',R(1) is claimed as 
and D^R(3) appears as D' 8 Q(3). Nothing definite 

* Phil. Trans. Hoy. Soc. A, ccxxii. pp. 369-400 (1922). 
t Roy. Soc. Proc. A, cviii. pp. 692,006 (1925). 
t Roy. Soc. Proc. A, cxiii. pp. 420-482 (1926). 

5 Roy. Soc. Proc. A, cix. pp. 43,44 (1926). 

'I Roy. Soc. Proc. A, cxiii. p. 388 (1920). 
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Table II. 

Horizontal Differences of P(m)'s, Qfw)^, and R(m)’s. 



D' a -T>' v 

D' 3 -D' 2 . 

D' 4 -D' 3t 

D'j—D' 4 . D'„—D'j. 


P(2).. 

. 150-59 

147*74 

147*18 

144-73 141-97 

140*75 

P(3). 

. 144*98 

141*54 

139*85 

13913 14019 

133-47 

P(4).. 

. 140*17 

138-51 

186-87 

134-71 133-74 

12413 

P(5). 

. 135*30 

131*47 

138-15 

133-15 125-17 

123-01 

<KD- 

. 126*02 

138*23 

146-84 

159-96 177-37 

193*94 

m. 

. 128*06 

140*16 

148*35 

160-86 177-79 

195-01 

Q(3). 

. 130*13 

143*17 

152*68 

16017 178-12 

198*05 

0(4). 

. 13716 

145*76 

160*32 

159*25 180*41 

203*70 

0(5). 

. 145*34 

151*59 

163*50 

16604 182-90 

206*00 

R(l). 

. 103*46 

13007 

147*37 

177-42 213-13 

248*08 

B(2). 

. 112*75 

141*92 

160*98 

182-36 216-27 

259-64 

B(3). 

. 127*76 

150*28 

175*71 

184-80 226-08 

276*36 

B(4). 

. 147-74 

165-20 

186-32 

192*58 237*05 

287*06 




Table III 




Vertical Differences of P(m), Q(m), and R(m) lines. 


Band. 

P(2)-P(3). 

P(3)-P(4). P(4)-P(5). 



D', . 

. 98*34 

114*32 

130*93 



D's. 

. 103*95 

119*13 

135*80 



. 

. 11015 

12216 

142*84 



D*4. 

. 117*48 

125*14 

141*56 



D".. 

. 123*03 

129*56 

143-12 



D*.. 

. 124*86 

13601 

151*69 



D*. 

. 132*14 

145*35 

152*81 




Q(l)-Q(2). 

0(2)—0(3). 0(3) - Q(4). Q(4)—Q(5). 


D'i. 

. 29*01 

40*25 

55-85 

7107 


. 

. 26*97 

38*18 

48-82 

62-89 


. 

. 24 04 

35*17 

46*23 

57-06 


. 

. 23*53 

30*84 

38*59 

53*58 


D' 5 . 

. 22*63 

31-53 

39*51 

47*09 


D' e . 

. 22*31 

31*10 

37-22 

44-60 


D'-. 

. 21*14 

2816 

31*57 

42*30 



B(2)-B(l). 

B(8)—K(2). E(4)-B(3). 



D\. 

28*99 

17-24 

494 



. 

38*38 

32*25 

24*92 



D’ s . 

50*13 

40*61 

39*84 



. 

63*74 

55*34 

49*45 



D' 6 . 

68*68 

57*78 

57*23 



D'». 

71*82 

67-59 

68-20 



D't-.. 

83*38 

84*31 

78-90 
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can be said about this double claim ; but these lines do not 
so £ar appear to be claimed by any other published series. 
D' 4 R(2) figures as Richardson’s 2y 3 Q(4), but here also 
Richardson seems to be uncertain about the correctness of 
the line belonging there. The line 21306*76, which is 
D' 6 P(5) in the present paper, has been claimed as 032Q(3) 
and 56R(4) by Richardson. The line is rather strong for 
its place as D / 5 P(5) ; it also appears to be strong for 56R(4). 
D' 6 Q(2) figures as Allen and Sandeman’s * II A.C.Q(2). Its 
first-type property is certainly favourable for its place as 
D' 6 Q(2), and its high-pressure nature may demand its 
position in Allen and Sandeman’s series as well. D^Qfo) 
is given as Allen and Sandeman’s II A . d. Q(2). Its intensity 
is a bit strong for its assignment as D' 7 Q(5); but it shows 
helium effect, which favours its place there. Its probable 
absence, that is to say its extreme weakening in the first- 
type spectrum, speaks favourably for its place in Allen and 
Sandeman’s series. The intensities of D' 4 P(2) and l)' 5 P(3) 
cannot be exactly given on the judgment of the first-type 
plate, and this is indicated by making a query in the bracket 
for intensity; D' 5 P(2) is 21702 52(r)D, and it is very 
close to 21699*61, which is broad, and possesses intensity 
(1). D' s P( 3 ) is 21579*44(^)D, and is quite close to 21583*62, 
which is (7) in intensity on the first-type plate. 

The horizontal and vertical differences of P(m), Q(m), and 
R(m) lines are arranged in Tables II. and III. It will be 
seen from Table II. that the successive horizontal differences 
have a fairly systematic run. The value in wave-numbers of 
these differences for P’s, Q’s, and R’s are roughly of the 
same order as for those in the case of the yellow bands. The 
run of the vertical differences in Table III. is very systematic. 
It is also interesting to compare the vertical differences of 
P’s, Q’s, and R’s of all the bands of the blue with those in 
the yellow. For instance, the P(2) — P(3) difference in the 
yellow gradually rises from 99 for the first band to 130 for 
the last band ; and in the case of the blue bands it gradually 
rises from 98 for the first to 132 for the seventh band. 
Q(l)—Q(2) for the yellow gradually decreases from 30 to 
21, and for the blue it is 29 for the first band and then 
gradually goes down to 21 for the last band. TheR(2) — 
R(l) value of the yellow bands steadily rises from 26 to 82 
approximately, while that of the blue bands also shows a 
gradual increase from 29 to 83. 


* Roy. 8oc. Proc. A, cxiv. p. 301 (1927). 
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The usual combination principle, such as Q(m+1) -f Q(tn) 
= P(to+1) + R(to) is obeyed throughout by the P, Q, and R 
branches of all the seven bands. The accuracy with which 
the combination principle is satisfied can also be easily seen 
by looking to the initial and the final term differences which 
are tabulated in Tables IV. and V. respectively. The fre¬ 
quencies of the null lines, the moments of inertia, and other 
band-constants are given in Table VI. The properties of 
lines involved in all these bands and the systematic variation 
of the successive differences from band to band show that 
these bands are related to each other. The run of the nnll- 
line frequencies and the gradual variation of values of the 
initial and the final moments of inertia from D'j to D' 7 lend 
further support to this view. 

As usual, the emission of the R(to) line is the result of 
a quantum jump to + 1—>-m; the P(m) line is due to a 
77i— l->m jump, and the Q(to) line is due to a m-»m jump. 

Thus R(m)=v 0 +(Fml) — /(m), 

Q (to)= v 0 + F( to) —/(to) , 

P (in) = v 0 + F (to—1) —/(to) . 

Here v„ is the f requency of the null lines and F and / 
represent the initial and the final states respectively of the 
molecule. From these equations the initial and the final 
differences can be easily calculated. The differences 
obtained in the above manner are tabulated in Tables IV. 
and V. With the help of the term-differences we can calcu¬ 
late the initial and the final moments of inertia of the 
emitters of the bands. We can also calculate Kratzer’s 
correction terms P and p, representing the effect of the 
angular momentum due to electrons in the initial and the 
final state from relations of the form F(to) = B(to—P) 2 
and /(to) =b (to— p) 2 , where B and b can be easily shown 
to be equal to £{(F(3) - F(2)) - (F(2) - F(l))} and 
£f(/(3)—(/(2)) — (/(2)—/(!))} respectively. The evalu¬ 
ation of P and p gives a clue to the determination of the 
terms from which we can directly calculate the frequencies 
of the null lines of the various bands. The details of the 
process of these calculations have been already worked out 
in the paper on the yellow bands, and to avoid repetition it 
is assumed that that paper is available for reference. The 
values of vfa calculated for each band from Q(l) 3 P(2), and 
R(l), and the values of the final and the initial terms, 5 etc. 
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Table IV. 

Initial Terms. 

Band. m. M®® 1 ’ 8 * Term diff. 2nd diff. 


r 1.. 

. 157*81 

157*43 

2 .. 

. 215*81 

215*52 

3 .. 

. 273*30 

273*99 

1 4 ... 

. 334*09 

333*85 

r i... 

i 

. 135*25 

134*90 


I 2 ... 200-50 200-67 

| 3 ... 270 93 270-93 


i 

4 .. 

. 344*07 

343*89 

- 

1 .. 

. 127*09 

127*32 


2 .. 

. 202*26 

202*30 

3 .. 

. 278 04 

278*23 


4 .. 

. 364*11 

364*01 

( 

1 .. 

. 1*27*62 

128*49 

j 

o 

^ f« 

. 214*89 

215*13 


3 .. 

. 301*07 

301*68 

1 

i 

4 .. 

. 389*11 

389*36 

( 

1 .. 

. 145*08 

144*62 

I 

2 

. 236*39 

286*17 

-i 


3 .. 

. 325*70 

326*22 


4 .. 

. 422*44 

422*25 

f 

1 .. 

. 180*84 

180*44 


2 ... 

. 274*87 

274*10 


i 

i 

3 .. 

. 373*66 

372*89 

i 

4 ... 

. 479*08 

479*98 

r 

1 

, 234*98 

234*70 


2 ... 

339*50 

338*68 

< 

1 

3 ... 

451*97 

452*46 

1 

4 ... 

562*45 

562*97 


157-62 

F(2)-F(l) 

> 58 04 

21566 

F(3)— F(2) 

> 67-98 

273 64 

F{4)—F(3) 

> 60-33 

333-97 

F(5>—F(4) 

135-08 

F(2)-F(l) 

> 65-50 

200-58 

F(3)-F(2) 

> 70-37 

270-95 

F(4)-F(3) 

> 73-33 

344-28 

F(5)-F(4) 

12720 

F(2)~F(1) 

> 75-08 

202-28 

F(3)-F(2) 

> 75-86 

278-14 

F(4)-F(3) 

> 85-92 

304-06 

F(5)—F(4) 

12805 

F(2)-F(l) 

> 80-90 

215-01 

F(3)-F(2) 

> 88-37 

301-38 

F^>-F(3) 

> 87-86 

389-24 

F(5)-F(4) 

144-85 

F(2)—F(I1 

> 91-43 

236-28 

F(3j -F(2) 

> 89-68 

325-96 

F(4)-F13) 

> 90-39 

422-35 

F(S)-F(4, 

180-64 

F(2)-F(l; 

> 93 85 

274-49 

F(3>—F(2) 

> 98-78 

373-27 

F(4)—F(3) 

>100-20 

479-53 

F(5;—F(4) 

234-84 

F(2>—F(l) 

>104-25 

339-09 

F(3) —F(2) 

>11312 

452-21 

F(4)-F(3) 

>110-50 

562-71 

F(5)-F(4) 
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Table V. 


Final Terms. 


Band. 




D 


2 


D 


D' 


4 


D' 


5 


D'« 


D 


7 



m. 

B (m) 

-(Q(m+1). 

Q<*0 

-P(»+l) 

Means. 

Term dlff. 2nd difL 

/ 

1 ... 

1*6*82 

186*44 

186-61 

/(2)-/<l) 



256*06 



> 69*30 


2 ... 

255*77 

255-91 

m-m 

« 


32915 

329-84 


> 73 -59 


3 ... 

329-50 

m-m 



405*16 

404-92 


> 75-54 


4 ... 

40504 

m-m 

r 

1 ... 

162-22 

161*87 

162-05 

/(2)-/( 1) 


2 ... 

238*68 



> 76-71 


238*85 

238-76 

/(3)-/(2) 

< 

3 ... 

319-75 

319*80 

319-77 

> 81-01 

m-m 



407*56 



> 87*40 

4 ... 

406*78 

407-17 

/<5)-/(4) 


1 ... 

152-13 

152*36 

152-25 

/(*)-/( 1) 


2 ... 

237*43 

237*47 

237-45 

> 85-20 

/(3)-/(2) 

* 

3 ... 

324-27 

324-46 

324-37 

> 86-92 

m-m 


4 ... 

421*17 

42107 

421-12 

> 96-75 

/(5)-/(4) 

r 

1 ... 

151*15 

152*02 

151-59 

m-Ai) 


2 ... 

245*73 

245*97 

245-85 

> 94 -26 

/ (3)—/ (2) 

| 

3 ... 

339*66 

340*27 

330-96 

> 9411 
/(*)-/( 3) 

i 

i 

4 ... 

442*99 

443*24 

44311 

>10315 

m-m 

r 

1 ... 

167*71 

167*25 

167-48 



2 ... 

267*92 

267*70 

267-81 

>100-33 

/(3) -/(2) 


3 ... 

365*21 

365*73 

365-47 

> 97-66 

/(4)—f(3) 

> 

4 ... 

469*53 

469*34 

469-44 

>103-97 

m-.m 

r 

1 ... 

203-05 

202*65 

202-85- 

/(2)-/(l) 


2 ... 

306*07 

305*30 

305-68 

>102-83 

/(3)-/(2) 


3 ... 

410*88 

410*11 

410-50 

>104-82 

/(4)-/(3) 


4 ... 

523*68 

524*58 

524-13 

>113-63 

/(3)“/(4) 


1 ... 

256*12 

255*84 

255-98 

/(2)-/(l) 


2 ... 

367*66 

366*84 

367 25 

>111-27 

/(3)-/(2) 


3 ... 

483*54 

484*03 

483-78 

, >116-53 

m-m 


4 ... 

604*74 

605-27 

605-00 

>121-22 

/(5)-/(4) 
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are all assembled in Table VI. in the same order as was done 
in the previous paper. The values of F(2) , s and f(l)’s are 
given in that table to facilitate the work of checking the 
accuracy of the values. 

The frequency of the null line is separately determined 
by using Q(l), P(2), and R(l) members of each band. 
Table IV. shows that the three values of i/ 0 for each band 
obtained from three different sources are in perfect agree¬ 
ment with one another, and that v 0 steadily increases from 
D'i to D' 7 . The initial moment of inertia is larger than the 
final moment of inertia for each band, and the value of the 
moment of inertia steadily decreases from the first band to 
the last. The gradual decrease in the moment of inertia 
from band to band, and the systematic increase in the v 0 
values from set to set clearly indicate that these bands are 
related to each other. 

A majority of band-lines in Table I. come up in the “ first- 
type” discharge, whichis known to favour the emission of spec¬ 


trum by an excited molecule of hydrogen 



, and, looking 


to the values of the moment of inertia which are in the 
neighbourhood of the values given by Dieke* and by 
Richardson +, it appears that the emitter of the bands given 


in the present paper is an excited hydrogen molecule Ql^. 

A group of bands similar to the yellow and the blue ones 
appears to be present in the violet region of the first-type 
spectrum. It is being investigated, and I hope to deal with 
it in another communication. A comparison of the moment 
of inertia values of the yellow and the blue bands seems to 
suggest that these two groups may be related to each other. 
However, at this stage it is rather difficult to express a 
definite view about this point. Perhaps the investigation in 
the violet region may give some clue in this direction. 


Physics Department, 
Lucknow University, India. 


* Proc. Amsterdam Acad. Sci. xxvii. p. 490 (1924). 
t Roy. Soc. Proc. A, cxiii. p. 410 (1926). 


Phil. Mag. 8. 7. Vol. 9. No. 55. Jan. 1930. 
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VI. Illuminated Spacetime : Optical Effects of Isotropic 
Radiation Spread over Elliptic Space. By Lodwik 
Silberstein, Ph.D. (Communication No. 385.) * 

fPHE solution of Einstein’s amplified (“cosmological”) 
X aquations of the gravitational field, 

R tK -i(R-2\)y tK = -,cT tK , . . . . (1) 

found by de Sitter, and represented by the line-element 

ds 2 sa cos* a . c 2 dt 2 — [dr 2 + R 2 sin 2 +sin 2 <f» d0 2 )], (2) 

<r=r/R, corresponds to an empty spacetime, i. e., one devoid 
of matter proper and of energy as well, in fine for T„=0. 

Now, although stray particles of (palpable) matter, as 
molecules, atoms, protons, or electrons, are very scarce f 
in interstellar, and—no doubt—still more so in intergalactic 
regions, radiant energy , or plainly “iight,” visible and in¬ 
visible, emitted by stars and nebula*, can, without exaggera¬ 
tion, be said to be omnipresent, spread all over the space. 
Nay, its total mass-equivalent (A'/r) amounts to an astound¬ 
ing figure. To realize this it is enough to recall that our 
own sun alone radiates at the very least (i.e., not counting 
ultra-violet and X-rays) 3'8 . It)" 3 ergs per second, or 
1*33.10 2 grams per year, and since it is pretty certain that 
it has done this, and even more lavishly, at least during the 
last two thousand million years, and since but very little of 
this radiation has been intercepted, it is certain that the 
mass-equivalent of solar radiation now abroad in space is not 
less than 

2'66.10 29 grams, 

which, though only .r4.10~* suns (mass unit), is in itself an 
imposing mass. Our galaxy consists oi', say, T5.10 9 stars, 
of which many are more lavish than the sun. Tims the mass 
of radiant energy originally emitted during that time bv all 
these stars and now abroad, partly within the galaxy and 
partly outside, in intergalactic regions, has the prodigious 
mass of 800,000 suns. And then there are certainly a good 
many millions of such, and perhaps bigger, galaxies. It is 
true that all this “ radiant mass ” (to have a brief name for 

* Communicated by the Author. From the Kodak Research 
Laboratories. 

f Cf., for instance, A. S. Eddington’s ‘Internal Constitution of the 
Stars ’ (Cambridge University Press, 1920). 
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1 £/c?) is distributed over a huge volume, viz., F=7 t 2 R 8 , so 
that its mean density does not amount to very much*. Yet 
it would be unwise, and somewhat repugnant, to neglect it. 

It has, therefore, seemed by all means worth the trouble to 
take account of this stray light, so to speak. In other words, 
while de Sitter himself, and other writers, considered an 
empty, dark spacetime or world, we propose here to investi¬ 
gate an illuminated world. And as this “ illumination 99 is 
actually provided by myriads of celestial bodies distributed 
more or less haphazardly, it is reasonable to treat it as 
isotropic radiation , in the generally accepted sense of the 
word. 

Now such a radiation has the capital property that the 
light pressure, a hydrostatic pressure, associated with it is 
just one-third of the energy-density, say, 

P = sP* . (3) 

The corresponding energy-tension is, therefore, in orthogonal 
coordinates, 

Ta = spffii) = pff 44, i = 1, 2, 3, . , (4) 

and has the remarkable property that its scalar, or invariant, 
T^p—'&p) vanishes. (This, by the way, is also the property 
of every electromagnetic energy-tensor.) Thus the field- 
equations (1), which give without trouble 

x = ili « i 

become 

Ru = (iR-Kp)ffu' 

Let us try to solve this system of equations by the radially- 
symmetrical form of the line-element, 

ds 2 = g n da? — x 2 (d<j> 2 4* sin 2 <p dd 2 ) + g u c 2 dt *, . (6) 

assuming, that is, p as function of x alone, and thus a globe , 
of any radius, filled with isotropic radiation. (This radius 

may, if we like, be made equal to ~R, when the whole 

* According: to Eddington's quotation (loc. cit.) the total density of 
radiation “received by us from the stars** is 7 7.10~ 13 erg/cm. 3 , whence 
the corresponding mass-density, 8*6.10"* 34 gr./cm. 5 . The italicized 
words imply, of course, that this density holds in interstellar regions, 
within our galaxy. Somewhere half-way between the Milky Way and 
the nebula in Andromeda, say, the density p mav be a good deal smaller, 

E 9 
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elliptic space will be full o£ radiation, as very likely it is.) 
The problem consists in finding g n , g w and p as functions 
of x. 

Now, putting Ai=log^n, h t =log g u , and denoting deriva¬ 
tions with respect to x by dashes, we can write the second 
of equations (5) 

- i! » =i+ ![ i+ i ( *‘'- v) ] —(f■ + *iy- m 

The third says the same thing (for N|}=N}}Sin 3 <^); the 
fourth is 

= (\R-K P )g U) 

or, replacing R u by its value given in (5), 

V + V —-%Kpxffn .(8) 

Instead of the first of (5) it is more convenient to apply the 
first of the so-called equations of matter, which are known to 
be but a consequence of the gravitational field-equations, and 
this gives, without trouble, p ^g^~ const. Since, without 
any loss to generality, we can put ^ u (0) = 1, we have 


where p 0 is the value of p {system density of radiant mass) at 
the origin 0 of the coordinates. 

It remains to substitute this expression in the differential 
equations (7) and (8), and to solve them for g n , gu as 
functions of x. 

Subtracting (8) from (7), one finds 

whence, in absence of a singularity (mass-centre) at 0, 

-A-w/r- R-=AU . . . (9) 

It remains to find from (8). Now, this equation can 
be written 

(^ lo £ V^). 
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which is Euler’s linear equation. Its complete solution is 
y/ffn — e~f dl °* ~9".{C—$tcp 0 §xg n ef ilos ^~ 9n dx }, 
where C is an arbitrary constant, or 

y/$u = { Cl ~J K Po§ x 9i z ' 2 dx } > ( 10 ) 

where *= v' — 1, while is given by (9) and p=Po/^gu- 
Thus, however, R, which contains p and X,= ^R—\g' K RiK) 
might depend on gm and directly on x, and the actual evalua¬ 
tion of gn from (10) would be a highly complicated affair, 
possibly a hopeless task. 

Fortunately, however, the combination X + xp is a constant. 
In fact, we may write 


R = 






W + hi 1 
Wn ’ 


x = ifl ( 1++ ? + W +i ‘* 

or, after some simple reductions, 

. 3 (ju 

X — Kp+ -, 

2 x 9ngu 

and, eliminating gd with the aid of (8), 

3 d 


x —-v+sc^;) 


Kn , 3 f\ * ^R 

p+ I^L 1- R dx 


]• 


the latter by (9). Thus 


^= K x + «ri-i[i-gg], 

from which we see two things: first, that dR/dx—0, 
i. e.) that R is constant throughout the spacer and second 
that its numerical value remains free , that is to say, is not 
determined by the density p or p 0 of the radiant energy. 
The value of R (the curvature radius of spacetime) is thus 
to be explored independently, by means of observations 
(viz., the Doppler effect of stars). 
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Under these circumstances (R=const.) the evaluation of 
the integral in formula (10) becomes a perfectly easy matter. 
In fact, put 

x = R sin <r, a = rj R. 

Then, by (8), 

* 1 

<tn = — sec* «r, —= t cos <r, 

\9 n 

so that 

I A ’9n 3,a dx — iR* I = tR* sec a, 

I * 1 cos* a 

and (10) gives 

s/gu — C.cos 0 -+ f«p 0 R s ; 
or, since ^(0) = 1, 

y/gZ as COS O'+ §tf/?oR 2 (l—cos <r). . . (11) 

Again, 

dx — R cos a.da s= cos a dr, 

so that 

g n dx 2 =— dr 2 , 

and the required solution, of form (6), ultimately becomes 

da* = guc 3 dt*—dl 2 , .... (12) 

where g w is as in (11) and 

dl 2 = dr 2 + R 2 sin 2 a(d<f> i + sin 2 <f> dd l ), 

i. e. f the familiar line-element, of an elliptic three-space of 
curvature radius R. As we have just seen, this radius is, 
exactly as in empty space, constant , while its value is in no 
way predetermined by the intensity of illumination. 

Since K=$Trkjc t , where k is the gravitation constant, we 
have 


_ 167r k P<> 
i K Po -5~~ • 7T * 


The second factor, being the “ gravitation radius ” of the 
radiant mass per unit volume, has the dimensions of 

length 

volume 

or of a reciprocal area. Thus, if \ 0 be a length and we put 

kon 1 



the last expression becomes 
VV 44 = cos <r H- 
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16ir R 2 


3 V’ 8nd 

16tt/Rx 2 /, . 

i-y o--™*)- 
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Needless to say, all the optical and kinetical properties of 
the spacetime thus illuminated are fully determined by the 
line-element ( 12 ) with this value of g 44 . 

For po—0 (A, 0 =oo) our solution reduces to that found by 
de Sitter, viz., p 44 =eos 2 <r, as it should. 

With regard to the density of distribution of the radiant 
energy or its mass-equivalent, it is important to notice that 
p, for which we have found the value poj^/gu, is the system 
density. The natural measure of density can readily be 
shown to he p\/g 44 , and is, therefore, in our case constant y 
namely, p 0 itself. 

All the physical consequences of the solution just obtained 
can readily be derived, remembering that dk =0 gives the 

propagation of light, and the motion of a free 

particle inserted in the illuminated world. 

Here, however, it will be enough to consider the Doppler 
effect, for a star and an observer in relative free (inertial) 
motion, as influenced by the illumination. 

By a reasoning given in the writer's * Theory of Relativity ’ 
(1924, chap. XVI.), and in symbols there explained, tho 
Doppler effect is 

Pi ds ^ 

D== ’ 

and if the origin of coordinates is placed in the star, 

1 


cdt—ds = 


or 


cdt\ l 


[■ 


dr 


-dr 


Speech, 


]- 


= ds'. 


Farther, since the observing station (sun) is supposed to 
have a free, inertial motion, 

dt 

g u c j-—k = const. 


ds _ g u /k 
ds' 


1 - 


dr 


xjg^cdt 


Thus 
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and ultimately, the required formula for the Doppler effect, 


D + l = 




9j*. _ 

1 rfr'V * 

s/g*\ cdt J 


. (13) 


where drjdt is the radial velocity of the observer relatively 
to the star or vice versa. This follows readily from the 
developed form of 8 J ds=0, which gives 


1 dr 
c dt 



P 3 9u 

/PR 2 sin V’ 


(14) 


where p = R 2 sin 2 <x d6jds = const, is (besides g^cdt/'ds — k) a 
first integral of the equations of free motion. Thus the 
Doppler effect is given, rigorously, by (13) and (14), where 
r and drjdt refer to the instant of receiving the light. 

For small values of cr=r/R, that is to say, neglecting <r 4 
in presence of unity, also o- 2 r r 2 /c 2 , the Doppler effect reduces 
to 



fan 
/rR 2 ’ * 


. (15) 


where 


go 

^o-A* 2 ’ 


j8 0 R sin cr 0 

Vy »—£/ 


• (16) 


Here /9 0 , <r 0 refer to the perihelion of the star’s orbit, g 0 is 
written for < 744 ( 00 ), and & for v/c. The positive sign in (15) 
corresponds to a receding, and the negative to an approaching 
star. 

Developing the rigorous expressions (16) to the said degree 
of approximation, one finds, after simple reductions, 

^^(I-^OW+N*’).. . . (17) 

where 


N* 1 — 


16 tt R 2 

3 V' 


The only difference, with the Doppler-effect formula for 
dark spacetime, is that a* in the second factor is replaced 
by No 2 , t. e., r s / R 2 by r 2 N/R 2 . In fine, R, as evaluated from 
radial velocities of celestial objects of known distance, is 
replaced bv 

R , = J* = _ R___ 

VN A 167T R 2 ' ' 

V 1 3 V 


• • (18) 
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Thus wbat we have determined, say from the Cepheid 
Variables and the O-stars * * * * § , is R/. Having found R*, we can 
determine R (\ 0 being assumed to be known), viz.: 


R = 



(18 a) 


While R' is of the order of 10 11 to 10 12 astronomical units, 
Xq is some ten or hundred thousand times greater. In fact, 
according to Eddington’s quotation ( loc . cit.) 9 the u total 
density of radiation received by us from the stars,” i . e. valid 
for interstellar regions, is 7-7.10” 13 erg/cm. 3 , whence 

kp 0 « 5*73.10~ 41 astr. mass units per cm. 8 , 

and 


X 0 = — %=== ss 2*65.10 17 astr. units. 

Skpo 

Possibly, if ultra-violet and X-rays were taken into 
account, p 0 would be several times greater, and \ 0 might 
drop to the order of 10 16 or even 10 15 a.u. At any rate, 
however, formula fl8a) can be safelv replaced by 

Rochester, N.Y. 

February ]5, 1929. 


VII. The Calculation of Absorption in X-Ray Powder - 
Photographs and the Scattering Power of Tungsten. By 
Dr. A. Claassen f. 

1. /"^QUANTITATIVE intensity measurements obtained 
vt from powder photographs have to be corrected for 
absorption in the powder rod. This correction has been 
made in special cases by Debye and Scherrer | and 
■Greenwood § by means of graphical integration. As this 
is a very tedious proceeding, it is probably worth while to 

* Cf. ‘ The Size of the Universe,’ now in the course of printing at the 
Oxford University Press. 

+ Communicated by the Author. 

j P. Debye and P. Scherrer, Phys. Zeitschr. xix. p. 474 (1918). 

§ G. Greenwood, Phil. Mag. i. p. 903 (1927). 
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give some data* with which it is possible to calculate the 
absorption-coefficient in any particular case. This will be 
done in the following, and the results will be applied to the 
determination of the scattering power of tungsten. 

2 . Let the circle of fig. 1 represent the cross-section of 
the rod of crystal powder, and let its centre be at 0 and its 
radius be equal to H. 

The absorption-factor A, i. e. the ratio between the 
intensity of the diffracted beam and the intensity of the 
beam uninfluenced by absorption, is given by 

A —.( 1 ) 

in which a = length of the path of the ray through the rod ; 


Fig. 1. 



/u.=absorption-coefficient of the crystal powder; c/0=surface- 
element of C. The integration must be carried out all over C. 
The rod is supposed to be bathed in a parallel beam of X-rays. 

It is impossible to evaluate this integral, but it can be 
solved graphically. To this purpose C is divided into strips 
of size AO, such that rays diffracted by points in AO 
traverse a distance between a and a + Aa through the rod. 
We have then approximately 

A = ^Se'^AO.(2) 

This division into strips can easily be carried out geometrically. 
Let in fig. 1 the incident beam be parallel to BC and the 
reflected beam parallel to CA. Let, further, MAj = A,A, =... 

* A. Claassen, Dissertation, Amsterdam, 1926. 
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A*A* = 1/5 E and MB t = B,B S -*•••= B 4 B 6 = 1/5 R, and 
suppose that S is the point of intersection of two circles, 
each with radius R, erected in the points A s and Bj. Then 
the ray scattered in S has traversed a distance equal to 
3/5 R + l/5 R = 4/5 R through the rod. In the same way 
the ray scattered in Q (circles erected in A s and B s ) has 
traversed also a distance 4/5 R. Thus the line PR is 
constructed as the locus of all points in which rays are 
scattered, which traverse a distance 4/5 R through the rod. 
Let us call these points for shortness “points 4/5R,” 
generally “ points a.” 

By constructing the loci for several values of a , the size 
of the strips AO belonging to these values of a can be readily 
obtained by measuring their area with a planimeter. 

When in (1) we put x = then the area As (expressed in 

the total area of C as unity) containing all points from x to 
x + Ax is a function of x only. Hence (1) becomes 

A = .(3) 

Table I. gives values of As for four different glancing- 
angles and with Ax = 02. 

Table I. 

As.10 2 . 


X, 



<E» 

II 

$ 

9 = 22J°. 

9 = 45°. 

61 = 67 J°. 

9~ 90°. 

0 

0*04 

0*7S 

2-64 

4*94 

6*22 

0*2 

032 

HI 

3*36 

4*80 

6*47 

0*4 

0*84 

2*04 

4*05 

5*80 

6*43 

0*6 

1*90 

2*72 

4*65 

6*04 

618 

0*8 

2*68 

3*58 

5-38 

6*50 

6*38 

1-0 

4*58 

4*61 

610 

6*44 

6*18 

1*2 

7*10 

5*95 

6-88 

6*40 

6*18 

1*4 

11*10 

7 9 5 

752 

664 

5*98 

1*6 

17-84 

15*35 

8-46 

6*30 

5-44 

1*8 

53*60 

22*20 

9-60 

6*40 

5*44 

2-0 

— 

33-30 

1020 

6*34 

5*44 

2*2 

— 

— 

11*00 

6*20 

5*04 

2*4 

— 

— 

990 

5*90 

5*04 

2*6 

— 

— 

8-88 

536 

4*86 

2*8 

— 

— 

1*30 

4*88 

4*20 

30 

— 

— 

— 

4*44 

4*12 

3*2 

— 

— 

— 

3*22 

3*50 

3*4 

— 

— 

— 

2*70 

3*22 

3*6 

— 

— 

— 

0*60 

2*47 

3*8 

— 

— 

- 

— 

1*24 


Calculation of (3) from this table gives the absorption- 
factor for these glancing-angles. For other glancing-angles 
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the absorption-factors can be obtained with sufficient accuracy 
by graphical interpolation. 

3. The calculation of A, according to (3), is not possible 
when p becomes very large, because the factor g - **®* changes 
so rapidly in one strip that it cannot be considered as 
a constant. This difficulty could be overcome by taking A* 
much smaller than 0 '2, but then the exact evaluation of At 
for small values of x (by which A is practically entirely 
determined) is very difficult. A better method is the 
following one:— 

Let the area containing all points < x be equal to f(x). 
This f{x) can be calculated from Table I. It appears that 
for values of x smaller than 1, f(x) can be represented by 
the first three terms of a power-series: 

f(x) = aiv + ftx t + <yx 3 + .(4) 

Now ds — ~~dx, and substitution in (1) gives 

A = j e-V^-dx = (V* 4 ®^*- r2ftx+Zyx* + ... )dx. (5) 
«-• « 

If p is large, we may integrate from /* = 0 to p= <x>, and 
we get 

A = yiR{“ + ^ + ^H " 2 + •■'} * ' 

(R expressed in cm.) 

Table II. gives the values of », ft, and y. 


Table II. 


e. 

a. 10*. 

0 .10* 

y . 10*. 

o 




0 

0 

3*0 

50 

22§ 

3*1 

4-0 

4*0 

45 

11*4 

90 

0 


23*2 

5*0 

0 

90 

31*1 

0*7 

0 


For exceedingly heavy powders the terms containing 
ft and y in (6) may be neglected, and in this case the 
absorption-factor is simply proportional to *. For this 
imiting case of p, — ao the absorption can also be calculated 
directly, which gives a check on the values of * derived from 
Table I. 
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For a plane powder surface the absorption-factor for very 
large fi is easily seen to be proportional to 

I “f- '“{.iib + 

with <f> = angle of incidence, 

„„ a 9 sin <f> sin (20 — $) m 

0~sin^ + sin (2d—<f>) .' ' 

For a cylindrical rod of a very heavy powder it is evident 
that only the portion AB of the surface (see fig. 2) is effective 
in scattering. 


Fig. 2. 



The angle of incidence for the surface elements of AB 
varies from = 0 in B to <f> = 20 in A. Thus the total 
absorption-factor for a glancing-angle 6 becomes 


A. = 1" A '- & =& d*. . (8) 

l n 0 o sm0 + sm(2 v ' 


This integral can be evaluated graphically or numerically. 
The values of « in Table II. are corrected by means of the 
values of A* calculated from (8). 

All these absorption-factors have been calculated supposing 
a perfectly circular rod. In practice this often will not be 
the case, but if the rod is rotated during exposure these 
calculations are still valid. 
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4. The scattering power oE tungsten. 

The crystal structure of tungsten is cubic, body-centred 
with a = 3-158 A * * * § . Powder photographs were made with 
CuK a-rays. The diameter of the rod was about 0'8 mm., 
while the tungsten powder was enclosed in a glass tube of 
+ 5/i thickness. The rod was rotated continuously during 
exposure. The powder particles were smaller than + 5p, so 
that primary extinction may be assumed to be absent f. 

The intensities of the reflexions were measured with a Moll 
self-registering photometer, applying the usual corrections. 
The blackening curve of the films used has been determined 
by van Arkel and Burgers $. The blackening of the strongest 
lines never exceeded 1. 

Table III. gives the observed intensities (average from 
5 films, accuracy from 5-10 per cent.). 

The intensity of a line in a powder photograph is given by 

AyF ; ( 1 + cos" 2fl ) 2M5 
sin 2 6 cos 0 ’ 


Table III. 


Indices, 

Sin 9. 

»'(l-H*os 2 ‘29) 
sin 3 9 cos 9 

A. 

C-2M. 

lobs- 

Frel. 

Fabs- 

110 

0*340 

170*4 

2*5 

100 

108 

51 

61 

200 

0*489 

36*2 

5*0 

0-95 

37 

46 

55 

211 

0*599 

9P0 

7*8 

0-93 

118 

42 

50 

220 

0*690 

34*9 

10*9 

0-91 

57 

41 

48 

310 

0*772 

65*8 

14*3 

089 

125 

39 

46 

222 

0*845 

25*0 

18*3 

080 

50 

35 

42 

321 

0*912 

202*1 

22*2 

0-85 

420 

33 

40 

4<X> 

0*975 

50*9 

28*3 

0-82 

130 

31 

37 


in which A = absorption-factor, v — plane-number factor, 
K = structure factor (in this case the scattering power ot 
tungsten), and e~ m the Debye || temperature factor a* 


* A. E. van Arkel, Zeitschr. fur KrystalL Ixvii. p. 235 (1928). 
f See J. Brentano, Phil. Mag. iv. p. 020 (1927). 

X A. E. van Arkei aud W. G. Burger?}, Zeitschr. fur Phys. xlviii. 


p. 690 (1928). 

§ P. Debye and P. Scherrer, Phys. Zeitschr . xix. p. 474 (1918). 
G. C. Darwin, Phil. Mng. xliii. p. 800 (1922). J. M. Bijvoet, Pec. Trav . 
Chim. xlii. p. 886 (1924». 

tl#v 
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modified by Waller* * * § . In this expression M is given 

b y 


6 A 2 /<f>(.r) 
fiki§\ x 


l\sin 2 0 


with ft the mass of the tungsten atom, h Planck’s constant, 
k the gas constant per molecule, ® the characteristic tem¬ 
perature of the crystal which occurs in the theory of specific 
heats; x = ®/T, where T is the absolute temperature and 
<b(x) is a certain function of x, which Debye evaluates. Zero- 
point energy is assumed according to Waller and James f. 

The absorption-coefficient of tungsten for CuK «-rays 
amounts to about 3500, so that A in Table III. has been 
taken equal to « in Table I. 

To evaluate M the approximate value © = 280° was 
calculated from Lindemann’s f formula, giving M = 0, 
10 sin 2 0. 

In the 7tli column of Table III. the values of F calculated 
from (8) are given. As only relative intensities have been 
measured, these values are only relative ones. To arrive at 
the absolute F-values we have extrapolated the relative 
F-values to sin 6 — 0, and assigned to the number so obtained 
the absolute value 74, i.e. the number of electrons in 
a tungsten atom. This extrapolation is, of course, rather 
uncertain, but in any case it will give an approximate idea 
of the decline of scattering power with increasing glancing- 
angle for a heavy atom. The F-curve obtained in this way 
is reproduced in fig. 3. Table IV. gives F-values for various 

, - sin 6 

values or —-—. 


Table IV. 


DH1 V 

X . 

.. 0 

0*1 

0-2 

03 

0*4 

0*5 

06 

Fexp. 

... 74 

70 

63 

57 

51 

45 

39 

FThomas ••• 

... 74 

68 

61 

53 

47 

42 

37 


A theoretical F-curve can be calculated according to 
Bragg and West § from an atomic model calculated by 
Thomas ||. In this model it is assumed that the effective 


* I. Waller, Dissertation, Upsala, 1925: Ann. der. Phvs. IvytU; 
p. 154 (1927). 

f I. Waller and 11. W. James, Proc. Roy. Soc. cxvii. p. 214 (1927). 

t See, e.g., M. Born, 4 Atomtheorie des'fasten Zustandes,’ p. 630, or 
'Handbuch der Experimentalphvsik,’ viii. p. 250. 

§ W. L. Bragg and J. West, ZeiUchr. fiir Erystall, lxix. p. 118(1928). 
|| L. Thomas, Proc. Cambridge Soc. xxiii. p. 542 (1927). 
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field in an atom is given by a potential V depending only on 
the distance r from the nucleus; that the electrons are 
distributed uniformly in the six-dimensional phase-space for 
the motion of an electron at the rate of two for eacli h 3 of 
six-dimensional volume; and that this potential V is itself 
determined by the nuclear charge and the distribution of 
electrons. With these assumptions Thomas solves numerically 
a differential equation in V which gives the density of electrons 
at a distance r from the nucleus as a function of the atomic 
number. Thomas calculated the electron distribution for 


Fig. 3. 



Q1 0.2 0.3 0,« ft5 0.6 0.7 Q8 Q? \0 
5in e 


caesium. From the form of Thomas’s equation it follows 
that the electron distribution for any other atom can be 
simply calculated if it is known for a given atom (in casu 
caesium). These theoretical F-curves should be quite 
accurate, especially for atoms of high atomic number; even 
in the case of light elements the difference with the experi¬ 
mental results is not great *. 

The dotted line in fig. 3 gives the F-curve for tungsten 
calculated in this way from Thomas’s figures. Table IY. 
compares the numerical values. 

* W. L. Bragg and J. West, Zeitsehr. fur Krystall. Ixix. p. 118 (1928). 
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It is seen that the agreement is rather satisfactory, 
considering the rough way in which the experimental 
F-values have been obtained. 

On the other hand, this agreement proves to a certain 
extent the validity o£ onr calculated absorption-coefficients. 

Summary. 

This paper describes the calculation of absorption in X-ray 
powder photographs. For heavy powders a simple formula 
is deduced. The results are applied to the reflexion intensi¬ 
ties of tungsten. The experimental scattering power of 
tungsten agrees approximately with the F-curve calculated 
from the Thomas model of the atom. 

I wish to thank Dr. W. Gr. Burgers for having the 
powder photographs made. 

Natuurkundig Laboratorium der 

N. V. Philips’s Gloeilampenfabrieken, 

Eindhoven, Aug. 1929. 


VIII. The Crystal Structures of the Elements of the B Sub- 
Groups and their Connexion with the Periodic Table and 
Atomic Structures. By William Hume-Rothery . AI.A., 
Ph.D* 

1. Introductory. 

T HE general factors affecting crystal structure are at 
present comparatively little understood except for 
simple ionized structures such as those of the halide salts, 
and correspondingly simple covalent structures such as 
that of the diamond. In a series of most interesting 
papers Groldschmidtf has recently examined the inter¬ 
atomic distances in a large number of crystals, and has 
used these in order to deduce a series of “ atomic radii ” 
which are characteristic of the different elements under 
similar conditions, but which may vary with the degree of 
“coordination,” i. e., the number of atoms which surround 

* Communicated bv Prof. W. L. Bragg, F.R.S. 
t Goldschmidt, Z. Pkys. Chem. cxxxiii. p. 897 (1928). 

Phil. Mag.S. 7. Vol. 9. No. 55. Jan. 1930. 


F 
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selenium in Group VI. In this case the above rules re¬ 
quire each atom to have 8 —6=2 neighbours. The actual 
structure is hexagonal with space-group D s 4 or D s ® 
(enantiomorphous), the atoms being in spiral chains, in 
which each atom has two close neighbours at a distance 
of 2*35 A. the remaining interatomic distances being 
considerably greater. 

Turning now to arsenic in Group V., the above rules 
require each atom to have 8—5=3 neighbours. Actually 
arsenic crystallizes in the rhombohedral hexagonal type, 
space-group D^rf, in which each atom has three close 
neighbours at a distance of 2-51 A., the remaining distances 
being considerably greater. Germanium in Group IV. 
crystallizes in the tetrahedral diamond type of structure, in 
which each atom has four neighbours, in agreement with 
the above rules, the interatomic distance being 2-44 A., 
which lies between those of selenium and arsenic. 

In the case of gallium (Group Ill.), if the above rules be 
correct, the structure should be such that each atom is 
surrounded by 8-3=5 neighbours, which at first sight 
appears improbable. In actual fact, however, the struc¬ 
ture deduced by Jaegar. Terpstra. and Westenbrink* is 
precisely that which is required. Gallium crystallizes with 
di-tetragonal bi-pyramidal symmetry, and the structure 
deduced by X-ray measurements has space-group 1)!'7/. 
and is a curious double-layer structure in which each atom 
is in close contact with one other in its own layer, and 
with four others in the next layer, the interatomic distances 
being 2*56 A. If the atoms are assumed to be spherical 
(which is, of course, a pure assumption) the double layers 
are not in contact with one another, but would be so if 
the distance between the double layers were reduced bv 

c * * 

0-14 A. If this structure be correct, it is of the greatest 
interest, since the tendency for the atom to surround 
itself by (8-N) neighbours is still clear, whilst it can also 
be seen from the figure that the structure is beginning to 
resemble a much distorted close-packed arrangement. In 
a private communication, Professor Bragg has kindly told 
the present author that, while the structure deduced by 
Jaegar, Terpstra, and Westenbrink may well be correct, 
the evidence is not as completely conclusive as in the case 

* Jaegar, Terpstra, and 'Westenbrink, J’j-oc. Akad. Amsterdam, xxix 
p. 1193 (1926). 
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of the structures in Groups IV. to VI. It will be noted 
that the closest distance of 0 approach in gallium is the 
aamfi as that in copper (2-56 A). This is in contrast to the 
second and third long periods, in which the interatomic 
distances in the Group III. metals indium and thallium 
are considerably greater than those in the corresponding 
Group I. elements silver and gold (see p. 75). 

Turning now to zinc, the structure is one of close-packed 
prolate spheroids, each atom being surrounded by six 
others in its own layer at a distance of 2-67 A, and by six 



The figure shows one of the double layers in the structure deduced for 
gallium by Jaeger, Terpstra, and \Ve$tenbrink. The atoms in one 
layer are shaded, and those in the next are left white. Four 
atoms in one layer form a trapezium, in the centre of which fits the 
atom of the adjacent layer, whilst in its own layer each atom is in 
close contact with one other at a distance equal to that which 
separates it from the four in the adjacent layer. The next double 
layer has an identical structure except that it is turned through 90°. 
The interatomic distances between the double layers are greater than 
the closest distances of approach within the double layer, so that, 
if spherical atoms be assumed, the double layers are separated by 
gaps. 

others (three in the layer above, and three in that below) 
at a distance of 2*92 A. In sections 4-5 we shall discuss 
the question as to how far the presence of six neighbours 
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in zinc and of five in gallium is a real continuation of the 
(8-N) process which is so clear in the later groups. Finally, 
in copper the structure is one of simple close-packed 
spheres. 

(b) The Second Long Period. 

In this period the crystal structure of iodine has been 
determined, and the whole process from iodine to silver 
can be examined. 

In Group VII., iodine, the structure deduced by Harris, 
Mack, and Blake * shows the unit cell to possess ortho¬ 
rhombic bi-pvramidal symmetry, space-group V 8 16 case/, 
the atoms being arranged in pairs, which the above 
authors took to be 1 2 molecules, the closest distance of 
approach being 2-70 A. Each atom, therefore, has one 
neighbour in accordance with the general principle. 

In Groups VI. and V. tellurium and antimony crystallize 
with the same structures as selenium and arsenic respec¬ 
tively, the atoms having two neighbours in Group VI. and 
three in Group V. The closest distances of approach are 
2-87A. for both tellurium and antimony. 

In Group IV. grey tin has the tetrahedral structure, with 
four neighbours at a distance of 2-80 A. In this period, 
however, the tendency to form the pure (8-N) type of 
structure has diminished, and the tetrahedral fonn is 
accompanied by another modification, white tin. in which 
each atom is still surrounded by four others, but the distance 

O 3 

is considerably greater, 3-07 A., as compared with 2-80 A. 
in the grey modification. The tetrahedral arrangement is 
also much distorted, and besides the four near neighbours 

o 

there are two others at a slightly greater distance, 3-16 A. 

The next metal, indium, possesses a very curious and 
interesting structure which is face-centred tetragonal, 
but the axial ratio is only 1-06, so that it is only a very 
slightly distorted form of the close-packed face-centred 
cubic arrangement. Each neighbour has four neighbours 
at a distance of 3-24 A., and eight others at 3-33 A., so that 
the structure is very nearly that of close-packed spheres, 
the distances being very much greater than in grey tin. 

* Harris, Mack and Blake, J. Atner. Chem. Soc. 1. p. 1(583 (1928). 

t Actually it is a possible close packing of spheroids with axes in the 
ratio r06:l. 
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In this period, therefore, the tendency to form an (8-N) 
structure has disappeared in Group III., and is replaced by 
the formation of a close-packed structure. 

Cadmium and silver crystallize with the same structures 
as zinc and copper, and we shall discuss later the meaning 
of the six grouping in cadmium. The interatomic distance 
in silver is 2-88 A., and is thus much less than in indium- 

(c) The Third Long Period. 

Here the tendency to form the pure (8-N) kind of struc¬ 
ture has diminished so greatly that it is found only for 
bismuth, which has the same structure as arsenic and 
antimony, each atom being surrounded by three others at 
a distance of 3*10 A. In this period the tendency to form 
close-packed structures is much greater, and thallium 
(Group III.) has the structure corresponding to the 
hexagonal close packing of spheres, and lead (Group IV) 
the face-centred cubic close packing of spheres, the inter¬ 
atomic distances being 3-40 A. (Tl) and 3-48 A (Pb), both 
of which are considerably greater than the closest distance 
of approach in bismuth (3-10 A). 

Mercury, like the other Group II. elements, crystallizes 
so that each atom is surrounded by 8—3=6 others, but 
structure is here simple rhombohedral instead of that of 
the close-packed prolate spheroids characteristic of zinc 
and cadmium. Gold resembles copper and silver, and has 
the face-centred cubic close-packed structure, the closest 
distance of approach being 2-88 A, which is much less than 
that in thallium. 

From the above description it can be seen how all these 
apparently complex and different structures can be re¬ 
garded as the outcome of two simple opposing tendencies. 
There is first the tendency to form structures in which each 
atom is surrounded by (8-N) others, and this diminishes 
as we pass from the first to the third long period. There is, 
secondly, the tendency to form close-packed structures, 
which diminishes as we proceed from Group I. to Group 
VIII., and increases as we pass from the first to the third 
long period. 

In the remaining sections it is proposed to discuss the 
theoretical interpretations of these general principles, 
and later to compare the conclusions which are drawn 
with those of J. D. Bernal and other previous investigators. 
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4 . The Covalent, Molecular and Metallic Linkages. 

For Groups IV. to VII. the most obvious explanation of 
the (8-N) rule described above is that, just as in the 
covalent compounds of chemistry an atom of Group N 
immediately preceding an inert gas completes its octet of 
electrons by sharing one electron with each of (8-N) 
other atoms, so in the crystal of the elements the octet 
is completed by the atom taking (8-N) neighbours and 
sharing one electron with each. In this way the presence 
of one, two, three, and four neighbours to each atom in 
the crystals of the elements of Groups VII., VI., V.. and 
IV. respectively is readily accounted for. Reference to the 
literature shows that in the original pioneer work of A. 
J. Bradley * this explanation was already realized, for this 
author statesf : “... in the normal crystalline forms of ... 
germanium, grey tin, arsenic, antimony, bismuth, selenium, 
and tellurium, electron sharing takes place until the outer 
shell of each atom has its full quota of electrons. In this 
way each atom of these elements is in close contact with as 
many neighbours as it has negative valencies.” 

In Group IV. this conception accounts for the linkages 
throughout the crystal, since the tetrahedral arrangement 
throughout space enables the whole crystal to be bound 
together. But in the remaining groups this is not the case, 
and, while it seems clear that each atom is completing its 
octet by sharing with one, two, or three others, some 
additional forces must be postulated in order to account 
for the complete structure, and it seems probable that these 
are of a molecular nature. This suggestion is not in any 
way an ad hoc assumption, for it seems to be perfectly 
clear that in the case of iodine the pairs of atoms are I 2 
molecules, and since it is a fact that these are held together 
in the solid crystal, it does not seem unreasonable to assume 
that similar forces are present in the case of Group VI. 
where there exist chains of atoms each with two neigh¬ 
bours, and Group V., where there are layers of atoms which 
give each atom three neighbours. The alternative view 
of J. D. Bernal, that the additional forces are metallic in 
nature, will be discussed later. 

is when we come to deal with the retention of the 
(8-N) rule in Groups III. and II. that difficulty arises, for 

* A. J. Bradley, Phil. Mug. xlviii. p. 477 (1924). 

t Ibid, p, 496. 
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here it seems clear that the presence of simple covalent 
linkages will not account for the fact that each atom has 
five or six neighbours. Since each gallium atom has only 
three valency electrons, it cannot share one electron with 
■each of five others, because there are not enough electrons 
available. The position is rather like that met with in 
• connexion with the hydrides of the elements of the first 
short period, where we can readily account for OH 2 , NH a , 
and CH 4 , but where the hydride of boron, B 2 H 6 , presents 
difficulty. It is suggested that we have here the real 
underlying cause of the formation of the metallic linkage 
in the crystals of the solid elements. When there are not 
sufficient valency electrons per atom to enable the octet 
to be completed by each atom sharing one electron with 
each of its neighbours, the need arises for a new kind of 
bond, in which an electron can serve for more than two 
atoms, and so the metallic linkage comes into being, and is 
apparently favoured by three structures, the body-centred 
cubic, the face-centred cubic, and the hexagonal close- 
packed structures. 

It is here that the structure of gallium is so particularly 
interesting, if the work of Jaegar, Terpstra, and Westen- 
brink be correct. For, in spite of the fact that the full 
number of electrons necessary to form an octet by simple 
covalent linkages is no longer available, the tendency to 
form the (8-N) type of structure is still found, and at the 
same time the tendency to form a distorted close-packed 
structure is so very apparent. It seems, however, to be 
almost certain that most of the linkages are covalent, 
because (1) the metal shows marked diamagnetism, 
contraction and fall in resistance on melting, etc., just as 
with bismuth and antimony, and (2) the closest distance of 
approach in gallium does not show the marked increase 
which is found when we pass from the covalent linkage 
in grey tin (2-80 A.) and bismuth (3-10 A.) to the.pre¬ 
ceding close-packed metallic structures in indium (3-24 k.) 
and lead (3-48 A.). Further, as we have already indicated, 
the closest distances of approach in indium and thallium 
are much greater than in the preceding univalent metals 
silver and gold, whereas in the case of gallium and copper 
the distances are almost the same (see p. 69). But whether 
the remaining linkages in gallium are metallic, as suggested 
by J. D. Bernal*, or molecular appears less certain. As 
* J. D. Bernal, Trans. Faraday, Soc. (1929). 
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we have already indicated (p. 68), the structure of gallium 
is not yet absolutely certain, so that discussion of this 
point is not carried further. 

The structures of the Group II. elements will be con¬ 
sidered separately in the next section. In the case of the 
Group I. B-elements, we find typical close packed-structures 
which clearly correspond to the purely metallic linkages. 
It is considered unwise to attempt to give anything in the 
way of a mechanical picture of this kind of binding, in 
view of the fact that the whole tendency of modern atomic 
theory is to avoid the precise mechanical pictures of the 
older dynamics. The essential points are that the 
metallic linkage comes into being when the number of 
valency electrons in the atom is insufficient to allow the 
(8-N) type of structure to be produced by simple co¬ 
valency electron sharing, and that the characteristic of the 
linkage is that one electron can serve for more than two 
atoms. Alternative views are that of the electron lattice* 
of Lindemann. in which the electrons are conceived of as 
vibrating about fixed centres, so that they may be said to 
be shared by the surrounding atoms. As shown by the 
present author, this conception is in many ways attractive^, 
but it is sometimes considered too static in nature, and the 
new theories of Bloch *, in which the valency electrons are 
regarded as moving in a three-dimensional periodic field 
characteristic of the crystal as a whole, may perhaps be 
considered as an attempt to express our general idea in 
more precise terms. 

From this point of view, therefore, the metallic bond is to 
be looked upon as of a homopolar nature, in which one 
electron may be associated with many atoms. In support 
of this conclusion we may note that the interatomic 
distances in copper, silver, and gold are of the same order 
as those of the covalent linkages in the same long period, 
the actual values being as follows :— 

Copper... 2-56 A. Covalent linkages Ga-Se ... 2-5C^.-2-35 A. 

Silver ... 2-88 A. „ „ Sn-I. 2-87A-2-70A. 

Gold. 2-88 A. „ „ Bi. 310 A. 


* It should be noted that an electron lattice may he considered either 
as an ionic structure of electrons and ions, or as a Homopolar structure in 
which the electrons on the lattice are shared by the surrounding atoms, 
t Hume-Eotbery, Phil. Mag. iv. p. 1017 (1927). 

% Bloch, Z. Phyrik, lii. p. 555 (1928-29). 
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It is not to be expected that these distances will be exactly 
equal, because an allowance must presumably be made for 
the degree of coordination, and also for the effect of atomic 
number upon the dimensions of the electronic orbits. 
It is, however, noteworthy that in the case of gallium, 
where the covalent bonds are accompanied by what is 
nearly a close-packed structure, the closest distance of 
approach is the same as in the case of the purely metallic 
copper in Group I. 

It remains now to account for the sudden expansion of 
the interatomic distances in indium, thallium, and lead, 
to which we have assigned metallic structures, and it is 
just here that the theory of atomic structure gives the 
necessary support. According to the generally accepted 
theory, the building up of a group of eight electrons takes 
place in steps of 2, 2, and 4 electrons respectively. The 
outer electron groupings in atoms in the free state of the 
Group III. and Group IV. metals are thus (18) (2) (1) and 
(18) (2) (2) respectively, and the whole of the facts of 
chemistry indicate that the relative stability of the under¬ 
lying (18) (2) group increases as we go down the periods. 
Thus in aluminium only trivalent salts are stable, whilst 
with thallium the univalent (18)(2) + salts are stable,and the 
trivalent (18) +++ salts relatively unstable. It is. therefore, 
quite to be expected that in indium, thallium, lead and, 
possibly, also in white tin we have in the metal crystal 
only one free electron per atom in Group III. and two in 
Group IV.. in which case the remaining atomic cores which 
are responsible for the repulsive forces will be larger than 
in the case of silver and gold, where the cores contain only 
the group of (18). But, on the other hand, it is just this 
group of (18) which remains in the covalent structures, 
so that the difference is at once accounted for. The fact 
that in indium the structure is not quite that of close- 
packed spheres is not in contradiction to this point of view, 
since there is no reason to suppose that a group of (18) (2) 
electrons will retain spherical symmetry in the crystal 
structure, even though it may do so in the free state. 

5. The Structure of the Group II. Elements. 

We have already indicated that, although the Group II. 
elements obey the (8-N) rule, there is reason for thinking 
that the process is here different from that met with in 
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Groups IV. to VII. Bernal has suggested that in the 
B-Group elements we have purely metallic structures in 
Group I., purely homopolar structures in germanium and 
grey tin, and structures containing both metallic and 
homopolar bonds in most of the remaining elements. He 
also concludes that zinc and cadmium are not to be 
looked upon as possessing merely a distorted form of 
dose-packed structure. At first it might be suggested 
that these are larger lattices in which the atoms in each 
layer are bound together by homopolar bonds, but if this 
be so, it is clear that the " homopolar bonds ” must be 
different from the covalent bonds which we have suggested 
for Groups IV, to MI.*, since there are not enough elec¬ 
trons present to form these. The alternative view which is 
suggested here is that both zinc and cadmium are true 
metals in which the atoms are held together solely by 
metallic linkages, but that only one electron per atom is 
free to form the metallic bond. The fact that we have 
close-packed spheroids instead of spheres is, then, the result 
of there being one electron above the (18) group attached 
to the positive ions, which are thus readily polarizable in 
the structure, and so no longer correspond to spheres. In 
support of this rather unexpected conclusion the following 
points may be noted :— 

(1) In the A groups, when we pass from the univalent 
alkalis to the divalent alkaline earths, the melting-points 
rise, and the interatomic distances diminish. In the B 
groups the reverse is the case. 

(2) The electrode potentials change in opposite direc¬ 
tions in the A and B groups when passing from Group 1. to 
Group II. 

(3) The photoelectric threshold frequencies of the 
alkaline earths are much higher than those of the alkalis, 
whilst in the B sub-groups the threshold frequencies are 
much the same for Groups I. and II. 

These, and other abnormalities, are explained if zinc and 
cadmium are only singly ionized in the metallic state, the 
ions being larger than those of the preceding univalent 
metal, and in the crystal structure much less symmetrical. 

* In Group IV. the “ covalent linkages ” of the present paper are 
identical with the “ homopolar bonds 99 of Bernal. In the other groups 
Bernars u homopolar bonds ” are less clear. 
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The structure of mercury is quite abnormal, but the 

o 

interatomic distances (2-99 A.) are greater than those of 
gold (2-88 A.), and here again it is suggested that the solid 
metal is univ alent, giving one free electron per atom to 
form the metallic linkage. 

6. The Question of Electrical Conductivity. 

The most obvious objection to the above suggestions is 
that if the elements in Groups IV. to VII., to which we have 
assigned covalent and molecular structures, are really of 
this nature, they should be non-conductors, since all the 
valency electrons are required for the covalent bonds. 
In this connexion it is interesting to note that for ger¬ 
manium and grey tin, which possess the tetrahadral 
structure, it has already been concluded by Kapitza*, 
from work on the properties of metals in strong magnetic 
fields, that these metals (and also silicon) are really not 
normal metallic conductors at all, and this point of view 
was accepted by Bernal. It has, in fact, been suggested by 
Kapitza that if these metals could be obtained quite free 
from impurities they would, at any rate at low tempera¬ 
tures, be non-conductors, and that the actual conductivity 
observed is due to traces of impurities upsetting the 
regularity of the lattice, and so liberating some electrons, 
a process which is assisted by rise of temperature which 
increases the atomic vibrations. These metals have, in fact, 
very abnormal properties as regards the electrical con¬ 
ductivity. Thus silicon has a negative temperature 
coefficient of resistance up to a high temperature, at which 
polymorphic changes occur. Germanium shows the 
phenomenon of a minimum resistance at —116°C., and 
Bidwellf has concluded that the same may be true for the 
elements of Groups V. and VI., and also that silicon would 
attain a minimum resistance at a high temperature if it 
were not for the polymorphic change. The phenomenon 
of a minimum resistance is, of course, quite in agreement 
with the above view, since on raising the temperature 
from the absolute zero we may expect the resistance first 
to diminish owing to the gradual liberation of electrons • 
but later the increasing amplitude of the atomic vibrations 
will interfere with the motion of the electrons in the 


* Kapitza, Proc. Boy. Soc. cxxiii. p. 292 (1929), 
t Bidwell, Physical Review, six. p. 447 (1922). 
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■ordinary way. From this point of view, since the co¬ 
valent linkage becomes less stable as we pass from the 
first to the third long period, we should expect the minimum 
resistance to occur at a lower temperature, which is in 
agreement with the fact. The metals silicon, germanium, 
and grey tin may be said to form the critical test in this 
connexion. If once it be admitted that these are purely 
covalent (Bernal “ purely homopolar ”), in spite of their 
conductivity and other metallic properties, then the 
present theory cannot be attacked on this ground, whilst 
it is, of course, well known that other electrical properties, 
such as the Hall Effect, thermoelectric power, etc., are 
verv abnormal for these elements, and for those of Groups 
V. and VI. 

Once, however, we get the purely metallic bond, con¬ 
ductivity is obviously possible, since the electrons are no 
longer required to be bound to two particular atoms. 
It may be noted that supraconductivitv is shown by none 
of the metals to which we have assigned covalent and 
molecular structures : it is white, and not grey, tin which 
is supraconducting. 

7. The Relation of the Present H'ort to 
that of Bernal. 

We have already discussed the suggestions of Bernal 
with reference to the structure of the Group II. elements, 
and we may now refer to other points in the most stimu¬ 
lating paper by this author. The chief point made by 
Bernal in connexion with the structure of the B-group 
elements was that we have here to deal with both homo- 
polar and metallic bonds in the same crystal. In the 
structure of selenium, for example, the atoms are regarded 
as bound by homopolar bonds into the zigzag chains 
(each having two neighbours), and the chains themselves 
are regarded as held together by metallic bonds. A 
similar suggestion was made for Group V. It is suggested 
that the present view of covalent and molecular linkages 
is more probably correct for the following reasons :— 

(1) If the “ homopolar ” bonds are the covalent bonds 
which have been suggested here, it seems impossible to 
provide the free electrons necessary to form the metallic 
linkage. Each selenium atom has completed its octet by 
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sharing with two others, and if it is to give further free 
electrons to provide a metallic linkage, the octet will be 
broken up. This might be overcome by assuming that the 
metallic linkage does not involve the conductivity electrons 
at all, but is the same as what has been called the “ mole¬ 
cular linkage ” in the present paper; but the properties as 
regards plasticity, etc., are not the same, and the evidence 
that the conductivity electrons are concerned in the 
metallic bond appears considerable. 

(2) Alternatively, if it be assumed that the “homo- 
polar bond ” is not the covalent bond described above, 
we are at a loss to account for the (8-N)rule, which appears 
such a characteristic feature. 

It is suggested, therefore, that the present view, which 
regards the metallic bond as never appearing in Groups V. 
and VI., and only in the second and third long periods in 
Group IV., is more probably correct, as well as the conclu¬ 
sions that zinc, cadmium, mercury, and indium are true 
metals, but with distorted ions. Apart from these points, 
Bernal’s arguments concerning diamagnetism, etc., are 
fully accepted as indicating the presence of covalent 
bonds, and no claim is made that the suggestion of co¬ 
valent bonds in these metals is a novel one, and, as we have 
already indicated, this suggestion was, in part at any rate, 
anticipated in the original work of Bradley. 

8. Conclusion. 

It is hoped that the above paper will assist in giving a 
general indication of the relations between the crystal 
structures of the B-group Elements, and the Periodic 
Table and Atomic structures. It must be emphasized, 
however, that we have dealt here solely with the pure 
elements, and that the principles described need not 
necessarily always apply in alloys. When, for example, 
we have suggested that zinc, cadmium, and indium are 
univalent in the pure metal, there is no suggestion that this 
necessarily applies in alloys. It is hoped to deal later with 
the regularities underlying the formation of solid solutions 
and intermetallic compounds, and particularly with the 
question as to the conditions under which an atom pre¬ 
serves a “ constant radius.” 
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IX. On the Distribution of Sj>ace Charge between a Plane 
Hot Cathode and a Parallel Anode. Bn Hkishikksh 
Rakshit, M.Sc., Khaim Research .'Scholar in .Ph//sics * * * § . 

Introduction. 

W HEN a metal is heated, electrons are emitted from 
it according to Richardson’s law. The emitted 
electrons are mostly concentrated near the surface of the 
hot metal, and thus an atmosphere of electrons is set up near 
it. The negative space charge thus created repels the 
electrons subsequently emitted and presses the slowly moving 
ones into the hot metal. After some time an equilibrium 
condition is reached when the number of electrons emitted 
in unit time is the same as the number pressed back into 
the hot metal by the space charge. In such an equilibrium 
condition the distribution of potential near the hot surface 
when it is plane and infinitely extended has been worked 
out by Richardson T and Lane*. Similar calculations have 
been made by Epstein §, Fry |j, and Adams % for the cast' 
when the potential distribution is altered, due to the presence 
of a parallel positively charged plate of infinite extent near 
the hot surface. The corresponding problem of determining 
the distribution of electron density near a heated surface has 
been solved only in the case of a plate of infinite extent 

* Commiinicatfd by Prof. S. K. Mitra, It.isc. 

t Phil. Trans. A, cci. p. file (IbO.'l). 

+ dahrb. d. ltadinaht. «. Elektronik. xv. p. ilOo (HUS), 

§ Per. d. I)eut. Pin/*. Ge*. xxi. p. So (lltltt). 
i| Phvs. Rev., April 1921. 

% Not published; of. Langmuir, Phvs. Rev., April Ht'.'!. 
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without any external field*. The case of altered distri¬ 
bution of electron density when a current flows between the 
cathode and the anode, though often met with in practice, 
has not received adequate attention from workers in this 
field. It is proposed in this paper to determine this altered 
distribution of electron density in the simple case of two 
parallel infinite plates, and to give quantitative results for a 
few typical cases. 


Mathematical Discussion. 

In any case of thermionic emission, when the current 
between the cathode and anode is less than the saturation 
current, there is a region of negative potential gradient near 
the cathode. The general nature of potential distribution is 
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shown in fig. 1. The potential becomes more and more 
negative as the distance from the cathode increases; it attains 
a certain minimum value V* and then increases, bemo- 
ultimately positive at gr ater distan es from the cathode! 
With Fry let us denote the region between the cathode and 
the surface of minimum potential as the region *, and the 
rest ot the region to the anode a* region 8. 

Let did he the number of electrons emitted per unit time 
per unit area, having emission velocities normal to the cathode 
between the limits n 0 and r 0 + dv 0 . Then, in accordance with 
Maxwell’s law, 

„ mvtf 

dN=N.^?.e'“ T .rf % 

* Langmuir, Phys. Rev., April 1923. 

Phil, Mag. S. 7. Yol. 9. No. 55. Jan. 1930. 
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where N is the total number of electrons emitted per unit 
time per unit area from the cathode at temperature T° K. 
The emitted electrons have velocities ranging from zero to 
infinity, and it is therefore evident that the slowly moving 
ones will go only a certain distance from the cathode and 
then be stopped and turned back to the cathode by the 
retarding field in region a. Thus in this region there are 
two groups of electrons, those going away from the cathode 
and those returning hack to the cathode; but in region ft the 
electrons are only moving away from the cathode. Let ns con¬ 
sider a point in region a whose distance from the cathode is a*. 
If V is the potential of this point (with respect to the cathode), 
the electrons that are emitted with velocities, normal to 

/2Ve 

the cathode, lower than \/ -—- do not reach those with 

» Klfif M i ■■ ■ A 

velocities lying between and \f -~ — 


emission 


m 


reach and pass x, but are stopped before reaching the surface 
of minimum potential and turned back by the retarding field ; 

the electrons with emission velocities higher than \ /—■— 

V m 

pass x, but do not return after passing, V m being the minimum 
potential between cathode and anode. If, now, v is the actual 
velocity of the electrons dN, the contribution of these to the 
space-charge density p is given by 


d P = 




. e. 


This takes into account only the absolute value of v and 
not its direction. Thus each of the two equally dense streams 
•of electrons in region «, with emission velocities lying between 

/We . /We , . . . 

V IT and V ~ZT* but ,nov,n S In opposite directions, 

•contributes to the space charge p a , which can thus be expressed 
in the form 
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where v is the velocity o£ an electron at a point whose 
potential with respect to the cathode is V, and is the 
emission velocity o£ this electron. 

Let ns now pnt A for N*ro/fcT, which is equal to i 0 m/hT , 
i 0 being the saturation current per sq, cm, of the cathode, 

and 0 for then eqn. (1) becomes 


* = 2A f f 

r “ J /2 V, V J „ / 2 Vm< V 


( 2 ) 


Now 


®* = «*>*+ 
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m 


the numerical value of e being taken; 

vdv = v 0 dv 0 .(3) 

Substituting (3) in (2), changing the variable, and re¬ 
membering that, in region «, V is negative, we get 


9 .i 


29V* /*°° 2flYe r K 

= 2A.e” I dr—A . e ™ I e~ 9v2 dv, 

*° ‘V-CT»+V) 


where the numerical value of V m is to be taken. 

Putting V Q • v=z, this further reduces to the form 
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In region & only those electrons are present which 
have emission velocities greater than or at least equal to 

v/ iV - e 
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Proceeding as above, this reduces to the form 
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The integrals involved in equations (4) and (6) are of 
well-known type, and can be evaluated by means of tables 
of Probability Integrals when the limits' are known. To 
determine the limits it is necessary to find the potential 
distribution between the plates. 

Suppose that the cathode is a large flat surface at a known 
temperature and the anode is a parallel surface at a certain 
distance from the cathode. With this position of the plates, 
when a steady current flows between the two, the potential 
distribution can be found, after some laborious calculations, 
according to the method indicated by Langmuir *. This will 
give the values of V m and V, the latter being different for 
different distances from the cathode. The next step is to 
find the distance x m of the surface of minimum potential 
from the cathode, by which we can know whether any chosen 
point is in region a. or /S. To find the density of space 
charge at this point, formula (4) or (6) is applied, according 
as the case may be. 


Numerical Results for a Typical Case. 

Suppose that the cathode is a flat tungsten surface at 
temperature 2400° K., and the anode is a parallel surface at a 
distance of 0‘5 cm. With Fry we assume that the saturation 
current t 0 per sq. cm. of the cathode is 0* 16 ampere at 
2400° K. Let us consider the case in which the current i 
between the plates is O'OOOlfi ampere per sq. cm. of the 
cathode. Proceeding, as indicated by Langmuir, we get, 
for this case 

x m = 0*074 cm., 

Y m ■— -1*4292 volts. 

The distribution of potential is also worked out for this 
case. Knowing the potential V at any point, the value of 

*=\/”(v m +v) = ) 


is found out, and from the tables of probability integrals 
the value of I e - ** dz is obtained bv interpolation. When z 

* * F 

is large, the value of i e'^dz is obtained from the equation 

F z 

F -*a •-‘Ti lx 13 _ 1 

.1/ 2z L A “2 s * + (2**)* ••*_!• 

* Langmuir, Phys, Rev., April 1928. 
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set 

Next the value of e“ * = e 4-833 * v is found, and the density p 
of space charge at the point under consideration is obtained 
from formula (4) or (6), according as * < or > x m . The 
distribution of electron density for different values of the 
current i is given in the following tables, together with 
the distribution when there is no external field. 

Curves in tig. 2 show the distribution of electron density 

Fig. 2. 

t) 

'-rv 



between the cathode and the anode for different values of 
thermionic current between the plates. It will be seen that 
immediately near the surface of the cathode the electron 
density diminishes as the current increases, but at greater 
distances it increases with the current. Also, the steepness 
of the curves immediately near the cathode diminishes with 
increase of current, but at greater distances the curves are 
very nearly parallel to the axis of x {distance from the 
cathode) for all values of the current—the effect of increasing 
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tlie current being merely to raise this portion of the curve 
higher. 

In fig. 2, curve I. shows the distribution when there is no 
external field, i.e when the current is zero ; curve II, shows 
the distribution when the current is 0*08 ampere per sq. cm, 
of the cathode, i.e. y half the saturation current; and curve III. 
when the current is saturated. The curves for the cases 
when the current is 0*00016, 0*0016, and 0*016 respectively 
have not been drawn, for they follow curve I. very closely. 

Case I. 



i =s 0. 

(No external field.) 

x (cm.). 

Y (volt*). 

p (e. *. u.). 

Number of electrona/c.e. 

0 

0 

62*938 

13*18 xl0»> 

00001 

—0*03026 

54*388 

11*39x10*° 

0001 

—0*23330 

20*380 

4-27 X10» 

0003 

—0*49000 

5*878 

l-23xl0»° 

0005 

—0*64790 

2*747 

5*75 xl0» 

0*007 

-0*76190 

1*585 

3-32 xl0» 

001 

-0*88920 

0*856 

1*79x10° 

0*1 

-1-79600 

0*011 

2-24 X10 7 

0*2 

-2*08100 

0003 

5*67x106 



Case II. 


i = 0*08 

amp. per sq. cm.; x m = 0-0018347 cm. • 

V m = —0*1434 volt. 

x (era.). 

V (volts;. 

p (e. s.«.). 

Number of electrons/c.c. 

o, 

0 

55*405 

ll*605x 10 l ° 

0*0001 

-0*01872 

49*670 

10*400X10’° 

0*001 

-0*12663 

22*400 

4-691X10 10 

0*003 

-0*10860 

10*462 

2192x10“ 

0*005 

+0*07050 

6*651 

1*393x10’° 

0*007 

+0*35230 

4-952 

1*037x10*° 

0*01 

+0*91177 

3*630 

7*603x10° 

0*1 

+42*82900 

0*691 

1*447X10° 

0-2 

+113*78400 

0*505 

1*058x10° 
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Tables showing the electron density and the potential 
at various distances from the cathode are given for curves I., 
II., and III. 


Case III. 

i = 0*16 amp. per sq. cm.; x m = 0 cm. ; V m = 0 volt. 


a; (cm.). 

Y (volts). 

p (e. s. u.). 

Number of eiectrons/c.c. 

0 

0 

31-464 

6-590x10“ 

0-0001 

+000058 

29-646 

6-210x10“ 

0001 

+0-05028 

19-487 

4-083x10“ 

0003 

+0-35520 

11-193 

2-344x10“ 

0005 

+0-83480 

8-022 

1-681x10“ 

0007 

+1-43720 

6-348 

1-329x10“ 

001 

+2-51624 

4-907 

1028X10 10 

01 

+71'56550 

1-231 

2-579X10* 


Conclusion. 

The distribution of electron density between a plane-heated 
cathode and a parallel anode has been calculated when a 
thermionic current flows between the two. Numerical 
results for a few typical cases are given. It is found that 
when a current flows the electron density diminishes imme¬ 
diately near the hot surface, but increases at a greater 
distance from it. Curves showing the variation of electron 
density are given for various values of electronic current 
flowing between the cathode and the anode. 

My best thanks are due to Prof. S. K. Mitra, D.Sc., for 
having suggested the problem to me and for taking keen 
aud helpful interest during the progress of the work. 
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X. On the Generation of Pulses in Vibrating Strings . By D. 
Banerji, M.ScL ecturer in Physics, Calcutta University, 
and B. Ganggli, Lecturer in Physics , Serampore College, 
Bengal *. 

[Plate I.] 

Introduction . 

^IVHE vibrations of long strings, stretched between their 
~JL ends and excited by vibrations of shorter segments of 
their own, present many acoustical peculiarities which do not 
appear to have received any attention lrom workers in this 
field. 

The experiment is suggested by an art of finger-playing 
(known as u Abataran Ash v ) on the strings of the Indian 
musical instrument “ Vina ** f. This is a sudden drop ot the 
tone-frequency from a high to a low value by a brisk move¬ 
ment of the finger-tip from one position to another, which 
increases the vibrating length of the string. The other form 
of “Ash/* namely, the “Arohan Ash/* is the converse of 
“Abataran Ash'* just described, inasmuch as here the length 
of the vibrating string is suddenly diminished instead of 
increased, as in the former case. The latter form of “ Ash ” 
is easier to comprehend from the know n acoustical principles 
of vibrating strings, but the effect of the former cannot be 
estimated a prion without a detailed examination of the 
mode of vibration of the string immediately after release of 
the finger-tip. Although such an art is recognized by 
Indian musicians to be unique in its musical effect, and is, 
therefore, very often resorted to for the adornment of 
instrumental music, yet no scientific study has been 
made of the exact nature of the transition of the mode of 
vibration from one of higher frequency to another of 
lower frequency or vice versa . It is proposed to give in the 
following lines the results of an investigation to bring out 
the characteristics of the vibrations of a stretched string 
clamped at different points on its length by a mechanical 
device which can suddenly be released after excitation of 
one of the segments of division by gentle plucking. 
Although such an arrangement differs in details from an 
actual “ Vina,” inasmuch as the points of clamping are not 
those where the frets are actually placed, yet the sudden 
release of the clamp, while one segment of the string is 

* Communicated by Prof. S. K, Mitra, D.Sc. 

t For description of u Vina/’ tee an article by 0. V. Hainan, Proc. 
lnd. Assoc. Cult, of Science, vii. pp. 29-3U (1921)." 
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■executing itR natural vibration, is a sufficient imitation of the 
process of “Abataran Ash,” previously described. It is also 
expected that the investigation will throw light on the main 
issue of the problem, namely, how the form of the string- 
vibration changes suddenly from one of higher frequency to 
another of lower frequency. 

Experiment. 

With the above object in view, a steel wire was tied at one 
end to a rigid support, and from the other end, which passed 
over a pulley, weights were hung to put it under proper 
tension. A scissor-like clamp, specially designed for the 
purpose, and shown in the adjoining figure, could be adjusted 



to clamp the string in any desired position, and by the appli¬ 
cation of a lever-hammer attached to its framework the 
blades of the clamp could be suddenly separated without 
disturbing the string. The form of vibration of one segment 
of the string when it is plucked with the finger-tips over a 
finite length, so as to elicit only the fundamental of the seg¬ 
ment, together with the complex tone on transition to the 
lower frequency of the complete length just after release of 
the clamp, can thus both be depicted photographically on a 
sensitive paper moving uniformly at the focus of a point 
of the segment of the string. 


Results and Discussion. 

In fig. 1 (Jfl. I.) the clamp was at a point > 1/2. 
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The main results of observations are stated below :— 

(а) When the clamp is applied so as to divide the string 
into two segments in the ratios of 1 : 1, 1:2, 1:3, and so 
on, and the shorter segment is made to vibrate bj plucking 
over a finite length, the unexcited part takes up a less intense 
vibration from the excited part,and is divided into segments 
of lengths equal to that of the excited part. Care is taken to 
pluck the string gently over a finite length to elicit only the 
gravest component of the Fourier Series. This phenomenon 
of leakage of oscillation, which is due to the effect of resonance, 
is particularly noticeable when the clamped point is exactly 
in the position of nodal division of the string, and is com¬ 
pletely minimized on shifting the clamp on either side of 
this position. The clamp takes up the oscillation of the 
shorter segment and communicates it to the other segment 
of commensurable period. 

(б) The time-displacement curve of the complete length 
immediately after the clamp is removed presents peculiarities 
in that, whenever the excited shorter segment is an aliquot 
fraction of its total length, its total amplitude is equal to the 
amplitude of the exciting oscillation. There is one important 
exception, namely, when the position of the clamp is near 
1/7 the amplitude is increased. This anomalous increase of 
amplitude near 1/7 may have some bearing with similarly 
observed phenomena in struck strings, of which no satis¬ 
factory explanation has been offered. The time-displacement 
curves, especially at smaller ratios of division, make it clear 
that the original exciting vibration tends to persist in the 
final motion, and seems, though slightly modified by the 
presence of very weak upper paitials, to repeat after 
intervals of rest-positions of the string equal to its funda¬ 
mental period. 

(c) The transition from the original oscillation of higher 
frequency to the graver fundamental of the string is as 
sudden as the release of the clamp, and may take effect at 
any phase of the former. The number of partials excited 
by the transition appears to be limited by the fundamental 
of the shorter segment. The relative intensities of the 
partials which are sufficiently strong at 1/2 and 1/3 do not 
seem to be altered appreciably by slightly shifting the 
position of the clamp on either side of the nodal points. If 
the total energy content of the string before the release of 
the clamp is distributed without loss over the partials 
generated by the release of the clamp, then, according to a 
well-known energy principle, the relation between the 
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amplitudes of the vibrations before and after the release of 
the clamp will be as below : 

2 A 4 * _ m 2V 
a* ~ M t 2 

(where m and M are the respective masses of the shorter 
segment and of the whole string, t and T 4 the respective 
periods of the shorter segment and of the whole string 
vibrating in its rth harmonic component, and a and A< 
the corresponding amp'itudes). Such a relation, however, 
fails to correspond with facts, and the calculated and 
observed values of the final amplitudes differ considerably 
for all cases. The amplitude of the original simple vibration 
is nucleated in pulses of equal amplitude repeating at 
intervals of the period of the fundamental ot the total 
length of the string. The effect can be explained if we 
remember that the clamp, in communicating the vibration 
from one side to the other, is itself thrown in a state of 
vibration. The result of the sudden removal of the clamp 
is on the one hand the disappearance of a certain amount of 
energy which was in the clamp, and on the other hand the 
cessation of communication of energy from the excited 
to the unexcited segment. The consequence is that the 
displaced form of the shorter segment at the moment of 
release of the clamp is propagated along the length of 
the string in the form of a pulse which travels to and fro 
between the two ends of the string. This can easily be 
verified by the measurements of the distances between 
the pulses in the plate. 

This probably explains the use of the “ Abataran Ash ” by 
musicians in India. The sudden change of length of the 
vibrating string produces pulses which bring in a peculiar 
richness in the tonal quality which is not otherwise possible. 

iSummary and Conclusion. 

Experiments are made to imitate the common practice 
(technically known as ‘ f Abataran Ash”) of exciting the 
string of the Indian musical instrument. “ Vina.” This con¬ 
sists ot a sudden drop of the tone-frequency from a higher to 
a lower val ue by suddenly removing the finger tip so as to 
increase the length of the vibrating string. A string 
stretched between its ends is clamped at points of aliquot 
division of the string, and the shorter segment is excited 
by plucking. On releasing the clamp suddenly the original 
high-frequency oscillation appears to be nucleated in 
pulses which move to and fro between the ends of the 
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string. It seems, therefore, that “ Abataran Ash ” is only 
a technique of exciting pulses in the vibrating string of the 
“ Vina/’ The pulses, which are well known to be rich in 
harmonics, help to produce the peculiar musical effect. 

In conclusion, we desire to express our best thanks to 
Prof. S. K. Mitra for his kind interest in our work and 
much useful help. 

University College of Science, 

92 Upper Circular Hoad, Calcutta, India. 

29th May, 1929. 


XI. The Mutual Action of a Pair of Rational Current 
Elements. By G. F. (.'. Searle, Sc.JD ., F.ll.S., University 
Lecturer in Experimental Physics. Cambridge *. 


T 


'HE “rational current element” devised by Oliver 
Heaviside consists of an elementary line of length 
ds conveying an electric current i, the current flowing out 
at the positive end of the element into an infinite medium, 
as from a point-source, and flowing in at the negative end. 
The current density in the medium is that due to the two 
radial currents. Two rational elements, i 1 ds l and i 2 ds 2 , in 
any given positions will give rise to a magnetic field, and 
T, the magnetic energy of the field, will be a homogeneous 
quadratic function of i\ and i 3 . Heaviside calculated the 
part of T which depends upon the product ip'j, and has 
termed it the “ mutual action ” of the two elements. He 
stated the results in his * Electrical Papers," vol. ii. pp. 501, 
502, but he did not give a proof. An indication of the 
method is given in vol. ii. p. 506. A recent inquiry leads 
me to give an elementary account of the calculation. 

If fi be the magnetic force and fi the magnetic perme¬ 
ability, we have 

T = JL JJJ^H *dxdydz, .fi) 

where the integration extends through all space. We can 
replace (1) by 

T =^ JJ j" SAC dx dydz, .(2) 


where SAC is the scalar product of the vector potential A 
and the current density C, and the integration again extends 
through all space. We have SAC=AC cos ifr, where A, C 


* Communicated by the Author. 
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are the magnitudes of A, C, and ifr is the angle between their 
forward directions. Vector symbols are printed in Clarendon 
type. 

We may write A=Ai+A 2 , C=C I + C 2 , where A h C t are 
the vector potential and the current density due to the 
element and A 2 , C 2 are due to i 2 ds 2 . If T 12 be the part 
of T which depends upon the product ij*,, we have 


w 


here 


Tl 2 — 2 Il +2I2, 


• • ( 3 ) 


SA,C 2 dx dy dz , I 2 = jj’j SA^ dxdydz. . (4) 

The vector potential due to the vector element i,dsi at a 
point at a distance r from the element is A 1 =pi l ds 1 jr, the 
two vectors being parallel and having the same positive 
direction. Similarly A 2 =/zioifs 2 />. 

If « 2 be the cross-section of the element i 2 ds 2 , and if C 2 
be the current density in the element, i 2 =C 2 a 2 , and thus, 
if dv 2 be the infinitesimal volume occupied by ds 2) we have 
C 2 dt’ 2 =t 2 ds 2 . Throughout dv 2 we may treat Aj as constant, 
and thus the contribution of dr 2 to the integral lj is ’ 

pifadsfts., cos e/r, . 

where r is the distance between the two elements and e is the 
angle between the positive directions of the elements. 

The evaluation of the integrals in (4) will be found to 
depend on the integral 

J (R’/p) COS \fr dot 

taken over the surface of a sphere of centre 0 2 and radius R. 
Here da is an elementary solid angle, p is the distance from 
the surface element ll-dto at Q on the sphere to a fixed point 
0 1} and is the angle between 0 2 Q and a straight line 0 2 F 2 , 
which is parallel to and has the same forward direction as a 
fixed straight line OjFj. The value of the integral dep-nds 
upon whether Ii is less or greater than r, where r=0,0 
We shall write 2 ' 

G=J (R s / p) cos y]r da, when R < r , . . (6) 

J=J* (R 2 /p) cos ■f-dw, when Ii > r. . . ft) 

If a sphere of radius R and density yfe -1 be centred at 0 
and a second sphere of radius R and density — /Sr 1 be centred 
at 0,' on 0 2 h 2 , where 0 s '0 2 =/t and 0 2 '0 2 has the same 
forward direction as 0 2 F 2 , the spheres neutralize each other 
except in those parts where they do not overlap. When k is 
very small, the radial thickness at Q of the un-neutralized part 
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is k cos ifr. The “ surface density ” is thas A' 1 . k cos i/r or 
<50s yfr. Hence G (or J), the potential at 0, of the layer of 
surface density cos yfr, is also the potential at Oj of the 
system of the two spheres. We note that, when k is 


infinitesimal, 

0j0 2 —0]0 2 ' = icos0 2 0jFi.(8) 

If we take the positive direction of OiF, to coincide with 
the positive direction of the element ds u we have 

cos OgOiF, = —drjdsy .(9) 


At distance r from the centre of a sphere of radius R and 
density k~\ the potential is 4TrR 3 /3Ar, when Ro. Hence, 
when R < r, we have, by (8) and (9), 


4ttR 3 / 1 1 \ 4ttR 3 dr 

U \0,0 2 0,0 2 7“ 3r 2 'di x ' 


. ( 10 ) 


When R > r, Oj lies inside the sphere centred at 0 2 . 
The potential at Oi of that part of the s[there which lies 
within a distance r from 0 2 is iirr 3 j {3kr) or The 

potential within the sphere of radius r and centre 0 2 due 
to the shell of radii R and r is constant and equal to the 
potential at 0 2 , and thus equals 

| E 4wRVR 4w I^-r 3 

J r AR ~ k * 2 * 


Thus the potential at Oj of the sphere of radius R centred 
at 0 2 is 


4 w/r 2 R 2 —r*\ '2ir/ 
A \3 2 / k \ 


R 2 - 



Hence J, the potential at 0, of the layer of surface densitv 
cos ^r, when R > r, is given, through (8) and (9), by 


J= 


gow - 0,0 2 ' 2 )=(0,0*+OA ’)k£. 

_ 4irr dr 

~T ' ds x . 


. (ll 


The values of G and J agree when R=r. 

We will now return to the electrical problem and, using 
the values of G and J, will find the part of the integral 1, 
arising from the radial current flowing out of P 2 , the positive 
end of ds t ; we .'Oppose P 2 to be at 0 2 . The element i t dt x 
is at Ot, and, as in (9), we take 0,Fj to coincide with the 
forward direction of ds u The current density, C 2 , due to 
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if is » s /47rR a at Q at the distance R from P 2) and thus, since 

O]Q = /0, 

SAA-R’rf® = • ^"gjOOs^.Ry® 

_ fii 1 i i ds i R 2 cos yjrdct) 

4ttR* * p 

The contribution of the shell of radii R and R+tiR to the 
integral Ii is 

^R.JsA 1 C 3 .R 2 d® = ^^- 1 GiR, when R<r, (12) 

rfR.j'sA 1 C 2 -R^®=^^rJdR, when R>r. (13) 
Hence the part of Ij due to tlie current flowing out at P 2 is 



At N 2 , the negative end of ds t , the arc of which ds 2 is a 
part is less than at P 2 by ds s . Hence the part of Ij due to 
the current flowing in at N 2 is 

- */»!»A - <77g ^ • a} • • . • (15) 

Adding the two expressions (14) and (15), we find that the 
part of Ij due to the two radial currents is 

i/tiitgdsx ds 2 . d^rjdsfdsi .(16) 

Adding the expression (5), we find 

i .-(=-*+ 

Since (Pr/dsidsj^cPr/dSfdsi, I 2 =I t , and thus, by (3), we 
obtain Heaviside’s result *, 

T 1S = Af s (^- e + • . . (18) 

We can express d?r/dsids s in another form. Let the 
coordinates of Oj, 0 2 , the centres of the elements, be 
Vi > ‘i an d *»j, y 2 , z 2 , and let fi, ijj, fi and f 2 , t) 2l f 2 be the 
coordinates of points on the elements relative to Oj, 0 2 . 
Then r*=a* + 6 s + c*, where 

a-a 3 +ft~5 = y 2 + »/ 2 — yj-iji, c=z a + f 2 — 

* 1 Electrical Papers,’ vol. ii. p. 501. 


1 d 2 r 


2ds 2 ds 


~ ^ p>t\ifds ids 2 . 


(17) 
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Since fj and d£Jdsi, dvhids u d^jdsy are independent 
of s 2 , we have 


dr d& 
-7- = a 


ds< 


dSq 


+l,p +0 

ds 2 


ds 2 


4 r =-(«¥-'+ id ,’ h +'¥)’ 

dsi \ ds± ds j ds 1 / 

^ d 2 r_ /dtji clgj + drj 2 d %, dfr rfr 

ds l ds 2 \ds l ds 2 ds } ds 2 ds x ds 2 ' ds } ds % ’ 

We now evaluate the differential coefficients when 


%\—V\ — fi —0 and ^2 — ^72 — S 2 —0. 

The direction cosines of the vector 0i0 2 are a/r 9 bjr , c/r, 
those of the vector dsj are d^jds^ etc*, and those of the vector 
ds 2 are d% 2 jds 2 , etc. Then 

rdPrjd$ids% = —cos e -f cos <f> } cos 

where and <£ 2 are the angles between the vector C 4 O 2 and 
the vectors ds y and dsy respectively. Hence, bv (18), 

T 12 = %/iiii 2 r~ l (cos e + cos <f> l cos ^> 2 )ds x ds 2 . . (19) 

Following Heaviside, we now take the axis of x along 
O^. If the direction cosines of the elements be l u m } , 
and 4 ? ^ 2 ? we have 

Zj, cos <£2 = 4> cose = l x U + m x m< 2 + 
and then we obtain Heaviside's result *, 

T„ = if*hh r ~* (2/i4 + w * 1 tws + . . (20) 

If the currents 4, i 2 , instead of flowing in two elements, 
flow in two finite unclosed arcs NjPj, N 2 P 2 , we integrate 
with respect to ds } and also with respect to ds 2 . We obtain 



= P 1 P 2 -P 1 N 2 -14N 1 + N 2 N 1 , 

and thus, by (18), as Heaviside found f, 

T lf - oos«<M* + *(P 1 P,+N I N t -P 1 N i -P f N 1 )}. 

* • • ( 21 ) 

If the second circuit be closed, N 2 is identical with I’ 2 , 
and then, whether the first circuit be closed or unclosed, 
( 21 ) becomes 

T 12 = cos edsidst. . 

* 1 Electrical Papers,’ vol. ii. p. 501. 
t ‘Electrical Papers,’ vol. ii. p. 602. 


. . (22) 
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YTT Determination of the Variation with Pressure of the 
Force between Two Plates at Different Temperatures at 
Low Pressures, with a View to the Determination of 
Molecular Mean Free Paths. By A. E. Martin, Ph.D.* 

1. Introduction. 

THE object of the work to be described was to measure 
1 the force between two small, plane, parallel plates, 
due to difference of temperature between them at low 
pressures, and to study the variation of the force with the 
pressure and nature of the gas, the temperature difference, 
and the distance between the plates. Simple considera¬ 
tions show that at pressures so low that the mean free path 
of the gas molecules is large compared with the distance 
between the plates, other factors remaining constant, the 
force between the plates is proportional to the pressure, 
and this, indeed, is the basis of the Knudsen low-pressure 
gauge ; but at higher pressures, when the distance between 
the plates and the mean free path are comparable, this 
linear relation is no longer followed, and an attempt has 
been made to determine the mean free path from the 
observed deviations. Measurements of the heat con¬ 
ducted frun a heated surface at low pressures are also 
given, and here again the deviations from a linear relation 
could be used to determine the mean free path, although 
this has not yet been attempted. 

2. Description of Apparatus. 

The apparatus is shown diagrammaticallyin fig. 1, and 
consisted of a glass bulb containing heater and suspended 
system, a modified McLeod pressure-gauge, vacuum- 
pumps, and an arrangement for admitting the gas to be 
investigated into the apparatus to any desired pressure 
not less than -001 mm. Hg. 

The glass bulb B (fig. 1) was about 10 cm. diameter, and 
to it was sealed a wide glass tube, fitted with a ground- 
glass stopper. Just below the stopper was placed a short 
length of glass tubing, kept in place by dents in the outer 
tube, and between the two tubes was wedged a piece of 
copper strip C, bent as shown in fig. 2. To this strip was 

* Communicated by Prof. J. R. Partington, D.Sc. 

Phil. May. S. 7. Yol. 9. No. 55. Jan. 1930. H 
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attached a piece of copper wire D, from which was sus¬ 
pended a quartz fibre F, about 20 cm. long, the attachment 
being effected by means of a minute quantity of Faraday 
wax. The bulb also contained the heater, the platinum 
leads to which were sealed into a glass tube passing into 
the bulb. 

Fig. 1. 



Fig. 2. 


The heater (fig. 3 o) consisted of a copper bobbin on which 
was wound, as non-inductively as possible, about 1 yard 
of No. 47 gauge enamelled copper wire, the ends of which 
were attached to the platinum leads. 

One of the leads supported the bobbin, the free face of 
which, a copper plate 2 mm. square, formed the heated 
surface from which gas molecules were reflected. The 
temperature of this plate was taken as being the same as 
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that of the heating coil, which was used as a resistance 
thermometer. This coil was made one arm of a resistance 
bridge, and resistance measurements were made in the 
usual way except that a valve amplifier and telephones 
were used instead of a galvanometer. 

The bulb containing the heater was almost completely 
surrounded by a water-jacket, and the temperature of the 
water was taken at frequent intervals during each experi¬ 
ment. 

The target (fig. 36) was a copper plate 2 mm. square, 
similar to that forming part of the heater, and was attached 
to an arm of thin copper wire, which was in turn attached 
to the quartz-fibre suspension by means of a trace of 
Faraday wax. The target was counterbalanced bv a small 


Fiir ; - 

a- p- a r • 



h. 


blob of solder. The upp>r end of the quartz fibre was 
attached to a kind of torsion head, already described, by 
means of which the position of rest of the target could be 
altered. Before any particular experiment the target 
was arranged so that when deflected during the experiment 
it would be directly opposite and parallel to the heater 
surface. It was desired to carry out experiments under 
such conditions that all molecules which travelled direct 
from heater surface to target traversed the same distance, 
and to this end the heater surface and target were made as 
small as possible. The distance between the heater 
surface and target was varied from 3 to 8 mm. during the 
course of the work, but could not be altered outside these 
limits. To enable the deflexions of the target to be 
accurately measured an index of phosphor-bronze strip 

H 2 
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(0*1 x 0*01 mm.) was attached to the target, so that when 
riewed through a microscope the thin edge was visible. 
The heater surface and target were mounted, each having a 
diagonal vertical, so that when the microscope was in 
position any one of the diagonal comers could be focussed 
by moving the microscope up and down or from side to 
side. In this way both the distance between the two 
upper comers, A and A', and between the lower comers, 
B and B' (figs. 3 a and 3 b) could be measured. The mean 
of these two measurements is given as s in the tables of 
measurements. All deflexions and distances were deter¬ 
mined to -01 mm. 

In order to prevent any shift of the suspended system 
during experiments the whole apparatus was securely 
clamped at a number of places; also, as the suspended 
system was very susceptible to vibration.it was necessary 
to avoid any disturbance in the neighbourhood of the 
apparatus while readings were being taken. All readings 
were taken late at night, when vibration was at a minimum, 
and as the apparatus was unavoidably disturbed to some 
extent when pressure and other readings were taken, it 
was necessary to leave the apparatus entirely alone for 
some minutes after any adjustment before the position 
of the image of the target index on the eyepiece-scale 
could be determined. All pumps were shut off while 
measurements were being taken, except when it was 
necessary to use the filter-pump for a few seconds partially 
to exhaust the reservoir, which, besides being employed in 
conjunction with the filter-pump to provide a rough vacuum 
for the first stage of the two diffusion-pumps used to 
evacuate the apparatus, served to operate the pressure- 
gauge. This gauge was provided with a mercury reservoir 
A (fig. 1), which communicated with the rough vacuum 
while the apparatus was being evacuated. In order to take 
a pressure reading, the tap T, was turned so as to cut off 
A from the rough vacuum, and air was admitted through 
a drying-tube, its rate of entry being controlled by means 
of a screw clip and pressure tubing. When the surface of 
the mercury in the open capillary was level with the top of 
the closed capillary the air was shut off and the length of 
the gas column in the closed capillary read off on a mirror 
scale. The pressure in the apparatus was calculated in 
the usual way, the capillary having been calibrated by 
means of a mercury thread during the construction of the 
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gauge, and the volume of the bulb being known from the 
weight of water required to fill it at a known temperature. 

The gas pressure in the apparatus during an experiment 
was altered by means of tap T s (fig. 1). The plug of this 
tap had a hole bored halfway through, the volume of the 
hole being about 10 cu. mm.; gas filled the cavity at 
atmospheric pressure when the tap was turned so that the 
bore communicated with the tube E, and this gas was 
discharged into the apparatus by turning the tap through 
180°, the pressure being thereby increased by -01mm. The 
pressure could also be increased by *001 mm. at a time by 
admitting gas at atmospheric pressure from the tube 
connecting Tj and T 2 to the tubes connecting T a to T 3 and 
T 4 . previously evacuated, and then admitting this gas into 
the apparatus as before by tap T s . The tubes mentioned 
were exhausted at the commencement of each experiment 
through tap T 4 ; this tap was then turned off, and gas, 
free from moisture and carbon dioxide, admitted through 
Tj. The gases investigated were air and hydrogen. The 
various pieces of apparatus were connected by means of 
ground joints, fitted with mercury seals. 

3. Mode of Experiment. 

The apparatus at the commencement of each experiment 
was exhausted to a pressure certainly below 10“ 4 mm. 
The pressure-gauge indicated 10 s mm. ignoring any 
vapours present, and a similar value is obtained from 
considerations involving the speed of the pumps and rate 
of formation of mercury and other vapours in the 
apparatus. 

The apparatus having been exhausted and flushed out 
with dry gas, the pumping was continued for about twenty 
minutes, the pumps then being shut off from the apparatus 
by means of T s and stopped. Gas was immediately 
admitted into the apparatus to a pressure of *01 mm. in 
the case of air and -02 mm. in the case of hydrogen, it 
being found impossible to take readings at lower pressures 
owing to the small amount of damping of the os cillating 
target. Devices for increasing the damping were tried, 
but were unsatisfactory and were discarded. After 
admitting the gas the temperature of the heater was 
adjusted to a suitable value, and a pressure reading was 
taken. The position of the image of the target index 
on the eyepiece-scale was read off as soon as possible 
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(about fifteen minutes after shutting off the pumps), and 
this reading was repeated at intervals of some minutes, so 
that subsequently a correction could be applied for mercury 
and other vapours in the apparatus, the drift of the target 
being a measure of the amount of vapour formed. 

Headings were then taken at higher pressures, the 
pressure being increased by -01 mm. at a time, and the 
temperature of the heater being suitably adjusted so as to 
keep the deflexion of the target, and hence the distance 
between the target and heater, practically constant. It 
was not found advisable to attempt to keep the deflexion 
absolutely constant, as after each change of heating current 
an appreciable time elapsed before equilibrium was 
attained. Readings were taken up to a pressure of 
•11 mm., the limit of the gauge. 

The force acting on the target at any time was propor¬ 
tional to the deflexion, and the torsional constant of the 
fibre being known, the moment of the force could be 
calculated, and hence the force itself. The torsional 
constant of the fibre was obtained by determining the 
period of torsional oscillation in vacuo of a body, of which 
the moment of inertia could be calculated from its mass and 
dimensions, attached to the fibre in place of the target. 
In the Tables absolute values of the force on the target 
are only given when there is an object in doing so. In 
the case of fibre 1 the force required to cause* a deflexion 
of 1 mm. was -001208 dyne ; with fibre 2 a force of -00114 
dyne produced the same deflexion. The two fibres were 
actually identical, except that the target became detached 
from fibre 1 and had to be replaced. 

4. Variation of Deflecting Force with Temperature Difference 
between Target and Heater. 

Measurements of the resistance of the heating coil w ere 
made at 0° C. and at 100° C. both before the heater was 
sealed into the bulb and after the apparatus was dis¬ 
mantled. These two sets of measurements agreed so well 
that no serious change in the heater could have occurred 
during the course of the work. For the determination of 
temperatures from resistance measurements it waa 
assumed that the temperature coefficient of the heating 
coil was constant between 0°C. and 100° C. Allowance 
was made for the leads attached to the heating coil. 
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The temperature of the target could not be directly 
measured, but was taken as being equal to that of the water 
jacket. This is not quite correct, as the target was at a 
temperature slightly higher than that of its surroundings 
owing to the heat received from the heater during the 
course of an experiment; but this difference is so small that 
it can be safely neglected. If the temperature of the 
heater is 0 a and the resistance of the heating coil is R a , 


Fig. 4. 



and if the temperature of the water jacket is 0 X and the 
resistance of the heating coil at this temperature is Rj, then 

e 2 -e 1 =s6-6i(R 2 -R 1 ), 

0 a and 0 X being in °C. and the resistances in ohms. In the 
tables of figures and in the curves given values of R a —R t 
are used rather than the corresponding values of 0 a —0^ 
needless calculation being thus avoided. 

It is of interest to determine how the deflecting force 
varies with 0 a — 0j when the g;.s pressure and distance 
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between the heater and target are kept constant. This 
variation cannot be directly determined, since the deflect* 
ing force is measured by means of changes in the distance s, 
but an indirect method can be used. Values of the 

quantity denoted by F, are plotted 

JCVg—llj 


Table I. 


Quartz fibre 1. Air. 


No. of Expt. 

F. 

s. 

mm. 

100 

• 


3 

2-76 

5*68 

310 


4 

2-81 

o-68 

3*10 


5 

303 

5*46 

336 


6 

1-68 

7*64 

1 714 


7 

1-54 

8-20 

1*488 



Points plotted from above values are marked <£ in fig* 4. 


Quartz fibre 2. A ir. 


R-2— 

ohms. 

Deflexion. 

mm. 

Deflexion 

=F. 

F 

1 060* 

Distance s. 

mm. 

100 

*866 

1*71 

1*974 

1*863 

7*32 

1*866 

•569 

1*25 

2197 

2*072 

6*86 

2*126 

•376 

0*88 

2*395 

2*259 

6-51 

2*360 

•226 

0*58 

2*566 

2-421 

6*21 

2*592 

1*507 

2*49 

1*652 

1*559 

8*08 

1*533 

1*842 

2*84 

1*542 

1*454 

8*43 

1*400 

1*129 

2*05 

1*816 

1*713 

7*66 

1*706 


Points plotted from above values are marked in fig. 4. 

Since the force required for 1 mm* deflexion is different for the two fibres, 
it is necessary to divide the values of F in the second series by 1*060 to make 
them comparable with those in the first series. 

against the pressure, small corrections having been applied 
for small variations in s, and from the curves obtained 
values of P are read off for some particular pressure, and a 
curve showing the relation between F and a at constant 
pressure is obtained. 

The temperature differences corresponding to the values 
of F plotted did not greatly differ throughout the series. A 
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aeries of r eadings had previously been taken at the same 
pressure, but with widely different temperature differences; 
and it will be seen that the corresponding values of F, 
when plotted against s, fall on the curve previously 
obtained (fig. 4). This shows, within the limit of experi¬ 
mental error, that, for given values of pressure and dis¬ 
tance s, ^f eX a° n * s constant; i. e., the deflexion is 

proportional to the temperature difference. These 
measurements are given in Table I. 

5. Variation of Deflecting Force with Pressure, other 
Factors remaining constant. 

Assuming that F is independent of temperature 
difference, it is only necessary to correct the values of F, 
obtained from any series of readings, for small variations 
in the value of s, and for mercury and other vapours in the 
apparatus, after which curves showing the variation of 
deflecting force with pressure can be drawn. The former 
correction is given later, but the latter will be discussed 
at this point. 

As previously stated, the pressure inside the apparatus 
at the instant when the pumps were shut off was between 
10~ 5 and 10~ 4 mm. This amount can be safely neglected, 
since the lowest pressure at which readings were taken was 
10~ 2 mm. The rate of external leakage under average 
conditions was measured by exhausting the apparatus and 
leaving overnight, and was found to be quite negligible. 
The sole pressure correction arises through the formation 
of mercury and other vapours in the apparatus after the 
pumps were shut off. These vapours were, of course, 
ignored by the McLeod gauge. Experiments were made to 
find how the rate of formation of vapour varied with the 
time, and it was found that it fell off almost exponentially, 
and was, as far as could be ascertained, independent of 
gas in the apparatus at pressures up to • 1 mm. Theoretical 
considerations lead to a similar result. 

Let the amount of mercury, grease, etc. adsorbed on the 
walls of the apparatus at the instant when the pumps were 
shut off be a. Suppose that after time t this amount has 
decreased by x, the vapour formed being proportional to x ; 
then the rate at which molecules in the vapour phase strike 
the walls of the apparatus will also be proportional to x , 
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and, if it is assumed that a constant proportion of such 
molecules is readsorbed, the rate at which x is decreasing 
from this cause will be proportional to x itself. At the 
same time x will be increasing, due to evaporation from the 
walls of the apparatus, at a rate proportional to the 
amount of volatile material remaining. Thus we have 

~ = ki(a — x) — kfX =A'ja — hx, 


where and k s are constants and k 1 +k i —k. 

.*. dt= anil l't = C — In (k x a — kx ), 

A*j rC'V 

C being the integration constant. When t= 0, x—0 ; 

"= ln ferSu) 


and 


t k\a - 
x= ~ (l—e~ kt ). 


. ... ( 1 > 


a will vary from one experiment to another, but k should 
remain reasonably constant, since neither the composition 
of the adsorbed volatile material nor the temperature of 
the apparatus varied very much during the course of the 
work. It was found from experiment that the vapour 
formed during the first hour was double that formed 
during the second hour which was in turn double that 
formed during the third hour, in agreement with equation 
(1) when e~ k —\, t being measured in hours. 

The corrections for vapour pressure are obtained by 
plotting F against time, using the measurements taken at 
the commencement of each experiment, before admitting a 
second quantity of gas into the apparatus. The curve 
obtained is completed by making use of the observation 
that the vapour formed during the first hour is double that 
formed during the second hour, as previously explained. 
Over the small pressure range applying to the values of 
F obtained from measurements taken at the commence- 


SF 

ment of an experiment, is practically constant and can 

op 

be obtained from the appropriate F —p curve; the F 
scale in the F-time curve can be directly converted to 
pressure, and the vapour formed in the apparatus at any 
given time can be read off from the curve. This pressure is 
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added to the gauge pressure, and the total taken as the 
actual pressure in the apparatus at this particular tinm , 
The pressure correction is not, of course, the actual vapour 
pressure, but the pressure of air or hydrogen to which it is 
equivalent in these experiments. Kgs. 5 and 6 show the 
variation of the deflecting force with the pressure, other 
factors remaining constant. These curves are referred 
to as F —p curves for convenience. 


Fig. 5. 



6. Relation between F and s at Constant Pressure. 

From the F-p curves for air and hydrogen values of 
h and s at constant pressure were obtained, curves 
were drawn showing the relation between F and s (fig. 7). 
These curves were used to correct the values of F 
/Deflexion \ , „ . . 

\ Jt 2 _ J small variations in $ as follows;— 

Suppose that in a given experiment F and s have the 
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values Fj and a a at a pressure p, and that it is required 
to find the change in F, 8Fj, due to a change in a of Saj 
at the same pressure. 

Assuming the relation between F 1? s u and p to be of the 
form 

w,l “" 


Fig. 6. 



Corrected pressure(mm Hg). 


To convert values of F to dynes multiply by ’001208 for (1), (2), 
and (S), and bv 00114 for (4) ’and (5). 


But the slope of the appropriate curve in fig. 7 at any 
point is 


F Connected to constant distance s(^and$J. 
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at the point where s—s v F 2 being the corresponding value 
of F, 


SF^FiSF 
Sst ~ F 2 8s ’ 


SF SF 

and since can be found from the curve, can be 

obtained. 


Fig. 7. 



The relation between F and s at constant pressure is 
shown better by plotting F against ~~ (fig. 8). 


7. Discussion of Results. 

Both for air and hydrogen it is seen that the curves 
obtained by plotting F against p, s constant, pass through 
the origin. It might be supposed that the deflecting force 
acting on the target is not solely due to the bombarding 
molecules, and in order to explore this possibility various 
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forces which might conceivably deflect the target are 
enumerated below and, as will be seen, finally disregarded. 
The possible forces are as follows :— 

(1) Gravitational attraction between heater and target. 
Approximate calculation shows that this force would be 
less than 10 -7 dyne, which can be safely neglected, since the 
smallest readable deflexion was equivalent to 10~ 8 dyne. 


Fig. 8, 



(2) Deflecting force due to heat radiation falling on 
target. The rate at which heat was generated in the heater 
was measured in some experiments, and using these 
values for approximate calculation, it is found that in no 
case would the force due to heat radiation exceed 10" 8 
dyne, and this is negligible. 

(3) The energy received by the target would cause the 
face nearer the heater to be at a higher temperature than 
the other surface. This alone would cause the forces acting 
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on the two sides to be unequal, so that a deflecting force 
would be produced. Rough calculation shows that the 
difference of temperature between the two sides during an 

experiment would never be greater than jq o 66° an< ^ 

this is quite incapable of causing any readable deflexion. 

(4) Any slight magnetic field due to current circulating 
in the heating coil might deflect the target, especially if 
the latter contained any magnetic impurities. A force of 
this nature can be dismissed, since a powerful electromagnet 
when brought near to the target produced no observable 
deflexion. 

The fact that the F —p curves pass through the origin is 
in agreement with the conclusion that the only deflecting 
force is due to molecular bombardment. 

From the F —p curves for air it is seen that F reaches a 
maximum value at about -07 mm. pressure, this pressure 
being independent of s. 

In the case of hydrogen no maxima of F are obtained, 
but there is little doubt that such maxima would have been 
exhibited at about -13 mm. 

The curves obtained for air and hydrogen by plotting F 


against at constant pressure (fig. 8) are almost straight 
s 

lines passing through the origin, which latter would be 

obtained if F were proportional to . Thus the inverse 

s 


square law is obeyed, provided that s is large compared 
with the dimensions of heater surface and target. 

The above observations admit of quite simple theoreti¬ 
cal explanation and are of interest in connexion with the 
working of the radiometer. In explaining these results, 
use will be made of some theoretical work due to Einstein * 
and Hettnerf. 

In ihe case of a vane, the dimensions of which are small 
compared with the mean free path L. situated in a gas. 


pressure p, in which exists a temperature gradient 


ST 
8s * 


normal to the surface of the vane, area <r, a force given by 


* A. Einstein, Z •' Uehr . f. Phyt. xxvii. p. 1 (1924). 
t G. Hettner, loi. cit. xxvii. p. 12 (1924). 
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equation (2) will act on the vane, tending to move it in 
the direction of decreasing temperature. 


K 


of 1 L ST 
v ~ 2 P T 8s a ' 


• • ( 2 ) 


where K is the force, / the heat flow across unit area of the 
plane containing the vane, u the mean velocity of the 
molecules striking the vane, and T the temperature of the 
vane. This equation is due to Einstein. In fig. 9, if E 
is the heat energy conducted from the heater per second 
by gas molecules, then 

E — irrs-f. 


Fie. 9. 



and substituting for / in equation (2) we obtain 


K = 


a K 

•4 TTS'U 




This equation agrees with results obtained at low 
pressures, since E is proportional to the pressure and to the 
temperature difference between the heater and surround¬ 
ings. If E in equation (3) is replaced by E 1? the heat 
conducted at any pressure for a temperature difference of 
36-6° C., then K can be replaced by F, in conformity with 
previous practice. Equation (3) then becomes 


_flE, 

ivs'-u 


(3«) 


Measurements of the heat conducted from the heater by 
the gas at various pressures are given later, and from them 
values of E x have been found and used to calculate values 
of F from equation (3 a). 
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The calculated values of F are found to be about five 
times greater than the observed values in the case of air, 
and about three times greater in the case of hydrogen. 
These differences are explained by the fact that Einstein 
•in deriving equation (2) only considered the translational 
velocities of the molecules, and did not allow for the 
accommodation coefficient. A further cause for dis¬ 
crepancy lies in the fact that heat is not conducted from the 
heater equally in all directions as assumed above. The 
whole question of the force on the target at low pressures 
is discussed more fully at a later point. 

Einstein extends equation (2) to cover the case of a vane 
of dimensions great compared with the mean free path. 
Equation (2) applies in this case only to the extreme edges 
of the vane, over a region of the order of a mean free path 
wide. Over the remainder of the vane the pressure is the 
same on both sides. This leads to the equation 



1 L 2 ST 
t V T 8s ’ 


( 4 ) 


where K is now the force per unit-length of edge of the 
vane. Proceeding as before we obtain 


lv 


EL 

47TA'*W ’ 


(5) 


where E is the energy conducted by the gas molecules. 
If the pressure is sufficiently high, then E will be propor¬ 
tional to temperature difference but independent of 
pressure. 

Equation (5) can then be modified as follows :— 


E 2 L/ 

~W«’ 


too) 


where E 2 is the energy conducted for a temperature 
difference of 36-6° C., and F is the force for the entire length 
of edge (l) of the vane. It is thus seen that at high pressures 

F « \ 

P 

Hettner derives an equation to cover all pressures as 
follows:— 


At high pressures put F 



and at 1 ow pressures put 


Phil, Mag, S. 7. Yol. 9. No. 55. Jan. 1930. 


1 
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F —bp, a and b being constants, 
approximately 



At any pressure we have 


1 

V 


( 6 ) 


or 


v _p* , 1 
b'~a + b 


(da) 


If equation (6 a) holds good, then a straight line should be 

obtained by plotting p* along the x axis and along the 
y axis. 

Further, from equation (6) F is a maximum when 


P 



Po (sav). 


But from equation (6 a) 


when y =0, 


so that the intercept on the x axis is 


a 


b 


-JV 


Equation (6 a) was tested for air and hydrogen in the 
manner indicated, and it is found that the points plotted 
lie almost exactly on two straight lines (fig. 10). From 
these straight lines the following values for p 0 are 
obtained:— 


Air, p 0 =-07 mm.; hydrogen, p 0 =ll mm. 


The value for air is identical with that obtained from the 
corresponding F —p curve. The F -p curve for hydrogen 
does not actually show a maximum, although a value for 
p 0 in the neighbourhood of -13 mm. is indicated. 

The value of p 0 for any case can be calculated purely 
theoretically as follows :— 

By comparison of equations (3a) and (5 a) with 
equation (6) we obtain 


whence 


_ 

a ~ 47T 

a 

b = 


and l 

EjL/p* 

«rE, 


<tEj 

as- 

iirs^up ’ 


and 



• * * 


. . (7) 
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Equation (7) shows that p 0 is independent of s, which is 
in accord with experimental results. E t and E a were found 
for air and hydrogen from measurements of heat con¬ 
duction, and by substituting these values together with the 
values for L, usually given, in equation (7), the values of 
p 0 for air and hydrogen are found to be *09 mm. and *16 
mm., respectively. These values agree quite well with the 
observed values, and this agreement proves the correctness 
of equation (4), at least as regards order of magnitude. 


Fi<r. 10. 
4- 



It should be noted that equations (2) and (4) are subject 
to the same errors, since equation (4) was derived from 
equation (2); these errors cancel each other in the 
calculation of p 0 . 

6. Relation between the Heat conducted from the Heater by 
Gas Molecules for a Constant Temperature Difference, 
and the Gas Pressure. } 

In some experiments measurements were made of the 
current flowing through the heater coil, from which the 

12 
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rate at which energy was generated in the heater could be 
found. In order to determine that portion of the heat 
conducted away by the surrounding gas measurements 
were made to find the heat lost by radiation and conduction 
through the leads for various temperature differences 
between the heater and its surrounding at the lowest 
pressure obtainable. 

The method adopted was to exhaust the apparatus to as 
low a pressure as possible, shut off the pumps and take 
resistance, current, temperature, and time readings. The 
heat generated in the heater per unit-time at the instant 
when the pumps were cut off was obtained by extrapo¬ 
lation, and was, of course, equal to the heat lost by 
radiation and conduction through the leads. The rate of 
energy loss from the heater in vacuo was taken to be C 2 R. 
C being the current and R the resistance of the heating 
coil— i. e., R a less the resistance of the leads. A curve 
was drawn showing the relation between C 2 R and R 2 —R x , 
and it w r as found to be very nearly a straight line, as might 
be expected. To determine the heat conducted by gas 
under any given conditions the heat lost by radiation and 
conduction through the leads in absence of gas was 
obtained from the curve and subtracted from the total heat 
lost. 

The heat conducted by the gas at various pressures 
having been found for air and hydrogen, the values wen* 
reduced to a common temperature difference, and curves 
were drawn showing the relation between the heat con¬ 
ducted by the gas and the pressure (fig. 11). In this 

calculation it is assumed that the heat conducted bv the 

* 

gas at a given pressure is proportional to the temperature 
difference. The pressure readings were corrected for the 
presence of vapours in the apparatus in a manner similar 
to that already described. 

The number of molecules striking the heater per unit- 
N(- 

area per second is , where N is the number of mole- 

Vt'iTT 


cules per c.c. and C is the R.M.S. speed. The mass of 
gas striking unit-area per second is ~~r > m being the 


mass of a single molecule. But the pressure of the gas, 
p, is ^ NwC 2 , and therefore the mass of gas striking unit- 
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3 p 

area per second is —. At very low pressures the 
v oir(j 

impinging molecules will be “ cold ’’ and will take from 
the heater energy proportional to 0 2 —9 t , but at higher 
pressures the impinging molecules will be “ warmed ” by 
previous collisions with “ hot ” molecules rebounding from 
the heater, and the average amount of heat taken from 
the heater by each molecule striking it will be reduced. 


Fig. 11. 



Corrected pressure (mm. Mg). 

To convert energy conducted in unit time to ergs per sec., 
multiply bv 5'37 x 10 3 . 


■At low pressures, therefore, the heat conducted is pro¬ 
portional to the pressure, as can be seen from fig. 11, 
whilst at higher pressures the heat conducted increases 
more and more slowly with pressure until it becomes 
practically constant. The slope of each of the curves of 
fig. 11 as it passes through the origin has been determined, 
the values being as follows :— 

Gas. Bate at which energy is conducted by gas. Temp, of surroundings. 

Air.. 2-73 X 10 s ergs per second per 001 mm. Hg. 17-5° C. 

Hydrogen 4-40 „ .. „ „ 16-4° C. 
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These values correspond to a temperature difference 
between heater and surroundings of 36-6° C. 

•001 mm. Hg. = —^- dynes per cm * 

C(mean for 0 2 and N 2 in air at 17*5° C.). 5-02 x 10 4 em./sec. 

C (for H 2 at 16-4° C.).18-9 x 10 4 em./sec. 

Specific heat of air at constant volume. 0-170. 

Specific heat of hydrogen at constant 

volume. 2-360. 

Knowing that the mass of gas striking unit-area in unit- 

time is ^. and assuming that the air molecules have 
V67rC 

the same temperature as the heater on leaving, we find by 
making use of the above values that the energy taken from 
unit-area of the heater per second is 4-78 x 10 3 ergs for a 
pressure of -001 mm. Hg, 

. . ... 2-73x10* 

.-. the effective area of the heater= _ ,-sq. cm. 

4'ioX 1 

= 57-2 s*j. mm. 

This value is considerably greater than that obtained 
by measurement (21-0 sq. mm.), and this is probably due 
to irregularities on the surface of the heater enabling more 
impacts to take place than is indicated by the simple 
theory used. The area of the heater available for mole¬ 
cular impacts is difficult to measure at all accurately, 
owing to the presence of the wire. 

In the case of hydrogen it cannot be assumed that the 
molecules rebounding have the same temperature as the 
heater, but if 0 is the average temperature of the mole¬ 
cules striking the surface, 0, the temperature of the surface, 
and 0 2 the average temperature of the molecules leaving, 
then 

0 2 —0-0(0!-0). 

where a is the accommodation constant of Knudsen. 

Using the value for the effective area of the heater 
already obtained, a can be found as follows:— 

In a similar manner to that used for air, but using the 
appropriate values for hydrogen, the energy conducted 
per second from the heater for a pressure of -001 mm. is 
found to be 10 08 x 10* x a ergs. 
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But the heat conducted per second was found by 
easurement to be 4*40 x 10 s ergs. 

a=*437. 

This value for a is intermediate between the values 
obtained with hydrogen by Knudsen for polished platinum 
and platinum slightly coated with platinum black. 


9. Determination of the Force between two Small, Parallel 
Plates, due to a Temperature-Difference between them 
at Very Low Pressures. 

Assuming that the molecules are specularly reflected 
from the heater surface (fig. 12), the number of molecules 
reflected per second at an angle between 9 and 9 +dQ with 
the normal to the surface is 


dn = 


2NAC, . . ... 

— 7 ~— sm 0 cos 0 d0, 

V07T 


where N is the number of molecules per c.c. and C x the 
R.M.S. speed of the molecules striking the heater. 


Fin- 1,). 



The total number of molecules from the heater surface 
striking the target per second, supposing the pressure to 
be so low that none of these molecules collide with 
44 cold molecules on their way to the target, is 

n— -~r~ 1 I sin 6 cos 0d0 
v t)7r * o 

NAG, . . NAG, l? 

= —==-sm s *= — 1 . -j, 

V bn V brr s ~ 

if 6 is small compared with s ( b is the radius of a circle 
having an area equal to that of target), 

NAG, A' 
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If these molecules have a mean speed c 2 , appropriate 
to the temperature of the heater. T 2 . then, since they all 
strike the target nearly normally, the force on the target 
due to their impact is 

NAA'C t _ miKAA'C.C, a /T 

-=====- • T(iC» ~- 7 ==-~~ • \ f o 

. TS‘ V tl7T .7T5' V *> 7r 


2 WlNAA'CjCj 
“ 3 7rV 


and the deflecting force on the target, due to the extra 
energy imparted to the molecules by the heater, is 

2 AA'mNCV/Cj-t'A 

3 "ttV.\ 0,/» 


provided that the “hot” molecules give up all excess 
energy to the target on impact— i. e.. the temperature of 
these molecules on leaving the target is T x . 


Now 


O'— ^ i r 2_~ ii 

' t ’l “"21," 


approximately, if T 2 —T 2 is small compared with T x , so 
that the deflecting force acting on the target is 


K- 

vr\v- \ I! / 




p being the gas pressure in the apparatus. 

Equation (8) is approximately correct for air, but in the 
case of hydrogen allowance must lx; made for the fact 
that in general hydrogen molecules rebounding from a 
surface have a mean temperature different from that of 
the surface. Thus, hydrogen molecules rebounding from 
the heater will have a mean velocity corresponding to a 
temperature less than T 2 (say T 2 ), and the “ hot ” 
molecules rebounding from the target will have a mean 
velocity corresponding to a temperature higher than 
(say T,'), 

where T 2 ' —T x =a(T 2 —T x ) 

and T 2 '—T x =a(T 2 '-Tj). 


a being the coefficient of accommodation of Knudsen, 


Tj' —Tj =a(T 2 —T*) 

-aiT.-T.-olT.-T,)! 
=0{1—a) (T,—T,). 
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If the “ hot ” molecules rebound normally from the 
target, then the deflecting force due to this rebound is 

V 67r. 

■where cf and are the mean speeds corresponding 
to the temperatures Tf and T x . 

This force 

NAA’CV /CV-CjV /fT 

pAA' /T,£AA’/T,-T,x 
= W • ITT * (l ' **•* V T, )' 

The deflecting force due to impact is 

pAA' /T,'-T,\ __ pAA’ /Tj—Tj> 


~7rV ' 


/Tj'—Tj\ MA' / T,-Ta 

n 7 ‘ t, r 


therefore the total deflecting force is 


R = a(2—a) 


pAA'/T 2 —Tj\ 

* ttV l T, ;■ 


( 9 ) 


Under the conditions of these experiments a has been 
found to be -437 for hydrogen from measurements of 
energy conducted from heater by bombarding molecules, 
and substituting this value we obtain from (9) 


K = 


•083^^ 



. . (9 a) 


This work will now be repeated assuming the molecules 
to be reflected from the heater surface according to the 
cosine law. 

The number of molecules reflected from the heater 
surface (fig. 12), at an angle between 0 and 0+d0 with the 
normal to the surface, is 


NACh a M 
—=-cos d do. 

V t)7T 


The total number reflected between 0 and a is 
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b being the radius of a circle equal in area to the target and 
being small compared with s. This number would be 
correct if the molecules rebounding from the heater surface 
left the surface only from 0; if, however, all the molecules 
left from one comer of the heater surface (assumed to be a 
perfect square, roughly equal in area to the target), such 
as P (fig. 13), then the number of molecules intercepted by 
the target would be 


1 NAC, (* 
4 


1 "MAP. 

cos 6dd= . —C— ; sin /?= 
4 \/ 67r 


NAC X b 
VbV *2«* 



Taking the mean of these extreme values, we have 
approximately that the number of molecules from the 
heater surface intercepted by the target is 

3 NAC, h 

4 \/ tjrr * 


Proceeding as before, the deflecting force due to the 
impact of these molecules is found to be 


3 pM 

4 ’ TTS 



( 10 ) 


In the case of hydrogen the accommodation coefficient 
must be introduced as before. If we have gas at a 
uniform temperature contained in a vessel (N molecules per 
c.c. and R.M.S. speed C), then molecules will be leaving 


NO 

unit-area of the surface at the rate of per second, and 

V 07T 


the pressure produced normal to the surface, due to their 
NmC 2 

departure, will be —^—, m being the mass of a molecule. 
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The mean force due to the departure (or impact) of a single 

molecule, therefore, is \J ^ mC. 

Assuming this relation to hold for the “ hot ’’molecules 
rebounding from the target, the deflecting force produced 
is 

3 NACi bln (0r fM _ 3 pAh /T,'—TA 
7r v ' s V 6 ’ '° l Gl) ” 16 s * \ Ti / 


4 v/6 


3 n ,pAb 




Air. 


Table II. 

p=l dyne per sq. cm. T 2 —Ti=36 0, 6 C. 


Deflecting force in dynes. 


No. of ‘ 
Expt. 

s. 

cm. 

T* 

°K. 

i 

i 

Observed. 

Calculated from equations (8) & (10). 

- 




Specular reflexion. 

Cosine law. 

3.! 

■568 

291 

9-87 x 10 

7-61 xlO- 6 

25*8x10-* 

4 .; 

•568 

291 

9*87 x 10 " 5 

7*61 X10 ~ 5 

25*8 Xl0~* 

5. 

*546 

291 

10*6 x 10 ” 5 

8-23x 10~ 5 

26*8 Xl0~ 5 

6.: 

•764 

291 

5*75x10- 6 

4*20 XlO’ 5 

19-2 xlO- 5 

7 .i 

*820 

290 

5-79X 10~ 5 

3*66x10-* 

17-SxlO- 5 

Hydrogen . 


Calculated from equations (9a) & (11). 

l.; 

•578 

292 

7-61x10 5 

5*00x 10~ 5 

15-9 Xl0~ 5 

2. 

*531 

291 

9 05x10-* 

5-94 x 10~* 

17*4 xlO" 5 

3. 

•831 

291 

4-53 Xl0- 6 

2*43 X 10" 5 

11 *1 x 10~ 5 


The deflecting force due to impact is from (10) 
and the total deflecting force, after putting a=- 437, is 


K=-630 x | 

4 ns \ 1, ) 


( 11 ) 


A comparison between the observed and calculated 
values of the deflecting force for air and hydrogen is given 
in Table II. Each observed value is obtained from the 
slope of the appropriate F —p curve at the origin. It will 
be seen that the assumption of specular reflexion gives 
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results which are too low, whereas, assuming that the 
molecules are reflected according to the cosine law, we 
obtain values which are too high. It would seem probable 
that reflexion is mainly specular, the low results being due 
to the underestimation of the number of molecules striking 
the heater surface per second. This effect was commented 
on when the heat conducted from the heater by gas 
molecules at low pressures was calculated. 

10 . Calculation of Mean Free Paths. 

Measurements of the force between heater and target 
at very low pressures give no idea of the molecular mean 
free path, since collisions between molecules are rare in 
comparison with collisions between molecules and the 
target or heater. At higher pressures collisions between 
molecules become more frequent, and the deflecting force 
can be considered as the resultant of two forces :— 

(1) a direct force due to molecules travelling direct from 

heater surface to target; 

(2) an indirect force due to the communication of extra 

energy to '' cold ” molecules, which subsequently 
reach the target by collision with ‘‘hot ” molecules. 

Whatever the law of reflexion obeyed by the molecules 
reflected from the heater surface, the direct deflecting force 

s 

is proportional to pe L , where L is the mean free path of 

n 

the gas molecules. At very low pressures e L --l, and 
the deflecting force is proportional to the pressure, as 

already shown. Now pe h has a maximum value when 
L=s, and if the indirect force could be made negligible it 
would only be necessary to find the pressure for which the 
deflecting force had a maximal value, to determine the 
mean free path at this pressure. It was on these lines that 
experiments were started, but it was not found possible to 
realise the desired conditions. It is therefore necessary 
to attempt to calculate the indirect force under various 
conditions, although an exact analysis is not possible. It 
will be assumed that the molecules rebounding from the 
heater surface are specularly reflected, as this assumption 
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low pressures. Only molecules from the heater A (fig. 14) 
which collide with other molecules at a distance from A less 
than 8, and their partners in these collisions, will be con¬ 
sidered, as conditions are deliberately chosen so that the 
effect on A' of molecules colliding at a distance greater 
t.hfljn s will be small. Molecules from A colliding with other 
molecules more than once before reaching A' and their 
partners in these collisions will also be ignored, as their 
effect will be insignificant. 


Fkr. 14. 



The number of molecules reflected from A per second, 
making an angle between 0 and 0 +dQ with a normal to the 
surface, is 

oxr a ( ' 

v/O-T 

Ox being the R.M.S. speed of the molecules striking A. To 
simplify matters the molecules leaving A are regarded as 
leaving 0, the geometrical centre of A. 

The number of these molecules which collide with other 
molecules at a distance between r and r-j-dr from A per 
second is 

•***/— 1 . sin 6 cos 6 dd e L . l J- 

V l»7T il ’ 

L being the mean free path. (In the case of air the oxygen 
and nitrogen molecules are assumed to have equal mean 
free paths.) ’ ?, 
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The majority of molecules leaving A will collide with 
molecules moving in the opposite direction, and we may 
assume, with no great error, that after collision all 
directions of motion are equally likely for the colliding 
molecules, so that, owing to the molecules leaving A at an 
angle between 6 and 0 +dQ with the normal, which collide 
at a distance between r and r +dr. 


4 NAC, 

\/&ir 


sin 0 cos 0 dde 



A' cos a 
4 ffu ! 


C 4-C 

molecules with a R.M.S. speed will strike A' per 

second, C 2 being the R.M.S. speed of the molecules leaving 
A, and it being assumed that on the average a “ hot ” 
molecule colliding with a “ cold ,! molecule gives half of its 
excess energy to the latter. As previously stated, it is 
assumed that few of these molecules (partners in the first 
collision) will again collide on their way to the target, and 

s 

this will be the case provided that L is not less than 0 . 

z 

If the average force on the target due to the impact of a 
molecule with R.M.S. speed 


C,+C 2 

2 


is taken to be 


pi+P») 

9 



as previously explained, the force on the target due to the 
molecules striking with this speed is 


NAA/ C,cosa 
V t)7r 7ra 2 L 


. sin 0 cos 0 d0 


pA A .' cos a. 
iva-L 


sin d cos 0dO e 



and the deflecting force is 


PA t K%** s in0eo*0d0e 

WL \ 0, / 

=P-A^2^!L,in0co S 0d0e *dr(lLZlj) 

WL \ Tj )' 

The impulse due to the recoil of these molecules will not 
contribute to the deflecting force, provided that the 
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impinging molecules acquire the temperature of the target 
before leaving. In the case of hydrogen an extra deflecting 
force must be allowed for, but with air this force is small 
and will he neglected. 

The total deflecting force due to all the molecules which 
leave the heater surface and collide at a distance from 0 
between r and r -\-dr is 


iK = p tt e ~' Lir (tt) r «“ s » • t de - 

But cos *= s ~ rc0 ~ and a 2 *s-f r 3 — 2sr cos 0, 


s—rcosB— 


(j- 2 —a s ) 
2s 


and 


ada—sr sin Bdd). 


Hence 


cl - y 1 a C0Sa ,M r^+r- r a da (* 2 + »•*— a *) 

J a* J*_ r i sr 2sr 


(s 2 —r 2 + a 2 ) 
2sa s 


} 


1 C ^ + / S 4_ r 4 _ a « + 2flV\ , 

l ?—r 

1 l 3 OJ -l 

=???L (—)-i a+ ” a \- 

If we put r=$x, we obtain 

—<1—vr)»} + 2*»{ Vr+?-(X-*)f] 

= 3??£<l+2*')+ 


247rL s 


+ Vi+»>(s-|)]<fc. 
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The expression 

1 


( 2 , + >? ) + V l + .r(2-^ 


can be replaced by (|+3x) with very little error, and 
making this substitution we have 

(tt)C (»■+*■)•* * 

;" £ ]- <”> 

Equation (12) will probably give values of K lower than 
those observed, since from measurements of heat conducted 
from the heater it was found that the number of impacts 
per unit-area of the heater was greater than simple theory 
indicated. To allow for this we may put 

k being constant for any given experiment. 

Similarly we can put for the direct force 

MV'-)- 1 - 

k, also being constant, so that the total deflecting force is 

Equation (13) is found to agree with the experiment 11 v 

determined F —p curves when ^ =9. The equation ben 
becomes 

K =MV) (l "' : Xv +J )- 

If, now, the pressure is doubled, L will he halved, and 
if K x is the new value of the deflecting force, then 

, F, 


K 

K 


cm 


F ’ 


F x and F being obtained from the appropriate F —p curve. 
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If L =8 at the pressure p, we have 

F, _(l+«-')x_17 . -y 

F “ 13 

The value of p satisfying this condition can be found 
from the F —p curve. 

If L = * at the pressure p, 

F 


Table III. 

A ir. 








L at *01 

No. of Expi, 

• ■ 

,v 

F ' 

?■ 

A. 

mm. 

— - 




mm. 

mm. 

mm. 

3. 

•775 

l-3ft 

1-79 

4)075 

5-68 

4-26 

3. 

115 

14)2 

1-07 

•012 

5-68 

341 

G. 

415 

•742 

1-79 

•0070 

7-64 

t)'3o 

G. 

•742 

1 24 

107 

•014 

74)4 

5-35 

7. 

.54 

■90 

1457 

010 

S-2o 

410 




Hydrogen, 




1. 

1-005 

14)1 

1-70 

■014 

5-78 

S*09 

o 

1 -30 

243 

1-79 

•015 

5-31 

7*97 

3. 

•000 

M0 

1-07 

•016 

8 31 

0*65 

3. 

464 

•83o 

1 70 

•010 

8 31 

8-31 

_ 

_ — - 

- • - - 

— 

-- 


— 


The value of p satisfying tills equation can similarly 
be found. 

The value of L being known at one pressure, it can be 
found at any other, since p XL is constant. 

Values of L calculated in the manner indicated are given 
in Table III. 

The variation in the values obtained for L is partly due 
to limi tations of the theory, and partly due to the fact that 
ffma.il errors in the determination of F lead to large errors 
in the values of L. 

In the case of hydrogen, both direct and indirect forces 
have to be multiplied by a(2 —a), a being the accommo¬ 
dation coefficient, but the method used for air to determine 
L can be used without alteration. 

Phil. Mag. S. 7. Vol. 9. No. 55. Jan. 1930. K 














130 Variation with Pressure of the Force between Two Plates. 

11. Summary . 

An apparatus for measuring the force between two small, 
plane, parallel plates, due to a difference of temperature 
between them at low pressures, is described. It is found 
that the force is proportional to the temperature difference, 
other factors remaining constant, and inversely propor¬ 
tional to the square of the distance between the plates, 
provided that the distance is large compared with the 
linear dimensions of the plates. Both with air and 
hydrogen the force is found to increase linearly with the 
pressure at low pressures, other factors remaining constant, 
and under these conditions the calculated values of the 
deflecting force are found to agree with the observed 
values, allowing for some uncertainty as to the manner in 
which impinging molecules are reflected from the two 
plates. At higher pressures the deflecting force increases 
less rapidly than the linear relation requires, and exhibits a 
maximum value at about -07 mm. in the case of air. 
thereafter slowly declining with increasing pressure. With 
hydrogen no maximum is obtained, although had measure¬ 
ments been continued at still higher pressures there is no 
doubt that the deflecting force would have reached a 
maximum value at about -13 mm. From the deviations 
from a linear relation the mean free paths of air and 
hydrogen molecules at a given pressure have been calcu¬ 
lated, and the values obtained agree with the values 
obtained by other methods as well as can be expected, 
considering the uncertainties involved in the calculation. 
Theoretical reasoning is adduced to explain the observed 
variation of the deflecting force with pressure. 

The material of this publication is largely taken from a 
Thesis approved for the Degree of Doctor of Philosophy in 
the University of London. 

In conclusion, the author would like to thank Professor 
J. R. Partington for his interest in the work. 

Chemistry Department, 

East London Collepp, 

Cniver.xity of L< ndon. 
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XIII. Studies in Coordination, Part I. Ion Hydrates, 
By F. J. Garrick *. 

1. Introduction. 

rilHERE are at present two distinct theories of the forma- 
JL tion of such molecular compounds as ammino- and 
hydrato-complex ions. On the one hand, there is Sidgwick’s 
Coordination Covalency Theory, which is remarkably suc¬ 
cessful as representing a vast number of chemical phenomena, 
but which cannot well be applied quantitatively, since nothing 
is known about the mechanism of this coordinate electron¬ 
sharing link. Thus this theory affords little indication as to 
why the coordination number should have the values actually 
observed 

On the other hand, it is held by many that the mechanism 
of this type of complex formation is purely electrostatic, 
depending on the dipole moment and polarizability of the 
water or ammonia molecule. This view has the advantage 
of introducing no new concepts, and of being readily suscep¬ 
tible to quantitative investigation. In the present paper an 
attempt is made by means of such quantitative investigation 
to show that the theory affords an adequate representation of 
the observed phenomena. 

A qualitative consi leration shows that, as is observed, the 
coordination number should be larger for large ions, but 
the complex less stable. For, if we consider a number of 
dipoles, each having its axis radial to a central charge, it is 
clear that, while all are attracted by the latter, they repel 
one another, and this repulsion increases with the number of 
dipoles present. At a particular distance from the central 
ion it may happen that with six dipoles the attractive force 
is greater than the repulsive, while with eight the reverse is 
the case. On increasing the distance, however, the attrac¬ 
tion falls off as the inverse cube, the repulsion as the inverse 
fourth power of the distance, so that at a sufficient distance, 
even with eight dipoles, the attractive force will exceed the 
repulsive. Also, if the water or ammonia molecules are 
considered as impenetrable spheres of fixed radius, for any 
given coordination number there exists % lower limit to the 
distance from the centre, when the molecules touch one 
another but not the central ion. Thus for a small ion when 
six water molecules are present, they can approach the 
central ion more closely than when eight are present, and 

* Communicated by the Author. 

K2 
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thus the smaller number may correspond to a greater energy 
of formation. Both these effects can be seen on the figure, 
which represents the electrostatic energy of a univalent 
hydrato-complex ion (calculated according to the method to 
be described) for various coordination numbers and distances 
from the central ion. This figure shows how, if the complex 
having the maximum formation energy is assumed to be 



most stable, the coordination number increases with the size 
of the central ion. A number of other factors must also be 
considered. First, the molecules are not impenetrable 
spheres but exert repulsive forces falling off inversely as a 
high power of the distance. Then, as the above-mentioned 
lower limits are approached, the potential energy corre¬ 
sponding to these repulsive forces increases rapidly. Also, 
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the molecules are held in an equilibrium position by the 
electrostatic forces and the intrinsic repulsive forces between 
ion and molecules and between the molecules themselves. 
Thus for a given ion the equilibrium distance is greater, 
the more molecules are present. All these factors work 
in the same direction, namely, in favour of a smaller 
coordination number. 

This line of argument will now be treated quantitatively 
by calculating the energy of formation of various complex 
ions. 


2 . The Electrostatic Energy. 

This may be written 

<f>E — + $KE + $P- 

Here <f>± refers to the attraction between charge and dipoles, 
to the mutual repulsions of the dipoles, and to the 
quasi-elastic energy of polarization. 

If s be the valency of the ion, and ze its charge, and if 
there be n molecules, each having the electric moment^?, and 
each having its axis radial to the ion, and at a distance r, we 
have 

0 a ——npzer' 2 .( 1 ) 

Again, if j> be the induced part of the dipole moment of 
each molecule (so that p —p 4- P, where P is the permanent 
dipole moment), and if « be the polarizability, we have 

p' = «E, 

where E is the field strength, and thus 

fa = «p' J /2«.(2) 

<f>En is the sum of a number of terms of the form 

(sin 6 j sin 0 3 — 2 cos 6 V cos 0 3 ). 


This is the mutual potential energy of two dipoles at a 
distance s making angles 0 X and 0 3 with their axes. We 
only consider cases where the dipoles are arranged radially 
and symmetrically, so that 


We may write 


</>bh = 


0 X = 18O°-0 S . 


* 3 * 

2. , 5(1+00**). 

*=1 °k 
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The following oases are considered:— 

1. n=2. Here «=2r; 0—0°. 


2. n = 3 (equilateral triangle). 

ij=r s/3 ; 0 \ = 0 %~ 0 %— 30°. 


3. »=4 (regular tetrahedron). 

4/2 

,,= s ,=...=:, e =2r~y, 6^=6,= ... =0 6 =35 o- 77. 

4. n=6 (regular octahedron). 

«j =gj =...=s 1 j=r v / 2 ; 0, = 0 t =... =0„=45°. 

*j*=*i4=*i5 ! =2r: 0„=0 H =^, # =O C . 


5. 71=8 (cube). 

S t = fj =...=«j,= 


2r 
>/3 * 


=0, = ... = tf lf = COS -l -i-‘ 


v^3' 


2 n /2 - „ „ _.s/2. 

*u=*u=r; ^i,=0 u =...=0 M =cos 


*X — S M— *77 — s 28“^ ; 


= — $J7 — = 0°. 


6. 7i=12 (regular icosahedron). 

*j =s t =..,=i w =l*052r; 0 t =0, =...=0 M =cos _1 O'526; 
I 31 =S 31 =... = agQ= 1‘702 t ; 6i\=6i,= ...=6^=con *0‘851; 

**i=*6* = ”‘ = *6« =: 2r ; 0 ti = 0 li =...=0 se =O°. 


In these equations p depends on 2 , r, and n, as follows. 
We have, as above, 

p' — *K.(5) 

The field strength E at a point representing the position 
of one of the molecules is the vector sum ot components due 
to the central ion and to the other dipoles. We need only 
consider the components along the line joining the molecule 
in question to the central ion, since from symmetry the 
components at right angles to this neutralize one another. 
The component of the field strength dne to the central ion 
is se/r *. That due to the other dipoles is 


-E rf 


iVrf 

dr » 


where V* is the potential at the point in question due to the 
other dipoles. 
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We have 


*=<*-1) n 

v* = 2 

ctf* 

dO k = — sin 0 *; ds k = dr. cos 0 k . 




E=^—E d , and p = p' + P. 


p = P+*E -- ~*=(n—l) - -• 

1+2 - 3(1 +COS 8 tf*) 


k =1 Sk¬ 


in equations ( 6 ) and (7), s k and 6k are as given below. 
When n=2, s=2r ; 0 = 0°. 

„ n=3, s, = s 2 =rv'3; 0i=0j = 3O°. 


n — 4, Sj—S 2 — Sg— r > 

^s=35 & *77. 

n — 6, s 1 = s s =...~s i — r \/2 ; 

0, = 0,= ...=0 4 =45 o ; 

* 5 =2j* ; 0 5 = O°. 

2r 

W = b, Sj = S 2 = S 3 = ; 


61 — 6$ — 6j—COS~ l —— ; 

2 \/2 ^ 
s 4 = *(. : = : *6=“^ 3 *•; 

6 6$—6q = cos -1 

«7 = 2j' ; 0 T =O°. 

„ n=12, « 1 = « a =...=#j=l'052r; 

=# 2 = ...={? # =cos _l 0*526 ; 

^ G =«7=...=Sio=l'702r; 

6 q =:0 7 =...=0, o ssCOS‘“ 1 O , 851; 

* n = 2r; 0„=O C . 
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In applyiug these equations we consider the case of a 
hydrate-complex. Then P is 1*75 X llT 18 E.S.U., this being 
the mean of the two latest determinations—1*70 (Williams, 
Z . Phys, xxix. p. 683, 1928) and 1*79 (Stuart, Z. Phys, h. 
p 490, 1928) ; while a is given by a«o3Il/47rN, where R 
is the Lorentz retraction constant for water (ss=;j-7l), and 
N is the Avogadro number (=6*06x 10 2S ). This give* 
a=s-l‘46 x 10* 24 . e, the e'ectronic charge, is taken as 
4*774 x~ 10 . 

By means of the equations given above the electrostatic 
part of the energy of a complex ion of given valency and 
coordination number can be calculated for various \allies of 
r, and the results for univalent ions are shown in the figure, 
where the ordinates represent —<f > K in k. cuh/mol , and the 
abscissae r in A.U. The horizontal dotted lines >ho\\ the 
energies corresponding to the lower limits of r in various 
cases, when the water molecule is regarded as an impene¬ 
trable sphere of radius about P2A.U. The-e energies are 
therefore maxima for the corresponding coordination 
numbers. 

I he. curves for divalent complex*** sire not shown, as the 
relations are closely similar, except that the energies are 
much greater. From these results alone, and neglecting 
the other factors mentioned above, it i* possible to draw 
some interesting conclusions, since the other energy teim> 
are for the most part not m»«re than about l/i per cut. *d d> K , 
as will appear iater. 

First, —<f >e i* less tor // = 2 or 3 than for 1. wiiei. r is 
greater than 1*4. Sinc e the effective ratlins of a water mole¬ 
cule is about 1*2 A.U..ami assuming that the stable complex 
is that having the maximum energy of formation, iln* means 
that, for all ordinary ions the maximum c ordination number 
is 4 or more. Then for r greater than J-fif*. - i* greater 
for /?sa(> ti.an for ns*4. Thu* for ions of radio* greater 
than about 0*0 A.U. tin* coordination number is 6 or more. 
The only ordinary ions smaller than this are II \ Hr— t and 
possibly Li*. For the other mm*. then, it is enough t»i con¬ 
sider only /itsssC. 8, or 12 { <‘p. data for Na" in Table III.). 

The H" ion is probably incapable of free exist, no.- ami in 
solution is thought to in* present ns 11*0*. For He*' (ratlins 
0‘3 A.U.) and possibly I.i + (radius 0 <5 A.U.) the eonsidera- 
tion of 6k alone implies that (be coordination number is 
probably 4, but no more dofinite conclusions than this can Ite 
reached, since in the absence of information as to their force 
constants the more detailed f rent men t to be described for the 
ether ions cannot he applied to them. 
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3. The Determination of the Total Energy in 
Particular Cases . 

To determine the total energy it is necessary first io find 
the equilibrium distance tor each ion (for, as was pointed out 
above, this will in general be different for different hydrates 
of the same ion), and second to estimate the non-electrostatic 
energy corresponding to the intrinsic repulsive fields. To 
attain these ends it is necessary to estimate the force laws of 
the ions and the water molecules. .No direct information is 
available as to the applicability of spherically symmetric 
fields to a water molecule, nor as to the values of the force 
constants. But it is at least reasonable to suppose that the 
force law can be approximately represented by an expression 
of the type \r~ v , and in the absence of any more definite data 
the values of \ and v will be deduced by means of certain 
more or less plausible assumptions. 

The repulsive force fields of a number of ions of inert-gas 
type have been investigated by Lennard-Jones*. In deter¬ 
mining the force constants it is assumed that the u generalized 
diameter." *’ are proportional to the radii of the outer electron 
orbits, and it seems reasonable to suppose that they are pro¬ 
portional to the effective radii as measured by any one 
appropriate method. Now the water molecule may be 
'.regarded as a pseudo-atom of the Ne tvpe : that is, the 
protons are buried inside the electron shell of the oxide 
lonf- It will he assumed that the resulting electron struc¬ 
ture is sufficiently like that of the ions of the Ne type that 
the same force index (namely, 11) may be applied, and 
that the generalized diameter of the water molecule is to that 
of a Ne atom in the ratio of their kinetic theory diameters, 
that is, according to Landolt-Bornsrein, as 1*3 to 1*15. 

Then using the notation of Lennard-Jones (except that 
v is written instead of n For the index), we have 


1*3 

H 2 0 “ "AVj-iS’ 


rl*> _ = <7fe> 


. . . ( 8 ) 


is, of course, a function of v. For the values of v we use 
, those given by Lennard-Jones for the Ne group, namely 11 
to r two ions of this type or oue of this type and one of Xe 
type, or 10 for an ion of this type and one of Ar or Kr type. 

* Lennard-Jones, Proc, Hoy. Soc. A, cix. p. 584 (1925); Lennard# 
Jones and Taylor, ibid. p. 476." 

Y t Knorr, Z. Anorg. Chem . cxxix. p. 109 (1923); Paneth and Rabino- 
witsch, Ber. d. D. Chem . Ges. lviii. p. 1138 (1925); Grimm, Z. Elektro - 
xxxi. p. 476 (1925). See also Garrick, Phil. Mag. 3929, p. 102. 
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(The term ion in this connexion, of coarse, includes neutral 
atoms, and is here extended to the pseudo-atom HjO.) 
Table I. shows the values of for v=10 and pas 11. Here 

the valnes of are taken from Lennard-Jones (loc. cit.), 
and those of <r£> 0 are derived from them by equation (8). 


Table I. 

V ♦ 

<• 

®H?,0‘ 

10. 

. 4*63 

5*24 

11.. 

. 430 

4*86 

Then to calculate 

the force constant for an 

water molecule, we use the relations 


<r w_K ) +^) 


k<-> 

°12 — 9 
md 

w ~ \2'06 x 10 -l6 .(v' 


Table II. 



Ion. 

V, 

10 * ..W 


\ (•'i 

Sa+ .. 

.... 11 

4-03 

4*44 

0*612 

K+ . 

.... 10 

5*93 

5*58 

0972 

Bb+. 

.. .. 10 

6-41 

5-H2 

1*42 

Os + . 

.... n 

6*50 

5*68 

7*20 

Mg++.. 

.... ii 

3 51 

4*19 

0*344 

Oa++ .. 

. .. 10 

5*45 

5*34 

0*655 

8r ++ .. 

.... 10 - 

5*98 

561 

1*02 

Ba ++ .. 

.... n 

601 

5*43 

4*59 


(Lennard-Jones and Taylor, loc. cit. pp. 482 and 483). The 
force constants so obtained are shown in Table II. \ is 
given in such units that when r is in A.U. the force is in 
dynes. The values of are taken from Lennard-Jones, 
loc. cit. tab. viii. 
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These constants when substituted in the expression \r 
give as a function of r the repulsive force between the above 
ions and a water molecule. For an ion of known valency 
and for a particular number of water molecules the net 
i electrostatic force on each water molecule can also be plotted 
j a function of r, and hence by graphical solution the equi¬ 
librium distances for the various systems in question can be 
obtained. The electrostatic attraction on each molecule, in 
the line joining it to the central ion, is 


Fe —P 


dE 

'dr' 


But 

Whence 


Fi 


E=g-2* <B ’ 1> ^(l+cos , 0*)- . . . (6) 
dE 2zep 


+J ^- 4(5 + COS* dk) cos 0 k . 

dr r 8 ** k-\ s k 


In these equations s* and 6 h have the values given above 
for equation (7). In many cases, when the lower limits 
mentioned above are approached, the mutual intrinsic repul¬ 
sions of the water molecules must be allowed for. Only the 
nearest neighbours of each molecule exert an appreciable 
repulsion. If x be the number of such neighbours, and s 
and 0 the appropriate values of s* and 0 *, the repulsion due 
to them is a?. 1*515 * -11 cos0. Here 1*515 is, of course, the 
force constant for two water molecules. All the necessary 
data are now available for the calculation of the equilibrium 
distances. By substitution of these and the appropriate 
values of p (from (7)) in (1), (2), and (3), the electrostatic 
energy <f>$ is determined. The total energy <f> includes two 
other terms due to the intrinsic repulsions between ion and 
molecules and between the molecules themselves. These are 


Then 


fa 1 


an( J 

v —1 


nx 

: T' 


MU-1. 
10 * • 




The results are shown in Table III. —0(#=is) is only given 
for the two largest ions, Cs + and Ba* + . It is always less 
than — and, of course, the difference is greater for the 
smaller ions. The numbers for Na + (B= 4 t are given in order 
to illustrate the conclusions of Sect. 2 . In the table r is in 
A.U., and — in k.cal./mol. 



140 

On Studies in 

Coordination . 





Table III. 




Ion. 

n. 

r. 



*«r 

-*• 


f 4 

2'05 

132 

2t» 

4 

102 

jr*+. 

... t « 


135 

18 

3 

114 


l § 

253 

112 

7 

8 

97 

K+ . 

6 

2*v> 

ltrj 

18 

1 

83 

- 1 8 

2*83 

95 

11 

3 

81 

Bb+. 

"• la 

2-71 

292 

93 

W 

15 

10 

0 

o 

78 

78 

c*+. 

( 6 

*292 

si 

14 

0 

07 

... | 8 

112 

3-0*1 

8 2 

10 

1 

71 


3*<> 

70 

3 

1 

06 

Mg++. 

... 1 « 
l 8 

M 

2-08 

w, 

473 

77* 

14 

22 

42 

489 

417 

Ca++ . 

. « 

2*08 

44 i 

9*) 

5 

340 

■" 1 8 

o.*)^ 

400 

7*1 

17 

332 

8r++ . 

• o 

2'20 

390 

*6 

3 

301 

"• \ 8 

2*38 

309 

54 

11 

304 

Ba 4 +. 

i 0 

2*37 

332 


I 

205 

... 1 8 

2 .Vi 

:;*jo 

33 

fi 

290 


i Ji 

2' s 

313 

li» 

13 

2*1 



4. /JiwusfioH of' Results. 




As regards the accuracy of the results the actual values of 
<f> are very doubtful, since F is far from certainly known, 
while it is highly improbable that a. remains constant for 
extreme polarizations. Moreover, the procedure used to 
determine the force constants may lie very unsound, but this 
does not make much difference since large changes in X only 
affect r slightly, while d>u, and 4>u 2 tiro small terms. 

On the other hand, it seems likely that Tor the same ion 
with different values of », the relative magnitudes of <f> are 
not far from the truth, since the errors should produce much 
the same effect in both cases. Since for our present purpose 
of determining the coordination numliers we need only the 
relative magnitude* of <f> for various hydrates of the same 
ion, it seems that the numliers may be use<i with fair con¬ 
fidence. Assuming, then, that the most stable hydrate is 
that for which — <f> is a maximum, we find:— 

The coordination number is six for 

Na% K + , Mg ++ , and Ca ++ . 
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The coordination number is eight for 
Cs + , Sr ++ , and Ba ++ 

(for Rb + the hexa- and octo-hydrates are about equally 
stable). 

The coordination number is four or six for 
Li + and Be ++ . 

The coordination number twelve is never found. 

These results may be compared with Sidgwick’s covalency 
rule (‘The Electronic Theory of Valency,’ p. 152 : Oxford, 
1927), ‘“The maximum covalency (coordination number) 
is .... for the elements of the first short period 4, for the 
second short and first long periods 6, and for the heavier 
elements (Rb to U) 8.” 

It appears, then, that the electrostatic mechanism agrees 
satisfactorily with observation in the case of hydrates. It is 
hoped in later papers to apply the theory to other types 
ot' complex, and it may become possible to test it more 
stringently by direct comparison of theoretical and experi¬ 
mental energy quantities. 

The author’s thanks are due to Professor Lennard-Jones 
for kindly criticism and advice. 

Inorganic Chemistry Dept., 

The University, 

Leeds. 


XIV. Th v Kirchhoff Formula extended to a Moving Surface. 
By W. U. Morgans, M.Sc., late Garrod Thomas Fellow 
of the University College of Wales , Aberystwyth ; Com¬ 
monwealth Fellow , California Institute of Technology , 
Pasadena *. 


r 


1. The Kirchhoff Formula 

T is well known that if <f> be a function which satisfies the 
wave equation 


within a volume A, bounded by a fixed surface c, and if t<f> 
and its first derivatives are continuous and finite within that 


* Communicated by Prof. G. A. Schott, F.R.S. 
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volnme, while the second derivatives exist and are finite, 
then the value of the function <f> at time t 0 at a point 
within the volume is given by a surface integral 
extended to the fixed surface or of the form 



. . . ( 1 ) 


The square brackets mean that the enclosed functions of 
the time are to be taken for a time t given in terms of the 
the time t 0 by the equation 

t — t 0 —rjc , 


where r is the distance from the field point P (f j? £) to an 
element da of the surface, and n is the outward normal. 

To assume that the surface a is fixed is an unnecessary 
limitation on the generality of the solution, and it has been 
noticed that in a number of physical problems a similar type 
of solution is required, but one which is applicable to a 
moving surface S. In such cases the formula given bv 
Kirchhoff for a fixed surface is not applicable. We shall, 
therefore, present a solution of the wave equation in the 
form of a surface integral extended to a moving surface S 
bounding a volume ft, in which the function $ and its 
derivatives satisfy the conditions of finiteness and continuity 
as mentioned above. The method followed will be that of 


Kirchhoff, and the final result will show that the Kirchhoff 
formula is a particular case of the extended formula when 
the normal velocity of the surface is equated to zero. 

In the following discussion we shall denote a fixed sur¬ 


face by a, a moving surface by S, a volume integral by 
| olft, a surface integral by and the outward normal 


to the surface by n. 


2. The Kirchhoff Formula extended to a Moving Surface . 
Let </> and x he two functions which satisfy the equations 




13V 

in 1 


within a volnme ft and such that they and their first deriva¬ 
tives are finite and continuous, while the second derivatives 
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exist and are finite within ft. Then Green’s Theorem gives 
for a volnme bounded bj a surface, moving or fixed, the 
expression 

If the point P, r=0, within the volume ft be surrounded 
by a fixed infinitesimal sphere <r, and if we notice that 

the above becomes 


It is known that if the volume ft, bounded by a surface S 
with normal velocity v, is a function of the time, the following 
expression holds : 

where f is any function of x,y, z, t. 

Applying this to (3) we obtain 



No other surface integral arises from <r due to its having 
zero normal velocity. If (2) holds for all values of t, we 
may integrate between two values of t, — t, and t if where t 
and t s are both positive and such that for the most distant 
parts of S, 


—<i— tQ+r/c<0, t i —t 0 +r/e>Q. 
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We obtain 


-*§;)*• • (5) 

We are going to particularize the function % from being 
any solution of the wave equation to one of the form 
F(cf — ct 0 + r)/r, where Ff£) vanishes for ?=+», is appre¬ 
ciable onlv for f=0, and is such that 

I F(f)rf?=l. 

That such a function exists mav be seen bv taking 

* a H 

Fit) - I-' . 

In fact, F{$) can be made to differ from zero outside the 
arbitrary small interval + S, — S, (8>0) by as small a 
quantity as we please. l»y such a choice of F(£) it- is seen 

that x an{ l ^ vanish at both limits —4 and f 2 , so that the 

volume integral in (5) vanishes at both limits. Moreover, 
as <r is a fixed surface independent of t. the limits of the 
surface integral are independent of /, so that the order of 
integration can he changed. Therefore 

Due to the change of order of integration and the choice 
of the function the integral can be evaluated. With 
Kirchhoff*, its value as the sphere a tends to zero becomes 


* Kirchhoff, ‘ Zur Theorie der Licbtatrahlen,’ 1882. 
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47r<£ P (£ 0 ). Then a rearrangement of (5) gives, after multipli¬ 
cation by c, 




c"dt r 



Here, however, the change of order of integration is not 
permissible owing to the fact that the limits of the surface 
integration are functions of the time. To overcome the 
difficulty of the time integration we shall introduce three 
curvilinear coordinates w, v , w . The regular surface S * can 
be represented by equations of the form 

x -f{uv ) 9 y = p{uv ), 0 = q(uv) } 

where we shall assume that the variables u 9 v are independent 
of ct and that to alone is a function of d. The element of 
area will become in the new system of coordinates 

dS =s \/E(x— F 2 .dudv = Hdudvj . . . (7) 

wiiere 



p Bf B*r B'/ dy , Bf dz 
B»« Be Bw Br ^ B« Br* 



As w and ?? are both independent of f, the limits of *inte- 
gration in the surface integral, after replacing (iS by 
H dudvy will also he independent of t . Consequently, a 
change in the order of integration is permissible. From (6) 
we have 

ma)= i s {x(t£ +i?£) 

< 8 > 

a form capable of integration. 


* We shall assume the conditions given in Goursat-Hedrick, ‘ Mathe¬ 
matical Analysis,' §131, to hold. 

Phil. Mag. S. 7. 7ol. 9. No. 55. Jan. 1930. 


L 
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Again, 


X = F(c<-^ + r)/r, 

f '=[ 4 f( «L.. 

/_x.BxYB r 

Bn \ r c'dtf'bii' 

l hc = $X . Bx B r 

cB* Br <■& 

-K)&-£ 
&-(£+#/>♦* 

Br r Br fr 

Bx + r Bx _ B« <[x _ B« _ r ' X 

c r <)f 1 -f r/r erff 1 + rh r ' 

The integral (8) becomes 




whence 


{ B>’ _ n; , 

*(a« * i!s +a r+«cv) 

Let ns consider any integral of the form | where 

p ia any fnnction of x,y, z, ct denoted by fi[ct). With 
J — ct —c£q+ r, d% — dt(c +r), 

the integral transforms into 

J*’ ( X#"* = j_’ ( -'■ * 


« ~£i 


f* F Z)n(S+ct,-r) 
(l+r/c) 


<% r.><u,>o. 
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Dae to the choice of F(g) the contribution is obtained only 
in the neighbourhood of f=0, which leads to the Tail# 
given by 

where fi must be taken at time t<j—r/c. 

The first part of the integral (9) will give the contri¬ 
bution 

f, j i h (w , t>Bd!. 

Jb U V \r(l + f/e) ^B« ccdt 1 + r/c r ' j t=t,-r/c’ 

Let us consider an integral of the form 


We have 


JV 


cat 


Ch dy , | <2 i’^a dp 

The former portion vanishes by the choice of % ; the latter 
is in the previous integrable form. The remaining part of 
the integral (9) will therefore give a contribution 

B<* j v 

The complete expression for (9) can be written as 


i4W- | 


du dv 
s r(l + f/i 


r , 

dr rr 

(** + 
L'b« + 

r B$ B» c* <f> \ 

c cB< 1 + >'/c r / 


-( 


/ A r + C 

p Br rv 

rfS I B<£ o B£ B» c* d» 
Jgr^l+f/c) [_B« c «B< 1-1 f/c r 

Br + r 

, 1 jd_{ d" c JTT 
. H cdt V 1+r/c ^ 

L t 


>L 


-t{C 


)j 
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which gives the value of <f> at time t a at a point P. For any 
time t the expression can be written as 



In this it must be noticed that dS denotes the element of 
the moving surface whose velocity in the direction of the 
outward normal is v. 


3. Verification of the Solution, 
a. Its reduction to the Kirclihoff Form. 


Tir 

When the surface is fixed, r= 0 , t>=0, H and are both 

£ jv OH 

independent of the time, and - 3 - = With these values 
the integral becomes * 




which on comparison witli ( 1 ) is seen to be the Kirchhofl 
form. 


b. Its reduction to the Poisson Formula. 

As the Poisson formula is only a particular case of the 
Kirchhoff formula when the surface S is a sphere, centre 
the point P, the more general solution will reduce to the 
Poisson form in the same particular case. 


4. The Form taken by the Extended Formula when the 
Surface & is a Sphere of Radius p—ct. 

When the surface S is a sphere expanding with a radial 
velocity equal to that of light, the expression takes a com¬ 
paratively simple form. In this case the following curvi¬ 
linear coordinates may be used:— 
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u=(i=go& 6 ; v=yjr ; w=p—ct ; 

0 =angle between #-axis and the vector R; 

angle between the plane PQO and the ary-plane (see 
fig. 1 ). 


Fig. 1. 



Then 

dudv — dfidyft] H = f ?; dS = p a dp,dyfr ; v = p =e; 
f^ = dp^ C ° S2x; ^ = p cos 2^ = c cos 2 X ; 

V 

Bn + c = 1+COs2 * = 1 + r ! c; 

X)r tv 

— _ _ = cos 2j x -cos 2 X = 0. 


Substituting these values the extended formula becomes 


4*4>f(<o) 


-J 

■J 


dfid^fr 


B r( 1 + cos 2x) 

2 pdfid\fr 
e r(l+cwiY x ) 

_ j’ 2pdfidijr 
~j8r(l + cos 2 X ) 


M£+&K-iw»] 

[' , (s? + c^) + *]« = ,,_ r/c 

feaH**-*- • • • 


tz=t 9 —rjc 


. ( 10 ) 


As remarked previously, the function <f> is continuous w ithin 
the surface S. If <f> has, within S, a number of singularities, 



150 Hr. W. R. Morgans on the Kirckhrf Formula 

they must be surrounded by surfaces a, moving or fixed, to 
each of which the extended integral must be applied. Should 
these surfaces be chosen as fixed, then, according to 3a, the 
extended form reduces to the Kirchhoff form. In the peri- 
phractic region, bounded within by the surfaces surrounding 
the singularities and on the outside by the sphere S, the 
function is continuous. Consequently, the value of </> at 
the point P at time / 0 will be given by the modified Kirch¬ 
hoff formula extended to the expanding sphere together with 
the integrals extended to the boundaries surrounding the 
singularities, due precaution being taken to the sign of the 
outward normal. 

In the succeeding case this expanding sphere can be con¬ 
veniently taken as a boundary, and the only singularity will 
he a simple one to be excluded by a fixed sphere, lienee 
two integrals will occur: the integral (10) applied to the 
expanding sphere, and a Kirchhoff integral extended to this 
fixed sphere surrounding the singularity. 

5. A Harr Function <p tcitic/t has a Singularity moring 
along a ( 'urve . 

If we take for <f> * the expression 
<f> = /(t)/KU, 

where 

R*= = <•*“, t-T)\ (11) 

V _ 1_ [* —£(T)]t( T )f [,V-»?(T>]»j(T)+ [.*-£( T )K( T ) 

cK 

and f(r) is any function of the variable t which is a solution 
of (11), then <)> will be a solution of the wave equation which 
has a singularity moving along a curve F given by 

* = $(t), y - z - f(r). 

Here the function <f> is a function of t as well as of x, y i z 
explicitly. We shall also denote by p the quantity 

p* sa #* + y* + X*. 

If this singularity be taken as an electron, the variable t will 
denote the proper time, £(t), y(i), f(r) its coordinates, jr, y,s 
a field-point, and <f> a retarded potential. If, further, we 


* Proc Loud. Msth. f»oe, foj j, p. 154 (latMJ). 
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suppose that this electron be at rest at the origin 0, p— 0, 
prior to the time t= 0, and if at the instant r=0 it be set 
in motion along the curve T, then electromagnetic waves 
emauate from the electron into the surrounding medium 
with velocity c, the wave boundary being an expanding 
sphere of radius p=ct. The electron at time t will occupy 
a position E given by R — 0 and the wave boundary will 
correspond to the sphere p=ct mentioned in § 4. 


6. Application of the Formula to the Wave Function 
<t> =/(t)/KR. 

In order to apply the extended formula to the function <f> 
and thus obtain a further verification of the formula by 
identifying the value <f) p(tf 0 ) with the value obtained from 
the integral, vve shall take as the expanding surface S the 
wave boundarv p~et, and as the 1 >undary surrounding 
the electron a fixed sphere a, cent e at the origin p=0. 
Between the two spheres the furjtion <f> is continuous. 
Therefore we have 


(*o) 

Jpd^df r r■ + m + F] 1 

Jbj*(1 + cos 2%) LL vdp cc)t} Y Jr=t-B,lcJt=t 9 - 


r/c 


+ 


C do- r rd<^ 3$ , d> d»‘1 


LLd« 


- I "I . (12) 

nj t=I —B,/cJt=t t —r/c 


= I] + lj. 


The inner square brackets mean that the enclosed functions 
of the time must be calculated before t is given the value 
t—li/c. Alter performing the differentiations in the enclosed 
functions, t is set equal to/—R/e. The function then becomes 
a function of t in which «e must set t=t 0 —r/c. 

For the evaluation of these integrals a number of relations 
are required. They can be easily evaluated and are as 
follows*:— 


.<“> 

K =!-' =1+ 1 ^ = 1-!, . . (14) 

0 flT C 


* Schott, ‘ Electromagnetic Radiation,’ chap. in. 




152 Mr. W. R. Morgans on the Kirchhof Formula 

where B t is the unit vector in the direction of the vector B, 
and (vB,) is a scalar product.* 


2 

*,y. 




dr_ 

x-f 




d* 

cRK’ 


dp 

= 2 
*,y> 

x _ 

g p d*~ 

1 y x-£x 

p’ * 

(15) 

QX T- 

=const. 

R r* 


?|-(KR) 

z p QJ T 

=const. - 

v (ffd-_.*£\ 
j-7-V H p «/* 

(16) 


0 

cdv 

(KR) = 

K-P-<^. . . 

r ' 

(17) 


P = 1--- 1—/3 ! . 


7. The Integral Ij extended to the Expanding Sphere p—ct 

vanishes. 

It is known that t = <— R/c always, and as the wave 
boundary corresponds to the proper time t=0, we find that 
R=cf. But as p=ct, then R=p. It has been stated, how¬ 
ever, that we cannot pnt t=0 and the consequent values 
R=p, 0 before differentiation, but rather we must 

differentiate first and afterwards set R=p, and f=7? = £=0 
(see fig. I). 

Now as p is the outward normal, we have 

d£ = d<£ _ ^ *J d0\ + /d<£ dr\ 

"6 n dp zyzp Vd X/t~ const. \d T dp/t=oonst. 

-HR X y s P ox r=eonst. QT p QX 

Using expressions (15) and (16) it becomes 
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Using (13) we obtain 


M _ J_ 

cB< cK Bt 

Consequently, 



We may now put R=p, f=»;=f=0, and the expression, if 
we take account of (14), is seen to vanish. 

Thus we have the result that when the expanding surface 
S is a sphere whose radial velocity is equal to that of light 
and when the function 4> is a solution of the wave equation 
corresponding to an isotropic wave expanding outwards from 
the origin, the extended formula applied to this surface 
vanishes. The value of <f> will depend solely upon the 
singularities of <f> within S. 

In this particular case it is a simple singularity and we 
are left to determine the integral I 2 . 

8. The Kirchhojf Jntegral I 2 . 

To effect this latter integration we shall suppose that P is 
a point within the expanding sphere S such that it tends 
towards the surface R=ct 0 . As P tends towards this sphere 
we can then assume that the fixed sphere ar, of radius p, tends 
simultaneously towards a limiting sphere at the origin 0. 
For this purpose it is necessary that ct 0 =r + 2p, where v is 
the distance from the origin 0 to the field-point P. Then 
as v-*-ct 0 , p-> zero. 

Again, every element da, though contributing towards the 
integral, corresponds to different times t. Various elements 
lying at different distances r from P will correspond to 
different times t=t 0 —r/c , which can equally well be repre¬ 
sented by t—r + R jc, i. e., to different times t of the electron. 
Therefore the electron has, for an element da of the surface, 
a position E at time r such that the contribution taken in 
the integral at time t comes from the electron at E at time r. 
The outward normal has the direction of the inward drawn 
radius —p (see fig. 2). 
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In this case we have 


d* 


d<fr _ 

dp 


2 f 

myeP d*® r=const. 


Xt) 


K’R’Jlp ^ (KR) r=oon.t. 


d£dr 

d T dptf=coMt. 

drB^ 

dp dT £=const. 


M _ m /(t) d 

dT /=const. ~ KR K*R*dr 


(KR). 


(18) 


(19) 


Fig. 2. 



Using the relations (19), (15), (16), 


d <f> 
d « 


becomes 


d^ A r ) y /J t- g gg\ /~'(t) yX—^X 
d« K*R*^Vp K pe/ cK’R^ R p 


Also 


/■(t) d(KU) v x-gx 

cK»R* dr ^ R p* 


( 20 ) 


M = ** St _ 1 d* _ f(r)_ At) _d, K m 

cdt cdTd^ cK dT cK 2 R ~ K*R* cdv 


dr 

d n 


Hence 


dr 

dp 


2 df 

xytP'bz 


—cos (rp). 
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From (20), (21), (22) we find that 

dd> d£ Br + <£ <)r 
dn T cd< d« r d« 

-j£Sgj [cos (pR)—0 cos (vp) 1 

- gs£j[cos (pR) -cos (rp)] -| T (KR) 

~ ^j^cos (rp) + [cos (pR) —cos (rp) ], . (23) 

where we have nsed the simplified notation 

cos(pR) — 2 - —rr^ ) «tc. 
xye P •**’ 

Substituting (17) in this expression, the integral becomes 
l ' = \fr [jpE*[ cos ( r P)~& cos ( V P )} 

+ W { cos (p r ) “ cos ( r p )} 

+ Mi* ^ ^ cos (p r )- cos ( r P» 

- gj" °°* (rp) + {cos(pB)-cos(rp)}J . 

Neglecting higher powers of p and cr than squares and 
products, we have 

r = (»*+p s — 2 vpp,) 1/2 p = gos0 

- v—p/i, 

Ct 0 = v+2p or CT as (2 + /*)p — R. 

Hence 

R* = {cr—(2+/*)p} 8 

= p*—2p(£ cos 0+ 1 / sin 0 cos rjr + f sin 6 sin ^r) 

+r+*j , +r', (24> 

cos 8, sin 0 cos dr, sin 6 sin dr being the direction cosines of 
OQ, and R=EQ. 
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By the choice of axes we may write 


*M « foT + ifoT»+ 
17 (t) = 9 0 T+ii?*T*+ 


= & = o, 

/(T) =/(0)+/'(0)T+ .... 

To the same order of approximation we find 


f cos $ + 17 sin 6 cos ijr + fsin06in^ 

9 

*» (fo cos 0 +i 7 O sin 0 cos ^)t 
= ct/ 3 cos (»/>) 

= cr/9 cos ^ 

= ct(1-K). , 


(»> 


If we snbstitnte these values in (24), by a rearrangement 
we see that 


1*c*t s — 2cT/>(l+/t + K) +p*[(2+p)*—-l] = 0. 

Both roots are positive for \fi\ < 1 and |K| < 1 and are 
given by 

Per — p(l+7t+K+S),.(26) 

where 

S*~ (1+/*+K) s ~A*[(2+7*)*-1) 

— [(2+/*)/9—cos^]*+i*sin*x > 0. 

Assuming the square root to have the positive sign, the 
negative sign mast be taken in the expression (26) in order 
to make R positive, for 

PR = P[( 2 +/*)p-ct] 

= p[S+£co*x—£*(2+/0] 

by the equations (25), (26). 

Again by the equations (25) and (26), 

KR as R-[(*--f)i+(y—i7)£+(x—f)^|/« 

—i► R—p/9 COS X +^CT. 

As p —>zero, cos(rp)—+— p, Rcos(Rp) = p—crficoe%. 
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extended to a Moving Surface.- 
Therefore that part of the integrand 


T 009 (TP) - £ cos (qp) 
At) ^ k*rI 

will tend to the value 


, u cos(pR)—cosfrp)"! 

+r J 


ma\ f fi+&eo&x . k*(p-cr0 cos x) + £V&1 

JW L />*s* + ps* J 

r /P+f/i+/3cosxjS-£*/»(2+ft) ‘ 

.s,n\\ fi+&co*x . -£eosjt(2-£eos*) 

’ m L — + ^ -J 


‘ =/(0) 


K*-f3Hl>nY 


(27) 


Moreover, the remaining terms of the integrand, when 
taken in conjnnction with tiie element do, are going to give 
terms of the order p which will vanish as p tends to zero. 
The principal part of the integral may be written, therefore, 
as 


Let 


I* 


/(0)1 +I i' 2 ’K*-l3*a+p) 
V .V=-1,’*=0 S» 


-dpdifr. . (28) 


s * 1 +p — l-*-cos5 ; /3 = co$j, 


v — cos 0 cos * + sin 0 sin « cos ^ — cos a. 


We know that 

K ■* 1—/Seos'5cos«—/3sin5sina cos^ 

= 1—/Scosct) 

= 1—vcos 

« = angle which electron makes with OP, 
S* * cos*;' [ (sec;—v)* + 2s (1—v sec;') -4- 5*]. 


We have 

sinudlu = sin 0 sin * sin yfrdifr when 0 is kept constant. 
Also 

sin*5sin*«sin*i|r 

=s sin*5sin*a—(cose»—cos5cosa)* 

SSS 1 — 008*5—OOS*ffl —cos*«+ 2 COS 5 cos w cos a. 
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The integral to be evaluated is 




!#-.! S’ 

si n to du> 


♦^l—cos 2 0 —cos 2 © — cos 2 * + 2 cos 0 cob to coset * 


Now 


2 (2n + 1)P„ (oos a) P n (cos 0) P„ (cos to) 

- o 

= lA/I — cos* 0 —cos 2 o> — cos 2 cl+ 2 cos 0 coso) cos a, 

if the quantity under the square root is positive, and is aero 
when the quantity under the square root is negative. 

Hence 

T */(0)f' . 4 ,4 r ■ J K» —£V 

I. = 1 sintfdPl sin©d©—^— 

v \ ,’ 0 

2 ( 2n +1 )P„ (cos a) P„ (cos 0 ) P„ (cos ®) 


n=0 






where 

Now 

and 

where 

But 


■ 2 #cos^+a >*) 3,3 
X 2 (2n + 1 ) P„ (cos a) P» (cos 0) P» (cos to), 

vsec; —1 s 

cosy =- i— ; #**- 

sec j—v secy —v 

{ I = .i (*«>+ 1 )*-r.(«»*) 

\ ' .r m P n {p) dp - (_,(* + m)"P«(m) dp, 


. -i 


t = secy. 


I» 2™+’ |»i In 


»i 5 : n t 
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so 


that 


i,=«r*s *5 

Vf3 »=0 

x 2 ra+1 


„)m+l x m 

(2n + l)(2wi + l) jm |» 
jm—n !m+n-|-l 


(^) 

P»(C08«) P»(k). 


Now we also have tho equation 

^r-l\ - 'p+m (2p+l) 


(' 


1_ p /vr-l\ _ - J>+» 

T —V ) m+1 m \T— V/ p= m 2 ” |p — 


m \m \m 


Q p (t)P,(»), 


where 


Qn(T)= 2 il| l ( 1 -t i Y{'r-t)-*-'dt, 
and we have p&m^n, while 

\ P„(v) Pp(i-) dv = 0 p>n. 


The only terms which survive are those for which p=m=n. 
Thus we obtain, finally, 


T 4tt/( 0) * (2n + li* 

'>= 'r.l ,*.+r Q-( T > p -fr™' 


-MWj t , 2n+ l ) Q.(i)P. ( c° 6 . ) 

_4 n/(0) 

v(i—/9 cos a) * 

This, moreover, is the expression for the complete integral. 
It is identified immediately with the value of 4ir<f>r(t 0 ), if we 
put for the field-point P, R=v and 9=0 in the expresssion 

K = 1—yScostfcosa—sintfsinacos-^. 

We mast also take the value t=0 to correspond to the 
time t 0 * 


9. Particular Cases of the Function <f> = /(t)/KR. 

*a. If we denote by /(t) the component velocities of the 
electron, the functions obtained give the components of 
the retarded vector potential 
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b. If we set /(t) =1, the function 
* * 1/[KR] 

gives the scalar retarded potential. 

c- If we assn me that the electron is static, at rest at the 
origin p—0, so that 

? = ’; = ?= 0, ^ = ^ = f=0, and p = R, 

then 

K = 1, 


P* = **+y*+2*, 
/O) =/(<- R/c), 
and the function becomes 


If this form of the function <f> is used in the extended 
formula, it is noticed that an easy verification is obtained. 


10. Summary. 

It has been shown that if ^ be a function which satisfies 
the wave equation within a volume ft bounded by a moving 
surface 8 and is subject to the conditions of continuity as 
mentioned in § 2, then the value of <f> determined at an 
internal point P at a time t is given by the expression 




<)r rv 

d<£ + 0 + d» <f> 

d« c c'dt 1 + r/c r 



where v is the velocity of the element dS in the direction of 
the outward normal. 

When the outward normal velocity of the surface is zero 
the extended formula reduces to the Kirchhoff form. 

When the moving surface S is an expanding sphere, 
centre the origin p»0, whose outward normal velocity is 
equal to that of light, and when the function <j> corresponds 
to an isotropic wave expanding outwards from the origin, 
the integral extended to S vanishes, so that the vulue of tf> 
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at P is due entirely to the singularities of <f> within the 
sphere S. 

Use is made of this expanding sphere to obtain farther 
verifications of the extended Formula by identifying the 
value of <f> at a point P at time t 0 with that obtained from 
the surface integrals in which the boundary values of <f> and 
its derivatives are inserted. Its application to the function 
/’(r)/[KRj, which includes as particular cases, the scalar 
and vector retarded potentials and the function f(ct — R)/R, 
gives the desired values, which afford strong evidence that 
the formula deduced can he taken as the Kircbhoff formula 
extended to a moving surface. 

In conclusion, I wish to express my thanks to Prof* Gr. A. 
Schott, F.R.S., Head of the Mathematics Department in the 
University College of Wales, Aberystwyth, for suggesting 
this problem, and for his assistance and advice while the 
work w«is in progress, and to H. Bateman, F.U.S., Professor 
of Mathematics, Theoretical Physics and Aeronautics at the 
California Institute of Technology, Pasadena, for the evalua¬ 
tion of integral (28). 

Norman Bridge laboratory of Physios, 

California institute. 

Pasadena, Cnlifornia. 

April S, 1929. 


XV. Some Hydrodynamical Inertia Coefficients . By J. Lock- 
WOOD TAYLOR, D.ScM unitions Committee Research Fellow , 
University of Liverpool *. 

1 YHE question of the “virtual inertia'’ of a body immersed 
in fluid has acquired some additional interest from the 
influence which it appears to have on the natural frequency 
of vibration of a ship f, and most of the results which follow 
have been obtained with this problem in view. Part I. gives 
solutions for motion in two dimensions due to the transla¬ 
tion of cylinders having various cross-sections, and discusses 
the application of the results to the ship problem. The 
results can be applied immediately to tbe case of vertical 

• Communicated by the Author. 

t Nicholls, Trans. Inst, of Naval Architects, p. 141 (1924); Moullin, 
Froc. Cambridge Phil. Soc. xxiv. p. 400 (1927-28). 

Phil. Mag. S. 7. Vol. 9. No. 55. Jan. 1930. M 
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vibrations, since the special boundary condition appropriate 
to the free surface is automatically fulfilled at an axis of 
symmetry perpendicular to the direction of motion. The 
free surface condition for the case of horizontal vibration 
requires special consideration (Part II.). Part III. deals 
with the effect of rigid boundaries, e.g., as in shallow water 
or canals, and Part IV. the effect of the abandonment of the 
restriction to two-dimensional motion, and of compressibility 
of the fluid in a particular case—that of the circular cylinder. 
The inertia is generally less, in the two-dimensional case, for 
motion parallel to the free surface than for motion in a 
perpendicular direction, when the breadth of the cylinder is 
greater than the depth ; a rigid boundary increases the 
inertia, as also does compressibility to a small extent, but 
freedom of the fluid to move in three dimensions naturally 
has the effect of reducing the energy. 

Past I. 

The problem of fluid motion due to the translation in a 
direction perpendicular to the generators of cylinders having 
the following sections is considered. 

Sections symmetrical about two perpendicular axes, 
bounded by :— 

(1) Two circular arcs intersecting at any angle. 

(2) Two parabolic arcs intersecting orthogonally. 

(3) Four equal straight lines. 

(4) Four semicircles. 

(5) A circle with projecting laminae. 

(6) A square with rounded corners. 

(1) Section bounded by Circular Arcs. 

In terms of complex variables, z, w, and an intermediate 
variable, t, the equations 

z — cott, 
w 1 sb in cot nt, 
w^ — n cosec nt, 

represent a uniform stream of unit velocity flowing past, a 
section as described, in a direction parallel and perpendicular 
to the common chord, respectively. The correspondence of 
the various planes is as in fig. 1, the exterior angle of inter¬ 
section of the arcs being 2ir/n, n being positive and greater 
than unity but not necessarily integral (the case of »integral 
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can be solved by the method o£ images). Expanding the 
trigonometrical functions, we have, when z, w are large. 


and 


ic?=iz + 


1 (»»-1) 

iz 3 


+ 





<«*+2) 
6 


4 ... • 


Fig. 1. 


K 



© 


K 

-jM- 

L 


C&, o) 


( j 



, i 

C (-wO) , 

A _ 

*■' s 

DA D 

i 

B C 


If A is the area of the section, and 0 the “entrained area,” 
corresponding to the kinetic energy of the fluid (1/2 p C . fj s 
for density p, and velocity U) when the uuiform stream is 
annulled, 


(A+ 0,) =— (»*-!>, 
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by a result of Leathem’s *. Also 

A=2{(w--?)*eosec’£ + cot?}, 

so that Ci, Cj may be found by subtraction. The table 
shows the values of C, b (the width of the section measured 
perpendicular to the direction of motion), and C/fe 8 . It is 
seen that the latter coefficient does not vary very greatly, 
the extreme values being 2/w and w/2(7r*/6—l), or 0*636 
and 1*013 respectively. The latter value corresponds to the 
limiting case of to, when n is large, i. e., for two circles in 
contact, moving perpendicular to the common tangent. The 
solution for this case may be written alternatively 

Ws—tr cosec ir/z. 

Similarly, Wi =iir cot ir/ z, 

0/6 a =7r/8(7r 2 /3~l)=*900 

represents motion parallel to the common tangent, or may 
be regarded as the solution for a single circle, of unit 
radius, in contact with a plane boundary. The cases 
»=1, 2 correspond to the known solutions for the lamina 
and circle respectively. 


n . . 

1 

6/3 

4/3 

3/2 

2 

3 

4 

5 

6 

2ir/». 

360° 

300 

270 

240 

180 

120 

90 

60 

0 

Radius. 

CO 

2 

1*41 

1*15 

1 

1*15 

1*41 

2 

ao 

Width, 5^.. 

0 

•536 

■828 

1*15 

2 

3*46 

4*83 

7‘4« 

20 

fj 

2 

2 

2 

2 

2 

2*31 

2*83 

4 

00 

0,. 

. 0 

*197 

*488 

*980 

3*14 

10*0 

20*0 

48*9 

00 

0,. 

3*14 

2*88 

282 

2*81 

3*14 

478 

7*42 

15*4 

ao 

ci/V . 

. (*636) 

*685 

*709 

*735 

*785 

*835 

*857 

•878 {-900) 

OdK . 

. -785 

*719 

•704 

*703 

785 

*896 

*928 

•962 (1-01) 


(2) Section bounded by Parabolic Arcs. 
For motion parallel to the chord (fig. 2), 

z ~(%) > 

When w, z are large, this gives 

2=io—1/6 w+ ..., 

(A + C)«ir/3. 

* Leathern, Phil. Trans. A, ccxv. p. 453 (1915). 
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The length of the choid is 

1/4 j | 1 i (l-tt s )-*.<fw|**7r 3 /2.K 8 , 

£ being the oomplete elliptic integral of modulus 1/ V2. 

Fig. 2. 



C=tt/ 3-0-687=0-360. 
C/6**0‘360-r0-515« 0-698. 


For motion perpendicular to the chord (fig. 3), 
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giving 

r*ic—1/3.W+ ..., 

(A+0)=2w/3, 

C-2w/3-0*687= 1*407, 

0/6**1-407-5-2-061 =0-683. 

The coefficients C/6* agree fairly closely with those for 
the section consisting of orthogonally intersecting circular 

Fig. a 


j 



arcs, viz. 0*709 and 0*704 respectively, as would be 
anticipated. 

(3) Quadrilateral with equal sides. 

' The angle between the side and the diagonal parallel to the 
direction of motion being n.w, Schwarz’s method gives 
(fig- 4) 



whence 


z=iw—n/tc+ ... 



Hydrodynamical Inertia Coefficients. 
when z, w are large, so that 

(A+C) = 2 .nr.n. 

The length of a side of the qaadriiateral is given bj 
s-C( < Y Jlc ._ r(i/2+n).r(i- w ) 

) e u-wv * ^r{d/2) * 

and A= s i . sin 2. nnr, 

so that C=2 . nnr —s s . sin 2. »7r. 
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Fipr. 4. 



i 


® 

8 'C A 

-,-j-H 


The values of the coefficient 0 fir are tabulated below for 
several values of the angle n. nr :—• 


»jr . 90° 00 45 30 ->0 

C/6 2 . -785 -650 -594 -543 *441 


The value for n-*0 is obtained as follows : 

T(l/2+«)= Vw(l — «(7+l®g^))> 

T(l—n) = (l + u ,iy), 

to the first order, when n is small, y being Euler's constant. 





168 

Dr. J. L. Tavlor on some 

Hetic* 

a=(l— n. log 4), 

A= 2. n7r(l — 2. n log 41, 


0=4. h 2 tt log 4. 

Also 

b=2 . nn , 


0/6*=^. log 4=0*441. 


For the particular case of the square (n — 1/4), the 
entrained area is obviously the same for two directions 
at right angles and is therefore the same for motion in 
any direction. The present result is therefore directly 
comparable with the particular case of Riabouchinsky’s 
solution * for a rectangle moving parallel to a side, viz,. 


C=|-(2.E-K)*=£. 


7T 


4. K* 


by Legendre’s relation E, K being complete elliptic integrals 
of modulus 1/ *Jt. This is to be compared with 

j [n*/4)]«- 


c= 


7T 


2 \ 2r(3/2) 


[3/i) n 
\M) s ’ 


giving 

K = 

a known relation. 


7T.r(3/2) 

^r(3/4)}** 


(4) Section bounded by Four Semicircles. 

The solution is derived from the representation of the 
interior of a square on that of a circle, viz., 


?= 

by putting 

tc—t+lit. (fig. 5.) 

Hence, when w, z are large and f, t small, 

r=t+(t 3 >+..., 
z=l/<-(l/t*)+..., 
w=z+ l/z+ 

(A+C)=2.7r. 

* Internet. Congress of Math., Strasbourg, p. 668 (.1920). 


1 


dt 





Hydrodynamical Inertia Coefficients. 169 

In the plane of f, 

so that the half-diagonal of the square A6CD in the 

Fig. 6. 



jsr-plane is a/ 2/K. This gives as the total area of the section 
(l + ir/2).4/K J =2-99, so that 

C=2.ir-2-99=3-29=0-968ft*, 

2 4 - k/2 

where b is the extreme width of the section . Since 

XV 

the entrained area, C, is the same for motion in the perpen¬ 
dicular direction, it may also be expressed in terms of the 
diagonal 4/K=fc say, viz., C=0'707 &*, corresponding to the 
case of motion at 45° to the axes. 
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(5) Circle with Projecting Laminae. 

The solution is derived from that for a single lamina, 

z-y/lw 1 —*P), 

by adding a second similar term, so that 

z=*l/2(\/ (uP—P) + \/ (to*— £—c*)) 

represents the flow past a circle of unit radius with a lamina 
projecting at either extremity of the diameter perpendicular 
to the direction of flow, the total width 2b being given by 

c=(6*-l)/6. 


+ ... . 


When w is large, expansion gives 

(l + c*/2) 

z=w- --' 

w 

Hence 

(A + C)=7r(2 + c*), 

P f1j ~ (6 4 -6* + l) 

G=7r(l + (^) = 7r - r t 


C/4t 2 = 7 r/4(l-l/6*+l/6 4 > 

The coefficient is equal to w/4 when 6=1, and also when 
6 is large, as would be anticipated, since the influence of 
the circle of unit radius is then negligible. The minimum 
value, for 6= V2, is 3w/16 or 0*589. 


(6) Square with rounded corners. 

By adding, in a similar nmnnei to the above, two terms 
corresponding to the flow past rectangles of different pro¬ 
portions, the resulting section is a rectangle with the corners 
rounded off. Riabouchinsky * has given the solution for a 
single rectangle, which may be somewhat more simply 
expressed as 

z — 

This gives 

(A+C) =7rsin*«, 

A=6xd, 

=4(E—ces*«. K)(E'-sin**.K'), 

E, K being the elliptic integrals of modulus sin a, and 
E', K' those of the complementary modulus cos a. The 

* Lor. oiU 


4* / VO 1 — COS 1 a , 

lV^-r ■* B - 
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effect of writing sin a for cos* is to interchange the 
breadth ami depth of the rectangle so that the addition of 
two terms 

a _ {W wt — 008 a «j + ( v / U? —sin* a) l .dw 

J 

gives a square of side 1 /2(b+d), the sides being connected 
by an arc of length 



This giv es 


1 i'°o®“(cos 8 «—ic 2 +w s —sin*ad . 

*L ' (!-»')*- ^ 

i=^\/ cos 2*(ir/2 —2a). 


The exact area of the section may be calculated by 
quadrature, but if « is not less than say w/6, it is given 
very nearly by 



-16/30. 


s 2 . 


Also (A + (J) = 7 r/ 2 (sin 2 a + cos* a) — it\2. 

For *=ir/6, 

6*= 2(1-468 — 0-75 x 1-686) = 0*2035 x 2, 
4*2(1*211-0*25 x 2-157)=0 672 x 2, 
s*l/2 v'ixw/6=0-185, 

A=(0-8755)*'—0-018=0*749, 

0 * ir/2- 0- 749 =0*822=1-07 5 2 , 

6 being the width of the section, i.e., the side of the square. 
Comparing this with the corresponding figure for a complete 
square, 1*188, it appears that the reduction of the area, by 
rounding off the corners, by about 2& per cent, has reduced 
the entrained area by 10 per cent. 


Application of the above results. 

If <f> cos at is the velocity potential of a fluid motion due 
to the simple-harmonic vibrations of an immersed body, the 
usual condition at a free surface is 
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If the frequency is sufficiently large, ~j . ™ is evidently 


small, and the condition reduces to <f>=0*. The order of 
the neglected term is g . »/<r®, where v is the maximum 
velocity of the vibration, while <f> in the viciniiy of the 
section is of the order ( b . v), b being one of the dimensions 
of the vibrating body. The ratio, gjbo 2 or y.T*/4w*.6, 
is very small for periods (T) of less than one second, as in 
practice, b being of the order of, say, 50 feet. 

The condition <f>=0 is evidently fulfilled at an axis of 
symmetry perpendicular to the direction of motion, e.g., the 
y-axis in all the foregoing examples, which may therefore be 
regarded as a free surface. ('on versely, for any given section 
partly immersed, the section is to be completed by adding its 
reflexion in the free surface, and the problem solved for the 
section so formed. When the boundary of the section cuts 
the free surface at an acute angle the velocity becomes infinite 
at the corner, so that the approximation to the fulfilment of 
the surface condition is locally inadequate, but the effect on 
the motion as a whole is probably small. The fact that the 
theoretically infinite velocity at a sharp corner does not 
affect the practical applicability of the results appears to 
have been established by Moullin + in the case of a totally 
submerged section. He finds that for a rectangular section 
of breadth twice the depth, an approximation to the entrained 
area is that of the circumscribing circle, i. e., 5ir/16. b 2 or 
O'98 ft*, while interpolation between Riabouchinsky’s results J 
gives 1*05 6* in fair agreement. For deeper sections the 
approximation does not hold ; thus for a square (corre¬ 
sponding to a partly immersed section of depth equal to 
half the breadth) the respective figures are 1*57 6* and 
1-1885*. 

It appears more reasonable to base the approximation on 
the maximum width, making some allowance for the shape 
of section, and while no empirical formula is likely to give 
very accurate results for a great variety of sections, the 
expression (5* x A/6. d) or (A x bjd) is reasonably accurate 
for sections (1), (2), (4), and (6), and is exact for an ellipse. 
The area for a partly immersed section, vibrating vertically, 
becomes (A' x bJ2d') where A' and d' are the actual area and 
depth respectively, but this makes no allowance for any 
departure from two-dimensional motion (Part IV.). 


* Qf. Rayleigh, • Collected Papers,’ ii. p. 208. 
f Lot. cit. X Loc. cit. 
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Part II. 

When the free surface is parallel to the direction of motion 
the fulfilment of the condition <p=0 is not quite so easy, but 
a solution east be obtained tor a serai-elliptical section with 
the axis in the free surface. 

Putting 

x+iy = sinh (£ + b/), 
the boundary condition, 

^r—6=y= cosh £ sin y 

can be fulfilled for values of y between 0 and tt by 

yfr= cosb £ 0 2 A* . cos '2ny, 

where 1 , 

4 =_ - _ 

ir(4n 2 —1)' 

The corresponding value of <f> is 

c p— cosh £ A„ . . sin 2ny, 

and when 

QD 

<f) — <f>Q — cosh £ A„. sin 2 ?m?. 


The entrained area is given bv 


1 <f >o ( l Q\ dt) — cosh 2 2 A„ ( sin 2ni7. cos y dy 

.’o ' a V/o l 


16 .» 


- cosh ^o2 7r(4nl _ 1)9 

= (2/7r) cosh 2 f 0 


= WTT)b\ 

since cosh f 0 =6, the major semi-axis, perpendicular to the 
direction of motion and to the free surface. The result is 
the same when motion takes place parallel to the major avia , 
and the semicircle and lamina are particular cases. The 
comparative figure for the semicircle moving perpendicularly 
to the surface is ( 7 r/ 2 )fe*, so that the virtual inertia for 
horizontal motion is only (4/ir*) times that for vertical 
motion. For other sections the ratio depends, of course, 
on the ratio of the axes. 

Moullin * carried out experiments on a flat bar, the most 
direct comparison possible being that, for the bar £ j n . thick 


* Loc. cit. 
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with its edge submerged 2 f in. From the ratio of the fre¬ 
quency in this condition to that in air, it is possible to 
calculate that the added mass of water is about 0 * 5 Sb* 
per unit length as against 0*636, as calculated for a lamina. 

A solution can also be obtained for the case of a circular 
cylinder, with horizontal axis, submerged to any depth below 
the surface. Employing (he coordinates 


«=«+*=coti/2 ( f 

cosh ij —cos f 

we may take y=t \—0 as the free surface and as the 

boundary of the circular section, of radius cosecha, the 
centre being at a depth cotha below the surface. 

The boundary condition ^ = —y+constant, far » = * can 
be satisfied by 

cc £ — Ha 

which makes 


QO p 


^ = 2 Tcosh«* si,J ^* sinh ^’ 


and this vanishes at the free surface 17 = 0 . 
The kinetic energy integral 



= 2 S e ~" a . tanh n ». sinh «j ’ 

1 4 ICOsilJC — t*Os£ )* 

ac^ 

= 4 ir'i n . e ~' JVa .fanh n a. 

1 

When a is large the series converges rapidly, and 
expansion of the first three terms gives 


47t{£~ 2 *-4- (?~ 6a ) 4 


Expressing this in terms of 


r = cosec h a = 2e~ a ( 1 4 * />“*-* ^ 

we have 73rr*( 1 — 2e~* a + ...) 

— nr 2 (l — r 2 j2c 2 ) 

to this order, putting c=eoth*=l nearly, for the depth of 
immersion to the centre of the circle. The factor (1 —r*/ 2 c*) 
shows the reduction in the kinetic energy due to the free 

surface, when the ratio r/c is fairly small. 
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When a is small we have the integral 


J 


X 


0 


n.e~ . tanh n*. dn 


whose value is l/ 4 « 2 ( 7 r 2 /6 —1), so that the entrained area 
is Tr,a 2 (Tr 2 /6 — 1 ) or nrr i {ir i j& — \), r being equal to 1 /«. 
This result, corresponding to the case of relatively small 
immersion, agrees with the result of Part I. ( 1 ) for motion 
perpendicular to the surface (y= 0 ), u e., the common tangent 
to the two circles in the example quoted. The solution just 
given can in fact he adapted to this case, the expression for 
the entrained area being identical, which shows that the 
direction of motion is immaterial. 


Pakt III.— Effect of Rigid Boundaries. 


(1) Circle with Plane Boundary. 

With the same coordinates as in the last example, the 
expression 

co (>~~ na 

■^ = 22 . -cos nP sinh nv 

T i sinh use b ' 


satisfies the boundary condition ^ = —;/4-constant for ? 7 =a, 
and also makes ^r = 0 for 17 = 0 , as is required fora boundary 
at y =17 = 0 . The expression for the entrained area 







1 


e ” a eoth/<a 


~rr 


sin ng sin £ sinh « 
(cosh a —cos J ) 2 




= 47 r X n.e 2 tta .cothnot. 

1 

In the same way as before this gives, for « large. 



indicating the effect of a 



.ds = irr 2 (l+ 
distant boundary, and 


for a small, 


which again agrees with the example ( 1 ) of Part I. It can 
ha shown that the direction of motion is immaterial in this 
case also. 
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(2) Semicircle with Boundary and Free Surface. 

The example just considered, while of interest as giving 
a comparison with the results in Fart II., does not satisfy 
the condition <f>=*0 at a plane through the axis of the 
cylinder, parallel to the fixed boundary, as would be required 
for a cylinder of semicircular section in a limited depth of 
water. 

Putting w — C .cosec .j/2, 


d> = 2C. 


sin x/2 .coshy/2 
cosliy—cos a: 




,^ co8j!|2,?iiihy/2 
‘ ’ coshy—cos* 


represents a doublet at the origin, with axis 0#, [with 
boundaries ifr —0 at .c— + 7 r, and may also be regarded as 
representing the motion due to a small circle at the origin, 
moving in the direction O*. If the velocity is unity, the 
condition 


y = o, 


dj> _ „ c os.r /2 
dx ~ ' 1—cos# 


gives 


C = 


1—cos* 
cos */2 


* 2 /2 + **/48+..., 


x being small, which expresses 0 in terms of the radius of 
the circle a on putting x-=a. Similarly, 


x — 0 , yfr — 0/sinh y/2 = y, C — y 3 /’2 +y*/48 +... 

verifies, on putting y=a, that to this order the circular 
shape holds. 

In the vicinity of the origin, more generally, on expanding 

, f (x/2 -* 3 /48 +...)(l+y 8 /8...) I 
* J y*/2 + i?/'L -+-y*/384—* 4 /384 +... ) 

= 2C.#/r*(l +terms in r*), 

# - _ 2f ’. 22!* (1 + terms in r*). 
ar 


Hence 

—40. +term» in 
= 5(r 4 +v»/12) 


to this order. 
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When r=a, this is the kinetic energy integral, the value 
being sra*(l + a*/12). This applies to the case of a boundary 
at distance it from the centre of the circle, and generalization 
for any distance of boundary c (large in relation to a) gives 
wfl*(l+aV/12c*). 

In a very similar manner w=C .cothz /2 * represents a 
small circle midway between two plane boundaries at distance 
±w, moving parallel to the boundaries, the entrained area 
being wo*(l +a* 7 r 3 / 6 c 2 ). In each case the plane through the 
centre perpendicular to the direction of motion may be 
regarded as a free surface, the entrained area for the semi¬ 
circle being, of course, half the above. 


(3) Lamina between two Plane Boundaries. 

Applying Lamb's solution +, cosh w — /t cosh z, which 
applies to the motion of a lamina of width 2 .cos - 1 (l//t) 
midway between two plane boundaries distance w apart, 
and moving in a direction parallel to the boundaries. At the 
surface of the lamina, 


and 
so that 


ar = 0, y<cos '(1//*), y]r=0, 

<f> — cosh -1 (/x cosy), ^ = — 1 , 



ds 


« 'see ” V 

cosh -1 (ftcosy) dy 


= 2ir log/t 
= 2t r log sec b. 


if b—cos~ l (l/ji) is the half width of the lamina. This gives, 
on expansion, 


— j ^ dn “ 2 w (&*/2 + 6 4 /12 +...) 

This applies to the case when the width of j the lamina is 
moderately small in relation to the distance between the 
boundaries, and may be generalized for boundaries at a 

distance c from the centre of the lamina as vb 3 /JL + 


• Lamb, * Hvdrodynamic«,’ p. 68 (6th edA 
f Loo. eit. p. 608. 

Phil. Mag. S. 7. Yel. 9. No. 55. Jan. 1930. 


N 
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The factor may be compared with that for a circle of 
radius b in the corresponding case considered in (2) above. 

(4) Circle completely surrounded by Rigid Boundary. 

The first order correction to the inertia coefficient for 
a circle enclosed by a rigid boundary, corresponding to the 
three-dimensional problem of an infinite circular cylinder 
enclosed by a fixed cylinder of any cross-section, can 
readily obtained, provided a solution is known for the fluid 
motion due to the translation of a cylinder whose section is 
the inverse of that of the fixed cylinder, with respect to an 
internal point, namely the centre of the circle. 

Taking this point as the origin, and superposing a uniform 
stream on the known solution, inversion gives a doublet at 
the origin, which may therefore be supposed to be the centre 
of a small circle, moving inside the fixed boundary. 

In terms of 2 % which is equal to 1/z, we have, when z is 
large, a solution of form 

w = 2 ' + a/-'4- 

and, accordingly, when z is small, 
w ss Ijz + az +... 

cosQ/r + arcos 0-h 

— =— costf/^ + ucostf-f 

neglecting terms of higher degree in r. 

Putting this corresponds to the case of a small 

circle of radius b moving in the direction Ox with velocity 
<1/6*-a). 

i,<—*> 

= ir(l /b'-aV,*). 

Correcting this for unit velocity, since the kinetic energy 
varies as the square of the velocity, the entrained area is 

_(l/6*-a*6>) 

W (1/6 *—af 

- »r6*(l+2o6*) 

to this order in l. 

Thus, it is only necessary to know the coefficient a in the 
original solution, in order to determine the first order 
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correction to the inertia. If the boundary is a circle of 
unit radius which inverts into itself, a=1, giving w6*(l-f2ft*) 
or more generally when the radius of the outer circle is c, 
4 - 26*/c*) in agreement, for the case of (bfc) small, with 
the exact solution, which in this case may readily be shown 

to be rrb* 

When the outer boundary is a squsre the solution of 
Part I. (4) may be applied. a=l, giving wft*(l + 26 2 /c*) in 
this case also^ the side of the square being K=1’854. 
Generalizing the solution for a square of side 2c gives 
-t- K 2 i s /2c 2 ) or 7rfc 2 (l + l'72fe 2 /c 2 ), slightly less, as would 
be anticipated, than for a circle of radius c. 



Part IV.— Motions in There Dimensions. 

(1) Infinite Circular Cylinder. 

If a cylinder of radius a be supposed to execute flexural 
vibrations of small amplitude, the velocity being given by 
b.coskz, z being measured along the axis, the appropriate 
solution for the motion of the external fluid is 


<f> = C. K y{kr) .cosO .coakz 

with a suitable time-factor, Ki being Bessel’s function of 
order unity of the second kind (and “ of imaginary 
argument”), which is selected so as to make the motion 
vanish at infinity. The motion is parallel to the plane zx, 
and the constant 0 is determined by the boundary condition 


d<f> 

dr 


— b.coskz.cosd 


(»•=«) 


* C. k . Kj'( kd) cos 6. cos kz. 


C = &/{*.K 1 '(ifea)}, 



.a.dO 


= — C 2 . (kd) cos 2 kz . Ki(£a). K/(£a) | 


co&6dd 


• If the fluid were constrained by a series of planes perpen¬ 
dicular to Os, so that the motion took place in two dimensions 
only, the corresponding expression would be at . 6*. o*. cos 2 kg, 

N 2 
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m that. theexpression in bracket*, which is alwaysless than 
unity, indicates the ratio in which the energy is reduced, 
as compared with tire two-dimensional case. Its value B 
in terms of a/X or ka/Stv, X being the wave-length of the 
vibration, ib given below:— 

d/X......... 1/4** 1/2** Si/4** 1/* •' 

* (mi 0*688 0*464 0-380 

If, instead of seeking a solution of Laplace’s equation, we 
had used the equation 0, appropriate to a 

compressible fluid, Srr/ij being the length of the compression 
ware of the same frequency as the vibration, the same form 
of solution would have applied, provided k>k h (P- I,*)4 
being substituted for L This has the effect of increasing 
slightly the kinetic energy. 


(2) Ellipsoid. 

A solution can be obtained which fulfils the boundary 
condition for what is practically a two-node flexural vibration 
of a prolate ellipsoid of revolution. 

In terms of the usual coordinates * 

x = kp %; y — k{ l)icos«; 

s ss l)isin o> 

appropriate to a prolate ellipsoid, the foci of the meridian 
being the points (+£, 0,0 ), 

^ = C. Pj'(/*). Q*'(£) • eos® 

is a known solution of Laplace’s equation : 

P*V)~ <15/**—3), 

Qi'(0 “(I’-l) 1 - |j(15r , -3)k. i! |ii-|(l5f+^ I )]. 

”y p+9+ P=i}- 


• Lamb, p 180. 
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The velocity potential caa be made to satisfy the boundary 
condition . - 

H=(«>-«■)Jjf+S.«y^ (f=W 

by adjusting suitably the values of C and a. Since 

this gives 


5 » 

C = (t=W, 

n—j'fVg.* 


= -»i.(P-l).<?.Q 1 '({) 


3Shri * .• p f -WB ) 


(f=6)- 


The assumed boundary condition (1) above corresponds 
to an approximate type of flexural vibration in widen tire 
amplitude is proportional to (a*—**), the positions of the 
M nodes * being given by 

*®±« 


- ±h ~7r- 
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For a slender ellipsoid, is very little different from unity, 
so that the nodes are approximately + 1/5 of the major 
semi-axis ( k from the centre of the ellipsoid. This agrees 
fairly closely with the actual positions for a beam having 
the same mass distribution as an ellipsoid of uniform density. 
The effect of the departure of the actual amplitude curve 
from the parabolic shape is probably unimportant, hut as the 
primary object of the investigation is to compare the inertia 
of the water with that of the ellipsoid itself, this may be 
allowed for by calculating the kinetic energy of the ellipsoid 
for a hypothetical vibration in which the amplitude is 
proportional to (a 2 —a* 2 ) as the basis of comparison. 

The area of the circular section of the ellipsoid being 

w**(l-V)(&*-l) or 

SO - 

the kinetic energy, assuming unity density, and velocity 
proportional to (cr—x *) is given by 

2 T, = | *' (a-- x 2 1 .dx 

The ratio 

m/m 2(2 — £ 2 )" 

* 4 4/(^-i)-ro(]5r.. L - » j1 

-90^+36 +4/(£, 2 -1) + 35,' l5& s -ll)log j* + ! ( 

to — 1 •* 


This tends to the value unity as tends to unity, i. e., as 
the ellipsoid becomes indefinitely small in diameter, the 
length remaining constant. The fluid motion is then practi¬ 
cally two-dimensional. The value for various ratios of the 
axes ejb is given below, the value of f 0 being 1 V j —tffb ' 1 :— 


c/b . 0046 010 0141 0 201 

T/T, . 0-946 0 825 0-729 0*615 


The rotatory inertia of the ellipsoid has been neglected, 
■ince in any practical application of the results the effect 
of this factor would be separately estimated, if it were 
necessary to take it into account. It can readily be shown 
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that for an ellipsoid of uniform density the rotatory inertia is 
given by 


K-S/5&’ ^ 




•( 


2 

T^iTtiTfQ 



from which the corrected ratio T/(T! + R) may be obtained. 

The results given above, both for the ellipsoid and for 
the infinite cylinder, show that, even when the diameter is 
moderately small in relation to the wave-length of the 
vibration, the three-dimensional character of the fluid 
motion cannot be ignored. In the case of the cylinder, 
the distribution of the pressure due to the fluid inertia is, 
however, identical with that when the motion is confined 
to two dimensions, being proportional to co» d . cos kz. 
A similar result holds in the case of the ellipsoid as regards 
the amount, of the normal pressure on the surface, but a 
small correction has to be applied to the component in the 
direction of motion towards the ends of the ellipsoid on 
account of the inclination of the surface to the axis. 

In applying the results obtained to bodies of other forms— 
for instance, the hull of a ship,—reasonable accuraey should 
be obtained by assuming a distribution of the “added mass” 
of water aceordiiu to tin* empirical formula given at the 
end of Part J. above, and correcting the total amount in 
accordance with the ratio found for an ellipsoid of similar 
proportions. This applies to vibrations in a vertical plane, 
but for horizontal motion the correction factor will be much 
nearer unity, since the fluid motion, as indicated in the 
examples of Part II.. is more local in the two-dimensional 
case. 


The author i.- indebted to Professor *J. Proudman for some 
valuable suggestion* 1 in the preparation of this paper. 


Author’s noli \ —While this paper has been in the press, 
Prof. H. M. Lewis has published (Amer. Soc. of Nav. Arch., 
Nov. 1929) a solution corresponding to Part I., example (3). 
He also treats the case of an ellipsoid (Part IY. (2)). but 


"d,r 


neglects the term in ^ 


in the boundary conditions, and 


arrives at. different results in consequence.] 
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XVI. On some Closed Algebraic Curves and their Application 
to Dynamical Problems .—Part I. By Skiichi Higichi *. 

§1. Introduction . 

T HOUGH the conception of “ Closed curve of the higher 
order” is not new for mathematicians, so far as the 


Fig. 1, a. 



author is aware, no study with reference to its physical 
application has yet been published. 

In this paper it is proposed first to deal with some closed 
algebraic curves, say circles of the higher order, their main 
properties being mentioned, omitting the proofs, and figures 
of groups of them are calculated and graphed ; and, secondly, 
a few applications to the dynamical problems, i. e.. the area 
included by the curve, volume of revolution, and radius of 
gyration about an axis are calculated and tabulated. 


Communicated by the A uthor. 
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However, the most important and useful application of 
the proposition would be no other than the discovery of the 
family of equipotential curves of the above; but, unfor¬ 
tunately, the present writer did not obtain any satisfactory 
results in regard to this subject. 

Further applications to the physical problems will be 
published in the second part of this paper. 


Fig. 1, b. 



n«7 n - 50 n~ co 


§ 2. Proposition of the Curve and its Characteristic 
Properties. 

Let us consider the following system of closed algebraic 
curves *: 

.( 1 ) 

* The orthogonal trajectories of the curves are easily found, as 
where b \s a real number. 
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where n is a positive integer, c a real number, and x and y 
lie in the interval (—c, +<?). 

Then we obtain a group of curves by changing the value 
of n, i. e., «=1,2,3, 4, 5, including the circle for the 
special case when n=l. 

Now we shall first study the characteristic properties of 
the curve, taking c as unity for the sake of simplicity. 

(1) For the case where n is finite, the equation 

V =Ji x ) — (l-.r- >n )2» 

is continuous in the interval of .r ( — +1), but when n 

is infinite, it is discontinuous at the upper and lower limits 
of x , i. e., x— ±1. 

(2) The given curve is symmetrical with respect to the 
axes x,y, and also to the bisecting line y=x. 

(3) The distance between the origin and the intersecting 
point of the curve and the bisecting line »/=» is the 
maximum radial distance. 


Table I. 

Relation between the above Maximum Radial Distance r 
and the Power n in the equation (1). 


u. a or y. r. 

1 . 0-707! 1 

2 . 0-8409 H892 

8 . 0-8909 1-2599 

4 . 0-9170 1-2968 


aO . O 09.J1 14044 


1-0000 ^2=1-4142 


Now, based on the above proposition, w« wish to propose 
the next expression for groups of an ellipse of a higher 
order, of a sphere of a higher order, of an ellipsoid of a 
higher order, respectively, but the discussion of these groups 
is here omitted, 

ix\ 2 ” m* 
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§ 3. Graphical Representation of the given Curve 
x 2 "+y 3 “=1. 

In fig. 1 (pp. 184,185) the carves are graphed, taking the 
values of n as n=l, 2, 3,4, 5, fi, 7, 50 respectively, and these 

Table II. 

The Numerical Values of the Solution of a^+y 2 "^!. 


x. ! x. 


y* 



*-— 

j 

| y* 

— 


— i - s 


»= 2 . 

n=n. 

n =4. 

n — b . ] 


12=6. 


»=- 50. 

0*8409 

0-S409 



; 

' 0*9438 

0*9438 



0*8908 


0*8908 



0*95 

0*9372 



0*90 

0*7057 

0*8814 



0*9517 


0*9517 


0*91 

0*7487 

0*8695 



096 

0*9239 

0*9423 


0*9170 



0*9170 


0*97 

0*9060 

0*9272 


0*92 

0*7297 

0*8561 

0-9 J 39 


0*98 

0*8798 



0*93 

0-7085 

0*8407 

0*9025 


0*99 

0*8342 

0*8656 


0*9330 

... 


... 

0*9930 

0*992 

0*8196 

0-8521 


0*94 

0*6843 

0*8227 

0*8891 

09255 

0*9931 



0*9931 

0*95 

06563 

0*8014 

08725 

0*9127 

0*994 

0*8009 

0*8355 

0*9921 

0*90 

0*6145 

0*7753 

0*8524 

0*8964 

0*996 

0*7750 

0*8124 

0*9890 

0’97 

0*5820 

0*7421 

0-8275 

0*8748 

0-998 

0*7322 

0*7739 

0*9831 

0*98 

0*5278 

0*6966 

0-7884 

0*8438 

0*999 

0*6915 

0 7368 


0*99 

0*4455 

0*6231 

0 7261 

0*7909 

0*9992 

0-6788 

0*7253 

0*9747 

0*992 

0*4217 

0*6008 

0*7065 

0*7740 

0*9994 

0*6627 

0*7106 

0*9720 

0*994 


0*5731 

0*6824 

0*7529 

0*9996 

0*6407 

0*6932 

0*9681 

0-998 

0*2988 


0*5959 

0*6757 

0*9998 

0-6049 

0*6571 

0*9615 

0*999 

0-2527 

0*4261 


0*6307 

0*9999 

0*5723 

0*6232 

09549 

0*9998 



0*4500 


0*99992 


0*6158 

09528 

0;9999 



... 

0*5000 

0*99994 

... 

0*6030 

0*9501 






0*99996 


0*5860 

0-9465 





1 

0*99998 

... 

0-5575 

0*9397 

1-0000 

0*0 

•o 

0*0 

OO j 

T 

1*00000 

0-0 

0*0 

0*0 


numerical values are tabulated in Table II., where thesfc 

“tatty”2 (2) ” lhe "“** » °° T,ri " B 0M 
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$ 4. Applications of our Proposition to Dynamical 
Problems. 

A few applications to dynamical problems are obtained as 
follows:— 


1. Area included by the curve « 2 “+y 3 *=l. 
The expression of the area is 


f 1 - 
A = 4 | (1— 

Jo 

and this integral is reducible to Euler's integral as : 


For nasi, 


A *=4-1 (1— jc*)idx 

.0 


=4 


f (!-**)* + £ sin* 1 



or A=2B(i f)=2r<i).r(f) ~4IF(£), 

n=2, A«a|*'(1—=4^, 

n=a, A=4^(l-^)*<te==fB(*,*) -4^*\ 

n=4, A=4^ (l- < * 8 )*d.r=£B(£,§) =4^|y, 

nmH, A=4 I’ 1 |Btf* J^)=4 n ^-, 


n=50, A=4 ^ (l~jf 10# )^d*=^.B( 1 J T j, |g£) 

! n’(iU 

Ti(A> ’ 


n= ao, A=4, 

where B, T, II denote Beta, Gamma, and Gauss functions 
respectively. 

These numerical values are tabulated in Table III. 
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Table III*. 


A, Q, and E*. 


n r 

A. 

Q. 

E*. 

1 . 

7C 

!*■ 

i 

2 . 

... 0-92703 73 x4 

0-87401 92 x2s- 

089860 52x$ 

3 . 

.. 0*96382 72x4 

093481 32 X 2ir 

094492 99xf 

4 . 

.. 0*97849 48 x4 

096027 50 x 2s- 

0-96538 73Xi 

5 .. 

... 0*98573 20x4 

0-97329 14 x 2a- 

0-97622 59x1 

6 . 

0 98987 68 x4 

0-9©085 31x2tt 

0-98264 18x$ 

7 . 

.. 0*99242 85 x4 

0-98557 39 x 2s- 

0-98679 04XJ 

50 . 

.. 0*99983 79 x4 

0-99967 81x2 s- 

0-99968 27XJ 

00 . 

4 

2tt 

i 


2. Volume of revolution about the axis x or y. 

The general expression is 

Q = 27 t| ( l—x 3n y»ax , 
o 

and these integrals are also reducible to Euler’s integral as 
shown below: 6 ’ 


For n=J, Q = 2w( (1— x*)dx =2 tt\x— — 

«'o ; Id 

.t Q=t B(i, 2) =2*"© 

n d> 

n = 2, Q—2-7rt (1 — x*ilx — 2ir — d ijjj y) 


.'o 


n=3, Q=2 tt| (1 — X s ) da r =2 tt 


.'o 


n=4, Q«27r^ ( 1 —==2^5^-®^, 

n=5, Q=27r I (l-jr'°)i dr =2-r 

Jo n(,*> ’ 


* These calculations are performed by uain* “ The knuithmiV «.m_ 
of Gamma function ” (Gauss, Get. W. in. S. 161). S c taM * 
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71 = 50 , 

Q = 2tt 1 (1— x m )T& dx =2tt n ll > 

tt = 00 , 

Q='>*. 


3. Radius of gyration about the axis x or y. 

The value as generally expressed is 


R 2 = J-' (l 

a 

X 2h )*» ( { iV 

,r a )2n dx 

and the calculations are shown below : 

For n=l. 

1 1 n-.r) ! 

* S =\ J A-- .; 



' d-/r 

< f 0 

</.r 


! o ■ 

- 2ar - , 


_ i 

^ ** V * ./• ~r >in x . 

o 


H 

$(1 — ar;4 + ^sin* , ar 
*■' 0 

or 

R * 

“3 B(i, |) 

_1 II. |) 

3 n(2)ila)’ 

n~2. 

m_l 

i n(fina) 

3 H(ij * 

71 = 3, 

R 2_ 1 ®('6 ' ■§■) 
3B(*.*> 

_i n(#)n(i) 

3 won.'ir 

n=4, 

R2 _l Bf*. V) 

_i nrrinfi) 

3 n(i;nci)’ 

II 

Or 

152 _ ^ 1V 1 <* ^ 

"3 U) 

li n(-hiriQ) 

5 n(5D'm,V? 

71 = 50 , 

152 _ ^ > 1 00 

tt "3B( r r,|0V 

) •> 

. . nsrao 

R 2 =* 

«> 

* 
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XVII. Notices respecting New Books 

Operational Circuit Analysis . By V. Bush, Eng.D, (Chapman 
<fc Hall, Ltd., 11 Henrietta St., Covent Garden, W.C.2. 
Price 22*. 6 d. net.) 

A FTEK many years of neglect and lack of appreciation, renewed 
interest has been taken in the operational calculus introduced 
by Heaviside. Numerous contributions are being made towards 
the extension and development of this branch of mathematics, the 
operational method of solving the differential equations arising in 
physical problems, chiefly in connexion with electrical networks. 
By the application of the theory of functions of a complex variable, 
Bromwich established the validity of the method for systems with 
a finite number of degrees of freedom and also developed a method 
for continuous systems. 

The author has here brought together all the important results, 
and, for the first time, has set them out in systematic form. 
Whilst recognizing that too much attention can be paid to 
questions of rigour, the author gives an introductory account 
of contour integration, the evaluation of residues, and the 
derivation of the expansion theorem—the “partial fraction 
rule ’"—by contour integrals. This symbolic method has been 
extended by Carson and Bromwich : recently B. B. Baker has 
generalized the theorem, and has given a formula which includes 
the foregoing as particular cases. Prof. X. Wiener contributes a 
chapter on Fourier analysis and Asymptotic series and a useful 
table of operational formulae is given in an appendix. 

“The monumental nature of Heaviside’s work has not always 
and everywhere been appreciated/’ but Dr. Bush and others, “bv 
insisting upon a due measure of appreciation of his genius, have 
done much to make his work used, as well as useful/" 

La Nouvelle Mecanique de Quanta . Par G. Birtwistle. Traduit 
par MM. Y. Kocard et M. Ponte. (Paris: Librairie Scieu- 
tifique Albert Blanchard, 3 et 3 bis, Place de la Sorhonne. 
1929.) 

The New Quantum Mechanics of the late G. Birtwistle, published 
only two years after his Quantum Theory of the Atom, presents 
a clear and comprehensive summary of the theories of Heisenberg, 
Dirac and Schrodinger. This book has the further merit of 
rousing the interest of the student in modern problems of atomic 
structure, and with this additional equipment enabling him to keep 
abreast with the developments of the recent past and to undertake 
the study of researches which are following one another in quick 
succession. It is for these reasons that the New Quantum 
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Mechanics has been translated by MM. Rocard and Ponte. 
Although it is little more than a year since the Cambridge 
UniTersity Press issued this book, many notable memoirs hare 
appeared during this short period: the translators have endea¬ 
voured to incorporate the latest results by summarizing a number 
of contributions which have been made since the publication of the 
English edition. These include papers by P. Ehrenfest on the 
validity of the classical mechanics in wave mechanics, F. Madelung 
on the quantum theory in hydrodynamic form, further papers by 
P. Dirac and C. G. Darwin, and the work of Kretscbmann, 
Sommerfeld, and Houston on the electron theory of metals. 

It would have been an advantage if the author index had been 
retained, even if this required revision. 


Vorlesungen iiber Theoretische PhysQc. Band IV. Die Kelativitats 
Theorie fur gleichformige Traiislationen. Von Prof. H. A. 
Lorentz. 1929. Geb. R.M. 13.80. (AkademischeVerlagsgesell- 
schaft, m.b.H., Leipzig.) 

The lectures on the Special Relativity theory given by Prof. 11. 
A. Lorentz during the years 1910-12 have been revised by Dr. A. 
D. Fokker. Lorentz made many important contributions to the 
development of the principle, and provided the basis of the theory 
by the enunciation of the well-known Lorentz transformation. 
To him, in large measure, the restricted theory of relativity owes 
its origin. Nevertheless, his name does not appear in the text— 
only in one or two footnotes and in the bibliography. The 
chapter describing the researches on the variation of mass of an 
electron with velocity has been enlarged by the addition of later 
experimental results. These include the researches of Neumann, 
who, following Bucherer, used jd-rays from radium as the source of 
cathode rays: the data gave a reliable value of the electron charge 
and confirmed the relation of dependence of mass upon velocity. 
A detailed account is also given of the work of Guye and Lavanchy 
on the experimental verification of the Lorentz formula for high- 
velocity cathode rays. References to original memoirs dealing 
with the topics in the various chapters are collected together in 
the Bibliography. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents.] 
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XV1I1.— The Amplitude of Vibration of Iom in the Crystals 
NaCl, NaF, LiF, and KCI. By G. W. Brindley, M.Sc ., 
Assistant Lecturer in Physics, University of Leeds *. 

(1) Introduction, 

r PHE intensity with which a beam of X-rays is reflected 
from a crystal depends on many factors, but of these 
two are of special importance, namely, the distribution 
of charge in the atoms or ionsf composing the crystal and 
their thermal agitation. The amplitude of a reflected 
X-ray beam is a function of the angle of scattering, 2 0, 
0 being the glancing angle of incidence, and of the wave¬ 
length, A. Considered classically, the decrease of the 
reflected amplitude as 0 increases is due to interference 
occurring between waves scattered from different parts of 
the vibrating atoms. Now, if an atom in a crystal can be 
regarded as a spatial distribution of charge surrounding a 
nucleus which vibrates as a whole or almost so—and evi¬ 
dence tends to show that this is approximately true ai , 
then the effect of the thermal agitation may be distin¬ 
guished from the effect of the space charge distribution, 
and the two be considered separately. 

* Communicated by Prof, R. Whiddington, F.R.S, 
t Hereinafter “ atoms ” will include “ ions." 

Phil. May. S. 7. Vol. 9. No. 56. Feb. 1930. 
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The effect of the space charge distribution is conveniently 
expressed by F 0 , a function of 0 and A, which has been 
•definedas the ratio of the coherent radiation scattered 
by an atom at rest in a direction 0 to the amplitude which 
would be scattered in the same direction according to the 
classical theory by the same number of electrons as the 
atom contains considered as coincident point charges. 
This definition leads to a simple expression for F 0 for atoms 
having spherical symmetry :— 

F 0 = I " U(r) . dr, .... (1) 

. 0 Y 

where <£=Y- rsin #> 

TJ(r) being the radial density of charge at distance r from 
the nucleus, expressed in terms of the electron as unit. 
In applying equation (1) to atoms in a crystal a number 
of assumptions are made, some of which it is worth while 
to discuss briefly. 

Firstly, the assumption that the classical formula for 
the scattering of X-rays by a free electron due to J. J. 
Thomson is applicable to the electrons in an atom has been 
considered by I. Waller in tw T o papers, in the first of 
which (3) he shows that for an atom having one electron 
in a field of charge Ze the classical formula is still approxi¬ 
mately valid from the point of view' of quantum mechanics, 
and in the second (4, he extends this result to a many- 
electron atom, the condition to be satisfied being that the 
frequency of the radiation must be essentially higher than 
the K-absorption frequency of the scattering atom. This 
question is also discussed in a later paper by Waller and 
Hartree (5 ’ on the total scattering of X-rays. 

Secondly, it is generally assumed in comparing F curves 
obtained from experimental data with theoretical F curves 
based on calculated charge distributions that atoms in 
crystals are approximately spherical in shape, so that 
equation (1) can be applied to the theoretical charge 
distribution, U(r). The justification for this is that any 
lack of spherical symmetry will be mainly confined to the 
outer parts of the atoms where U(r) is small and, r being 
large, (sin <f>)/ <f> also small—that is to say, deviations from 
spherical symmetry will be appreciable only in those parts 
of an atom which make very small contributions to the F 
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function. This is very clearly shown by a number of 
curves given by James, Waller, and Hartree (2) for the 
function U(r) sin </>/ <f> for Cl - for different values of the 
parameter (sin 0)/A. For crystals of the rock-salt type 
considered in this paper the assumption is certainly 
justified, for the spacing of the atoms in these crystals is 
so large that there is very little “overlapping” or “inter¬ 
penetration ” of neighbouring atoms; this is seen in fig. 3« 
The effect of the thermal vibration of atoms in crystals 
on the amplitude of a reflected X-ray beam has been 
considered by Debye l6> , and also by Wallerwho baa 
modified slightly the expression originally given by 
Debye. Experiments by James, Firth '*> and the present 
writer ' 71 on the reflexion of X-rays from rock-salt and 
sylvine over a wide range of temperature have shown that 
Waller’s modification of Debye’s formula represents very 
closely the variation of the intensity of reflexion with 
temperature from the temperature of liquid air, 86° Abs., 
to about 500° Abs. The Debve-Waller formula may be 
expressed as follows' 81 :— 

F T =F of -- M ,.(2) 

" lleiv M = 87T 2 . l<l , 

uj. being the mean square displacement of an atom in an 
arbitrary direction x. For a crystal of the rock-salt type, 
u 2 =3u-^ u 2 being the mean square of the total dis¬ 
placement. Hence (2) becomes 

F T =F o c-° (9in - 0A, >.(3) 

, Sir' 1 - 

where a = —~ . it* ; 

\/ u 2 may be regarded as the mean amplitude of vibration 
at temperature T. Ft and F 0 are respectively values of 
the F function for an atom vibrating at temperature T and 
for an atom at rest. 

F t has been obtained experimentally for the following 
crystals of the rock-salt type:—NaCl and KC1 by James, 
Firth' 6 ', and Brindley' 7 ’, NaCl, NaF, and LiF by 
Havighurst (9> . F 0 has been calculated by means of equa¬ 
tion (1) for the ions Na + , K + , Li + , Cl~ and F~ com¬ 
posing these crystals from theoretical charge distribu 

tions. From this data, using equation (3), \Zu 2 may be 

0 2 
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derived for each ion in these crystals at the temperature 
T at which the experimental measurements were made, 
*. e., about 290° Abs. 

It seems desirable here to compare the present method of 

obtaining \/u* with that used by James and his co-workers. 
They make use of the following expression derived by 
Waller (#) :— 

«’=«+/3T+y/T+8/T* +.(4) 

in which a is zero if zero-point energy having Planck’s 
value is assumed, and y and 8 can be calculated with 
sufficient accuracy. j8 is obtained experimentally by 
making measurements of F T at two temperatures, 86° Abs. 

and 290° Abs. In this way \/ u 2 is obtained without any 
reference to theoretical charge distributions. However, 
when F 0 is calculated from purely experimental data, it is 
found to agree quite closely with F 0 deduced from the 
charge distributions obtained theoretically by the method 
due to Hartree 10 . This result is of considerable impor¬ 
tance because, apart from being powerful evidence for 
the existence of zero-point energy, it shows that F 0 may be 
calculated with a fair degree of certainty* from the 
theoretical charge distributions, and that the two assump¬ 
tions described briefly above relating to the use of 
equation (1) are justified. 

(2) Theoretical Values of the Function F 0 . 

The distributions of charge in the ions considered have 
been obtained by Hartree’s method a0 ‘. With the excep¬ 
tion of F~, these distributions had already been calculated, 
Li + f, Na + , and Cl~ by Hartree 10 ', and K + by James and 
the writer* 7 ’. The distribution in F - has been worked 
out by the ‘‘self-consistent field” method, using values of 
the initial field estimated by Hartree, and the results are 
given below in Table I. 

In Table I. r is given in terms of the atomic unit of 
length (=a H = 0-532 A.U.) and U(r) is in electrons per 
atomic unit of length. 

Values of F 0 obtained from these charge distributions 
are given in Table II. 

* This point is considered again later. 

I am indebted to Prof. Hartree for permission to use his results for 
Li+ previous to their publication, and also for an estimate of the 
“ initial ” field of F - used in calculating the charge distribution. 
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Table I. 

Radial Distribution of Charge in Fluorine - ion 


r 

in atomic units. 

U(r). 

r 

in atomic units. 

U(r). 

0 

0 

1-2 

4*32 

*02 

1 58 

14 

337 

*04 

4*39 

145 

2*58 

*06 

6*99 

1*8 

1*98 

•08 

8*68 

2-0 

1*52 

•10 

9*59 

2*2 

1-18 

*12 

9-75 

2 4 

0*92 

•14 

941 

2-6 

0*73 

•16 

8*80 

2*8 

0*58 

•18 

7*99 

3*0 

046 

20 

714 





3*5 

0*28 

•25 

534 

4*0 

0*17 

•30 

4*16 

4*5 

0*11 

35 

375 

5*0 

0*07 

40 

383 

5*5 

0*045 



0*0 

0*03 

*5 

4-60 

0*5 

002 

•6 

5 30 

7*0 

0*01 

7 

5 81 

7*5 

0*005 

•8 

5-88 

8*0 

0*00 

•9 

5*67 



1*0 

5-29 




Table II. 

Theoretical Values of the Function F c . 

/sin0\ . i 

Li+. 

F“. 

Xa+. 

c r. 

K" 1 . 

0 

2*00 

10*00 

1000 

18*00 

18*00 

-05 

1*99 

9-49 

9*87 

17*11 

17*72 

•10 

1*96 

8*65 

9*50 

15*23 

1646 

-15 

1*88 

7*72 

8*92 

13*19 

14*82 

*20 

1*76 

6*74 

8*21 

11*50 

1331 

•25 

1*64 

5*70 

7 45 

10-23 

12*00 

•3 

1*52 

4*79 

6*68 

9*30 

10*78 

4 

1*28 

3*54 

5*23 

8*06 

8*83 

•5 

1*04 

2*75 

4*07 

7*23 

7*77 

•6 

0-82 

2*20 

3*22 

649 

7*05 

•7 

0*64 

1*92 

2*63 

5-77 

644 

•8 

0*50 

172 

2*23 

5*06 

5*90 

■9 

0*40 

1*57 

1*96 

441 

5-32 

10 

0*33 

148 

1-75 

3*84 

4*79 

M 

0-26 

1*36 

1*59 

3*33 

4*22 
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(3) Calculation of the Amplitudes of Vibration.. 
From equation (3) 

U*= (3/877-*)* 


and 


_ Iggj tF o/F-r) 
*“ (uind/Xj* 


• . (5) 


Fig. 1 



F Curves for Na+ ion. 

A direct application of (5) to the F 0 and Ft curves for 
each ion enabled a series of values of a to be obtained for 
various values of sin 0/A which were found to be approxi¬ 
mately constant, n/ u 2 was then calculated from a mean 
value of a. Further, as a check, Ft was calculated from 
equation (3), using the mean value obtained for a, and 
compared with the experimental data. 
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In figs. 1 and 2 the results are shown for the Na + ion in 
NaCl and NaF and for the F~ ion in NaF and LiF. For 
the Na + ion in NaCl, the experimental results are shown 
obtained both by Havighurst and by James and Miss 
Firth. It is of interest to note that there is a close agree" 
ment between the two sets of experimental data for all 
values of (sin 8)/A except beyond 0-8, where the powder 
method used by Havighurst appears to give results which 


Fig. 2. 



are too small, while the single crystal method used by 
James and Miss Firth gives results in better agreement 
with the theoretical curve. For all the ions considered— 
vith, perhaps, the exception of Li + , for which it is difficult 
to get an experimental F curve—the values of F T given by 
Havighurst for small values of (sin 0)/A fit quite well onto 
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the theoretical curves, a result which is in agreement with 
Havighurst’s conclusion that the fine powder method 
eliminates the uncertainty at small angles due to secondary 
extinction. For average values of (sin 6)/A, between 0*2 
and 0-8, when a is rightly chosen there is a very close 
agreement between the experimental F T values and the 
theoretical F 0 e* a<sio ' #Ai ’ curve. 

In Table III. values are given of a and \/«® obtained 
from Havighurst’s data and also values obtained by 
James (7 ' i91 using a different method. 

In the experiments on sylvine, KC1, by James and the 
writer ‘ 7i it was not possible to obtain separate F curves 

Table III. 


Ion, 


From Haviehurst s data. 




n t in A.r-. 

v'iShi A.l 

JXa + 

in XaCl . 

1 82 

0*24» 3 

l«r 

in XaCl .. 

HMi 

0-24. 

/Xa+ 

in X&F .. 


Ol'.'o 

1 F~ 

in Xa F .. 

1*20 


fLi+ 

in LiF. 

1*50 


IF- 

in LiF— 

1*0. j 


,'K + 

in KC1. 

. —- 

— 

ICT 

in KH. 

. 

.... 


v ie*. in A.I*. 


0*242 1 Walter & 
u-217 / he. cit. 


f 


f i-2 *m { 


.litmus & Briiul- 
it*\. he. cit. 


experimentally for K and Cl', for, since the diffracting 
powers of these two ions are so nearly equal, spectra of type 
[K—Cl] are too weak to be measured. Hence it was only 

possible to obtain a mean value of \ u 2 for the two ions. 
There is some data available for other crystals than 
those given in Table III. Results for aluminium have 
recently been published, by James, Brindley, and Wood ' u *. 
Results have also been obtained for fluorite, CaF a , by 
Havighurst and by James and Randall, and many results 
have also been obtained for several specimens of this 
crystal by the writer and R. G. Wood, but the investigation 
is not yet complete. It seems better therefore to restrict 
the present paper to crystals of the rock-salt type, and to 
leave the consideration of aluminium, fluorite, and possibly 
of other crystals to a later paper. 












Radial Charge Oens/t# in Electrons per Angstrom (/nit. 
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To enable the results obtained for v «Ho be visualized 
easily in their relation to the sizes of the ions and the 
spacings of the crystal lattices fig. 3 was drawn. It 
shows the theoretical radial charge distributions for the 
ions (considered at rest) in NaF, LiF, and NaCl set at a 

Fig. 3. 



I Angstrom Unit 

| I ! I I ! ! "TTTT” 

OS 1-0 

The arrows show the magnitude of the mean amplitudes of vibration 
of the ions nt room-temperature. 


distance apart equal to half the (10.0) spacings, t. e., 
at the distance of closest approach. The arrows give the 
magnitude of the mean amplitudes of vibration at room- 
temperature. 
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It is evident that the thermal vibrations in the crystals 
considered are all approximately of the same magnitude— 
in fact, they are so nearly alike that it would be rash at 
present to attempt to attach any great significance to the 
differences between them. Since the ‘‘size” of an ionisso 
vague a quantity it is hardly worth while to consider a 
possible connexion between size and amplitude of 
vibration. But it is perhaps significant that in LiF and 
NaCl, where one ion is much smaller than the other, the 
smaller ion has the larger amplitude of vibration. In 
NaF, however, the reverse appears to be true, but in this 
crystal the sizes are more nearly equal. In LiF the 
vibrations are definitely smaller than in NaC’l and KC1, a 
result which may be related to the LiF lattice being much 
smaller than the NaCl and KC'l lattices. 

Lastly, Table III. shows that the values of \ a 2 
obtained by Waller and James 9 for Na r and Cl" in 
NaCl are smaller than the corresponding values obtained 
by the present method using Havighurst’s data, a result 
which at first sight is somewhat surprising, since the 
experimental results of Havighurst agree well with those 
used by Waller and Janies. Though the differences are 
small absolutely, they are larger than can be attributed 
to the small differences between the two sets of experi¬ 
mental results. A little consideration shows that the 
differences arise mainly from the two methods of obtaining 

v 2 - A careful examination of the experimental and 
theoretical F curves given by James, Waller, and Hartree 
(loc. cit. p. 343) reveals that the theoretical curves come 
slightly above the experimental curves in the region 
between sin 0/A =0-4 and 0-8. Thus in choosing a so 
that Ft and F 0 e~ tt, “" s ®' x,> fit most closely, the values of 
a so obtained are, from the point of view' of James’s 
method, slightly too large ; this explains the discrepancy. 
Which of the two methods gives the more accurate result 
is not clear ; in the method used by Waller and James it is 
assumed that the temperature factor determined experi¬ 
mentally between 86° Abs. and 290° Abs. holds between 
0° Abs. and 86° Abs., while the present method assumes, 
among other things, that the process of obtaining F 0 
from the theoretical charge distribution by equation (1) is 
justified. However, the results obtained by either method 
are probably consistent among themselves. 
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Finally, I would like to express my thanks to Prof. 
Hartree for estimating the initial field of the fluorine ion, 
F ', and also to Mr. F. Tyler, B.Se., for assistance in the 
calculation of the charge distribution for this ion. 

(4) Summary. 

A brief account is given of the dependence of the 
intensity of reflexion of X-rays on the thermal vibration 
and charge distribution of the scattering centres (atoms or 
ions) in a crystal. It is pointed out that the experimental 
work of James and others justifies the assumption that the 
charge distribution in an ion at rest in a crystal is given 
approximately by Hartree : s method for the charge 
distribution in a free ion. By comparing X-ray scattering 
curves (F curves) obtained experimentally for a number of 
ions at room - temperature with the corresponding 
theoretical curves for the ions at rest an estimate has been 
made of the amplitude of vibration of the ions at room- 
temperature. 
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XIX. A Note on the Scattering Power of the Carbon Atom 
in Diamond, for X-Rays. By G. W. Brindley. M.Sc., 
Assistant Lecturer in Physics, University of Leeds *. 

A SHORT time ago the writer f calculated from an 
approximate model of the carbon atom its scattering 
power for X-rays. The results were expressed in terms of 
F, a function of 8 and A which measures the scattering 
power of an atom for radiation of wave-length A in a 
direction 9. The theoretical F curve was found to differ 
considerably from an experimental F curve obtained by 
M. Ponte X for the carbon atom in diamond. Recently 
an entirely new experimental investigation has been made 
by Miss A. H. Armstrong §, who obtains values of F 
markedly different from those of Ponte. The purpose of 
this note is to point our briefly that there is a moderately 
good agreement between Miss Armstrong's results and the 
theoretical results. 

The method previously used for calculating F was as 
follows :—Schrodingers equation for i|r for an electron in 
a central Coulomb field of charge Z'e can be solved 
explicitly j|. and its radial charge density U(r) =4 nr-. \Jr\fr 
can be calculated. It was assumed that each electron 
in the carbon atom could be considered to be in a central 
Coulomb field, Z' being an effective nuclear charge equal to 
(Z—s). Z being the actual nuclear charge. 6. and s a 
screening constant. 

Reasons were given for considering s to be small for the 
K electrons of carbon and of the order of 2 for the L 
electrons. U(r) was calculated for a l x electron with 
Z' =6-0, and for a 2 X and a 2, electron with Z'—4 0. 
Then, using the equation If:— 

K= 1 *" U:> j.(1) 

<P 

4 77 

where <f> = r . sin 8 , 

A. 

F was calculated for each of these electrons. 

* Communicated by Prof. R. Whiddington, F.R.S. 
t G. W. Brindley, Proc. Leeds Phil. Soc. i. p. 402 (3929). 
t M. Ponte, Phil. Mag. iii. p. 195 (1927); iv. p. 232 (1927). 

A. II. Armstrong, Phys. Rev. xxxiv. p, 1115 (Oct. 1929). 

E. Schrodinger. Ann . d . Phys. Ixxix, p. 3(51 (1926). 

% Vide James, Waller, and Hartree, Proc. Roy. Soc, A, cxviii. p. 334 
(1928). 
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Despite the roughness of the method, one important 
conclusion was obtained, namely, that for values of sin 0 > 
0-3 the contribution of the L electrons to the F curve for carbon 
is negligibly small. This is clearly seen in the text-figure. 

Now the K electron distribution in carbon will be 
determined mainly by the central nucleus, and the influence 
of the L electrons will be comparatively small; thus the 
K distribution will be spherically symmetrical, or almo st 
so, and the field will be practically of the Coulomb type, 
so that the assumptions involved in the simple theory 
given above are justified for the K electrons. From the 
text-fig. it is seen that with only two exceptions all the 
experimental values of F occur at values of sin 0 > 0*3, so 
that in comparing the theoretical curve with the experi¬ 
mental results it is only the K electrons w r hich are in¬ 
volved. The L electrons, the charge distribution of 
which is so doubtful, only contribute appreciably to the F 
curve at small values of sin 0 where there are practically 
no experimental data. 

In the previous paper Z' was taken equal to 6-0 for the 
K electrons mainly for reasons of convenience; it was 
quite obvious that a small change of Z' for the K electrons 
could not possibly explain the low values of F obtained by 
Ponte. Since Miss Armstrong's values of F are con¬ 
siderably higher than Ponte's, it seems worth while to 
reconsider the value of s for the K electrons. A value 0-4 

has been chosen, based on the following considerations:_ 

the most accurate method which we have at present for 
ealculating the charge distribution in a many-electron 
atom is that given by Hartree *. By comparing charge 
distributions obtained by Hartree's method with hydrogen¬ 
like distributions, Z' can be found. For K electrons 
*=(■Z —Z') does not vary rapidly with Z, and may therefore 
be obtained fairly accurately for any atom by interpolation. 
A small error in s of the order of 0*05 will have no appreci¬ 
able effect on the F curve. 

In the above table values are given of F for a lj electron 
with Z'=o 0>. and for a and a 2. electron with Z'=4-0. 
These results are shown graphically in the text-fig. The 
full-line curve is the theoretical F curve for the carbon atom 
(assuming two and two 2 2 electrons), the corresponding 
values being given in column five of the table. The circles 

» D. It. Hartree, Proc. Camb. Phil. Soc. xxiv. pp. 89, 111 (1928). 
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show the experimental values obtained by Miss Armstrong, 
and the crosses the values obtained by Ponte. 


Calculated Values of F. 


Values of F. 

Sin© for , -■'-^ 

A=0-71 I.U. lj 2 1 2 2 F for 

Z'=o-6. Z’ = 40. Z'=40. Carbon Atom. 


0 000 

1-00 

1-00 

100 

600 

0066 

0 99 

0-91 

0-97 

5-74 

0133 

0-98 

0-50 

0-73 

4-42 

0199 

0-95 

0-21 

0-3S 

3-08 

0-267 

091 

0 03 

016 

2 20 

0-332 

0-87 

-0-01 

0(H) 

! *84 

0-400 

0-81 

-0-01 

001 

1-62 

0-467 

0-76 

001 

0-00 

1-54 

0 534 

0-70 

0-03 

--0-01 

144 

0-667 

0-58 

0-04 

-0 01 

1 22 

0-800 

0 47 

0-03 

—f Ml] 

o-98 



Sin 0 

The agreement between the calculated curve and the 
more recent experimental values is as good as can be 
expected. At large values of sin 0 the experimental 
values tend to fall below the theoretical curve. A number 
of reasons may explain this. Firstly, any vibration of the 
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atoms in the lattice will affect the higher order spectra 
much more than the lower order spectra. The effect of 
atomic vibration on the scattering of X-rays has been 
considered in particular by James and his co-workers and 
by Waller* * * § . If F 0 is the F function for an atom at rest, 
then we can write 

F = F 0 *- M , 

where M = 8tt 2 sin* 6 . «*/. \*, 

where a* is the mean square displacement in an arbitrary 
direction x. In diamond the atoms are very closely 
packed. The hardness of the crystal, its very high 
characteristic temperature f, 1830° C., and other physical 
properties support the view that the atomic vibrations in 
diamond are very small. Further, experiments on the 
reflexion of X-rays over a wide range of temperature have 
failed to detect any change of intensity with temperature %. 
All evidence tends to show, therefore, that the atomic 
vibrations in diamond are very small, and if they exist at 
all that they are probably not large enough to explain the 
observed difference. 

A second possible explanation is that measurements of 
the scattering factor F using powdered crystals appear to 
give results which are low at large values of sin 6 compared 
with theoretical results, and also low compared with results 
from single crystals. This is referred to in the preceding 
paper by the writer on the amplitude of vibration of ions 
in a number of crystals of the rock-salt type. 

Another possible explanation, but one which it is 
difficult to consider quantitatively, is this : the existence 
of the (222) spectrum is strong evidence for the distortion 
of the L electron shell of the carbon atom in diamond, and 
it may be that between the atomic planes there is a 
sufficient density of charge to scatter radiation of an 
appreciable amount out of phase with that scattered by 
the charge near the planes §. The irregularity of the F 
values at large sin 0, if not due to experimental causes, is 
in agreement qualitatively with this point of view. 


* Vide Waller and. James, Proc. Roy. Soc. A, cxvii. p, 214 (1927), 
where references are given to other work. 

t Cf. P. Debye, Ann . d. Phys. xliii. p. 88 (1914). 

t I. Backhurst, Proc. Roy. Soc. A, cii. p. 340 (1922). Ehrenben? 
Ewald, and Mark, Zeit. f. Kriet. Ixvi, p. 547 (1928). 6 ’ 

§ Cf. W. H. Bragg, JProc. Lond. Phys. Soc. xxxiii. p. 804 (1921). 
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To summarize: a theoretical F curve is calculated for 
carbon which, beyond sin 0 =0-3, depends almost entirely 
on the K electrons for which the simple theory is adequate. 
There is a satisfactory agreement between the calculated 
curve and recent experimental data. Possible explana¬ 
tions are suggested for the tendency of the experimental 
values to fall slightly below the curve at large values of 
sin 6. 

Physical Laboratories, 

University of Leeds. 

Dec. 10th, 1 929. 


XX. On the Principle of Inaccessibility of the Absolute Zero ♦ 
By N. A. Kolossowsky, Professor of Physical 

Chemistry and of T hermodyna m ics , University of Leni nyrad * * * § . 

O NE generally attributes the first idea concerning the 
principle of inaccessibility of the temperature of the 
absolute zero to Nernst t, who in a paper published in 1912, 
had enounced this principle and, in addition, had attempted 
to intimately bind it with his new heat-theorem %. Never¬ 
theless, this opinion does not in any way correspond with the 
historic reality. 

Indeed, E. Hoppe has recently indicated in his * History 
of Physics 1 §, that analogical ideas had been enunciated 
already in 1571 by Koppe ||. But Hoppe is incorrect in 

* Communicated by the Author, 

t See, e. g., P. Pawlowitscii, Journ . Russ. Phys.-Chem. &'or., Ph\>. 
pt. xlv. (2) p 258 (19L'j). II. A. Lorentz, t hem. Wvekbl . x. p. 621 
(1913); and Journ. Russ. Phys-Chem. Soc. f Phys. pt. xivi, p. 4 (1911). 
P. Czukor, Verhandl. dent. phys. (res. x\i. p, 4Ht3 (1914); M. Polunvi. 
Verhandl. deut. phys. Gts. xvi. p. 333 (1914), and xvii. p. 350 (J91o). 
A. Einstein, "liapporte et discussions du 2ine Uouseil de phyyhjm* <le 
Plnstitut, Solvav/ Paris, pp. 298-298. Article of K. Jtenueivitz in the 
Handbuch der Physik, herausgegeb von Geiger umi Seheel, ix, j>, 172 
(1926). W. Meissner, AS.f. Phys. xxxvi. p, 325 (1926). A. Schidlof, 
Journ. chim . phys. xxiii. p. 814 (1926). W. Jazyna, AS. f. Rhys. xli. 
p. 211 (1927;. F. Simon, AS. f. Phys, xli. p. bOO (1927). tl. Mache, 
Per. Witn. Akad. Wins. Abt. 11 a. cxxxvi. p. 75 (1927). 

I W. Nernst, Her. Preuss, Akad. fViss. S. 134 (1912); see also \\ 
Nernst, i Die theoretischen mid experirnentellen Grundlagen des rumen 
Warmesatzes,’ 2te Aufi. S. 72 (1924). 

§ E. Iloppe, ‘ Geschichte der Pliysik. Braunschweig ? (1926) (Ivinet- 
ische Gastheorie). 

|| Koppe, Pogg. Ann. cli. p. 643 (1874), 
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stating that Jvoppe had been the pioneer in this way, for in 
reality already in 1862 R. Clausius * had giyen the first 
formulation of this principle which was expressed by him in 
a perfectly clear manner and without any ambiguity. It is 
strange enough that nobody has up to date mentioned this 
circumstance, so much the more that, if one occupies oneself 
in researches in the domain of these questions, a deep study 
of Clausius's classical works is absolutely indispensable. 

Clausius even gives a demonstration of the inaccessibility 
of the absolute zero, obviously deriving from the second law 
and particularly from the following formula : 

Z — Z 0 =w.c.ln.^, 

where m represents the mass, c the true heat capacity f, 
and finally Z — Z 0 the variation of disgregation J, i . e . of the 
degree of division of the substance corresponding to a 
change of temperature from T 0 to T. This formula allowed 
Clausius to draw the following inference. “If one should 
wish to bring a body to the absolute zero of temperature 
the change of disgregation would become infinitely great, 
bec iuse in this case one would put T=<) into the foregoing 
formula. This proves on principle that it is impossible to 
produce bv means of any changes of state of a bo ;v such a 
cold that one could attain the absolute zero of temperature.” 

One obviously may discuss the objective value of Clausius’s 
demonstration, as well as of all the other more recent ones,, 
concerning the inaccessibility of the absolute zero, but at 
any rate, as regards the idea itself of this principle, one is 
indubitably obliged to agree, that in Clausius’s statement ii 
is as clear and precise as in the well-known one of Nernst. 

* It. Clausius, Vierteljahrschrift Ges. Xaturwm. Zurich , vii. p. 48 
(1802): Pogg. Ann. cxvi. p. 73 (180:2); Phil. Mag. (4) xxiv. pp. 81, 201 
<1802) : Ji'tcrn. de Liouvitle (2) vii. p. 200 (1802) : ‘Tlieorie mt§canique 
de la chaleur/ trad, par F. Folie, Paris, Lacroix, Premiere partie, 
pp. 291-203(1808-00). 

t It is here the question of heat capacities c nnd c defined by the 
equations 

,,,a 

These heat capacities art' independent of the temperature, as well as of 
the state of aggregation of* the. substance. 

t Conception, eavinsr a certain analogy with the modern conception 
introduced into the science by G. IN. Lewis under the denomination of 
fugacity. 


Phil. Mag. S. 7. Vol. 9. No. 5G. Feb. 1930. 


P 
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It is precisely to this historic fact that we wish to draw 
the attention of physicists, as it incontestably refers to a very 
important and actual problem. 

Laboratory of Physical Chemistry 
of the (Geological Committee, 

Leningrad (St. Petersburg). 


XXI. Effect of a Circular Hole on the Stress Distribution in 
a Beam under Uniform Bending Moment. By Zllto Tuzi, 
Research Fellow, the Institute of Physical and Chemical 
Research, Tokyo*. 


[Plate II.] 

I. Introduction. 

T HE effect of a circular hole on the stress distribution in 
a plate under uniform tension lias been studied by 
several authors both theoretically and experimentally : on 
the other hand, the case of lending, which is more important 
for various practical purposes, has been but little studied f, 
so far as the author is aware. The object of the present 
paper is to give full details of the experimental investiga¬ 
tion of the stress distribution in a beam having a circular 
hole of various diameters on the neutral axis and subjected 
to a uniform bending moment, and to compare the results 
with the theoretical solution, which is also worked out in 
this paper. The experimental results are obtained by means 
of photo-elasticity, using a new material, “ 1’henolite ” 
which is optically five times more sensitive than xylonite ; 
and the values of stresses are measured directly, counting 
the numbers of interference fringes secured on photographic 
plates by means of monochromatic light 5461 A. from an 
intense mercury lamp, so that practically no personal error 
can possibly enter. A uniform bending moment is applied 
on a beam AB, as shown in fig. 1, and photographs of its 

* Communicated by Mr. Uzumi I)oi. 

t E. G. Coker, ‘ Engineering,’ March 8th, 1912. T. Fukuhara, Journ. 
Soc. Mech. Engr. (Tokyo), xxxi. no. 133, p. 169 (1928). 

I Z. Tuzi, Sci. Pap. Inet. Phys.’Chem. lies. (Tokyo), vii. nos, 112-114. 
pp. 79-120 (1927). ’ 
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central portion C are taken by the polarized light passing 
through it: a few of them are reproduced in PI. if. 
There are so many fringes revealed sharp and clear, as will 
be seen in the reproduced examples, that it is easy to draw 
an accurate contour of stresses from the corresponding 
negative plates. 


II. Theoky. 

From the photograph (PI. II.), the tangential distribution 
along the periphery of the hole is obtained, as shown in 
fig. 2. The diagram suggests that the stress function is 
likely an odd one, and the following solution is worked out, 
for which the author wishes to express his indebtedness 
to Prof. N. Yamaguti, whose kind guidance facilitated the 


Fig. 1. 



solution. In the solution the plate of the specimen is assumed 
to extend infinitely, and a circular hole of the radius a is 
made with its centre falling on an origin arbitrarily taken 
. through which axes of x and.// are drawn. It is also assumed 
1 that the uniform bending-moment is so applied that every- 
where the stress distributions are given, in the case where 
. there is no hole, by .tie = Ay and yy = ay = 0, in which 
xz: and yy are the normal stresses, xy the shear stress, and 
A is a constant. 

Denoting by x the stress function, and using the usual 
notations, in x-y coordinates, we have 

- 0, where V 2 - ^ 


XX 
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'bx'by' 


and 
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Expressed in x-y coordinates, 


xx 
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so that 2cy is maximum at x n ±1*29 a. 

Hie case when the centre of the hole is shifted from the 
neutral axis can readily be worked out by superposing these 
results with that ef the well-known solution for uniform 
tension. 
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on the Stress Distribution in a Beam. 
Experiments. 

The test beams of phenolite were of 20 mm. breadth and 
6 mm. thickness, with the span-length of 130 mm., each 
having a circular bole of diameter 0 mm., 3 mm., 5 mm., 
8 mm., 10 mm., and 12 mm. (specimen a, b , c, d, e,f) respec¬ 
tively. At the centre of the two symmetrical loading points 
K, K' in fig. 1, 37*88 kg. weight was applied, that is, on each 
point K, K' 18'94 kg., for which it was ascertained that even 
with the weakest specimen, with the hole of the diameter 
2a =12 mm., the maximum fibre stress-intensity did not 
exceed the elastic limit of the material. All the specimens 
had been annealed under quite the same conditions to 
eliminate the initial stresses, and the free boundaries, 
straight or circular, were filed off carefully just before the 
experiment, so as to attain the uniform darkness when 
illuminated without load. The photographs were taken* 
immediately after the load was applied, and the exposure of 
J second was quite enough with a mercury green filter, so 
that they were free from the time-effect of the optical 
creep. As they are seen in PI. II., sufficient numbers of 
sharp and clear fringes were displayed, and they are not 
only permanent and sure records, but are affected with little 
personal error indeed. The so-called “compensator,” which 
was a small tension test-piece made from the same material 
as the main specimen, was used simply for the purpose of 
ascertaining the sense of the stresses. 

First of all, the tangential stress-distributions along the 
periphery of the hole, where r=a, were thus obtained, and 
are shown in fig. 2, f, e, d, and c, and also in Table I. In 
the figures broken lines are drawn in accordance with the 
theoretical values calculated by the equations above men¬ 
tioned. The value of the constant A was obtained from the 
photograph of the specimen «, in which r— 0 mm., and 
also verified with another specimen at sections away from 
the hole so as to be* free from its effect, and the value was 

found to be A=1*07/) — - n * e ° r ^ er . In solving the dif- 

mm. 6 

ferential equations, we assumed that the plate of the 
specimen extended infinitely, so that both the experimental 

* The description of the experimental method is abridged in the 
present paper as it is quite the same as mentioned in the preceding 
paper of the author: “ Photonraphic and Kiuematographic Method for 
Photo-elasticity,” Sci. Pap. Inst. Phys. Chem. Kes. (Tokyo), viii. no. 149. 
pp. 247-207 (1928). 
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Remark .—In the following tables stresses are given in 
fringe order (£. o.). 

Table I. 


Specimen/. o=6 mm. 


First quadrant. 

✓-*- s 

Second quadrant. 

S -. 

Third quadrant. 

ja. 

" 1 JL "- U,J lu v 

Fourth quadrant 
--*- N 

00 in 
f.o 

Angle in 
degrees. 

99 in 
f.o. 

Angle in 
degrees. 

99 in 
f.o. 

Angle in 
degrees. 

99 in 
f.o. 

Angle in 
degrees. 

-2 

4*0 

—2 

175-0 

2 

-168*5 

2 

-13*2 

—3 

110 

—3 

168*0 

2 

-140*0 

2 

—36-2 

—4 

20*5 

—4 

158*0 

— 2 

— 129*5 

- 2 

-49*7 

-4 

29-0 

—4 

148*8 

- 3 

-1265 

- 3 

-53-0 

—3 

37*2 

—3 

141*2 

- 4 

-124*0 

- 4 

-56-0 

-2 

42-3 

-2 

135*8 

- 5 

-121*4 

- 5 

-58*5 

2 

496 

3 

126*4 

- 6 

-119*0 

- 6 

-60-8 

3 

53*7 

4 

1230 

- 7 

-116-2 

- 7 

-62-9 

4 

564 

5 

120*7 

- 8 

-113*4 

- 8 

-65-6 

5 

59*2 

6 

113*2 

- 9 

-110-7 

- 9 

-67-8 

6 

61*3 

7 

116*0 

-10 

-112*8 

-10 

-70*8 

7 

S4-0 

8 

113-6 

-ii 

-105-0 

-11 

-73-4 

8 

66-5 

9 

111*2 

— 12 

-101*6 

-12 

-77-0 

2 

68*8 

10 

108*5 

-13 

- 97-4 

-13 

-81-6 

10 

71*2 

11 

105-7 





11 

74*7 

12 

102*2 





12 

77*8 

13 

98*0 





13 

81*8 







Specimen e. 

a= 

5 mm. 





First quadrant. 
— ^ , 

Second quadrant. 

,- * -- 

Third quadrant. 

✓-*-. 

Fourth quadrant. 

rz - A ->. 

06 in 
to. 

Angle in 
degrees. 

.S d 

Q> 

Angle in 
degrees. 

99 in 
f.o. 

Angle in 
degrees. 

99 in 
f.o. 

Angle in 
degrees. 

-1 

5-8 

-1 

175*4 

1 

-176-8 

1 

- 2*8 

—2 

13-2 

—2 

165*8 

2 

-171*2 

2 

-11*6 

—2 

38*2 

—3 

157*0 

3 

-161-0 

2 

-86-2 

2 

52-8 

-3 

150-6 

3 

-150-8 

- 2 

-50*4 

3 

66-8 

—2 

142-6 

2 

—143*4 

- 8 

-53*7 
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Table I. (coni.). 

Specimen e. a=5 mm. (coni.). 


First quadrant. Second quadrant. Third quadrant. Fourth quadrant. 


00 in 
f. o. 

Angle in 
degrees. 

00 in 
f. o. 

Angle in 
degrees. 

00 in 
f. 0* 

Angle in 
degrees. 

00 in 
to. 

Angle in 
degrees. 

4 

69-7 

-1 

136*7 

- 2 

-128-7 

- 4 

-56-4 

5 

63-0 

1 

131*0 

- 3 

-135-8 

- 5 

-59-3 

6 

660 

2 

127*4 

- 4 

-128-0 

- 6 

-62-4 

7 

70-0 

3 

123*7 

- 5 

-120-3 

- 7 

-65-4 

8 

74-2 

4 

1214) 

- 6 

-1170 

- 8 

-68-5 

9 

78-2 

5 

117*7 

- 7 

-114-0 

- 9 

-72-0 

10 

82-2 

6 

114*3 

- 8 

— 111*0 

-10 

-75-8 



7 

111*2 

- 9 

-112-5 

-11 

-81-0 



8 

107*3 

-10 

-104-5 





9 

102*2 

-11 

- 99-3 





10 

96*7 






Specimen d. a —4 mm. 


First quadrant. Second quadrant. 


09 i n 
f. 0. 

Angle in 
degrees. 

00 in 
to. 

Angle in 
degrees. 

-2 

100 

—2 

167*8 

—2 

31-0 

-2 

143*6 

-1 

34-3 

2 

129*0 

2 

44-8 

3 

124*3 

3 

49-7 

4 

120*4 

4 

53-8 

5 

116-8 

5 

57-7 

6 

112-5 

6 

61-0 

7 

109*8 

7 

65-8 

8 

105-7 

8 

68-8 

9 

100*0 

9 

73-0 

10 

94*5 

10 

81-0 




Third quadrant* 

Fourth quadrant. 

■ .— 

/■— 

00 in 
f.o. 

Angie in 
degrees. 

00 in 
to. 

Angle in 
degrees. 

1 

—174*5 

-1 

- 1-7 

1 

-152-4 

1 

-12*4 

-2 

—132*5 

1 

-39-5 

—3 

—121*6 

-1 

-49*0 

—4 

-117-0 

—2 

-54*2 

—5 

-1106 

-3 

-58*8 

—6 

-1010 

-4 

-64*0 

—7 

- 92-0 

-5 

-70*0 



-6 

-75*8 



-7 

—85*5 
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Table I. (coni.). 
Specimen c. a=2'5 mm. 


First quadrant 

Second quadrant. 

Third quadrant 

Fourth quadrant 

_ 

99 in 
f. 0. 

Angle in 
degrees. 

99 in 
f.o. 

- ^ 

Angle in 
degrees. 

99 in 
f.o. 

Angle in 
degrees. 

t - 

99 in 
f.o. 

Angle in 
degrees. 

2 

430 

2 

1335 

-1 

-129*6 

-1 

-45*6 

3 

51*8 

3 

123 2 

-2 

-118-3 

-2 

-58*0 

4 

69-2 

4 

112*2 

—3 

— 104*8 

-3 

-70*8 

5 

69-3 

5 

100-8 





Theoretical values of 60 at 

r=a. 





69 in fringe order. 


Angie in degrees. 

a=6 mm. 

<2=5 mm. 

a~4 mm. 

<z=2*5 mm. 

0 ... 

0 

0 

0 

0 

10 . 

. -2*10 

-1*76 

-1*40 

-0*88 

20 . 

-3-36 

-2-81 

-2*24 

-1-40 

30... 

. -3*22 

—2*69 

—2*15 

-1*34 

40 .. 

. -1*42 

-1*19 

-0*95 

-0*59 

45 .. 

0 

0 

0 

0 

50. 

1*77 

1*47 

1*18 

0*74 

60 . 

5*54 

4*63 

3*70 

2*32 

70 . 

9*30 

7*75 

6*21 

3*88 

80 . 

12*00 

10*00 

8*02 

5*00 

90 . 

12*90 

10*77 

8*62 

5*88 


and theoretical values should agree better in the case of a 
smaller hole than in that of a larger. But, as is clear from 
fig. 2, the results are contrary to our expectation. It seems 
that some imperfections in our loading apparatus may be 
responsible for it. As is shewn in fig. 1, the two load points 
K K' are connected rigidly to each other; consequently there 
might have been generated some tangential force (tension) 
along K K' when the specimens were deformed, and such 
force, if any, should act as subtractive against the fibre 
stress, which was compression in this case. Any unfavour¬ 
able effect will be shown more conspicuously at a portion 
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where the fringe order is not high, and the author is of the 
opinion that the distinct deviation of the experimental values 
from the theoretical curve in cases of the specimens d and c 
-is due to this effect. 

. The locations of the isoclinic lines are at times very 
■ambiguous, as the lines are apt to appear i» wide bands, 
especially with a thick specimen and also when the fringes 
of higher order are revealed. The author tried with three 
kinds of specimens—phenolite, xylonite, and glass, all of 
them being prepared in quite the same dimensions except 
the thickness. 

It was ascertained that the locations of black lines are also 
quite the same for the three materials, being independent of 


Fig;. 3. 

a - 6 vnwv 



the thickness, and, moreover, that they were manifested most 
sharply by the glass specimen. Accordingly, in our cases 
the diagrams of isoclinic lines were studied by the aid of 
glass specimens, and one of them (specimen f) is shown in 
fig. 3. The orthogonal trajectories showing the directions 
of principal stresses were worked out, and are shown in 
fig. 4. 

At the section ar=0, each of the two stress components is 
calculated out graphically from the experimental data of 
p — q by means of the purely optical method for the 
symmetrical case, using the formula * 

p=Po-M\^ ^ • 

* L. N. G. Filon and E, G. Coker, Brit. Assoc. Bep. J914, p. 201; 
1922, p. 360. 
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In the one which is shown in fig. 5 and Table II,, the 
experimental values of xx and yy for the specimen / show 



considerable deviation from the theoretical, but in this case 
the deviations are quite plausible, inasmuch as the effect of 
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the straight boundaries, which had not been taken into con¬ 
sideration in the solution, may act more or less, especially 
for the specimens of larger holes. On the other hand, 
however, it is & delicate problem to measure the distances of 
two adjacent isoclinic lines, A y, as they are, at least in this 
section, very critical and not very distinct, so that a slight 
ambiguity might be the source of considerable errors. 
Hence the author dares not to set forth, with a firm 
confidence, the respective values of xx and yy, though he 

Table II. 


Stresses of xx and yy at the section a?=0 mm. 
a=6 mm. 


V 

in mm. 

Experimental. 

_A-- 

Theoretical. 

xx in f. o. 

yy in f. o. 

xx m f. o. 

yy m f.o. 

10 . 

. 9-90 

0 

11-25 

0*89 

9 . 

. 10-05 

0 

10-52 

1*06 

8 . 

. 10*60 

0-25 

1012 

1*19 

7 . 

. 11*30 

0-30 

1052 

1*08 

6 . 

. 13*50 

0 

12*90 

0 

- 6 .. 

. -13*70 

0 

— .2*90 

0 

- 7 . 

........ -11*60 

-0*60 

-10*52 

-1*08 

- 8 . 

. -1100 

—0*55 

-10*12 

—1*19 

- 9 . 

. -10*65 

-0*30 

-10*52 

-106 

-10 .. 

. -10*60 

0 

-11*25 

-0*89 


could not find any more reliable device to separate each 
stress component out of the values of p—q. At any rate, it 
is clear in this case that yi} is very small compared with xx, 
and it seems to be less important to work out accurately the 
values of yy except for academic interest. 

The other purely optical method preferred by Prof. L. N. 
<3r. Filon * is based upon the foliowing formulas: 


XX—XXq 




yy-yy o * - 

.Vo 



* hoc. cit. 
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With the specimen /, a=6 mm., the stress distribution at 
the section x=7'5 mm. was studied by this method, 8x 
being taken as 2 mm .; two more sections, ®=8*5 mm. and 

a-= 6*5 mm., were studied to work out the values o£ . 

In this case every state was very favourable for the 
graphical integration, and without any remarkable am¬ 
biguities the stress components were worked out as they 
.are shown in fig. 6 and Table III. The theoretical values 


Fig. 6. 


8TBE88 DISTRIBUTION AT X=-7*5 «=6 min. 



are also represented by broken lines in the figure, all of 
which show rather fair agreement with the experimental 
values. 


Summary. 

(1) A beam of uniform rectangular section having a 
circular hole of radius a on its centre line was subjected to 
a uniform bending moment, and its stress distribution was 
•studied by photo-elasticity by means of the photographic 
method. 

(2) From one of the results the form of the stress function 
was assumed, and a theoretical solution was worked out under 
ithe assumption of an infinitely extended plane. 

(3) At several sections and boundaries the experimental 
walues were worked out and compared with the theoretical 
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ones. The author is of the opinion that his solution serves 
satisfactorily enough for practical purposes, and also that 
the photographic method is rather preferable, being as free 
from errors as one can hope in such an experiment. 

Table III. 

Stresses xy, yy, and xx at the section x=7‘5 mm. 
a=6 mm. 


Experimental values. Theoretical values. 


•A.. 


y 

in mm. 

5y 

in f. o. 

• ? 
m t.o. 

XX 

in f. o. 

xy 

in f. o. 

. yy 

in f.o. 

XX 

in f.o. 

10 . 

0 

0 

12-50 

-020 

-0-45 

10-92 

9 ...... 

-0-04 

-0*13 

10*86 




8 ...... 

-0*58 

—0*36 

917 

-0*49 

-0-58 

8-50 

7 . 

-0*90 

-0*52 

7-27 




6 . 

-roi 

-0*48 

538 

-0-72 

-0*48 

5*52 

5 . 

-0*85 

-0*31 

3*53 




4 . 

-0*40 

—0-15 

2*06 

-0-39 

cl 

o 

1 

231 

3 . 

—0*07 

-010 

089 




2 

0-97 

-009 

- 0*09 

0-65 

—04)9 

004 

1 . 

1*37 

-0*05 

- 014 

... 

... 

- 009 

0 . 

1*56 

0 

0 

1*19 

0 

0 

- 1 . 

1*37 

0*01 

008 

... 


009 

- 2 .. 

0*93 

0*01 

002 

0*65 

0*09 

- 0*04 

- 3 . 

0*33 

005 

- 0*58 




- 4 . 

—0*17 

0*04 

- 2*01 

-0*39 

0*21 

- 2 *31 

- 5 . 

-0*58 

0*12 

- 3*94 




-6 . 

-0*83 

0*28 

- 6*05 

-072 

048 

- 5*52 

- 7 . 

- 0*55 

0*25 

- 8*02 




- 8 . 

-0*24 

0*10 

- 9*48 

-0*49 

058 

- 8*50 

- 9 . 

-002 

-0*03 

-11*13 




-10 . 

0 

-0*05 

-13*15 

-0*20 

0-45 

-10*92 


In conclusion, the author wishes to express his hearty 
thanks to Viscount Prof. M. Okochi and to Prof. M.Masima, 
who gave the author valuable suggestions throughout the 
course of the experiments. 
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XXII. The Critical Frequency in an Ionized Medium. Steady 
Magnetic Force Present. By T. L. Eckersi*EY, M.A. * 
(Marconi’s Wireless Telegraph Co., Ltd., Research Depart¬ 
ment.) 

§L 

I N a recent analysis of the transmission of electromagnetic 
waves of frequency v through an ionized medium the 
well-known critical frequency given by 

s N*Vf 

Vo =- 

irm 

(N=no. of electrons per cc. ; e=charge of electron; 
?»■= mass of electron) was examined. 

It was shown that as v , the frequency of the waves r 
approached the group velocity->0, and that physically 
this slowing-down of the group velocity was occasioned by 
the momentum given to the ions. The momentum of the 
wave travelling, say, in the x direction was transferred to 
the x momentum of the ions, and at the critical frequency 
the demand for momentum by the ions is equal to the supply 
from the wave, and this is therefore brought to a stands* ill. 
If a magnetic field is present the critical frequency is altered, 
and it is the purpose of the present note to show that the 
altered motion of the ions results in an altered critical 
frequency, but that the momentum balance is the same as in 
the previous case, and that the waves are brought to a stand¬ 
still for the same reason, i . e . the transference of the wave 
momentum to the ions. 

For the purpose of this analysis we require the motion of 
the ions in the field of the electric wave. 

As in the previous case, it will not do to neglect action of 
the magnetic force in the wave, for it is this alone which 
provides the necessary forward momentum to the ions. The 
movement of the ions, if this be neglected, is wholly in the 
plane perpendicular to the ray and the balance of momentum 
cannot be maintained. 

The simplest case to consider is that in which the magnetic 
force is parallel to the ray. In such a case the wave splits 

* Communicated by the Author. 

f T.L Eckersley, “Transmission of Electric Waves through an Ionized 
Medium” Phil Mag. iv. (July 1927). 

Phil. Mag. S. 7. ’Vol. 9. No. 56. Feb. 1930. Q 
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up into two circularly-polarized components, each of which 
travels with its appropriate group and phase velocity. Each 
component can be dealt with separately. 

Suppose, therefore, that the wave is circularly polarized in 
the right-hand direction, we shall put 

Y = Z 0 cosj ot, X = 0, 

Z = Zosinj»f. 

The magnetic forces /3 and y are 

/S= Hjsin pt, (H and Z the same dimensionally.) 

y = — Hocospt. 

The equations of motion for the ions are then 

})v z eHn * , - eH 0 , 

m~ = ——v sin -e,eos pt 

ot c * c 

=^3%.(i,i) 


where ^ is an abbreviation for 

c 2 sin pt + v g cos pt. 

Let R be the steady magnetic field directed along x. 
Similarly we have 

do. „ . eR» z eE 0 .. nv 

m-rf = eZ 0 cospt ---tf*eos pt, . (1,2) 

(tt € C 


dt 


Let 


m = cZ 0 sin pt + — ^5? v, sin pt. . (1,3) 

c c 


eU 0 

— — Px — "wvi, 
me r 1 


where vi is the resonant frequency of the electrons in the 
magnetic field. 

' By multiplying (1, 2) by sm pt and (1,3) by cospt and 
subtracting and denoting [v y sin pt—v* cos pt) by fa, we get 
the equation 




■ ■ ( 1 , 1 ) 
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Similarly, by multiplying (1,2) by cospt and (1,3) by 
«n pt and adding, we get the equation 

^f = ~. . (1,5) 
the three equations are therefore 


dt me 

^=ip-h)x i. 

at m ' r ri/A* mc * 


a 6) 


Eliminating v„ and jfc, we get the following vibrational 
differential equation for Xi '• 


d \i , e’Ho* 


an 


‘1 • • 
*, 1 


( 1 , 8 ) 

( 1 , 9 ) 


Initial Conditions. 

Inverting the equations for Xi and Xs> we get 
v 9 s= ^eosft+x» sinjpt 
», = Xisinpt-xjCos/>t 

so that 

(Py)<=0 = Otl)*=0» 1 

(»*)<=o = (Xs)t=o- J 

We will suppose that the electron starts from rest at the 
time <=0, so that 

Xt = °> < * 

Xs = 0, * = 0. 

The appropriate solution for is then 

e*H* 

» * p sin ft, where p* = (p—pi) i + ; (1,10) 

now 

b®# tiH 0 «H 0 yj . — 

Qt mc mc 

and 

**®^f (1 ” C08 ^ ) ’* * * * (Ml) 


0 8 
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since v x —0 when 4=0. Similarly 

substituting in (1,5), we get the relation 

^fcai’p+^Vp, 

^ p \mc/ 


a, in' 


( 1 , 18 ) 


which determines 

p _ ^gZp/m _ 


eZ 0 jm 


^ ^ + mV + mV j 

Now the mean forward velocity of the electrons 

- rH„P 


v = 


me p 


ue. 


r'HoZo 


m i c 


{0“Pi> 


e zu i '■ '■> • * (^» 

,ii cn » t 

+ mV J 


which gives the mean forward momentum supplied to the ions. 
This is 


Nmr I = ^ ,HoZo 


1 


me 


wH 0 Z 0 


V 




, ( 1 , 14 ) 


where N is the number of electrons or ions of mass m 
and charge t per c.c. 

It will be observed that to a first approximation 
/ j x 

(neglecting compared with (p—pi)*\ the ionic 

momentum produced is a definite fraction of the wave 
momentum supplied, Le. HoZ 0 , a fraction which only 
depends on the critical frequency v Q , the resonant frequency 
Vn and the actual frequency v. 

A similar analysis may be made for the case where the 
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circular polarization is opposite. This is equivalent to 
reversing K, and we get 



. (1,15) 


It might be thought that the resnlt depended on rather 
arbitrary initial conditions. 

In fact, by specifying t=0 as the time of arrival of the 
waves at the electrons, we have fixed Y=0, Z=Zo at this 
time) 

If at t=0, Y and Z had been arbitrarily phased, say 
Y,= Zocos (pt + 0), Z = Zosin [pt+<f>), 

so that 

Y = Z» cos $ cospt —Zosin ^ sin pt, 

Z as Zq sin ^ cos pt + Z 0 cos <f> sin pt. 

Then referred to axes rotated about x, for an angle <f>, 

Yj = Y cos <^> + Z sin ^ = Zq cos pt, ) 

Z t =—Y sin^+Zcos</> = Z 0 siny><, ! 

as before, and, as the choice of axes is arbitrary, we may 
take Yi and Z t instead of Y and Z, and get exactly the same 
results as previously. 


§ 2. j Balance of Momentum. 


As in the previous paper, we find that the momentum 

7 H 

supplied per unit area is The rate of increase of 

Z H U 

momentum at the head of the wave is ° ■* — , where U is 

ZnH * 7rc 6 

the group velocity, since ~^is the momentum density and 


the head of the wave travels with the velocity U. 

The head of the wave is only a sharply-defined surface 
moving forward with the velocity U when U does not differ 
largely from c; also in this case the departure from linearity 
of the equations is small. For these reasons the momentum 
conditions can only be simply calculated when U and e do 
not differ much. The condition where U -»0 near the 
oritical frequency cannot be considered without going Into 
a great deal more detail in calculating the exact distribution 
of the wave-energy and the consequent ionic movements. 
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We therefore restrict ourselves to the case where U does not 
differ largely from e, or where is small (these two 


conditions being equivalent, as we shall see). 

In the first place we must calculate the group velocity. 

As is well known, the phase velocity in these conditions is 


v— 






. . ( 2 , 1 ) 


v{v±v x ) 


where the symbols have their previous meanings, and where 
the + or — sign is taken according as the wave is circu¬ 
larly polarized in % right-hand or left-hand direction. The 
group velocity is given in general, as is well known, by the 
relation 



Using the above value of v, we get for the group velocity 




It is to be noted that Urgfcc* in this case. 

Consider a column of radiation 1 sq. cm. in section 
extended along the direction of transmission. 



Head end of wave moving with velocity U. 


The rate of supply of sethereal momentum at A is at 

0 £t*irc 

the head end of the wave the rate of gain of aethereal 
Z H U 

momentum is —2 —, and the deficit in (ethereal 

, • Aire c 

momentum is 

ri TT/-H 
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the gain in ionic momentum is 

*”^ 77 —rW v (1 ' u - )4(1 - 15) 

Now by (2,3), when 

V* . VqVi 

p{v±Vi) p{v±v l ) t 

are small, (1— U /c) is 

(a) 1- {(1- \pflr(r—v l ))/(JL+ i vJvJvty—Pi)*)}, (2,5) 

(b) 1 - {( 1 - SpS/pO'+piMI- + ( 2 , 6 ) 


u e. 


(a) 

(*) 


1 V i 

2(v-r,) s ’ 

1 V 

2 (•'+•'!)*’ ] 


. . (2,7) 


so that the deficit in sethereal momentum is to the first 
approximation, 

ZqHq t'p 2 - 
4 ire (y±yi)*’ 


and, except for the negligible term 


in 3 m s <r ’ 18 


identical 


with the gain in the ionic momentum. 

Extending these results to the case where U —► 0, we may 
conclude that the group velocity of the wave ->0 on account 
of the demand for momentum of the ions which tend to rob 
the wave of all its momentum fin the neighbourhood of 
v —initial frequency) so that the wave can travel no further. 
This investigation is important from the point of view of the 
transmission of waves in an over-dense medium. 

In the absence of a magnetic field the medium ceases to 
be transparent if N, the ionic density, is so great that p 0 >v. 
The medium may be said to be over dense in such a case. 

If in such a medium a sufficiently strong magnetic field 


is introduced that -7 —-— 7 is small, the medium becomes 

*'(>'+»'i) 

transparent (for a suitably circularly-polarized ray). The 
physical reason for this transparency is now clear, for 
whereas when no magnetic field is present the amount of 
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s momentum produced by the waves, i. e. is greater 

than can be supplied by the wave, the ionic movement is so 
altered in the presence of the magnetic field that the forward 

v* 

ionic momentum is redaced in the ratio ; -r=. Bv in- 

(*'+vi) s 

creasing v x the demand for x momentum by the ions can be 
made so small that the momentum of the wave is not 
appreciably reduced. 

It can therefore travel through the over-dense ionized 
medium when a sufficiently strong magnetic field is 
introduced. 

These results have only been deduced for tbe particular 
case where the ray direction is actually along the direction 
of the steady magnetic field. 


Transmission at any Angle 9 with, the Ray. 

When the ray direction makes an angle 9 with the direc¬ 
tion of R the analysis is more complex, but it is possible to 
show that, but for the exceptional case where Vj— v 0 — v, the 
above is not unique. 

Thus examining the phase-velocity equation, we find that 
the phase velocity, group velocity X, Y, and Z all vary con¬ 
tinuously in the neighbourhood 9—0, and therefore it follows 
that the transparency is maintained over a finite region near 
9=0, the physical reason for this transparence being that 
stated above, i. e. the modification of the ionic motions by 
the magnetic field in such a way that the demand for 
momentum of tho ions is decreased below what can be 
supplied by the wave. 

It seetns to me to follow quite definitely that the applica¬ 
tion of a sufficiently intense magnetic field to an over-dense 
medium will make the latter transparent for a finite range 
of angles in accordance with the dictates of the phase-velocity 
equations. 

This result has an important application in the case of the 
transmission of waves over the earth's surface, for in 
the case of waves > 100 m. we know that the layer is over- 
dense, t.e.jN > 10 s electrons per c.c. Although longer waves 
generated on the earth's surface would be wholly confined 
to the region between the earth and Heaviside layer in the 
absence of a magnetic field, sufficiently long waves can 
penetrate the layer when the earth’s magnetic field is taken 
into account. 
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XXIII. The Electronic Theory of Valency .—Part VII. The 
Etch-Figures of Sylvine. By Professor T. M. Lowry, 
F.R.S., and M. A. Vernon, B.A.* 


[Plates III. & IV. j 

U NTIL Bragg published the results of the X-ray 
analysis of rock-salt it was generally believed that 
the alkali halides crystallized in hemihedral forms of the 
cubic system. This conclusion was based on the observa¬ 
tion that the etch-figures were not symmetrical, but were 
rotated in a definite direction with respect to the planes 
of symmetry of the crystal. The structure deduced 
from X-ray analysis, however, consists of two interpene¬ 
trating face-centred cubic lattices which have a com¬ 
plete holohedral symmetry. In the same way crystallo- 
graphers had concluded from observations on twinned 
cryptals of diamond that the crystals had a hemi- 
h oral symmetry, whereas X-ray analysis indicated that 
the lattice was holohedral. These observations were 
of importance in that they suggested the possible existence 
of a fine structure, which was not disclosed by X-ray 
analysis of the crystal-lattice, although it might be 
detected by the traditional methods used by crystallo- 
graphers in order to determine the symmetry of crystals. 

In order to resolve this apparent contradiction Herzfeld 
and Hettich, in 1926 f, made experiments on the etch- 
figures of sylvine. As a result of their experiments they 
suggested that the lack of symmetry of the etch-figures 
was not due to a lack of symmetry in the crystal structure, 
but to the presence of optically active impurities in the 
etching solution, which formed crystallographically unsym- 
metrical adsorption compounds on the surface of the salt. 
Thus, when specially purified water was used, their etch- 
figures were all perfectly symmetrical; but, when traces of 
optically-active impurities were introduced, a large number 
of unsymmetrical etch-figures were observed. These 
conclusions were questioned by J. P. VaJetone J, but were 
confirmed by the more detailed report of Hettich §. The 
matter seemed, however, to be sufficiently important to 


* Communicated by the Faraday Society. 

♦ Z. 1‘hydk, p. 38 (1926). 

} Ibid, xxxix. p. 60. 

J Z. Krist. lxiv. p. 26S (1926). 
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call for further independent evidence, and the present work 
was undertaken for this purpose. 

Experiments were first made with natural crystals of 
sylvine. The material was by no means perfect, and the 
results obtained were rather irregular. As recommended 
by Hettich, the water was purified by distillation from 
alkaline permanganate, and the glass vessels were cleansed 
with chromic acid and rinsed with purified water. The 
crystals were etched with a saturated solution of pure 
potassium chloride to which a few drops of purified water 
were added. It was observed that solutions whioh had 
been saturated by boiling with the solid salt were mnch 
less satisfactory for etching than those made by shaking 
with the salt in the cold, but we cannot give any explana¬ 
tion of this difference of behaviour. The crystal was 
placed on a watch-glass on the stage of a microscope, 
covered with the solution, and the etching process watched. 
Since the etch-figures of sylvine are usually convex and 
not concave, an oblique illumination was used in order 
to show up the pyramidal prominences. In one isolated 
instance, however, when natural sylvine was etched in 
presence of amyl alcohol one or two pyramidal pits wore 
observed. 

In order to get the best results it is necessary to use a 
fresh and perfect cleavage, and this was very difficult to 
obtain with the imperfect natural material. Some trouble 
was also caused by the tendency of the solution to deposit 
crystals on the surface, perhaps as a result of the large 
number of nuclei of crystallization provided by the 
irregularities on the cleavage-face. It was found, however, 
that nearly all the pyramids were symmetrically placed 
with respect to the cleavage-edges. Occasionally a few 
of the pyramids appeared to be twisted, but there was 
considerable variation in the angle of rotation of these 
unsymmetrical pyramids, even on the same crystal-face. 
A possible explanation of this anomaly is provided by the 
very significant fact that in some cases pyramids were 
seen to detach themselves bodily from the crystal, and to 
float a little distance before finally coming to rest in an 
unsymmetrical position. This was only observed when 
natural crystals were used, and was probably due to the 
presence of cleavage-cracks below these particular 
pyramids. 

Traces of a series of optically active alcohols and esters 



on the Electronic Theory of Valency. 235 

were next introduced into the etching solution. No 
appreciable alteration was observed, except perhaps a 
slight increase in the number of etch-figures in a given 
area. Specimen counts were made of the numbers of 
symmetrical and rotated pyramids in the field of view, 
and some of the results are given below. These results 
show clearly that the etch-figures of natural sylvine are in 
general perfectly symmetrical. 


Impurity. 

Number of Pyramids. 

Symmetrical. 

Rotated 

Left, 

- N 

Rotated 

Right. 

None. 

40 

0 

1 


30 

0 

1 


50 

1 

2 

i -Amvl alcohol (natural) . 

45 

3 

3 

d-y-Nonvi formate . 

60 

0 

1 

<?-n-Butvl-vinyl-earbinol . 

60 

0 

3 

i-n-Butvl-vinyhcarbinol . 

60 

2 

1 

f-n-Butyl-vinyl-earbinoI formate 

50 

0 

I 

J-Ethyl .i-phenethyl propionate 

50 

0 

1 


Experiments were then made with artificial crystals. 
For this purpose potassium chloride was purified by 
repeated recrystallization from water, dried and pulverized. 
It was placed in a clean platinum dish and fused in a 
muffle-furnace. When the fused salt had been allowed to 
cool the top layer was a clear transparent, mass, whilst 
below it was an agglomeration of tiny crystals. Pieces of 
the top layer were detached, using a carefully cleaned 
knife-blade and tweezers. Small cubical fragments were 
thus obtained, the surfaces of which were formed by 
exceedingly good and well-marked cleavages. The diffi¬ 
culties arising in the previous case from crystallization 
on the surface and from the floating away of pyramidal 
hillocks were now entirely absent, and very good etch- 
figures were obtained, but perhaps less rapidly than with 
the natural crystals. Although a large number of experi- . 
ments were performed, both with and without impurities 
in the etching solution, not a single unsymmetrical pyramid 
was observed. 

Photographs, taken with a Zeiss camera attachment 
to the microscope, illustrate the results obtained. In 
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PI. III., where 2-asparagine was added to the etching 
solution, a large number of well-developed pyramids are 
seen, which are all oriented alike. The cleavage-edge does 
not come into the field of view, which was in the centre of 
the crystal face, but the cleavage was found to be parallel 
to the square edges of the pyramids. In the experi- 
ments illustrated in PI. IV. the impurities were (a) and 
(6) none, (c) and (d) amyl alcohol, (e) ethyl tartrate, and 
if) 2-asparagine. In some cases the edge of the crystal 
fragment is seen, instead of a cleavage-edge; but the true 
direction of the cleavage can be deduced from cleavage- 
cracks in the field of view, and this direction has been 
marked by a horizontal line on each photograph. 

The evidence now adduced is of a different character 
from that of Hertzfeld and Hettich, since in our experi¬ 
ments we were unable to develop unsymmetrical etch- 
figures, whereas they were only able to get rid of them by 
taking special precautions. In spite of this difference, 
however, the two series of experiments lead to the same 
conclusion, namely, that crystals of sylvine do not contain 
any structural element which leads to the regular develop¬ 
ment of unsymmetrical etch-figures, and that when these 
are observed they are of a fortuitous character, which does 
not justify the conclusion that the crystal-lattice of the 
salt is unsymmetrical. 

In this connexion it is desirable to emphasize the for¬ 
tuitous way in which etch-figures are necessarily developed. 
Thus, in Ms recent ! Lemons de Cristallographie ’ Friedel, 
who has made an exceptionally thorough study of the 
subject, finds it necessary to issue a warning in reference 
to the pitfalls wMch are associated with this method of 
investigating crystal-symmetry. In particular, whilst it 
has generally been held that the occasional appearance of 
unsymmetrical pitting must outweigh any number of 
observations in wMch symmetrical pits are seen, Professor 
Friedel insists that symmetrical pitting can only be ex¬ 
pected on surfaces that are accurately oriented, and that, 
even in the case of calcite, the true cleavage-planes are 
interrupted by small conchoidal sections on wMch the 
etcMng is necessarily unsymmetrical. 

The matter can, however, be carried one stage further, 
since on a perfectly homogeneous face there would be no 
irregularities from wMch either pitting or the development 
of hillocks could start, and the etch-figures would only be 
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erf molecular dimensions. Thru), even in their purest 
synthetic crystals Herzfeld and Hettich found that 
pyramidal hillocks were only formed at points where there 
were minute specks of ferric oxide to check the ini tial 
action of the etch-liquid on the soluble salt. This fact 
would not invalidate the evidence derived from a lower 
order of symmetry in the etch-figures, if this could be 
shown to be a constant property of the orystal, but our 
own experiments agree with those of Herzfeld and Hettich 
in showing that this is not the case. We therefore conclude 
that the higher symmetry established by X-ray analysis 
cannot be challenged on the basis of data provided by the 
study of etch-figures. 

In the case of rock-salt, then, there is at present no 
trustworthy crystallographic evidence which can be used 
to prove the presence of real molecules in the crystal. 
The properties of the highly-conducting liquid are also in 
harmony with the conception of an ionic aggregate, 
differing only from the solid in being mobile and disordered, 
instead of rigid and orderly. On the other hand, measure¬ 
ments of conductivity show that liquid water contains 
only one pair of ions for every 550 million molecules, and 
even this small proportion diminishes as the temperature 
falls. There is therefore no analogous justification for 
supposing that ice is “a packing of charged ions 0" 
H"’’” *, since this implies that the molecules, which make 
up practically the whole content of liquid water, disappear 
completely in the act of crystallization. Physico-chemical 
evidence, on the contrary, indicates that the formation of 
ice is accompanied by a process of polymerization, which 
is already in progress in the liquid state, and provides an 
obvious explanation of the very exceptional phenomenon 
of maximum density. The conclusion that ice is formed 
from water by polymerization rather than by ionization is 
also in harmony with the crystallographic evidence, since 
the open lattice, which is disclosed by X-ray analysis, is 
much more compatible with a network of bonds than with 
an aggregation of close-packed ions, such as is postulated 
in a crystal of fluor spar. Since, however, an increase in 
the valency of oxygen is always accompanied by the 
development of a positive charge, as in the formation of 

4* ++ 

oxonium ions, OH 8 —> OH 3 -♦ 0 H 4 , it appears probable 
• Gibbs, Proc. It. S., A. cxiii. p. 861 (1926). 
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that, if the atoms of oxygen and hydrogen in ice are 
electrically charged, the quadrivalent oxygen must carry 
a positive charge and the bivalent hydrogen a negative 
charge, in place of the charges of opposite sign which 
would normally be carried by free ions of these elements * * * § . 

The crystal-structure of quartz presents an analogous 
problem. Gibbs f has assigned to it an ionic structure, 
which can be justified by the fact that silicon (unlike 
hydrogen) does in fact possess some of the properties of a 
metal. The contrast between this ionic structure and the 
molecular structure of carbon dioxide serves, moreover, 
to explain the wide differences between the physical 
properties of the two oxides, as illustrated by the rise 
from a sublimation-point at —78° to a boiling-point at 
4-2600° C., which occurs on passing from carbon dioxide to 
silicon dioxide. Nevertheless it is almost as difficult to 
believe that the bonds of the silicate ion disappear com¬ 
pletely in silicic anhydride as to believe that the bonds of 
the water-molecule disappear completely in ice. This 
difficulty can, however, again be avoided by making use of 
Thomson’s conception of intramolecular ionization {, which 
was discussed somewhat fully in the first paper of the 
present series §. In the case of carbon dioxide the forma¬ 
tion-of a covalent molecule with non-polar double^ bonds 
between carbon and oxygen is comparatively easy; but 
G. N. Lewis has pointed out that “the ability to form 
multiple bonds is almost entirely, if not entirely, confined 
to elements of the first period of eight, and especially to 
carbon, nitrogen, and oxygen” ||. This conclusion has 
been confirmed by the recent experiments of Professor 
F. .S. Kipping on “ The Carbon-Silicon Binding” f, in 
reference to which he says that “ Fresh evidence is con¬ 
tinually being obtained . . . that an ethylenic bind¬ 
ing between carbon and silicon is either impossible or can 

* Sudden (J. Chem. Soc. 1929, p. 316) has recently suggested & scheme 
in which the atoms of ice are all neutral. This depends on reducing the 
bonds between the atoms to one shared electron, instead of the two 
electrons postulated by Lewis’s theory of covalency. The scheme there¬ 
fore involves a novel point of view tor which no sufficient experimental 
evidence is yet available, 

t Gibbs, Proc. R. S., A. cxiii. p. 361 (1926). 

t Phil. Mag. [61 xxvii. p. 767 (1914). 

§ Phil. Mag. xlv. p. 1105 (1923). 
jj ‘Valence/ p. 04 (1923). 
f J. Chem. Soc. p. 104 (1927). 
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only be produced under exceptional conditions. Those 
reactions which lead to the formation of an olefine seem 
to be quite inapplicable to the production of the group 
^>C: Si(.” There is therefore a direct experimental 
justification for adopting Lewis’s suggestion that “if 
silicon is incapable of sharing a double bond with oxygen 
... we should be obliged to represent silicon dioxide as 

—0—Si—0—, and the uncompleted bonds could only be' 

completed by union with other molecules.” From this 
point of view the molecule of silica, with its four free 
bonds, resembles the atom of carbon, and should give 
rise to a network of the same general type as that of 
diamond or graphite. It would be interesting to know 
whether this network of bonds is compatible with the 
crystal structures assigned to silica in its various forms, 
since it appears a priori that such a network would be far 
more likely than a mere aggregate of ions to give rise to 
the complex polymorphism which is actually observed. 

In conclusion, attention may be redirected to the 
formulae assigned in the first paper of this series to the 
carbonate, nitrate, sulphate, and silicate ions 


0—c<° 
o 


- ++ o 

0—N<_ 

0 


0 0 


°>Si<°. 

0 x o 


These formula, in which charged atoms are united by bonds, 
have the merit of satisfying the conditions of crystal- 
symmetry better than the traditional chemical formula 


0==<y° °>N—0 

6 o' 


,0 


0. c/ 0 0^., yO ? \OV V 

SS<_ >Si(_ or I >Si/_, 

0 0 o N o o' \) 


although the latter may perhaps represent more accurately 
the structure of the ions in solution when removed from 
the influence of the symmetrically-placed kations of the 
crystal. At the same time they avoid the difficulties, 
both chemical and physical, which arise from the attempt 

+4-++ 

to represent all these anions as metallic kations, C 
+++++ ++++++ ++++ 

N S and Si , surrounded by a surplus of 
oxide ions 0. In particular, the formulse for the nitrate 
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and carbonate ions, whilst conforming strictly to the crystal*. 
symmetry of calcite and of sodium nitrate, enable us to 
avoid the illogical conclusion that the real bonds of 
carbonic anhydride and of the oxides of nitrogen disappear 
completely in the carbonates and nitrates. 


Summary. 

4 On etching natural crystals of sylvine with a strong 
solution of potassium chloride unsymmetrical pyramids 
were sometimes formed by the flotation of detached 
fragments, but on artificial crystals the etch-figures were 
always symmetrical, even in presence of opticaily-active 
impurities. There are therefore no trustworthy crystallo¬ 
graphic data which can be used as evidence of a lower order 
of symmetry than that deduced from X-ray analysis, or as 
a proof of the existence of bonds between individual atoms 
of potassium and of chlorine. The ionic structure assigned 
to sylvine is also in harmony with the high conductivity 
of the fused salt. 

On the other hand, objection is taken to the view that 
crystals of ice and quartz, and the anions of oxygenated 
acids in crystals such as calcite and barytes, are mere 

— — ^ .j, 

aggregates of oxide ions 0 with kations such as H, C, 

++++ + + + + + +4*++ + + 

Si, N, and S . Thus the formation of 

ice is more likely to be a process of polymerization in 
which additional bonds are formed than a process of 
ionization in which all the bonds between the atoms are 
destroyed; a network of single bonds between quadri¬ 
valent oxygen and bivalent hydrogen is therefore postu¬ 
lated. In the same way it is suggested that the oxygen 
atoms in the carbonate, nitrate, sulphate, and silicate 
ions are linked to the central atom by single bonds, and 
therefore carry only single negative charges. A network 
of single bonds is also postulated in quartz, but in this 
case the atoms of quadrivalent silicon and bivalent oxygen 
would be electrically neutral. 

One of us (M. A. V.) is indebted to the London County 
Council for a scholarship held during the period in which 
this work was carried out. 

University Chemical Laboratory, 

Cambridge. 
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XXIV. Some Problems in the Conduction of Heat . By 
George Greek, D.Sc., Lecturer in Physics in the Applied 
Physics Department of the University of Glasgow *. 

I N two previous communications f relating to the subject 
of beat conduction illustrations have been given of the 
method of solving problems by means of wave-trains. In 
these earlier papers the main purpose in view was to develop 
the fundamental solutions which generally form the basis from 
which we derive or build up the solution of particular pro¬ 
blems, the application of the method to important or difficult 
problems being left to a later opportunity. The method is 
useful in all cases of plane, spherical, or cylindrical heat 
distributions, and it has the advantage that the mathematical 
solutions are arrived at by direct application of the familiar 
physical ideas associated with the transmission of a wave- 
train across a boundary or with its reflexion from the 
boundary. In addition, the normal coordinates, which are 
in general, required for the solution of problems in which 
the conduction of heat in a limited portion of matter is under 
consideration, and are obtained usually by a separate investi¬ 
gation, are derived in the natural course of application of 
this method. The particular form which they take in each 
special case becomes evident when the boundary conditions 
are applied to each constituent wave-train of a given fre¬ 
quency, as we shall see in the special cases treated below. 
In the present paper the main purpose in view is to demon¬ 
strate the suitability of the method and to show its power in 
the treatment of problems of considerable interest and diffi¬ 
culty. The problems chosen for this purpose have in most 
cases, though not in all, been solved already by other methods,, 
so that the relative values of the two methods of solution of 
heat-conduction problems can be readily determined. 

The equation of heat conduction in a uniform medium may 
be written in the form 


!f=*v*to,..(i> 

where K = Kjcp; v, K. c, p being temperature, conductivity, 
specific heat, and density respectively. This equation, in 
one form or other, together with equations representing 

• Communicated by the Author. 

+ Phil. Mag. iii. Suppl. pp. 784-800 (April 1927): pp. 701-720 (April 
1928). ' . 

Phil. Mag. S. 7. Vol. 9. No. 56. Feb. 1930. R 
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special boundary conditions, has to be satisfied in all cases 
to be considered. As the first problem to be examined we 
take that of determining the temperature in a finite rod of 
length a, having an initial temperature distribution given by 
f{x), and under a condition at the boundaries x=0 and x—a, 
which may be that radiation takes place there to a medium 
at zero temperature, or that the temperature there is main¬ 
tained at zero, or any similar condition. To solve this 
problem we start from the solution representing a plane 
periodic heat source situated at plane x—x x within the 
medium, given in the usual notation by 

v =-. . for x >x u (2) 

2K V 7 

’ = ^7f 


at-in-x) v/- 


for x\>x. (2 1 ) 


The first represents a positive wave-train supplying iqe M 
heat units per unit area at x—x x in the positive direction ol 
x from and the second represents a negative wave-train 
supplying an equal amount in the negative direction from 
Follow now the positive train alone. At x—a some boundary 
condition (such as »=0) has to be fulfilled, and as the above 
train alone violates this condition, it must give rise to a 
reflected wave-train, so that, instead of a single positive 
train (2), we require 

V _ +Ape M-i2a- xr x)i^ ... ( 3 ; 


in which we have written p instead of-and iX. 

2K./- 

ffi V * 

instead of \J — • The additional term now appearing 


represents the negative wave-train reflected from boundary 
x=a, A being an operator or boundary coefficient whose 
value remains to be determined by the special boundary 
condition chosen. The reflected wave-train is also to be 
regarded as the continuation within the medium of the 
original wave-train as modified and redirected by the 
boundary. The negative wave-train introduced above in 
turn fails to satisfy the required boundary condition at jr=0, 
and in turn gives rise to a reflected wave-train in the positive 
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direction of x, To include the effect of this second reflexion, 
the original positive train is now to be accompanied by two 
wave-trains, which are its continuations within the medium, 
so that from (3) we pass to 

The phase of each wave-train agrees with the phase of the 
corresponding reflected wave-train at the boundary at which 
reflexion takes place ; thus in the above cases we have 


a ?—Xi =s 2a —x at a? as a, 

and 

2a—#!—#=: 2a—#! + x at # = 0. 

At each boundary a continuing wave-train arises, and an 
additional term is required to represent its effect within the 
medium. The complete wave-system arising from the 
original positive wave-train by successive reflexions at 
boundaries 4?=a and ar=0 respectively is represented by 

+ AV~***+AV-***-f etc.} 


+ Ajw*-<*-*i-**{ 1 -f A 2 *-* 1 * + A*e -*■* + AV 6 ®* + etc}. 

• * . (5) 

In a similar manner we find that the complete wave-system 
arising from the original negative wave-train by successive 
reflexions at boundaries #=0 and x~a respectively is 
represented by 

+ Ape™-^*} {■ i _ A l g ^ ft } , (6) 


in which we have inserted the sum of the geometric series 
appearing in (5). The stun of the two expressions contained 
in (5) and (6) represents the temperature at any point x at 
instant t due to a periodic source qj** situated at «r„ the 
boundaries *=0 and x—a being subject to some definite con¬ 
dition which determines the value of the coefficient A. The 
temperatnre at time t at any point x due to an instantaneous 
surface source q initially at x u subject to the same boundary 
conditions, is obtained directly from the above results by an 
integration indicated by 

i r® 

—-J <**(»!+ «s).. (7) 


When we make use of the transformation 



E 2 
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throughout, and combine corresponding terms in v x and 
it will readily be found that (7) becomes 
00 

v = g^J d\e~ KkH {cos (.c—cos (a—x — 

X 1— W 

This is essentially the solution we require in integral form, 
including all possible values of A. The evaluation of the 
integral appearing in (8) can most directly be carried out by 
contour integration, the path of integration with respect to X 
being along axes inclined at 45° to the real «*is of X, and 
along two circular arcs connecting these axes at infinity. 

We have now to assign definite values to A in accordance 
with the particular conditions of reflexion of each wave-train 
at the boundaries of the medium. If the wave-trains are 
reflected under the condition that at the boundaries the 
temperature is maintained at zero (r=0 at ar=0 and #=a), 
then A= — 1: and the positive roots of 1—e _38<x =0 are at 
the values of X given by aX=0, v, 2tt, 3?r, etc. For all 
such values of X we have also 

^{i 

and accordingly, by means of the theorem of residues, the 
evaluation of (8) is given by 


QtC * 

V ~ fctf e~* kH { cos (x—a?,)X—cos 0+*,)X} 

where aX=0, ir, 2ir, etc. 

2^/c £-«(*")% . nir . nir 

—tv " n 7‘“"r i .« 

the summation extending to all values of n, in agreement 
with the well-known result. If, on the other hand, the 
wave-trains are reflected at the boundaries under the con¬ 
dition that radiation takes place there into a medium at zero 
temperature 

{-«£=*’}• 

then 

. _iKX—A 

*K\+A» 

and the roots of the equation 

l—h?e~* riK as 0 
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are identical with the roots of the equation 

■» /ia\ 

tan aX as ^ 7 —jr, .( 10 ) 

Moreover, corresponding to each value of X given by the 
roots of { 10 ), we have 

A («- (iKX+*)> ’ ■ 

and we can find readily from these results, by applying the 
residue theorem, that the evaluation of ( 8 j is now given by 


0 = Se~' tX * t {cos («—«i)X+cos (a—x - #i)X} 

K *X*+A* 

X a(K*\*+A , ) + 2KA’ ' 


( 12 ) 


the summation extending to ail the roots of ( 10 ) above. 
Since we can put 

x K*X*-A* , . x 2KAX 

cos aX — + P and 81n «*• — £ 2^2 + A*» 


it can easily be verified that the above result is equivalent to 


2g#“ - 

*”k? 


«A»t 


(KX cos #X+A sin .rX) (KX cos a^X+A sin ar,X) 
a(K*X s +A*) +2KA 


Q3) 


which is also in agreement with a known result. If in the 
above results we put q= 1 , these solutions, (9) and (13), then 
are Green's Functions corresponding each to a special boun¬ 
dary condition. From the above treatment it is evident that 
•the method employed is perfectly general, being applicable 
to any arbitrary boundary conditions. To return to the 
problem stated at the outset, we have merely to replace q in 
(9) and (13) by f(&i) dx x and integrate with respect to ar, 
from #|=0 to x 1 =a ) and so obtain the temperature at#at 
instant t due to an initial arbitrary heat distribution in the 
material. 

Consider next the problem of determining the temperature 
at any point within a sphere of radius a, having an initial 
temperature distribution represented by v—f(f), and subject 
to a boundary condition at surface rasa which can be 
specified later. The investigation proceeds along exactly 
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the same lines as in the problem treated above. That is, we 
start from the solution representing a periodic heat source 
per unit area, situated at any surface r=r x within the 
sphere, namely, 

» =- . r><\, (14) 

v sr r<r 1 . (J4 ( ) 

The first part of the solution represents a positive wave- 
train supplying \qe m heat units per unit of area at r u and 
the second part represents a negative wave-train supplying 
an equal quantity of heat in the opposite direction front rj. 
Consider the positive train alone. After one reflexion at the 
boundary r=a, the effect of the original train and its con¬ 
tinuation is given by 

pe ikl-(.r-r l yiK + X p€ ikC-(aa-r l -r)i^ . . , (15) 

the additional train being the negative wave-train reflected 
from the boundary r=a, and agreeing in phase with the 
original wave-train at r=a. As we have pointed out in an 
earlier paper, each negative wave-train must, after passing 
through the origin, continue as a positive train; hence from 
(15) we pass to 

pe ikt-(r-r^ + ^ pe M-(Sa-r^-ryO,_ A p ^kt-(Sa-Ti+r)iK^ ( Jg) 

in which the new wave-train appearing is a positive train. 
The process is repeated by each successive positive train, se 
that we can write down at once the wave-system within the 
sphere arising from the original positive wave-train in 
the form 

pgikt+r^K^-ri*. _j_ giainXr. A« -2ua (l — A« -aaW -f A*e~ iaiK — etc.)}. 

. . . (17) 

The corresponding expression for the complete wave-system 
arising from the original negative wave-train is given by 

t> 2 sss 2isin Xr p« ito ~ r i‘ A {1 — Ae -2aU -f A , £~ 4aa — etc.}. (18) 

In these, (17) and (18), it is evident that the trains are 
arranged in pairs according to powers of A, a positive and 
a negative together, in order to fulfil the conditions required 
at the origin that the temperature there is finite. The 
original positive train alone, represented by the first term of 
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(17), violates this condition, and we have accordingly to 
bring this term into conformity with the condition by 
introducing the corresponding negative train. This means 
that instead of (17), which is incomplete, we write the 
complete wave-system arising from the original positive 
wave-train in the form 

v 1 =-2ism\rpe M +^.—. . ( 12 ) 

Just as we found in the previous problem, the sum of the 
two expressions contained in (18) and (19) represents the 
temperature at r at instant t due to a periodic source qe ft * per 
unit area situated at r x : and from this, by an integration with 
respect to k, indicated by (7) above, we find the temperature 
at r at instant t due to an instantaneous surface source q per 
unit area situated at r=ri in the form 


v 



sin \r sin Xr, 

1 -f Ae _3oiA * 


. . ( 20 ) 


Taking A=—1, as before, corresponding to the condition 
that the surface of the sphere r=a is maintained at zero, we 
find that the poles of the integrand are again given by 
a\=0, 7r, 2w,... «7r, etc. The evaluation of the integral 
required is again effected by contour integration along the 
path, consisting of the two axes inclined to the real axis of X 
at angles oE 45°, connected by a circular arc at infinity. The 
result obtained by means of the Residue theorem is 


v — 


2g Kr i 

Kr 


00 


S sin Ar sin Xrj, 

1 


. ( 21 ) 


where X=rar/a, and the summation extends to all values of n. 
Taking 

A = {M; + k)} / {*-(;- k)}- 

corresponding to the condition that radiation takes place at 
surface r=a into a medium at zero temperature, we find that 
the poles of the integrand are at values of X given by the 
the roots of the equation 


tan 2a\ = — 


{( 




or tan aX; 


(i-i)' 

. . ( 22 ) 
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At each value of X given by (22) we find that 

= i [u |x’+(j-5) ] + 2 (£-;)]/ {*+ (tr*)} - 

... (23) 

and accordingly, by means of the theorem of Residues, we 
find that the evaluation of (20) is giveu by 

v sb ^$ - r - X sinXr sin Xrj 

Kffl i 

K *a*X s (ah —K)* .... 

* (KVa.'+ (aA- K f+ Ka(aA -K) | ^ ' 

the summation extending to all the roots of (22) above. It 
will be seen that the results arrived at in (21) and (24) are 
in agreement with known results. To obtain the solution 
corresponding to an initial beat distribution throughout the 
sphere, we have merely to replace q by/(r,)drj and integrate 
with respect to r x from 0 to a. 

As a further application of the same method we take the 
case of a sphere of one material enclosed within another 
material bounded also by a concentric spherical surface, the 
whole having an initial temperature distribution /(»•), and, 
as before, subject to any specified condition at the outer 
boundary of the outer material. We take K,,icj to refer to 
the inner material bounded by the surface r—a, and K,,* a 
to refer to the outer material bounded by the surfaces r=a 
and r=b. The complete solution aimed at consists of four 
parts. Starting with a periodic heat source qe m situated at 
rj within medium 1, we require the temperature at each 
instant (a) at any point r within medium 1, and ( b) at any 

E oint r within medium 2. Similarly, starting with a periodic 
eat source q'eP 1 * situated at r t within medium 2, we require 
the temperature at each instant (a) at any point r within 
medium 2, and (6) at any point r within medium 1. Taking 
first the case of a source at ri in medium 1, we build up our 
solution from two initial wave-trains corresponding exactly 
to (14) and (14') above. If we introduce the necessary 
modifications in our notation indicated by 



(25) 
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the expression representing the wave-system which arises 
from the two fundamental wave trains within medium l by 
successive reflexions at the boundary r=o is identical with 
the sum of (18) and (19) above, already included iu (20), 
namely, 

«i = igp^ sin Xr sin ^ • • (26) 

This gives the primary effect of the source at r x at any point 
r within medium 1 itself. 


First Effects Transmitted into Medium 2. 

This effect is produced, as we have seen, by the group of 
positive trains 

. (27) 

accompanied by the corresponding group of negative trains 
reflected from boundary r=a. Each of these positive wave- 
trains transmits a continuing wave-train into medium 2. 
For example, let 

v t = qpjd**-*>-*&* + Aqp l e ifc *-& a - r i~ r >* . . (28) 

represent a positive train and the reflected train at boundary 
r=a, and let 

Vtf SB A 'gpieto-i—riK-rtr-*)* . . „ (29) 

represent the corresponding continuing wave-train trans¬ 
mitted into medium 2, then the two boundary coefficients 
A and A f are to be determined by the conditions 


i'i = r 2 and 


f IT St J l_ rr 5^2 


at r = a. 


(30) 


Their values will be given later. Meantime we see from the 
above that the first group of wave-trains transmitted from 
medium 1 into medium t is represented by 


/g-Co-r,)^_g-(«+ri)*A i 1 _ I 

1 *l+A*-*«* [ 


fan 


This group of wave-trains, being positive, first undergoes 
reflexion at r=6, and then is partly reflected and partly 
transmitted into medium 1 at boundary rasa. Through 
successive reflexions at boundaries b and a the wave-system 
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in medium 2 is built up. Taking the boundary coefficient 
for reflexion at b as B, and that for reflexion at a as O', we 
can represent the original wave-group in medium 2 and its 
continuations by 

a > e -it(r-a)ik followed by B \ 

BO 7 „ „ B S C' l (32) 

B*C'*« , e">‘<" _Sa+r)iJk „ „ B*C'**'e-*“- 5# - r > < sJ 

and so on, the successive positive waves being given in the 
left-hand column and the successive negative waves in 
the right-hand column. The summations of the positive 
and negative waves are given by 

a'e-^-^K l -BC'<r %( *- B) *) .... (33) 

and 

B a V-^-“-r)^/( 1 _B(; , e-^( 4 -“) <A ) . . (33') 

respectively. By combining these we obtain the complete 
effect at r in medium 2 of the first transmission into medium 
2 from medium 1 in the form 

Yj=2^^*- -(<*+*(»-«)> u s in + Br - * 6 -**}. A'f^S* 

where * * * 

Si = l/{l + Ae -2a<A } and S* = 1/(1-BCV-^-**}. (35) 

First Effects Retransmitted into Medium 1. 

Consider now the group of negative wave-trains (33') 
forming part of the wave-system (34) in medium 2. Each 
negative wave-train, on reaching boundary r=a, transmits 
a negative train into medium 1. For example, with C as 
boundary coefficient for transmission from medium 2 into 
medium 1, the negative train p 2 e~'* (34-0_r><A in medium 2 
continues into medium 1 as the train represented by 

We accordingly represent the first negative wave-system 
returning into medium 1 by 

. A'BC S,S a . (36) 

These trains, being negative, continue their course through the 
origin, and thereafter become positive trains represented by 

— qp 1 e m -*< a +« t —W- H He ni *—}. A'BO SiS„ (37) 
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and as they continue their course by multiple reflexions at 
boundary r=a, in exactly the manner worked out in the 
case of the original positive train (14), they bnild up within 
medium 1 the system 


v | «— 4jp l « i **sinXrsin\r 1 .«“ 3 t <,+ ^ 4 " a) t tt .A T BCS| S S*, (38) 

which represents the first secondary effect of the source at r* 
at any point r within medium 1 itself, the primary effect 
being given by t» x in (26) above. We can evidently rewrite 
(38) in the form 


t>, = — etvi, where a = . A'BC SiS*. (39) 

The process described above for the trains represented by 
Vi is now repeated by the trains represented by v t . The 
positive trains included in t? a , given in (38), again transmit 
wave-trains into medium 2, where they in turn build up a 
wave-system whose total effect is given by V 2 , where 
Vj=-«V„ V 1 being given by (341 The corresponding 
return wave-system contributes the . econd secondary effect, 
or the third actual effect, of the source at r x to the total 
effect at any point r in medium 1. Denoting this by v % , we 
have 

0 3 = —«t*j — cth'x, 

and similarly 

V, ==-*V, = «*V„ 

and so on. 

The coefficient « can be used, like the other coefficients, 
simply as an operator. The summation of all the terms 
«i> t>2, v it etc. (and also that of the terms V x , Yj, V,, etc.) is 
now a simple matter. If we put 



S = 1—« + <**—«*+ etc., 

we ean now write down the total effect at r in medium 1 
due to a source qe*** situated at r x in medium 1 in the form 

v = iqpie m sin Xr sin Xr x S X S, S = 1/ (1 + *), (41) 

and the total effect at r in medium 2, due to the same source 
at r x in medium 1, in the form 


v = 2iqp,e iM -<‘+^ t - a >^ sin Xr l {*‘<*- r *+Be-^-^JA'SiSjS. 

. . . (42) 
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These results contain the solutions required in the case of 
a periodic source qe M situated at r t in medium 1. The 
corresponding results representing the effects of a periodic 
source q'e M situated at r t in medium 2 can be obtained by 
exactly the same process from the initial trains 

and q'p s e iW- e< r ■-*•)&. . . (43) 

These wave-trains are to be regarded as continuing after 
reflexions at boundaries r—b and r—a respectively. The 
original trains and their first three or four continuations in 
medium 2 are indicated in order in the vertical columns :— 

q'pg^-Mr, -ry A } \ 

a , q , p i e M -^ +(r - ta > u , 
BG'q'p 3 e ikt -^ ai - 2a+r ^ ix , 1 
B0 /2 g'p^ <a -'* (34 - 4a+r > +*>», 

. . . (44) 

and so on, B being boundary coefficient determined by the 
conditions to be fulfilled at r=b, and C' being boundary 
coefficient for wave-trains reflected into medium 2 at r=a. 
Each positive wave-train in the, above system, after reaching 
boundary r=b, continues as a negative train; hence the above 
wave-trains occur in pairs, each pair consisting of a positive 
followed by a negative wave-train, which together satisfy the 
boundary condition at r=6. The original negative wave- 
train g > p i ^ kt -^ r i~ r y^ alone violates this condition. As 
before, in the case of the first term of (17), to bring the 
anomalous term into conformity with the condition required 
at r—b, the corresponding positive term must therefore be 
introduced at the top of the right-hand column above, namely, 

-r)*A 

The summation of the above terms then gives the complete 
primary effect produced in medium 2 by a periodic source 
situated at r t in medium 2, the result obtained being given 

. . . (45) 

Each negative wave-train contained in the above wave- 
system* transmits a wave-train into medium 1, and secondary 


iLp.gifc+tttfJ-r, 


- r i - r ) u , 

BG'q'p^ ~ M(5»-2a-n+i-)U 

B 2 C 'q'pteM-MM-to-rt-r^ 
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effects are produced in medium 2 by wave-trains retrans¬ 
mitted from medium 1 . The process has been explained 
above, and we need only write down here the final result,, 
representing the complete effect at r in medium 2 , due to a 
periodic source q'e ikt situated at r x in medium 2, i n t he form 

. . . (46) 

Similarly the complete effect at r in medium 1, due to a 
periodic source q'e M situated at r x in medium 2 , may be 
written in the form 

v=2iq'p 1 e ikt -< tt ^ ii - a)ik sin \r{e^ l ~ r ^ + Be-^-^jCSiSsS, 

- • • («) 

where C is the boundary coefficient for wave-trains trans¬ 
mitted from medium 2 into medium 1 at r—a. To determine 
C and O', we put 

t' s = qp t e i * t -* r i- r * x + C'q'p 1 e At - (ri+r - 2a) * . (48) 

to represent a negative train and its continuation by reflexion 
at r=a in medium 2 , and 

v, = . . . ( 49 ) 

to represent its continuation into medium 1 , and apply to o x 
and » s the conditions expressed in (30) above: tiie same 
conditions used to determine A and A'. The expression 
(47) and the earlier expression (42) are reciprocal, as we 
shall see from the evaluations of the constants 0 and A given 
later. Each expression is converted into the other by the 
simple interchange of r t and r. excepting, of course, where 
r x and r appear in pi and p s . 

Our system of results contained in (41), (42), (46), ( 47 ) 
is now complete so far as periodic sources in medium 1 and 
medium 2 , enclosed within finite boundaries, are concerned. 
To arrive at the corresponding results for instantaneous 
sources q x and q, we have to evaluate two integrals of the 
11 '" 

form — 1 dkv for any point r in medium 1 , and two 
*Jo 

corresponding integrals for any point r in medium 2 . For 
the effect at r in medium 1 of an instantaneous source q per 
unit area at surface r=r t also in medium 1 , we have from 
(41) above, 

0 = - -I d\ sm\r x sinXre “i^ ——, ( 50 ). 
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For the effect at r in medium 1 of an instantaneous source 
q per unit area at surface in medium 2, we find from 
(47) 

v as ^sin X.re - *» A!<_- i<>+M( A -«)M a 

Jo c 

. ~. (51) 


For the effect at r in medium 2 of an instantaneous source 
q' per unit area at surface r=r t also in medium 2, we find 
from (46) 


ttK^ 


ft oo 

I (1/B) <>M<*-'lXA + £ 

in * . 




l + Ae -2 "'* 

TCf'~ : 


(52) 


and for the effect atr in medium 2 of an instantaneous source 
q per unit area at surface r=rj in medium 1, we find from 
(42) 

v = C 

wK s r J 0 k, 

+ (53) 


In each of the above integrals the value of D is given by 
D = (1 + Ae -2 “‘ A ) (1 - BC'e -2 **"**) + A'BCe" 2 -!^^-^ 


1 

S]S s 8 


(54) 


The conditions determining the four coefficients A, A', 
O, O', have already been given. The four integrals (50;, 
(51), (52), (53) contain the solutions to a number of different 
problems according to the values assigned to the boundary 
coefficient B. When B has the value —1, the solutions 
apply to the case where an init : al heat source exists at r t , 
either in medium 1 or medr a» 2, while the boundary r=b 
is maintained at zero temperature. When B is given the 
value 
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the solutions apply to the case where an initial heat source 
occurs at r u while radiation takes place at boundary r*=b 
into a medium kept at zero-temperature. When we put 
B=0, and make b infinitely large, the solutions above can 
be modified to apply to the case of a sphere of radius a 
surrounded by a medium of different material extending to 
infinity, but in this case the solutions are more readily 
obtained by a direct application of the method employed in 
the present paper, particularly in the case corresponding to 
(52), where the initial source is in the outer medium. The 
solutions for the case of an initial source at rj in medium 1, 
the outer medium extending to infinity, are obtained from 
(50) and (53) above by simply putting B—0 in both. 

To enable us to carry out the evaluation of the four main 
integrals constituting the solutions of certain problems, we 
require now the values of the various boundary coefficients 
ana of the expressions depending upon them contained in 
the integrals. If for convenience we write 

{ K x Ksv'*!- } =d, 


we find that 

{ X,v^-Krt/£+ '^(Kt - K,)) 

A= _ ,( 

_2K 2 \/ K\ - 

A ~~~d 

r< _ 2Kiv/ k s 

^~~d ’ 

{ w*- 

C '“ d 

so that 

A =0-1 and A' = C' + l, 


(55) 


and 

l+Ae-™ = 2e-“> { K lV /^cos aX- ^(K,-K s )sin a\ 
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Other Talnes required depend on the particular value chosen 
for B, and in what follows we have taken 



Corresponding to this value of B we find that 

D . [maw - (I - £)/.(*)]/», (58) 

where 

f x (X) = Ki \Zic t cos aX cos fi(b—a)X 

—Kj \/lc\ sin a\ sin fi{b—a)X 

— —• ~*(Ki—K,)sinaX.cos/it(fe— a)X, . (59) ft 
cla 

f 3 (X) = Kiv/ aj cos aXsin /i(b—a)X 

4 K 2 \/*i sin aX cos n(b—a)X 

JT 

~ —— (Ki — K<) sin aX sin fx(b — a)X, . (60) 
l-BCV 8 *<»-«)» 


= [vA J(k,v^- ^ IK, - K,)) 

X cos/*(5— a)X4 t’K 2 v/sin ji(b— a)xj 
— 0- [k*V^cos fi(h—d)X 

4-i^K 1 \/^--^(K 1 -Kj))sin/i(5-a)\J J jdd\ 

. . . (61) 

g-ia+rib-aftik^eAl -n)iA + Bg-^-'i^l/D 

|/iXcosi*(t—r x )X— — ^sin/it(6-ri)x| K,\/#t 

| /t X/i(X)-(i-^)^(X)J 
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The evaluation of the integrals with which we are concerned 
can most directly be effected by contonr integration, as in 
previous problems, along a path consisting of two axes 
inclined at 45° to the real axis of and the circular arcs 
joining them at infinity. It is evident, therefore, that the 
solutions (50)... (53) tben consist of an infinite series of 
terms, the value of each term being determined by a value 
of A. which is a root of the equation 

M/i(X)-(g-l) ;i (X)=0. . . . (63) 

When we make use of this equation the expressions required 
can be greatly simplified. Corresponding to each value of \ 
given by a root of (63), we find that we can write 

1 —BC'e- 2 * 4 - * 

I) 

—/i\K, v/cos fi{b — a)X-f ^jr — jj-^sin ^*(5 — a ) x 

2 i ^V,(X) - (* - j^)/s( x )| sin aX 

... (64) 

1 4- Ag~ 2a, ’ A _ KMjMWK (65) 

These results facilitate the evaluation of the integrals above 
by the residue theorem, for the value of B chosen above. 
The same results mav still be made use of when B is given 
the value —1, for if in (57) we omit fik throughout, the 
expression reduces to B= — 1 . Similarly the evaluations of 


the various terms apply to the case where B—-—1 , when 
terms containing /u\ as a multiplier are omitted. Thus, 
instead of (63), we have now simply 

fsi x ) — 0.(66) 


as the equation whose roots are required for the evaluation 
of the integrals (50)... (53), when B has the value —1. 

The two equations (63) and (66) are particular cases of 
the more general equation D=0, where D is given by (54) 
above. Another case of interest is that in which B=0 and 
b is infinitely large, corresponding to a finite sphere enclosed 
Phil. Mag. S. 7. Yol. 9. No. 56. teb. 1930. S 
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within an infinite medium. The equation whose roots are 
required is then 

(l + Ae~ 3aik ) = 0, 

or its equivalent given in (56). A detailed investigation of 
the nature of the roots of equation D =0 in all its various 
forms would of course be required in order to determine 
completely worked-out expressions for all the solutions con¬ 
tained in the integrals given above, but this is beyond the 
scope and intention of the present paper. We accordingly 
conclude this demonstration of the value of the method 
we have employed by completing the evaluations required 
in the special case in which B= — 1 . These evaluations are 
contained in 


® 2ok 1 >* 1 sin Xr sin Xr^^ 11 u /— sin n(b — a)X 

47 - f K7--* ~ KlVV .sin aX • 

. . . (67) 

“ 2q , K l r 1 sin Xr sin /i(b— r, )Xe~* lkit ^ /:r 

v = f- KjT / s '(X)- KlV K »- ■ * (68 > 


* 2 q'n^nry 8\nfi(b~r)X sin n(b - r^Xe"^ 1 
* i K,r f s ’(X) 

x — K g v/*! sina?l 


(69) 


sin fi(b~a)X’ 

V 2qK 2 fir i sin Xr j sin n(b—r)Xe~ K ^ i{ jjr r - /17AX 

» = 2 -^ -S'W- , ' /k “ ‘ <70) 


in which the summations extend to all the roots of equation 
( 66 ) above. These represent respectively, in the order 
given, 


( 1 ) the temperature at r in medium 1 due to an instan¬ 

taneous source q per unit area at r x in medium 1 ; 

( 2 ) the temperature at r in medium 1 due to an instan¬ 

taneous source <{ per unit area at r x in medium 2 ; 

( 3 ) the temperature at r in medium 2 due to an instan¬ 

taneous source q' per unit area at r, in medium 2 ; 

( 4 ) the temperature at r in medium 2 due to an instan¬ 

taneous source q per unit area at r } in medium 1 . 


The solutions are the equivalents of Green’s Functions 
corresponding to a special boundary condition, namely, that 
the temperature is maintained at value zero at boundary 
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r=b; and they are fundamental solutions from which solu¬ 
tions to any problem of arbitrary initial heat distribution 
within the two media may be obtained. If we suppose, for 
example, that initially both media are at a uniform tempera- 


K 

tore throughout, we have merely to replace q by — r 0 dri 

TT 

in medium 1, and <f by —v^dry in medium 2, and integrate 

K % 


the four expressions given above, (67)... (70), with respect 
to r u from 0 to a in medium 1 and from a to b in medium 2. 
The sum of the integrations performed on (67) and (68) 
gives the temperature at any point r in medium 1 at any 
instant t. It will readily be verified that, in virtue of 
equation (66) above, the expression for the sum of the 
integration reduces to 


where 


^ 2v 0 bK 2 \/ Ki sin a A. sin p-(b—a)\ sin 
Z Xr F(X) 




(71) 


F(X) = Ky\/ K.a im 2 fi(b—a)\+ K 2 \/ Kx^ib—a) sin’aX 

— ~~ (K^ — K s ) sin s aX sin 2 fi(b—a)\ y . (72) 


the summation extending to all the roots of (66). Similarly 
tiie sum of the integrations with respect to r, performed on 
(69) and (70) above gives the temperature at r in medium 2 
at any instant t : and, as in the case preceding, in virtue of 
equation (66) above, the expression for the sura of the 
integrations reduces to 


_ v 2t? 0 &K J v' sin*a\ sin fi(b—r)\e 

V ~ X ~Xr F(\) 


—»c t A 


(73) 


the summation extending to all the roots of (66) as before. 
These two results contained in (71) and (73) will be found 
to be in agreement with the solutions of this problem given 
by Prof. Carslaw in Proc. Cam. Phil. Soc. xx. pp. 400-410 
<1920-1). 

The problem of determining the temperature at any point 
in the case where radiation occurs at the outer boundary of 
the outer material is one of considerable interest, for which 
the solution has not yet been published. The essential form 
of the solution is contained in the above paper, but the 

S 2 
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problem is worthy of beiDg worked out in full detail, 
including the two special cases in which the outer material 
is of greater and of less conductivity respectively than the 
inner. In like manner the problem of heat conduction in 
an iuner sphere enclosed in a different material extending to 
infinity requires to be more fully discussed. It would be 
interesting also, and it would extend the usefulness of the 
method employed in the present paper to more general 
problems, to obtain by means of it the solution representing 
the temperature at any point within a sphere due to a point- 
source situated at any point within the sphere, the boundary 
being subject to any specified condition. 

I desire to thank James F. Shearer, M. A., B.Sc., of this 
University for the interest he has taken in the work of this 
paper. 


XXV. The Propagation of Flame in Gaseous Explosions. 
By Prof. W. M. Thornton, D.Sc., D.Eng., Armstrong 
College, Newcastle-on-Tyne *. 

I. Introduction. 

T HE slow movement of flame in a gaseous explosion 
distinct from detonation proceeds by activation of 
gas immediately beyond the wave-front by some emanation 
from it. As to the nature of this activation, there is at 
present no general agreement. It can only occur in one of 
two ways, either by direct ionization from contact with 
the burning gas, or by changes of energy level in the 
unbumt molecules. Fifteen years ago the nature of the 
latter kind of activation had not been worked out, and 
though there was conclusive evidence that the ignition of 
gases depended more on the electrical than on the thermal 
properties of igniting sparksf, theories of ignition had not 
advanced beyond the conception of this electrical activa¬ 
tion as some form of ionization. The proof of change of 

* Communicated by the Author. 

t “The Electrical Ignition of Gaseous Mixtures,” Roy. Soc. Proc. A, 
xc. p.272 (1914). ’ 
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energy levels in atoms and molecules has made possible 
the view that the activation of gases accompanying 
ignition either by sparks or flames may not requite the 
pioneering formation of ions, but rather the absorption of 
radiation in such a manner that their electrical energy is 
raised, at least for the time necessary to start chemical 
change. On the other hand Finch and Cowan * have 
shown recently that in certain modes of ignition by uni 
directional discharges in gases at lowered pressures the 
results me proportional to the magnitude of the current, 
that is, to the rate of passage of ions: but in their work 
there is the further possibility that in the formation and 
recombination of ions there is radiation, which may be 
the active cause in starting the chemical reaction of which 
flame is evidence. 

H. B. Dixon f found that transverse magnetic fields had 
no influence on the speed of flame in tubes, but the fields 
used, 10,000 gauss, though technically high, have been 
regarded since as insufficient to change the movements of 
ions in the explosion wave-front. Certain experiments by 
Lindemann and by G. N. Lewis have shown that radiation 
does not activate molecules over a wide range of frequencies 
within which it might be expected to occur. The position 
on this evidence is, then, a deadlock. Two methods of 
escape seemed possible: on the one hand to test the 
ionization hypothesis further by experiments in an electric 
field about the action of which there should be no un¬ 
certainty, or to examine the records of flame propagation 
for evidence which might reveal the mechanism of the 
process. In his Presidential Address J to Section B of the 
British Association at Glasgow, Baly discussed very fully 
the manner in which radiation could enter into chemical 
reactions, with special reference to photoluminescence. 
Lenard and Klatt define two “ instantaneous ” state® 
characteristic of each emission band. “ In the upper state, 
which has a very small temperature range immediately 
.below the upper temperature limit, the stability of the 

* S. L. Finch and L, G. Cowan, M Gaseous Combustion in Electrical 
Discharges. Part II.—The Ignition of Electrolytic Gas by Direct- 
current Discharge.” Roy. Soc. Proc. A, cxvi. p. 529*(1927). 

t “Explosion in the Magnetic Field” Roy, Soc, Proc* A, xc. 
pp. 606-11 (Aug. 1914)1 

X British Association Report, Glasgow, p. 41. 
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activated state is so small that the whole of the phos¬ 
phorescent emission takes place within a fraction of a 
second after activation has ceased.” The transfer of 
energy discussed by Baly is by the formation of complexes 
formed “ not between any two molecules, but only between 
two which satisfy the conditions, the criterion being that a 
molecule of one compound, possibly by loss of rotational 
energy, can give to the molecule of another compound 
energy equal to the critical quantum of activation of that 
molecule. A complex of this type may be denoted by the 
symbol A~B + , where B has gained its critical quantum 
of activation at the expense of the rotational energy of A.” 
Now the most characteristic feature of the combination of 
molecules in a gaseous explosion is the momentary excess 
of rotational energy. Evidence for this is the so-called 
“ missing pressure ” of explosion *, the percentage of f 
energy radiated, and the widening of lines in the spectrum of 
explosions. There is therefore reason for the view that the 
conditions necessary for the transmission of flame by such 
an exchange of radiation between members of a complex 
are all present in the wave-front. There can be no doubt 
that the action is very limited in space or time, or the 
velocity of flame, in a tube with an open end for instance, 
would be much greater, having regard to the normal 
velocity of molecular movement in gases. 

2. Explosions in an Electric Field of Force. 

Before examining the relation between velocity of 
explosion and radiation, it may be of interest to give the 
result of measurements of the velocity of flame in an 
electric field of force. The influence of a moderate electric 
field on a steady flame has been examined by Becker $. A 
voltage of 3000 across poles 44 millimetres apart, between 
which flames of various kinds were maintained, though 
not making contact with them, has no apparent influence 
in distorting the flame until metallic salts are introduced. 

* “The Lost Pressure in Gaseous Explosions,” Phil. Mag., July 1914, 

p. 18. 

f “ The Total Radiation from a Gaseous Explosion,’’ Phil. Mag., Sept. 
1916, p. 383 

1 A. Becker, “ Die Eleetrischen Eigenshaften der Flamrae,” Witn- 
JSarm. Handbuch der Exp. Pkysik, xiii. 1.1, p. 117, fig. l,eand b. 
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These axe driven by the field towards one pole or the other 
in a manner shown by the movement of the luminous part 
of the flame. 

The ions which give to flame its electrical conductivity 
axe probably a consequence, and not a cause, of combustion, 
but they axe sufficient partially to short-circuit electrodes 
between which a strong electric field is applied. It is 
necessary in such a case to interpose a non-conducting 
barrier between the two metallic surfaces which form the 
poles, so that, though it has little influence on the electric 
gradient, it may prevent a discharge through the gas. 

Table I. 


Upward velocity of flame in 7 per cent, methane in air, 
central electrode in tube, mean field 10,000 volts 
per centimetre. 


Abs. press., 
cm. Hg. 

Velocity, cm./sec. 

Field on. Field off. 

Ratio. 


74 

130 

113 

115 


64 

130 

111 

117 


54 

162 

132 

122 


44 

91 

83 

1096 


37*5 

88 

75 

1*175 


30 

61 

44 

1*38 


20 

60 

44 

1*36 



A glass tube a metre long and 3 centimetres diameter 
was surrounded for the middle 80 centimetres with a 
metal sheath, leaving a space 5 mm. wide through which 
to observe the passage of the flame. A metal rod 8 mm. 
diameter, which passed through stoppers at each end, 
formed the inner pole. Between this and the outer sheath 
a unidirectional pressure of 10,000 volte was maintained, 
measured by an electrostatic voltmeter. When the tube 
was dry, higher pressure could be used, but to avoid any risk 
of pilot sparks it was kept at the above value. The tube 
being exhausted and filled with the mixture, which had 
been standing over water, ignition was made by a spark 
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at the bottom, and the flame travelled upwards at a uniform 
rate. 

Working with a 9-6 per cent, mixture of methane and 
air at atmospheric pressure, the lower end of the tube 
being opened after ignition, no difference in the velocity 
of the flame could be observed with and without the 
strongest fields. This observation was made immediately 
after the publication of Dixon’s work, and was held to 
confirm his conclusions. On repeating this recently with 
a weaker mixture a transverse electric field was found to 
.have a marked accelerating influence on the speed of the 
flame. 

The velocities are the means of 10 to 20 determinations 
in each case. 

The results are conclusive that at all pressures at and 
below atmospheric flame travels faster in a transverse 
electric field. 

If the pioneering activation from a wave-front were 
ionic, the electric field used should have perceptible in¬ 
fluence on its rate of transmission, for the velocity of an 
ion in a field of 10,000 v./'cm. is about one-half of the 
velocity of agitation at normal temperature and pressure. 
Such a movement as this could not fail to have marked 
retarding effect on the advance of slow flames if it were 
solely one of sweeping ions from the wave-front. The 
observed acceleration by a field may be a consequence of 
the increase of kinetic energy of the gas, either in or just 
beyond the wave-front, due to the ionic velocity added by 
the field, which has the same result as raising the tempera¬ 
ture; or, from another point of view, the flame, being 
a partial conductor, may be drawn up into the field. 

The influence of an electric field on radiation from a 
flame is the widening of the lines of the spectrum in the 
Stark effect caused by a change of energy of the elliptical 
orbits of electrons of the vibrating atoms. The Stark 
effect has the same cause as the transverse Zeeman effect 
—a modification of the spin of the electrons in the orbit. 
This change of energy of spin may be the added energy of 
rotation required by Baly’s complex for absorption of 
radiant energy from combining atoms by atoms of the 
same kind which are within range. As a possible cause of 
the accelerating influence of the field this should not be 
overlooked. 
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3. Evidence of Activation by Radiation from Flame. 

Analysis of the slow movement of flame in tubes leads 
to the view that, when the diameter of the tubes is 
eliminated from the results, the velocity of transmission is 
directly proportional to the fourth power of the tempera¬ 
ture of the flame. The most general expression for velocity 
of this uniform slow movement is that of Mallard and Le 
Chatelier who give * 

.<*> 

where T is the temperature of combustion, 

t the ignition temperature of the mixture, 

0 the initial temperature, 

L the thermal conductivity of the unbumt gas, 

c the mean specific heat of the burning or just 
burnt gas, and 

/ (T, t) a constant, for a given tube. 

This expression has been confirmed by Mason and 
Wheeler*. Usually 0 is atmospheric temperature, and for 
a given mixture t is constant, so that we may write 

V=&,(T —<),.(2) 

where l\ depends on the size of the tube. 

When a flame is advancing with constant speed in a 
tube each element of the wave-front bums an equal 
volume of gas in the same time. The area of an annular 
element of the flame is 2xry Ss. where y is the distance of 
the boundary from the axis and 8 s an element of length 
along the curve. When the gases are perfectly mixed the 
rate of supply of gas to the flame is uniform over its area 
projected on to the cross-section of the tube. The pro¬ 
jected area of the element is 2ny 8 y, and if h is the heat 
generated per unit area and thickness of this cross-section, 
the rate of generation of heat in the element is 

— (2*hydg). 


* See Bone and Townend, ‘ Flame and Combustion in Gases,’ p. 106. 
f Trans. Chem, Soc. iii. pp. 1044-1057 (1917). 





266 


Prof. W. M. Thornton on the 

The velocity of the flame ~ is proportional to this, 
so that dt 

|(2 

dt/ k , 

or y= dx~i^V a constant .( 3 ) 

The curve for which the subnormal is constant Is a 
parabola, and the flame should therefore assume a para¬ 
bolic section, as, in fact, it is seen to do, each part moving 
with the same velocity. 

The area of surface of such a flame is 

X U +2aI)+ tr)’ 

where a is the semi-latus rectum. Since these flames are 
pointed, a is much smaller than D, and the total area is 
nearly proportional to D 3 . Thus the mean heat generated 
by combustion per unit area and movement of the flame 
is inversely proportional to the diameter of the tube, for 

= -=lWr(£+«>+£)•“ . . (4) 

The corresponding rise of temperature is proportional 
not only to the mean heat of combustion over the 
surface of the flame of unit thickness, but to the rate at 
which the mixture is fed to the flame, that is, to the 
latter’s velocity. Thus T— t-lc^V/D, where k 2 is a 
constant including 3 ah/A and other factors from eqn. (1). 

Hence 

D=fc a V/(T—*).(6) 

is the working relation between D, V, and (T—<), the 
mean temperature of the flame being proportional to the 
ratio of velocity to diameter. 

To carry this further, it is necessary to have recourse to 
observed values of V in tubes of different diameters. 
Burgess and Wheeler * found the following velocities in 
a mixture of methane and air giving perfect combustion. 


* See Bone and Townend, foe. cit. p. 11], fig. 21, 
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Tabus II. 


Diameter of Velocity of \Trr\i 

Tube, D. flame, V. Y/D • 


2*5 cm. 

70 cm./sec. 

54 

5*0 

95 

55 

90 

105 

50 

30*5 

165 

53 

96 5 

255 

555 


Mean,.... 53*5 


It follows from their observations that the velocity of 
uniform motion of flame in tubes is proportional to the 
cube root of the diameter of the tube. The reason for this 
remarkable result, which seems to have been overlooked, 
is as follows. 

Writing V—& 3 Di, and taking, as above, Y—k^T—t) 
we have 

D=& 4 (T-£) 3 .(6) 

But D= so that V= **<T -t)*, or, nearly, V-KT 4 . 

Thus, when the diameter of the tube is eliminated from 
the experimental results, the velocity of flame is found to be 
proportional to the fourth power of its temperature. If 
this were not so, Burgess and Wheelers results would not 
hold. 

This, then, is strong evidence that the activation by 
which the flame travels is radiation according to Stefan’s 
law. The salient facts of the transmission of flame in 
open tubes are : (i.) it is not retarded by magnetic fields 
or (ii.) by electric fields, (iii.) the velocity of uniform motion 
is proportional to the fourth power of the temperature. 
It is difficult to resist the conclusion that the sole cause of 
the pioneering activation from flame is electromagnetic 
radiation. 

In the Report of the National Physical Laboratory, 
1927, p. 62, evidence is given that flame is in thermal 
equilibrium with the surrounding vapour according to 
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black-body radiation. Mallard and Le Chatelier’s results 
show that the velocity of flame is proportional to the total 
heat generated. The present conclusion is that of this 
heat only that in the form of radiation is effective in the 
transmission of flame. For both of these to be true the 
•energy of radiation must bear a constant ratio to the total 
heat of combustion, and this is known to be the case. 

4. Radiation from Combining Molecules. 

The researches of Hopkinson and David * proved that 
the heat of combustion radiated to the walls of an ex¬ 
plosion vessel was nearly 22 per cent, of the whole. A 
reason for this figure has been given f as a consequence of 
the necessary spinning action of two molecules colliding at 
oblique incidence and cohering. Evidence of such a 
spinning action is important in the physics of wave-front 
activation, and since it could only be obtained by spectro¬ 
scopy, an attempt was made to observe it directly in this 
manner, the argument being that rotation must, as in 
other well-known spectroscopic effects, result in widening 
of lines or bands. A long steel tube was fitted with thick 
glass windows at each end, with rubber cushions to avoid 
initial strains. The tube was filled with electrolytic gas, 
and this ignited by sparking-plugs placed out of sight in 
T pieces at each end. The flame, as seen through a 
spectroscope, presented marked differences when advancing 
towards it or receding. Lines were doubled when seen 
from the front, but w’ere single, though blurred, when seen 
from the back, i.e., with the wave-front receding. This 
observation, it was found later, had been made long ago 
by Iiveing who attributed the doubling to reversal by 
absorption of the radiation by the undisturbed atoms of 
molecules between the wave-front and the window. But 
the lines are not merely reversed—they are doubled and 
widened. The so-called ‘‘ steam lines ” in radiation from 
explosion of undried gases, or from steady flames, have a 

* Kov. Soc. Proc. A, lxxxiv. pp. 155-172 (1910), or Ilopkinson’s 
Collected Papers. 

t “ The Lost Pressure in Gaseous Explosions,” Phil. Mag., July 1914, 

p. 18. 

$ “ Spectroscopic Studies in Gaseous Explosions,” Itoy. Soc. Proc. 
A, xxxvi. pp. 471-78. 
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similar appearance *. The two chief “ steam lines ” are 
nearly equal in intensity, but are widely spaced. The 
constant occurrence of “ reversed ” lines in explosion 
spectra mill at least be considered as caused by molecular 
spin when elements having high translational energy, as 
all have in gases, collide and combine. It is then necessary 
to examine the spacing of the steam lines f. From 
researches on explosion at high pressures Bone concludes 
that steam is formed at flame temperatures. The tempera¬ 
ture of an oxyhydrogen flame is about 2400° CL, and the 
corresponding velocity of hydrogen molecules 6-25.10 fr 
centimetres per second. The oxygen molecule may be 
taken to have a diameter of 3.10~ 8 cm., the hydrogen 
molecule 2-4. 10~ 8 . When collision takes place, in the 
accepted planetary manner, and the molecules cohere at 
contact, the maximum angular velocity of spin given to 
the resulting steam molecule is:— 

a > = 6"25.10 r> H — .ID -8 = 2*3.10 u radians per second, 

in effect about the centre of the oxygen molecule. Such a 
spinning system, carrying its atomic electrons, if at right 
angles to the line of observation, would give rise to a 
displacement SA of a line of wave-length A. which is to the 
left of the spin is one way, to the right if reversed. 

Orbits otherwise orientated show the effect less. and. if 
in the line of vision, not at all. This displacement is 
comparable with the Zeeman effect, and may be tested in 
the same way. In that case 


S\ 


cH S\ 


imnr 


V/V i f * JL V/V n 

HX S ’ am = v* ’- 7rc= 


me 


X 1 


0) 


(5) 


In the r spectra of explosions the steam lines appear at 
3064 A.U. Taking the value of to=2-3.10 13 , the dis¬ 
placement SA of the lines from a central position is 
o)X 2 /2ttc, or 11-3.10~ 8 cm. The total distance between 
steam lines produced in this manner should be 22- 6.10” 8 cm. 

Measurements of the distance apart of the lines taken 
from Bone and Townend’s photographs are not capable of 
high accuracy, but they are, on an average, a little more 

* See Bone and Townend, toe. cit. Cp. Pts. xxiv. to xxvii. 

f W. A. Bone and others, “ Gaseous Combustion at High-Pressure,”' 
Phil. Trans. Roy. Soc. A, cciv. p. 304. 
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than a millimetre apart, and 1 millimetre corresponds to 
25-6.10~ 8 cm. These values are so near, having regard to 
the approximate measurements, that the possibility of the 
steam lines being formed in this way must be seriously 
considered. There are no lines in the oxygen or hydrogen 
spectra at this wave-length, and the origin or cause of the 
lines, and the reason for their always being found in pairs, 
very strong and too widely spaced to be simply atomic, as 
in the case of the sodium lines, has been hitherto unknown. 
The explanation now suggested is that they are caused by 
the spin induced by combining collisions of hydrogen and 
oxygen molecules which lead to the formation of steam, the 
action being that of skaters approaching at high speed who 
suddenly link arms. Such a collision, if the bodies were 
of unequal mass, would give rise to strong oscillations as 
well as spin, but the translational energy, and therefore 
the pressure, in the case of a gaseous explosion in which 
many milli ons of such combinations occur simultaneously, 
would certainly be for the moment reduced. 

It is possible that the doubled appearance of other than 
steam lines in the spectra of burning gases may be caused by 
this mechanical action, which must occur in gases where 
combining molecules are moving at high speeds before 
union. The other evidence for such an effect is that the 
observed pressure of explosion is about one-half of that 
calculated on the assumption that there is equipartition of 
energy; and further, that the total radiation agrees with 
that which should be available if such a spinning combina¬ 
tion took place *. In the calculation of explosion pressures 
and speeds it is necessary to use specific heats in excess of 
those found in steady states, but direct evidence for the 
molecular or atomic movement by which the energy is 
absorbed is still to be desired. The position is that energy 
radiated from a flame in a given mixture is a nearly con¬ 
stant proportion of the whole heat of combination ; that 
the spectroscopic evidence indicates excessive spin in 
the wave-front; that the pressure is undoubtedly less 
than can be accounted for by any thermal exchange 
without considering the mechanics of the process; and 
finally, that by such consideration these facts can be 
reconciled. An inflammable mixture at the point of 
ignition can be regarded as a sensitive detector of radiation. 

* “ The Total Kadiation from a Gaaeous Explosion,’* loc. cit., p. 383. 



Propagation of Flame in Gaseous Explosions. 271 

5. Compression and Ignition. 

Inflammable mixtures heated by sudden compression 
do not detonate. Flame starts at one point and spreads 
as from a spark. In Baly’s analysis of the conditions 
under which radiation might become a cause of molecular 
activation, the excess of vibrational energy required was 
considered to be available at the expense of the rotational 
component. 

But in ignition by sudden compression there is for a 
moment an excess of translational energy, and just as it 
is legitimate to consider lost ” pressure to be a momentary 
out of balance of equipartition of energy, so in compression 
the excess pressure can be considered available for such a 
transfer of vibrational energy in a complex of a reactant 
molecule and a catalyst, which in the case of gaseous 
explosions is most generally water-vapour, without which, 
as H.B. Dixon showed, explosion does not generally occur 
in gases. 

The moment that flame appears, combination proceeds 
with increasing velocity, and the speed of flame driven 
forward by the increase of pressure around the source of 
ignition should be exponential, at least in a closed tube, 
for each element burnt adds the pressure of its products to 
force the flame onwards. The records of flame in gases 
ignited by sparks at the centre of a tube show in every 
case* a velocity increasing at first exponentially, then 
reaching a uniform state, and so passing to the end of the 
tube. To take the case of plate xxii., he. cit., p. 159, the 
distances of the flame along the tube from the central 
point of ignition, at equal arbitrary intervals of time, 
are expressed by y— 1-242 e f , as shown in Table III. 

The velocity dy/dt of the flame at any point y is ty, and 
the acceleration of the flame from the source is proportional 
to y, the distance travelled, that is, to the volume of gas 
burnt. This explains the high velocities of explosions 
in coal-mines, or galleries with a closed end. 

Applying this to the spread of flame from a point in a 
vessel such as the cylinder of an internal combustion 
engine containing a uniform or turbulent mixture ignited 
by compression, spark, or hot spot, the acceleration of the 
flame should be proportional to the cube of the distance 
from the point at which ignition begins, and the velocity 

* See Bone and Townend, plates xi., xii., and xiii. 
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of flame proportional to the square of the distance moved, 
until the flame reaches the walls and ends and reflexions 
occur. In the movement of flame in closed tubes there is, 
followingthe period of acceleration,one of uniform velocity, 
(plates xi. and xii., supra ); but at the point where the letter 
begins there is in every case evidence of a wave reflected 
back to the centre, shown by a line of more intense radia¬ 
tion. The distance at which this first occurs is just beyond 
half the length from the centre to the closed ends. With 
open ends this stage is not found. It is caused by com¬ 
pression of the unbumt gas by the expanding products of 
combustion, and at the transition point the pressures are for 
the moment equal on both sides of the wave-front. 

Table III. 


t. 

et. 

y ■ 

Telocity of flame 
in arbitrary units. 

cal. 

- ^ 

obs. 

0-5 

1*648 

2*04 

2*0 

1-0 

10 

2*718 

335 

3*5 

3*5 

1*5 

4*481 

5*55 

5*5 

8*25 

2*0 

7*389 

9 17 

90 

18*0 

2*5 

12*182 

15-1 

16*0 

375 

3*0 

20*08 

24*9 

25-0 

75-0 


Taking V 0 as the volume of the mixture in half the tube, 
ignition being at the centre, and V that of the unbumt 
gas, p(V 0 —V) r >=pV r s where y x is about 1-28 for C0 2 , 
N 8 , and OHg, y 2 =1- 35 for CH 4 , N 2 . 0 2 . At equal pressures 

(V 0 -Wr«=V*\.(19) 

from which V=0-53V 0 , or, with these values of 7, the 
pressures should be equal a little beyond half the distance 
between the centre and the end. From plate xi., when 
there is no initial lag, that is, taking the last two figures, 
V/V„=0-55. The strise in photographs of flame are, of 
course, lines of equal pressure in reflected waves. In the 
uniform speed stage of explosion there is no acceleration; 
but pressure equilibrium in the spaces on the two sides 
of the wave-front. 
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XXVI. On the Scattering of a-particles bg Light Atoms. By 
A. C. Banerji, M.Sc.(CaL), M.A.( Cantab.), Head of the 
Department of Mathematics, Allahabad University *. 

I N a recent Royal Society discussion t on the “Structure of 
Atomic Nuclei ” Prof. Sir Ernest Rutherford sketched 
out a picture of the gradual building up of atomic nuclei out 
of protons and electrons. If we suppose that these two are 
the only primordial elements, we have to find out the funda¬ 
mental principles underlying the formation of complex 
nuclei with all their isotopes out of these two. Attempt to 
achieve this end is being made from several directions :— 

* (i.) From the experiments of Aston t on the packing 
fraction of atoms, which give us, in conjunction with 
Einstein’s principle E = Ante®, the amount of energy set free 
when protons and electrons combine in any way to form 
atomic nuclei. 

(ii.) From study of the origin of 7-ravs (Meitner and 
Ellis) §. 

(iii.) From the study of the scattering of a-particles by 
light atoms (Rutherford, Chadwick) ||. 

The last method is especially interesting. It may be 
remembered that it was the results of large-angle scattering 
of a-particles which gave us the nuclear theory of the atom. 
We give a brief recapitulation of the results. 

Let Ze be the central charge, (M, 2e) be the mass and 
charge of the a-particle, r 0 is its velocity of projection, 
p= perpendicular distance of the nucleus from the line 
of projection. The law of force is supposed to be that of 
inverse square distance. 

Then it is found that when the nucleus is heavy the 
a-particle describes an hyperbola, with the nucleus as the 
outer focus. The angle of deviation is 7 t—20, 


where 

where 


d=tan _1 

9 


_ 2Ze 2 
q ~Mv 0 * 


( 1 > 

( 2 ) 

or 


* Communicated by Prof. M. N. Saha, D.Sc., P.R.S. 
t Proc. Rov. Soc. cxxiii. p. 873. 
t Ibid. p. 388. 

5 Meitner, Zs.f. Physik, xxvi. p. 169; also Sandbuch derPhysik, xxii 
chap. ii. n. Ellis, see recent discussion in Proc. Roy. Soc. «vr T ;;; „ 005 ' 
|| Phil. Mag. iv. p. 606 (1927); also xlii. (1921); 1 . (1925). P 

Phil. Mag. S. 7. Vol. 9. No. 56. Feb. 1930. T 
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The least distance of approach 

d= 5 '(l + sec^). 
When p = 0, d=2q. 


In actual experiment we are concerned with the total 
nnmber of particles scattered at an angle 6 with the primary 
beam, and incident upon unit surface placed normally. 

The probability of scattering is found to be 


1 / e*Z \ s 1 _ 1 my 1 
<1 ■ J r 2 4E* . .0’ 

' v am 4 - am 4 - 


. . (4) 


■where E=energy of the bombarding «-particle. 

If we take an element with the charge Ze, the nearest 
distance of approach for a-rays of velocity 2 x 10® cm. from 
Th0' = l*71 x 10“ u . Z cm. for straight collisions, i. e., when 
4=0°. 

The following are the values for a few typical elements 
for nearest distance of approach for straight collisions :— 

U (92)=r56 x 10" 1 * cm. 

Cu (29) = 5*0 xlO- 1J em. 

Mg (12) = 2*05 x 10 -13 cm. 

He (2) = 3-4 x 10- 14 cm. 

It is found that up to copper results of scattering experi¬ 
ments are quite in accord with the formulae given above ; 
but marked abnormalities occur in the scattering experi¬ 
ments with light elements. Four elements have been 
studied in detail, viz., Mg, Al, He, and H. The cases of 
H and He are a bit more complicated, as a large part of the 
velocity of bombarding a-particles are communicated to 
these nuclei. In Al and Mg this factor (commnnication of 
velocity to their nuclei) is practically negligible. 

The results of these experiments (scattering of «-particles 
by Al and Mg) have been expressed by Bieler, Chadwick, 
and Rutherford in the two observed curves (—0—0—0) 
represented at the end of this paper (figs. 3 and 4, vide 
supra ), The ordinate represents the ratio of the observed 
number of a-particles scattered to the number calculated 
according to the inverse square law. The abscissa represents 
the angle of scattering. 

Bieler tried to explain these anomalies by assuming that 
. the law of force (repulsive) very close to the nuclei is not 
given exactly by the inverse square distance, but, in addition, 
an attractive force comes into play. Bieler assumed that 
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this attractive force varies as the fourth power of distance, 
viz*:— 



It should be emphasized that the attractive force is 
operative only when r is extremely small (<4x 10~ 15 cm.). 
In heavy atoms up to Cu the least distance of approach is 
>. 5*0 x 10~ 13 cm., hence the classical formulae hold ; but 
in light atoms ( e . < 7 ., H, He) it may be as low as 2 X 10 ~ 14 cm., 
hence the attractive forces make themselves felt. 

Working out by means of classical mechanics Bieler* 
found that if the attractive force varies as the inverse fourth 
power of the distance, either curve (for A1 or Mg) has a 
horizontal tangent at ^=0°. Thus an inverse fourth-power 
term in the law of force has no effect on scattering at very 
small angles. On the other hand, he found that an inverse 
cube term in the law of force will make itself felt in the 
scattering no matter how small 6 is. But we shall see 
later on, working out by means of wave-mechanics, that the 
additional inverse cube force will have also no effect on 
scattering at very small angles, and that for large angles 
results obtained from calculations by taking the additional 
inverse cube force are in good agreement with observed 
data in the case of A1 and Mg. 

Debye and Hardeineierf later assumed that the attractive 
force varied as the inverse fifth power. They argued that 
as the a-particle approaches the nucleus the intense forces 
thus arising distort or polarize the constituents of the 
nucleus. This gives rise to an attractive force on the 
colliding a-partiele, which varies inversely as the fifth power 
of distance. 

Hardemeier J worked out in detail the path of the 
a-purticle under such a law, and also the probability of 
scattering. *He found that with certain assumptions the 
law can very well explain the experimental results of Bieler. 
But, as Rutherford § points out, the assumptions are a bit 
artificial, as the a-particle is supposed to be a point-charge 
and the nucleus a sphere. 

It has recently been supposed that the nucleus has got 
a spin and a finite magnetic moment. Hence the additional 
attractive forces are of magnetic origin. The suggestion has 
not yet been fully worked out. 

* Proc. Camb. Phil. Soc. xxi. p. 686 (1923). 

+ Phys . Zs. xxvii, p. 181 (1926). 

t Loc. 0 it 

$ Discussion, Proc. Roy. Soc, cxxiii. p. 377. 

T 2 
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Application of Wave-mechanics. 


In recent years the idea has grown np that in the 
treatment o£ all atomic phenomena the particle should be 
replaced by its matter-wave. Born * was the first to apply 
wave-mechanics to collision problems in general, whicn 
includes scattering as a particular case. The a- or /3-particle 
is considered as a de Broglie wave passing through the 

atom and of length \ = . The velocity o£ the wave is 


modified on entering the atom, according to de Broglie’s f 
hypothesis, and scattering of the ^-function is worked out 
in very much the same way as diffraction problems are 
studied in wave-optics. Of the many interesting applications 
o£ Born’s ideas (e. g., to elastic and non-elastic collisions of 
electrons with atoms, Ramsauer effect +, etc.) we confine 
our attention only to results obtained in the scattering of 
a-particles. This was first worked out by Wentzel «j assuming 
the law of inverse square. He obtained a result identical 
with that obtained in classical mechanics. Sommerfeld j| 
has given a different method for calculating the potential 
inside atoms. He considers that all the outer electrons are 
assembled in the K-shell, and electricity is distributed 
according to the law 


eZ* 

rrra z 


-2r 


( 6 ) 


The distribution is the same as we find by calculating the 
•^-function of the fundamental orbit of the H-atom according 
to Schrodinger’s theory, and then interpreting the result as 
a continuous distribution of electricity (vide Schrddinger, 
Ann. der Phys. Ixxix.). Then V is calculated to be 

/I 7i \ —2rZ 

V=2 «*z(-r + .> “. 0) 

where a is the radius of the hydrogen atom, and the probability 
of scattering is found to be 


2, 

(fk\ 

i 

r 2 ' 

(mW 



* Zs.f Phys. xxxxii. p. 863 (1926); xxxviii. p. 803 (1926). 
f For modification of the theory see Dirac, Zs.f. Phys. xliv. 
j See Faxen and Holtsmark, Zs.f. Phys. xlv. p. 307. Further paper# 
by Holtsmark in Zs. f. Physik. r 

§ Wentzel, Zs.f. Phys. x’l. p. 690. 

|| Sommerfeld, Wellen mechanische Erydnsuny , p. 226, 
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, A Z 

where * * * § = — • h— • 

M»ffl Z7T 

As * * 10~ 3 , its square can be neglected. 

Thus Wentzel aud Sommerf eld’s formula is no improvement 
upon the classical formula as far as treatment of anomalous 
scattering is concerned. This is quite apparent if we critically 
examine Sommerfeld’s basic assumption. The extra a 2 -term 
owes its origin to outer ring of electrons which, as far as large 
angle scattering is concerned, are without effect on the 
scattering phenomena. The same criticism may be held 
against another formula by Mitchell*, who calculates the 
potential by an interesting method due to Fermi f. Sommer- 
feld himself admits in a footnote that the cases of anomalous 
scattering are rather to be ascribed to some peculiarity in 
the nuclear structure. 

It will be seen that no attempt has as yet been made to 
account for the abnormal scattering of a-particles by light 
atoms with the aid of wave-mechanics. This has been made 
in the present paper. The first difficulty which was felt was 
about the choice of a law of force. It was found that 
if either the inverse fourth-power or the fifth-power law be 
assumed, the Schrodinger wave-equation for the motion of 
any charged particle round the nucleus has no solution in 
polynomials with finite number of terms, giving discrete 
energy-values. But it is quite certain tha t such discrete values 
must exist, as otherwise it will not be possible to explain the 
origin of the 7 -ray spectrum, which, according to the investi¬ 
gations of Meitner J, Ellis J, and Kuhn §, arise from the 
transition of the a-particle between levels having discrete 
energy-values. Again, for the scattering the Schrodinger 
equation gives us a solution when the attractive force varies 
inversely as the cube of the distance. For the inverse fourth- 
power law or the fifth-power law the solution will depend on 

— dx ( b being a constant), which does not 
. 0 x 

converge. 

I have therefore worked out the scattering formula by 
wave-mechanics by assuming the inverse cube law. 

The path of the et-particle round the nucleus has been 
worked out by means of classical mechanics. In a second 

* Mitchell, Proc. Nat. Acad. Sci. Washington (1929). 

t Fermi, Zs. f. Phys. xlviii. p. 73. 

X Luc. cit. ; also Proc. Camb. Phil. Soc. xxii. p. 844 (1925). 

§ 2s. f. Phys. xliii. p. 56; xliv. p. 32. 
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paper I have worked out the theory of the 7 -ray spectrum on 
the basis of the inverse cube law. 

Path of the a-particle round the nucleus worked according 
to the law of force 



where r 0 is the distance at which force changes in sign, 
i. e. t where its value is zero. 

Let v 0 be the velocity of projection at infinity, and p be 
the perpendicular from the origin on the asymptote, then the 
equation to find the orbit is 



d s u ( ( , 2Ze*r 0 \ —2Ze* 

dP +U ( M» 0 V/ M« 0 y’ ' 

• . ( 8 ) 

where 

1 

u = —. 



r 


Put 

q . Mr 0 s = 2 Ze 2 ; 


we get 


. . ( 8 ') 


We shall measure 6 from the line of minimum (apsidal) 
distance. Let x be the angle whieh the asymptote makes 
with the initial line. 


Case I. ( 1 tide fig. 1 ) : 
When p i > qr 0 , 


put 


we get 

tan«.r = —, 

and 1 __ 



r p* — qr 0 p'-qr Q 


Minimum distance d is given by 


d = 


P 2 -</ r o 

V^+p*— qr 0 —q’ 


Case 11 .1 
When p* < qr 0 , 
put 


) 


(9 a) 


/s_2!o 

P* 


h 
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we get 


tanh n'a?= —, 

and 

1_ 

9 vy -iqn-f) „„«i, n >g 

and 

r 

qr 0 -p* qr 0 -p* 

i 


d = 

3 r o~P* 

g- ^q 2 -(qr 0 -p 3 )' J 


In order that d shall be real 
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(9 b) 


q 3 >qr 0 -p\ 
or p 2 >qr 0 —g l . 

This condition is also necessary that tanhn'a?<l, i. e., x may 
be real. 


Case III. : 


When p^zsgr^. 

The equation to the orbit is 


I _ JL_0* 'l 

r 'lq 2r 0 ’ 

. a Uo * =- u . = aA, 
P V ? 

d — 2q. 

Case IV.: 


> 


(9 c) 


When jo* < qr 0 —q 3 and r 0 >q. 

No real values of d and x are possible, and the a-particle 
falls into the nucleus. 

In this case, taking the initial line parallel to the 
asymptote or the initial direction of motion, the equation to 
the orbit is 


-= ^ (1—cosh n 'Q\ —i-,sinhn'fA . . (9 d) 
r qr a —p 3 ' pn' J v 1 

If „ >a?>0, the a-particle describes an asymptotic curve 

proceeding back to infinity without going round the nucleus 
—the deflexion is given by w—2®. 

7T 

If it > * > g , the particle goes round the nucleus and 
proceeds back to infinity—the deflexion is given by 2*—wy 
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For the region p 2 >yr 0 , x has a minimum, value x m at 
p=p m) where p m satisfies the equation 

fa,- PmWpJ-r,, _ Vp B . 2 - g r 0 
rotf+pj-qro) q 

This gives a maximum deflexion. 

For the region p 2 < qr 0 . x lias a maximum value x n at 
p=p n , where p n satisfies the equatiou 



tenh p* _ Vg^O-^n 2 

r a {?+pn*-pr 0 ) q 


(10 b) 


This also gives a maximum deflexion. 
We have seen that when 



at this value of />, x decreases as p increases, and vice versa. 


Case A .: 

* > x 0 > ? . 

For the region p > p u where p>i > v' qr 0 and pi is given by 

tan Vpi '-Po.j- = J ^Pi*~?r 0 ,. . (11 a) 
zpi q 

the a-particle returns back to infinity without going round 
the nucleus. 

For the region p<p,, provided r 0 <g, otherwise for the 
region Vyr 0 —y 2 <p <p 1( provided r 0 <q, the a-particle 
goes round the nucleus and returns hack to infinity. 

For the region p < vVo-y 2 , provided r 0 > q, the 
a-particle falls into the nucleus. 


Case B .: 

. rr 

0 <x 0 < e j. 

For the region p > p 2 , where p t < v'' qr 0 , and p 2 is given 

1)7 

tanh s/qr^-p ?= * Vyr„-p 2 S . . (11 b) 

provided x n > ^, the a-particle returns hack to infinity 
without going round the nucleus. 
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Fig.l. 



Actual diagram of orbits calculated according to the law 



9 [Ji 

The figures have been drawn for the case r 0 =% where q= j^- a . The 

three regions, (1 )/>?r 0 , (2) p 2 <?r 0 but >qr Q -q\ are shown by 
the two dotted lines. The intermediate dotted line, with arrow, is 
the line of demarcation between orbits going round the nucleus and 
orbits not going round the nucleus. The spirals inside 
show the path taken by the a-particle as it approaches the nucleus 
(shown by the heavy dot), and causes artificial disintegration by 
ultimately falling into it. 
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For the region p < provided r Q <q, otherwise for the 

region V^o— <P <Ptt provided r 0 > q and > y/qro—q*, 
the a-particle goes round the nucleus and returns back to 
infinity. 

As before, for the region p _< */ qr 0 —q*, where r 0 > q, the 
a-particle falls into the nucleus. 

If ^, or if Pi<</qr 0 -<f, the a-partielo never goes 

round the nucleus. 

It is to be noticed that q a Z the atomic number. If we 
also suppose that the attractive inverse cube-law force has 

magnetic origin, then r Q varies as ^ roughly, because the 

resultant magnetic moment of the nucleus will be the vector 
sum of the individual magnetic moments of the constituent 
particles. For artificial disintegration of the nucleus the 
a-partiele must fall into the nucleus and shatter it. For this 
r 0 must be >q. So we find that the lighter atoms for which 
r 0 >q can only be artificially disintegrated. 

Protons are released from the nucleus both in the forward 
and backward directions. It has been suggested by Ruther¬ 
ford and Andrade * that, when the release is in the forward 
direction, the a-particle does not go round the nucleus, but 
when the release is in the backward direction the a-particle 
goes round the nucleus. This is in agreement with the 
mathematical result obtained above. 

We now treat the problem of scattering by wave-mechanics, 
taking the potential to be given by 

v-wz(i• • • • O') 

4 ». 

where JB= , which is small, and, we shall see later, is of the 

order 10 " M cm., and “ a,” the radius of the hydrogen atom, 
is of the order 10 -8 cm. 

Potential vanishes at 

r = &. 

The law deviates appreciably from that of inverse square 
law when r is of the order 10~ 1S cm. or less, Z can never be 
larger than 100. Therefore the exponential factor is at most 
of the order which differs little from unity. 

Outside the atomic radius the potential fails rapidly, and 
ultimately V will be negligible. 

* Andrade, 1 The Structure of Atoms,’ p. 99. 
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We follow Bora’s method, using Sommerfeld’s notation. 
The wave equation for the total system is 

VV+^(E-V)f = 0. . . . (1J 

„ 8ir s ME 


and write i? — fa+fa .(13) 

where fa is due to the on-coming plane wave of a-particles, 
and fa is due to scattering and has the spherical wave-form. 

fa is small compared with fa, and also Vfa is small in 
comparison with fa and V 2 fa- 


Fig. 2. 



We get the two equations 


V s fa +P fa = 0 , 

PV 

v*fa+&fa = -£-fa. 


We obtain the solution 


. . (12a) 
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where “ 0 ” is the centre of the atom, the element of volume 
dr is sitnated at Q at a distance r Q from “ 0 ”, scattering is 
observed at P at a distance r from “ 0 

OX is drawn parallel to the motion of the on-coming 
a-particles. 

Take e and e 0 as unit vectors in the directions of r and a, 
r is large compared with r Q , which is of the order of atomic 
radios. 

As a first approximation. 


Hence 


rp Q = r— (e, r q ), 
— (^0; Pq). 


^=- 4 ^ “J V (*») {l +• ^T. (15) 


Now take r g =p, and also we have 


6 


(e 0 —e, r q ) = 2p sin - cos <f>, 
{e>r Q )= psin^- 0 . 


where 

ZXOP = 0 and Z.AOQ s= <f>, 
OA being drawn parallel to vector e 0 —e. 

_P 

4?rE r 


r. ir r . 


: ( v(m) 

{ 1 I P • /’j t'2*p«io?co»^ , 

l + ^sin^--J|e 2 .rf T . 


Take p, <f>, % as polar coordinates. 

As potential becomes practically negligible at a distance 

S eater than the atomic radius, the integral can be taken 
roughout all space without any serious error. 

Substituting the value of and putting r<j=p, we 

get 


2wE rj 0 J 0 1 0 \p ?) 
x|i+e S m(*-|)J 


az 9 

- —p+aitin-oos^.p 

e * ' ./r sin <)> dp d<f> %. 


Put 


0 = 


2 Z 


d = 2 /: sin ^. 
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Then 

. -JVZ ax 

+»■ - j, sin <f>d<l>y (p-P) 

-sin ^<j >—| e“(«- UooB *)-p.(/p. 

Integrating, we get aFter some work and putting 

>2 7r h X Z 

“X’ MV’ * — a 2 tt’ 

and remembering that 

X is of the order 10~ 13 cm., 
a is of the order 10“ 3 , 

P is of the order 10** 13 cm., 
r is finite, 




Also | yfr 0 I as 1 . 

If W is the probability of scattering, then 




(16) 


Let Wo be the probability of scattering according to the 
inverse square law, then 


W, 


\m . 4 

sm* 


e m 

2 
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c. 4tt/S _ x (2ira . 0\ .5)* / 17 \ 

= \ XZ" 3ln 2/ ‘ sln 2 f ' < 17 > 


We draw a curve, taking — as ordinate and 6 as 
abscissa. 0 

It is clear that at 0=0° the curve has the horizontal 
W 

tangent *s-=l. So we find that the additional inverse 
W° 

oube power term in the law of force has practically no effect 
■on the scattering at very small angles, contrary to what 
Bieler thought. 

Now 

2 tra 2ir x 2* 4 x 1(T S 9 ., 1ftg 

\Z > 6 X10- 13 x 10* > - 

as Z is never greater than 100. 

So if 0 is not very small (> 3°), we have 


So we find that the additional inverse 


We can write 


. . /27 ra . 0\ 7r 

(xZ" n 2)=8' 

W (, 2**0 . I 

wz = l 1 


approx. (> 89°). 


(17 a) 


Scattering of a-particles by Aluminium *. 

a-particles from radium C of mean range 6*6 cm. were 
made to bombard aluminium nucleus. The curve obtained 
by Bieler from experimental data may approximately be 
represented by 

1 W / 0 , 2 

"W"o~ V 25 8m ii) ' • • • < 17b ) 

The curves given by the above formula, as well as the 
curve obtained from actual data by Bieler, are drawn 
together for the sake of comparison. We give below some 
of the calculated values obtained from the formula :— 


5=100°, 

to 

II 

o 

!>► 

II 

W 

Wo 

II 

0= 90°, 

w _.g 8 . 

Wo ’ 

5=60°, 

w 

Wo 

=•77; 

0= 80°, 

w 

w=- ,05; 

$ 

11 

w 

Wo 

=•84. 


* For observed data see Bieler, Proc. Roy. Soc. cv. p. 445 (1924). 
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Now for range 6 - 6 cm. the velocity is 1’89 x 10* cm. 

. h 6*55 X10 -2T , „ 1A 13 

X= =r=- S3 —j-qo— 77 -j. cm.=5*3 x 10 JS cm. 

Mo 6*5b x 10 24 x l - 89 x 10* 

no 2x-127\ , . .. 

r 0 — 2ft — - —j -=1*4 X 10~ u cm. 


Fig. 3. 



The ordiuate represents the ratio , W = observed or calculated 

'* 0 

scattering, W 0 = scattering calculated according to inverse square 
law. 

This seems to bo o£ the right order in dimension. The 
effect of the attractive force will be appreciable at 10 times 
or 20 times this distance. This force may have magnetic 
origin. At distance 10r 0 it will be 1/10 of the electro¬ 
static force and at distance 20r 0 it will be 1/20 of the 
electrostatic force, and so on; if this additional attractive 
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force has magnetic origin, then ffL will be constant—t. e. r 

1 

’’0«r£- 

Moreover, y 8 or r Q should also vary with the velocity of 
the bombarding a-particle. 


Scattering of x-particles by Magnesium *. 

a-particles from RaO of mean range 6 ‘ 2 om. are made 
to bombard on magnesium. The curve obtained may be 
approximately represented by 

W / 0\ 2 

^ = (l-'2C sin D . . . . (17 c) 

The curve given by the above formula, as well as the 
curve obtained by Bieler from actual data, are drawn 
together for the sake of comparison. 

We give below some of the calculated values :— 


0 = 100 °, 

II 

0 = 70 °, 

II 

• 73 ; 

o 

II 

W „ 

w 0 “ b ' ; 

o 

II 

II 

& 

• 76 ; 

o 

O 

c© 

II 

<c. 

w = . 71 . 

W 1 * 

” 0 

°o 

II 

W 

w„- 

• 83 . 


Now for range 6'2 cm. t>=l - 84 x 10 9 cm. 


X= 


6-55 x 10- 27 

6*56 x 10- 24 x“l-84x 10* 


cm.=5*4: X 10 -13 cm. 


r 0 = 28= = 1-5 x 10- 14 cm. 

7r 


Both in the case of magnesium and aluminium we have 
neglected the motion of the nucleus, as even for such a large 
angle of scattering as 100 ° the correction for this is only 
1*5 per cent. This is considerably less than the experimental 
error involved. 

Bieler’s data for aluminium and magnesinm do not seem to 
be quite satisfactory. For *-particles of mean range 6*6 cm. 


bombarding aluminium nucleus the ratio 


W 

W 0 


between 23 0, 7 


* For observed data see Bieler, Froe. Roy Soc. cv. p. 445 (1924). 
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and 44°‘2 was found to be 094 + 002, and this ratio between 
43°*9 and 59 a 7 was found to be 0 78 + 0 02. So that at 44° 
it is not clear whether this ratio has the value 0 92 or 0*8. 
Again, for ot-particles of mean range 3'0 cm. bombarding 

W 

magnesium nucleus the ratio between 43°‘9 and 59°‘7 


Fig. 4. 



.. > Angle 0 h h k Calculated 

.©- e - ^ Observed 

Scattering by Magnesium. 

W 

The ordinate represents the ratio W = observed or calculated 

scattering, W 0 = scattering calculated according to inverse square 
law. 


has the value 1*05+0*06, whereas between 60 o, 3 and 99°*5 
this ratio has the value 0*79 + 0*08. It seems therefore 


W 

that the decrease in the value of ^ at 60° is too abrupt* 

It seems desirable that the experiments should be repeated 
Phil Mag. S. 7. Vol. 9. No. 56. Feb. 1930. U 
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There is some experimental evidence that r 0 varies as the 
velocity of bombarding «-particles. 

■-particles from polonium of mean range 3 cm. are made 
to bombard magnesium nucleus. In this case our curve can 
be roughly represented by 

^ =s(l—*18 sin^ • • • * 

We write some calculated values: 


0=90°, ^ — ’76; 
W 

0=80°, w-=' 79 - 

w 0 

T?or range 3’0 cm. »=1*45 x 10® cm. 


6*55 x 10 ~ 27 


6-56 xl0" 24 x 1-45 x 10® 


cm. =6*9 x 10~ ,8 cm. 




•18 x 6-9 x 10- J3 
9*93 


* 1*251 x0~ 14 cm. 


3 c m. ran ge _ 1 25 ,gi> 


Also 


w 

0"o) 6‘2 cm. range 
( V a ) 3 cm. range 


1-5 

_ 1 ± 5_. 79 
“1-84" 


(»o) 6*2 cm. range 

r 0 varies roughly as v for the same element. 


This may be taken as some experimental evidence for the 
magnetic origin of the forces, because the ponderomotive 
force on a charged particle in a magnetic field varies as the 
velocity of the particle. 

Scattering as a function of energy of a-particles : 


W 


In fig. 5 is represented the curves in which is plotted 

1 . . w o 

against jj for aluminium and magnesium, for a given angle 


of scattering (0=135°). Our formula can now be re-written 
as a function of g. We get 
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wh«re 1 

*“E’ 

h 

The formula can be made to represent the carve on either 
side of the minimum, bat there is discrepancy near about 
the minimum. The minimum value, according to formula, 
W 

of to- is 0, whereas according to experimental results the 
W 0 

minimum is about ‘3. 


I‘V 6. 



It is impossible to remove this discrepancy with whatever 

law of force we may work, since | ~ j will always occur 

as a square and will have the minimum value zero. Hence 
the discrepancy is to be ascribed to our use of the 
Schrodinger electron. 

It is now admitted that since the Schrodinger form of 
the wave-equation of the electron does not give the proper 
relativity correction, and fails also to take into account the 
magnetic properties of the electron (rotating electron), it 
should be replaced by a better model. At the present time 
Dirac’s model of the electron and wave-equation is holding 
the field. One of the features of this theory is the introduc¬ 
tion of four ■^•-functions in place of one, and in normalizing 
we have to take the sum of their squares instead of the 

U 2 
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square of a single ijr. The Dirac equation for the «-particle 
or any positive particle has not yet been framed. Attempts 
are being made in this direction. 

The cases of hydrogen and helium have to be treated 
differently in a separate paper. In the case of hydrogen 
nucleus we observed the disintegrated hydrogen particles 
instead of scattered a-particles, and »n the case of helium 
we observe both the protons from helium nucleus as well 
as scattered a-particles. Moreover, in these two cases we 
cannot neglect the motion of the nucleus. 

I have great pleasure in thanking mv colleague, Prof. M. 
N. Saha, F.R.S., of Allahabad University, for much help 
and many valuable suggestions in preparing this paper. 

Mathematics Department, 

University of Allahabad, 

November 20,1929 


XXVII. The Ionization-Formula ami the Few Statistics. 
By S. Chandrasekhar * *. 

(1) Introduction. 

rjTHE derivation of the formula 

~ (2wro*T) 3 ' 2 .«-***. o . 

(n + = the number of ionized atoms, 
n_ = the number of electrons, 
n = the number of neutral atoms) 

has attracted much attention after its first derivation by 
Saha. The rigorous way of deriving the above equation has 
been successfully attempted by Fowler f ; but no attention 
has so far been given to modifying the above formula on the 
new statistics of Fermi-Dirac. Obviously it will be of no 
practical importance if in the application of the new statistics 
we treat all the constituents—the atoms of both kinds and 

* Communicated by the Author# 

t R, H. Fowler, Phil. Mag. xlv. p. 1 (1923); also Fowler and Milne. 
* Monthly Notices,’ R. A. S. lxxxiii. p. 407 (1923). A simple way ol 
deriving the equation (l) has been given by W. F* G. Swann. Journ# of 

Frank Inst, cc. p, 691 (1926). 
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the electrons—as degenerate, because the ionization formula, 
being most applied to the thermodynamics of a star, would 
not justify our assumption as to the degeneracy of the atoms 
themselves. But the electrons, even at that high temperature, 
if the pressure is sufficiently high, will be a degenerate 
system * * * § . Thus Sommerfeld's t condition of degeneracy, 

n ^ 3 _ I ^1 /«\ 

2 \2mnkTf' 2 * * * * w 

gives, if the number of electrons per c.c. is 10 80 , the system 
to be degenerate up to temperatures below 3'5° x 10 9 , and if 
n- = 10 s7 the system will be degenerate even up to a 
temperature of 3 ° x 10 7 . 

The object of this paper is to modify the ionization formula 
on the Fermi-Dirac statistics for the degeneracy of the 
electrons. Bui, before dealing with that problem, the case 
of complete degeneracy will be discussed. The modified 
formula when the degeneracy of the electrons alone is 
considered will follow naturally from the case of complete 
degeneracy. 


(2) General Relation between n +i n, and n . 

According to the new statistics of Fermi-Dirac, the entropy 
of a system is given by + 

8 = l°gAj, .... ( 3 ) 

where U3.2 and U1/2 are the special cases of the general 
Sommerfeld § integral 


u 0 


u p du 


n P +Wo i^ +i * * ’ 

A 


• • ( 4 ) 


For a mixture of gases the entropy is given by 

S = 2 kn y - — iog A,]. . . . ( 5 ) 

In the case under consideration, that of a monatomic gas 
dissociating into positive ions and electrons, the summation 
comprises these terms. 


* In this connexion, see an interesting contribution by Dr. E. 0. 
Stoner, Phil. Mag. vii. p. 63 (1929). 

Sommerfeld, Zeits./. Phys. xlvii. p. 1 (1928). 

| Fermi, Zeits. f. Phys. xxxvi. p. 902 (1926). 

§ Sommerfeld, Zeits. f, Phys. xlvii. p. 1 (1928). 
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If fin represents an arbitrary change in the number of 
nentral atoms, 8n + and 3n_ the corresponding changes for 
the positive ions and the electrons, the corresponding change 
in the entropy is given by 


8S = 2 ^[ n ‘{^- |0 * A jj 

-*(43 


5 Us /2 


m~ logA ] 

[2 uS ” log A ] * } Sn ‘ 


( 6 ) 


Now 

Birsu*/*, 

BAL2 U 1/2 

Now 


<7 > 


n ' ,- r&>+i).’, a>-/i 


f 


vFdu 


(i^ +1 


r 


ro>+i).' a 


(’"1 

' A 


«<* 


d _ \ 




-i»w 


(») 


Using relation (8), we get for 

5 U 3/2 


as 




n£ f3 5 U 3/2 • U_ 


-i/2~|BA~\ 


JBn j 


Bn. 


(9) 


A L2 2 0*1/2 

If Q is the heat absorbed due to the ionization of 8n 
atoms, 

—x^+s^.an 

88=5-. . . (10) 

Now E is given in the new statistics by the expression 

• • ( 11 ) 


Then 


H Vfrif-T 

E= l^. (2WTr . u3/2 . 


BE 3 VG£T tm,a«l rr dA , ta , 




Ionisation-Formula and the New Statistics. 
Hence we get, using relation (12), 


295 


SS=|-Sn+2|v^.iu 1/8 ^Sn,. . (10«> 


where we put 


Q (27m„&TF 2 n 

Hv — ^ 3 • VJ« 


(106) 


Equating (9) and (10 a), we get the general relation 
applicable to the new as well as the classical statistics, 






(13) 


(3) The Classical Ionization Formula. 

With the help of relation (13) we will arrive at the 
classical result (1) already quoted. The classical statistics 
correspond to a non-degenerate system, where in the distri¬ 
bution function A << 1. 

In that case 

Up * U p _i = .... — U 3 2 — U 1/2 =U_i/2 = A . (14) 

and A=~^.(2™AT)-^ 



. (15) 


Substituting relations (14) and (15) in (13), we get 


- /.S” log A, = — |..(16) 


- log V £ + log v ^ + + log yp - jJJj,. (16a) 

Substituting values for /9, we get at once the classical 
dissociation formula 

n ±'l=~ = S -. (2wm/fcT)^ 2 . Ge-*™,. . . (17) 

which is identical with equation (1). In the application ol 


* The positive sign is given to logn+ and log because we have 
taken tin as an increase in the neutral atoms, and therefore £#*+ and 
§n- are negative. Also 


tin = as tin-. 
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this formula G can be omitted (G = 2, corresponding to 
spin statistical weight). 

(4) A Completely Degenerate System. 

For this we start again with the fundamental equation (13). 
In this case the values for U p and A are completely different, 
and, as it will be seen, this complicates the ionization 
formula. Now 


U fl = 


p+i 


' r( P +2) 


... J], ,18) 


X 

where 

and 


</ 0 = logA,.(1 b<i) 


c v — 1- 


1 


1 


•n "h 3 v jv’ 


(19; 


giving in the special case for v = 2 the value tAjXi. The 
value for A in the case of degeneracy is also given by 


i A _ ^ I '& n » \ a/8 

gA ” - 2>HJTV47rGi 


CLH 


v n 

2 *3 




( 20 ) 


( 21 ) 


Equation (13) modifier by the substitution of the values 
for U 3 / 2 , U 1 / 2 , and U_i /2 in the following manner: 

* v-i A t -o 1 

S x (logA.) >-S x -(logA.) -, A; 6n 
= -T + f SWA 4 VirflogAJ* 

X L + b (log A,) 2 *' 'J A, Bn ‘ ' 


IJV* 


(log A, 

Eolation (21) gives 

1^ BA _ 2 un~ 1 ' 3 
A Bn — 3 mil'* 

Making all the necessary simplifications, we get 

kir’mkT 8 , 

i m*r* Z 3/AnT 


( 22 ) 

(23) 


-2 


tt 4 V 2 8 'W' g mTG _ 

6A 3 * n 2/3 T* 


(24) 
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Taking the velnme as unity, we get our final ionization 
formula. 


M pi Gw 3 2 3 ' 2 « 

,a l \ m ( 

f i 

1 V- 

. m ~ 1 

-si 

_l 

1 

J H 

Ui 2/3 


n_ 2/8 J 

2 7 ' 2 7t V-Gr r 

- (n 2 < 3 — 
m 


njff I 

_ _x 

“ T 

sm L 

TO_ J 


(5) Ionization Formula for the Degeneracy of the 
Electrons only. 

As has been pointed out, a modification of the ionization 
formula will be useful only if the electrons alone are treated 
as degenerate. This can easily be done, if in summing up 
the entropy of the system in equation (5), we use for the 
atoms the classical values for IT 3 / 2 , U 1 / 2 , U- 1/21 and A, and 
the corresponding values in the case for degeneracy for the 
electrons. Using relations (16) and (24), we get our ioniza- 
tiou formula, taking into consideration the degeneracy of 
the electrons alone : 


l log 




FV1T1 Gtt^V n 

—.—- .. m. n 

b La Id J 


2'W 2 nJ* y 

+ b/i*T * m_ ~ T* 


. . (26) 


Equation (26) can be put in the more convenient form 

log“-+« -2L +4>n~- t 3 T-©n 23 T-‘, . . (27) 

ft K X 


where <!> and (*) have the obvious equivalents, which can be 
seen by comparison with equation (26). Finally, we get 


— = e* n 2/Srr ~ e« 2/3 T “ 1 - x/kr # 
n 


. . (28) 


( 6 ) Aumerical Calculations and Discussion with Reference 
to the Theory of Dwarf Stars. 

Formulae (17) and (28) are the classical and the modified 
ionization formulae connecting the ionization potential, elec¬ 
tron-density, and the temperature. If x is the degree of 
ionization, we get, on substituting the known numerical values 
for $ and ©, the final numerical formula in the two cases as 


, 1 —x 

log-= 


_ X 
kl 


, 3-34 x 10i" xT 2-lxn 2 ' 3 

»** + 10*°xT 


(29) 


and 


1—«_ nx 4*1 x JO -16 ^ y/i . T 
f ~ T 3 ' 2 * ' 


• (30) 


$ 
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lbs condition of degeneracy gives that the electrons are 
degenerate at a temperature of 10® A. when the density is 10®°. 
Now we will calculate the degree of dissociation for various 
temperatures on both the formulse for an ionization potential 
corresponding to X = 1*22 A. The results are tabulated 
below :— 


Electron density = 10 80 per c.c., X = 1-22 A. 


Temperature. 

x by the classical 
formula 

x by the modified 
formula (29). 

A. 

%. 


%• 

10 9 

G*4 


t* 

2 xl0» 

17 


0 

3x10® 

26 


0 

4x 10 8 

as 


0 

5X10 8 

4 b 

I 

0 


It is very interesting to note that our formula, including 
the degeneracy of the electrons, gives uniformly 0 per cent, 
ionization, while the classical formula gives varying degrees. 
As a matter of fact, it gives 0 per cent, up to a temperature 
above which the application of the formula itself becomes 
invalid, due to the Sommerfeld degeneracy condition not 
being satisfied. The degree of dissociation given by the 
classical formula has no significance, because the conditions 
on which the formula has been derived do not hold good at 
such high pressures. 

Our theory predicting zero per cent, ionization goes against 
the fundamental assumption of Fowler, Stoner, and others 
in the theory of dwarf stars, where the first postulate is to 
take for granted the complete ionization in it. The tempera¬ 
ture and density we have taken for our calculation of 
tile table roughly correspond to the centre of the Companion 
of Sirius, and there our formula predicts no ionization. 

If that is the case, one may be tempted to question the 
validity of the fundamental assumption in the theory of 
dwarf stars. But for all purposes of calculation we can take 
the electrons as free, if we define a free electron as oue which 
is not under the influence of one and the same nucleus for 
any finite time. Then obviously the electrons at that pressure 
are free electrons. The “ bound electrons ” are changing 
partners continually, and go about knocking, thus really 
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travelling the whole of the phase-space, just what a “ free 
electron” is expected to do. But, none the less, the statement 
that every electron is under the influence of one or other of 
the nuclei at any arbitrarily chosen time remains valid. 
In other words, the ionization is zero, a result predicted by 
our theory. Thus the paradoxical statement results that 
the electrons, though all of them bound, are free. 

(7) Summary. 

In this paper the ionization formula is considered afresh 
on the Fermi-Dirac statistics. The modified formula where 
the degeneracy of the electrons is considered gives, under 
the conditions existing in the interior of a dwarf star, a 
degree of ionization = 0 per cent. This result is discussed 
with reference to the theory of dwarf stars, where complete 
ionization is usually assumed. 

The Presidency College, 

Madras, India, 

23rd May, 1929. 


XXVIII. The Ramun-Ejfect in the Proximity of the Critical 
Point. By S. L. Ziemecki, Ph.D., M.Sc., Lecturer in 
Physics, High School of Agriculture . Warsaw, and EL 
Narkiewicz-Jodko *. 


1. The Aim of this Work. 

1 EXPERIMENTING with liquids, we find that some of 
-1 them give easily strong sharp Raman lines, whilst 
others require long exposures to obtain Raman spectra 
consisting of faint badly defined bands. We give below 
some figures concerning the relative scattering powers of 
liquids f. 


Relative Scattering Powers of Liquids. 


Ethyl-ether. 1-00 

Water. 0*21 

Acetic Acid. 1-19 

Benzene. 3-15 

Paraxylene. 4-61 

Carbon disulphide. 13-0 


* Communicated by the Authors. Read ut the meeting of the Polish 
Physical Society on October 21st. 1929. 

I See J. Cabannes, 4 La diffusion moldeulaire de la lumihre,’ Paris, 
1929, i>. 188. ’ ’ 
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Certainly it is remarkable that water, which has the 
smallest scattering power, is also one of the liquids giving 
the faintest Raman bands, while benzene and its deriva¬ 
tives and carbon disulphide, having great scattering power, 
give strong Raman spectra. This suggestion has a purely 
qualitative character, but shows that it would not be quite 
unreasonable to look for a certain connexion between 
the Raman effect and classical light scattering. 

If we admit that such a connexion exists, we would 
expect a considerable increase in the intensity of the 
Raman effect in the proximity of the critical point, where 
the intensity of classical scattering is increasing hundreds 
or even thousands of times, causing the phenomenon of 
critical opalescence. This question was recognized by 
Raman * * * § himself to be of fundamental importance. 
Raman experimented with C0 2 and further with a mixture 
of carbon disulphide and methyl-alcohol. In both those 
cases he found an increase of the new T radiation in the proxi¬ 
mity of the critical point. L. A. Ramdas f repeated the 
experiment with C0 2 , and also observed an increased 
intensity of the effect. The question was taken up by 
A. Bogros and Y. Rocard i, and also by VY. H. Martin §. 
These authors, working w ith a critical mixture of phenol 
and w r ater (64 per cent, of water), obtained absolutely 
negative results ; they observed no Raman spectra even 
after an exposure of three hours. 

So far the problem remained unsolved. Raman himself 
considered his results as preliminary; he admitted that 
deeper research would be necessary, because he limited 
himself to the method of complementary light filters, and 
did not obtain photographs of the spectra. On the other 
hand, the experiments of Martin and Bogros-Roeard 
seemed indecisive : phenol mixtures quickly become 
coloured, and one could think the negative results were due 
to the absorption of the new' radiation. Whatever it may 
have been, the above authors should have obtained in 
their photographs at least the diffused Raman bands of 
water, because the Raman effect is strictly additive, and 
with pure water one easily obtains the Raman spectrum 


* Indian Journ. of Physics, ii.pt. 3, p.387 (1928). 

t Ind. Journ. of Physics, iii. pt. 1, p. 131 (1928). 

% Comptes Jtmdiu, clxxxvi. p. 1712 (1928). 

§ 1 Nature,’ October 6,1928, p. 50(5. 
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with an exposure of l£ hours. To elucidate the problem, 
the authors undertook a new line of investigation. The 
results obtained seem to give a decisive answer to the 
question, and explain also why the former scientists 
obtained contradictory results. 

2. Experimental Arrangement. 

We used in our experiments isobutyric acid, which with 
water gives a mixture having the critical temperature at 
about 24° C.; the mixture contains at the critical point 
36-3 per cent, (weight) parts of acid. The isobutyric acid 
was obtained from Kahlbaum. The preparation, having 
been in continual use for many months, remained abso¬ 
lutely colourless and possessed the same optical properties 
as a new sample manufactured by Kahlbaum-Schering. 

For a source of light we used a mercury-vapour lamp of a 
special type*. The arc was formed in quartz tube of 2 cm. 
diameter, its length was 20 cm. The anode was cooled by 
a quick water stream. Thus heavy currents could be used, 
amounting to 10 amp. in our experiments. The lamp was 
continuously connected with a mercury diffusion pump. 

The light of the lamp was concentrated at the axis of 
a cylindrical vessel R (see figs. 1-3) by means of a con¬ 
denser of 16 cm. in diameter. The vessel had flat ends; 
the end turning to the collimator of the spectrograph was 
made from a plane-parallel plate fused in a glass tube. 
Sibor glass was used. The cylindrical part of the vessel R 
was half-silvered ; this silver mirror increased the intensity 
of the light. To keep a steady temperature the vessel R 
was immersed in a metal tank filled with water of 14 
litres capacity. The water was made to circulate by 
means of the stirrers S, moved by a motor. The heating 
of the water-bath was effected by means of the chromium- 
nickel spiral P. The temperature was easily kept constant 
to 0 1° C. A Leiss glass-spectrograph, model A, was used. 
In the green-blue part of the spectrum we had 50 A for 
1 mm. The error of the wave-length determinations should 
not exceed 2-3 A units. We used Ilford Iso-Zenith plates 

* The model of this lamp was constructed by Prof. S. Pienkowski at 
the Institute for Experimental Physics at the Warsaw University. We 
are glad to express here our best thanks to Prof. Pienkowski for his kind 
permission to adapt his model. 
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Explanation of lettering on figs. 1-3. 

N is a brass cone which fits into the cone A (fig. 3). S denotes the vanes 
of the stirrers. R denotes the glass vessel containing the liquid 
examined* W is a glass window. L the mercury lamp, whose 
image is projected by the condenser lenses (J. P is the heating 
spiral. K the collimator of the spectrograph. 








The RamanrEfrect in Proximity of the Critical Point. -i03 

(H. & D. 700). For the photographs taken during the 
opalescence it was found advantageous to apply anti-halo 
plates, the principal mercury lines being then strongly 
superexposed. We chose Gevaert’s SSS (Super Sensima 
Special) plates, which gave very satisfactory photographs 
of the spectra. 

3. Results. 

Our experiments were conducted in the following way. 
We photographed the Raman spectrum some degrees over 
the critical point, when no distinct opalescence was yet 
seen. Then, allowing the liquid to cool down, we repeated 
the experiment, applying the same time of exposure, while 


tig. a 



the opalescence was increasing in strength. We aimed not 
to reach the point at which the liquid would look like 
diluted milk, because then the absorption of the radiation 
would have been too strong. The first photographs taken 
soon showed that the opalescence was accompanied by the 
appearance of many new lines which were not visible at 
higher temperatures. Relatively faint characteristic 
Raman lines of isobutyric acid also appeared, but these 
were more diffused than the same lines obtained with pure 
acid. The attempts to obtain more intense phenomena by 
prolonging the time of exposure did not bring expected 
results. The lines disappeared altogether, and a reason 
for their diappearance was easily found. The spectrum 
of the mercury-arc lamp has a weak continuous background. 
In ordinary conditions this continuous spectrum does not 
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appear on photographs, because the scattered light amounts 
to only a small fraction of the light incident. At the 
critical opalescence that fraction grows considerably, and 
the background becomes relatively important. In cases 
of long exposure the continuous spectrum totally masks the 
weak Raman lines. In view of the above the following 
method of observation was adopted. We shortened the 
length of exposure to the length of time necessary to obtain 
on the plate the strongest broad Raman-lines of isobutyric 
acid only—4605 A and 4661 A. Fifteen minutes’ ex¬ 
posure was found sufficient for this purpose. Under these 
conditions the continuous background was relatively 
harmless. Lowering the temperature and approaching 
the critical point, the time of the exposure remaining 
unchanged, we took a series of spectrum photographs. 
These photographs showed very clearly that the intensity 
of the Raman lines changed but very little, whereas the 
intensity of the classical scattering increased manyfold. 
It is true that at intense opalescence the Raman lines 
appeared somewhat stronger than without opalescence, 
but at the same time the continuous background was 
darker. For an approximate estimation of the strength¬ 
ening of the lines we diminished the time of exposure; 
the temperature and the degree of opalescence remained 
the same. It was thus found that the strengthening of 
the Raman lines at maximum opalescence in our experi¬ 
ments did not exceed 30-40 per cent. However, we do 
not think that it was a real increase in the intensity of the 
lines, but consider it rather to be the effect of the simul¬ 
taneous action on the plate of both the Raman light and 
also the continuous spectrum of increased intensity. At 
the same time the intensity of the scattered light increased 
approximately about 500 per cent. This effect could not 
be appreciated with the principal mercury lines, because 
they appeared on the plates much overexposed, but it was 
perceptible with the weak ones like 4916 A. It was said 
that there appeared at the opalescence many new lines, 
which we thought at the beginning to be new Raman lines. 
A more exhaustive study showed, however, that these new 
lines were but very feeble mercury lines, like 4826, 4882, 
4960, 5121, 5365 A. They do not appear in the spectra of 
scattered light when the temperature is kept some degrees 
above the critical point, their intensity being too weak to 
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impress the photographic plate. The opalescence increases- 
their intensity in the scattered light. It was possible for 
us to obtain the same “ new lines,” using instead of the 
critical mixture a plate of milky glass put in the vessel R 
(see fig. 2), which was filled with distilled wate*\ A three 
minutes’ exposure was then sufficient to obtain on the 
plate the lines mentioned. 

4. Conclusion. 

From these experiments we infer that the Raman 
spectrum exists at the critical point, and its intensity 
remains unchanged by the critical opalescence. 

The results of the investigations of Bogros-Rocard * and 
Ma rtint are easily explained. The fact that these scientists- 
did not obtain Raman spectra in their photographs 
resulted from the continuous background of the mercury 
spectrum, which, becoming predominant at the opalescence, 
masks totally the weak Raman lines. Apart from this, in 
the case of phenol the liquid becomes red-coloured and 
the absorption has a harmful effect upon the intensity of 
the Raman light. 

The positive effect of Raman and Ramdas is accounted 
for if we consider that it is impossible to obtain ideal 
light-filters. Their blue filter transmitted also a certain 
percentage of green and yellow light: the amount of light 
transmitted was too small to be observed in ordinary 
conditions of light scattering. At the critical opalescence 
the scattering increased considerably, and the light trans¬ 
mitted appeared suddenly, thus giving the impression of 
strengthened Raman radiation. 

It follows from our work that there exists a fundamental 
difference between Raman effect and scattered radiation, 
and that, on an experimental basis, we may call the new 
radiation incoherent, whereas the classical scattering is a 
coherent one. 

A part of the expense for this study was covered by the 
Mianowski Foundation. 

Warsaw, Physical Laboratory of 

the State High Technical School, 
founded by II. Wawelberg and S. Rotwand, 

* November 3rd, 1920. 

♦ Zoc, cit . f Loc. cit . 

Phil. May. S. 7. Vol. 9. No. 56. Fek 1930. 


X 



C 306 ] 


XXIX. The Theory of the Pianoforte String struck by a 
Hard Hammer .—Part I. By Dr. Kulksh Chandra 
Kar and Mohinimohon Ghosh *. 


Introduction . 


^ 1 N HE theoretical inquiries into the problem of the piano* * * 
forte string are generally divided into the two following 
classes:—(1) those developed by Helmholtz f, DelemerJ, 
^rnd Lamb § ; (2) those advanced by Kaufmann ||, Love If, 
and Das ** * * §§ . It is generally thought that the two classes 
of theories are fundamentally different, the first class being 
based on some assumed law of pressure between the hammer 
and the string, the second class giving a rigorous functional 
solution of the problem. It is proposed in this paper to 
develop a new theory of the pianoforte string, extending 
Rayleigh's theory of loaded string ft in the light of the 
theory of motion of dynamical systems under intermittent 
impulse as developed by one of the writers on different 
occasions, and to discuss the present theory in relation 
to the other theories of class (2). 

Before entering into discussions about the present theory 
and its relation to the other existing theories it seems 
advisable to state briefly the results of Kanfmann’s 
investigation §§ on the subject. According to Kaufmann, the 
differential equation of motion of the hammer when it 
strikes very near the end of the string is given by 


m 


dh) 

'di* 


T, dy T, A 

- •37 + —V^O, 

* dt 


• . 0 ) 


where y is the displacement of the hammer, t the time, 
m the effective mass of the hammer, T t the tension of the 
atring, c the velocity of the wave along the string, and a 


* Communicated by the Authors. 

+ Helmholtz , i Sensations of Tone,’ Translated by Ellis. 

X Dclemer, Ann. Soc. Set. de Bruxelles, pts, 3-4. pp. 219-314. 

$ Lamb, ‘The Dynamical Theory of Sound/ p. 74. 

|| Kaufmann, Ann. d. Phys. liv. p. 67.5. 

If Love, ‘ The Theory of Elasticity/ 4th Edition, Art. 281. 
a* Das, Proc. Ind. Assoc, etc. vii. p. 13 (1921), et sea . 
ft Ravleigh, ‘ Theorv of Sound/ i. p. 204. 

Jt K. C. Kar, Phys. Zeit. xxiv. p. 63 (1923): Phys. Rev. xxi. p. 695 
<1923); Phil. Mwg. (to be published) Kar and Ghodb ; Phys . Zeit. xxix. 
p. 143 (1928); M. Ghosh, Phys. Zeit . (to be published). 

§§ Kaufmann, lac. cit. Notations used in this paper are generally 
taken from Rayleigh’s ‘ Theory of Sound/ 
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the shorter segment into which the string is divided by the 
hammer. It may be noted that the above equation holds 
-daring the time 0<ct< 2a. Now on solving the above 
equation one gets 


r- 


v 0 


y= 


\/ % 

v 

v ma 

4 mV 

0<ct< 2<r, 

or 


Vo 


V - - 

V tna 

p l 

4m 2 


f< >-2«e s i a , 


rz w f 

, sinc*£< 


l 


ma 




v o 0 
V rn \a 


/Ti 

T, 2 

ma 


w 

i 

l* 

4 m 2 

r • 


i. 


(2 a) 


(2 b) 


m 

m 


--•i • / 1 / m'/4l m'\l /„ v 

y" ’ sra Wirb-,Tr)h (2c) 

where p is the linear density of the string, 8 the period of 
vibration, v 0 the initial velocity of the struck point, l and m 
as length and mass respectively. Thus from (2 e) the 
duration of contact is given by 


0 


7r 


V m \a m / 


(3) 


The next case considered by Kaufmann is that of a 
hammer striking at the centre of the string. In this 
case the differential equation of motion of the hammer is’** 
given by 

_ _2T d v 


>n 


dt 2 


clr: 


(±) 


where m and T, are symbols already explained and * is 
taken along the string. The solution of the above equation 
in the first epoch, i. e., 0<ct< l, is 

ttync, - 2T, «x / \ 

-- (1 l-e me ).(5 a) 


or, 


2Tj 


"" 0 /i 

s-ipP- 

X 2 


,- 2 rr, 


h 


. . (5b) 
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which may also be written as 

v o 0m n Ji L' ' . 

y= 4m r(1 ”' w # ). 

where the symbols hare the same meaning as in (2). In the 
second epoch the solution of equation (4) becomes 

«w 


VoJ ~/ . o , tnr*\ tnc*) 

»“7l' L 2 '"*( rf - 2a+ 2T;) _ M,J"|t 1 f' (Ra> 


or, 


or, iu the alternative form, 

(to 

Now, on equating from (6) to zero, the duration of 

contact of the hammer, if it leaves the string in the second 
epoch, can be easily obtained. It is, according to Katifmann, 


<t> 


1 m 


6 2 4 m 


/ 1 2m '\ 
v(l + 2 e ~"‘\ 


(7> 


One other case discussed by Kaufmann in his paper 
referred to above is that of an infinite string struck at its 
centre. The solution for this case is exactly the same as 
equation (5) for the first epoch for a finite string, for 
reasons which are quite obvious. • It may be noted before 
concluding this section that Kaufmann’s method for a finite 
string struck at its centre can be easily extended to higher 
epochs. The displacement in the third epoch may con¬ 
veniently be given below, 

mv 0 r, -t. a _ ~P ( a M \ 

V= ip]}-’ " ■m\ C, — a *T,) 

—2e“|(,.!-4o)+^'(rt-4u)>+5^J. (8) 

The above is a brief summary of Kaufmann’s theory of 
the pianoforte string. 

I 11 the following section A we shall develop the new 
theory of the pianoforte string, and shall show that it gives- 
all the results given above in a very simple way. In 
section B will be discussed the relations of the theories of 
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Love and Das with that of Kaufmann, while in section 0 
will be given discussions about the different expressions for 
the duration of contact obtained from the different theories. 


Section A. 


In all the existing theories of the pianoforte string the 
effect of damping has been neglected. In the present paper 
we shall also neglect the damping effect, which will, 
however, be considered in a later communication. Now, it 
has been shown by one of the writers * that if the vibration 
of the pianoforte string during the time the hammer is in 
contact is taken as that of a loaded string, the load being 
considered as a part of the string during this time, then the 
equation of motion of the load or the loaded point of 
the string is given by 


“•-sin c\t. 
c\ p 


m \ sin 2 \a sin 2 


w 


(9) 


+ 1 


where r 0 is the velocity of the hammer just before contact, 
c the velocity of the wave along the string, p the linear 
density of the string, m the mass of the hammer, a and b 
are the segments into which the string is divided by the 
hammer, and X is given by the frequency equation 

m\ sin Xa sin X&=p sin X/, .... (10) 

l being the total length of the string. 


Hear the End. 

Now, if the hammer strikes the string very near its end, 
*. e. y if a< <b and therefore b—l approximately, we have 
then from equation (10), by taking sin Xa=\a and sinXft 
=sin X/, 

x-*A-V l1 - • • • ( n ) 

V ma c V ma 
Thus equation (9) becomes 



* K. C. Kar, l’bil. Mag. p. 278 (August 1928). The value of y is 
not taken here as a senes. This is what I pointed out in my paper 
referred to above.—K. C. K. 
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where 


«i V sin* Xa 


h 

sin* hh 



(13> 


Now, from equation (11) we have X is very small. If, 
however, it is so small that sin Xa~Xa and sin Xb—Xb, then 
p can be easily evaluated from (13). Thus we have 


P= 


1 

Lp( j + 

X* m\a b 


l) 


. . (14) 


+ 1 


Or, substituting the value of X from (11), and remembering 
that b = l approximately, we have from (14) P=L Thus 
equation (12) reduces to 


y- 



. . (15) 


It is not difficult to see that up to a first approximation, 
the above equation is the same as Kaufmann’s equation (2). 
Let us now proceed to find the value of y up to a higher 
approximation *. 

Now, using the relation / == «-t b, we have from the 
frequency equation (10) 

/ XV\ p f sin Xa cos XAl .... 

\ 6 / m L sin X/» J ’ 


neglecting higher terms. 

Now, as X is very small (shown before), sin Xa, sin Xb, and 
cos Xb may be taken as Xa, Xb, and 1 respectively. Thus 
equation (16) reduces to 

• • < 17 > 

Now, ^ being very small compared with cosXa, which is 
very nearly equal to 1, we have from (17) 



• An alternative proof will be given in Appendix (A). 
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Or we have on transformation 


X*a(l+£**«’)='.(19) 

Solving the above quadratic equation in X 2 , we get 

. . . ( 20 ) 


=a a._j ^ 

V mu i Tw 2 ’ 


up to a second approximation. Tints instead of equation (15) 
we have 



1 p 2 c~ 

If we, however, suppose the term .^- 2 under the square 


root in the above equation to be due to some term in the 
differential equation of motion corresponding to the damping 
term (as in Kaufmann), then the equation (21) may be 
written as 



which verv closely agrees with Kaufmann’s equation (2 b). 
The small difference may be explained as being due to the 
fact that Kaufmann has taken the smaller segment to be a 
rigid rod, which, however, is not so actually. 


At Midpoint (/irst Epoch). 

In considering the general case of equation of motion of 
a loaded string, liord Rayleigh has considered the force 
to be of the form «**»'. It can be easily seen, however, that 
during the first epoch, i. e., before the time the reflected 
wave comes back to the load, the force will be of the form 
e~ gt . Thus the equation of motion of the load becomes 
(ride Rayleigh, loc.cit.) 

t ,-a(|)+f<-*'=o. m 

where I 1 ! is the tension and c the velocity of the wave along 
the string. Thus from (23) the displacement of the load 
at any time is given by 

>/1 ye qf ., . . . . . • (24) 
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where y is a constant. Now at t = 0 we have ^= 7 . If we, 
however, suppose the displacement of the load to be zero at 
t= 0 , that is to say, if we measure the displacement from 
tfi-yo, the above equation (24) becomes 

= .(25) 

Now, the velocity of the load just before contact with the 

string is = *•«, and hence we get from (25) 7 = — 

•and thus we have 


y=^(\-r'>') . (20) 

It may be noted here that as we have taken the force in 
the first epoch to be of the form e~ r/t , the frequency equation 
(10) will be (ride Kayleigh, Theory of Sound, lor. cit.) 

wtXsinAu sinXd= — p sinX/. . , . (27) 

Now at the centre « = //= and thus we have 


X= 


2p cos X« 
m sin \a 


(2S) 


Or, substituting the exponential values of cosA« and 
sin Xu, we get 


. 2 p e iK " + e~ iK " 
L— 1 ' in' e *“— e -d“’ 


\= — i.-~.\- .. (2V) 

Or again, by putting j>=Xc ( ride Kavleigh, he.cit.), we have 
. 2pc e ipa/e + e~ ipac 

1 .(*^) 


It has been shown above that in the present case >.=»«. 
Thus we have from (30) 


— _ ~P° € ~ 9<1C + eU ° C 

m . ^0 

We haye already pointed out in the introduction that the 
solution for a finite string during the first epoch will lx; 
•exactly the same as that for an infinite string. Thus the 
value of q becomes on putting /*■*, i. e., a=<x> , 

2pc 2T 
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Hence equation (26) becomes 




2T . 


(33) 


•which is Kaufmann’s equation (5 a) for the first epoch or 
for an infinite string. We might point out here that the 
•differential equation corresponding to (33) during this time 
is {vide also Kanfmann, loc. cit .) 


<Py 2T dff 


■ ■ (34) 


Second and Higher Epochs. 


In calculating the displacement of the hammer during the 
second epoch, Kaufmann has adopted the method known as 
the method of variation of integration constant or Saint 
Venant’s method. Love has also used the same method of 
Saint Venant to find the solution during the second epoch 
for a rod struck at an end. It will be shown in section B 
that both the equations of Kaufmann and Love, though 
apparently of different form, are really the same. In the 
present section we shall, however, use Kar’s theory of 
intermittent action which has found application* in different 
branches of Physics to get very easily the displacement of 
the hammer during the second or subsequent epoch. 

We suppose, now, that during the time it is in contact 
with the spring the hammer moves on, imparting and thus 

2a 

getting back impulses at regular intervals of times*—, 

c 

being the time taken by the wave to start from the hammer 
or the load and come back to it after reflexion from fixed 
ends. The magnitude of these sudden increases of impulsive 
force or pressure at. the centre, as taken by Kaufmann and 

Das, are 2p<v, 4 pre, Ipcc .etc. at t=0, -- , etc. 


Thus the motion of the load or the hammer during any 
epoch is given by the differentia 1 equation (34) with the 
above conditions of impulsive pressure. Now it follows 
from the theory of intermittent action, that if a pressure 
'2pro acts momentarily at t = 0, on a system given by the 
equation (34), the displacement at any time t is given 
by (33) f. Then again, if the momentary increases of 


* Loc. cit. (Introduction). 

| See Appendix B for proof. 
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pressure 2pvc and 4 pvc take place at <=0 and —, the- 

displacement at any time during the second epoch. i. e. r 

between ---and —, is given by 
c c * 


mv 0 rj. J2( 

Or on simplifying we get 


(35). 


_my o I 
r 2cp i 


2cp m 4 ap * 

e-m- . (36) 


It may be noted here that T in the above equation is the 
time measured from the end of the first epoch. Thus, 
2a 

putting t = ^-+T in Kaufmann’s equation (6ft) we get,, 
after some transformation, 


■ £(‘ I + £,)-< - "'-O' (»») 

Now it cau be easily seen that if in the above equation cT 

is neglected compared with ~, the equation (37) becomes 

identical with equation (36). We may also note in this 
connexion that cT will generally be negligible in comparison 

with ~ . Thus there is very good agreement between the 
Ap r 1 1 

present theory and that of Kaufmann. The small difference 

between the expressions obtained fiom the two theories is 
due to the fact that in Saint Venant’s method the pressure 
between the hammer and the stiing has a sudden increase 
at the end of each epoch, and then it exponentially 
decreases, whereas according to the present theory the 
sudden increase of pressure takes place momentarily at 
the end of every epoch. This point, it may be remarked 
here, will be thoroughly discussed in Fart II.* 

The displacement of the load or the hammer during the 
third epocli can be easily obtained as before. Now we have 
in the third epoch, 

+ 2| l-<r 2 £ T j].(38) 


* See p. .‘i21 infra. 
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On simplifying, we get 


wirof, A -~ p 

^+t == 5^L 1 * <? * ^~ 2<? w + £ 


( 39 > 


Now, on substituting f =s + T, the corresponding 
equation (8) of Kaufmann reduces to 

mr 0 f _ 3e 4p _??(cT+a.) - 

y ?+» = 2p,L I - e ’ * m e ' 

x J [ ( c 1 + la) + r\- i e- , :\^ 

=,{,T+Vp + |i}].(40> 


If, as before, we assume cT as small compared with 


m 

*P 


> 


the above equation (40) becomes exactly the same as (39) 
deduced from the theory of intermittent action. It may 
not be too much to claim at this stage that Kar’s theory of 
intermittent action gives quite easily a value of the dis¬ 
placement, of the hammer during any epoch which very 
closely approximates to the corresponding value obtained 
by a long process based on Saint Tenant's method of 
variation of integration constant. 


Section B. 


Lore's Theory. 


As lias been already pointed out, Love, in his book on 
Elasticity, has discussed the case of a rod struck by a load 
or hammer at one of its ends, the other end being fixed. 
The time during which the hammer is in contact with the 
rod is divided into a number of equal intervals, each being 


9 a 

equal to " , where a and c are respectively the length of 


the rod and the velocity of propagation of a wave along it. 
And the displacements for the first, the second, and the 
third epoch when expressed in the notations used in this 
paper, are: 


first epoch. 


2 « — — (1 — e » ); 
c /><• V / 


. . (41) 
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second epoch. 


<t< 




pc 

third epoch, 
J ' 4 o <f<- 

e c 


mvn | , . _ p ia-2,1) f , P , 

= --- 1 — e~ “ + « • s 1 + ^ [ct—'2a) }• 

pc L t , >n ) 

1+ p <rt —4<i)+-*<,•/-4«*I’ v j . (43) 

I w ' nr J J ' 


Now it is quite evident that, by putting ~ for m in 

equations (41), (42), and (43), we get the corresponding 
equations (5 h), (6/>), and (8) of Kanfmann for the hammer 
struck at the centre of the string. This is not at all 
surprising in view of the fact that both Kaufmann and 
Love have used the same method of variation of integration 
-constant. 


JP. Das's Theory . 

In developing his theory of the pianoforte string l\ Das * 
has assumed that at the end of every epoch two similar 
waves are set up, and immediately they are formed they 
start from the struck point in two opposite directions. 
Now, to evaluate the unknown function representing the 
two similar waves produced, Das falls hack on the well- 
known method of variation of integration constant adopted 
before by Kaufmann and Love. So, we think, Das’s theory 
is fundamentally the same os that of Kaufmann and Love. 

It is interesting to note here that, in his papers referred 
to above, Das has not considered the string struck at its centre. 
He has, however, discussed the case of a hammer striking 
4t string at a finite distance from one end A, and at an 
infinite distance from the other end B. Thus he neglects 
reflexions from the end B and gives the expression for 
pressure (Pa) between the hammer and the string at 
different epochs. It can be easily seen that if the hammer 
strikes at the centre of a finite string there will be reflexions 


* Da*, /«*. cit. 
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from both ends, and (P A ) will be eqnal to (P B ). And so- 
Dus’s expression for (P A ) when B is at an infinite distance 
from the hammer can be used to find out the pressures 
at any epoch when the hammer is at the centre. On 
integrating these expressions for pressure twice with respect 
to time, the corresponding expressions for the displacements- 
can be easily obtained. On evaluating the expressions for 
“y” in this way, we find that during the first and the 
second epoch they are in agreement with those obtained by 
Kaufmann and Love. During the third epoch, however,, 
the displacement found in this way is different from that 
of Kaufmann or Love. The acceleration during the third 
epoch, according to Das (vide P. Das, first paper), will be 

m L l. m ' J 

+ 2e-™ ( '’ , ' 4a> |l- ™(cf—4a) + (44) 

Thus on integrating the above equation the displacement 
becomes 


.V= 2 ^L 2 ' (J+.fM-SalJ- 


2pr 

k e~ —1 


— r Act—laye ™ 9 

mr 


j- 


(45) 


which is different from the corresponding equation (8) 
of Kaufmann or Love. It may he remarked here, in 

conclusion, that neglecting ct compared with DasV 

VI 

equation (45) approximates to our equation (40). 


Section C. 

If the string is struck very near its end, the duration of 
contact between the hammer and the string as obtained 
from our equation (21) or (22), is 



where <f> is the duration of contact, and 6 the time-peiiod 
of vibration. The above equation, it may be noted, is very 
nearly the same as Kaufmann’s expression (3). 
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Now if the hammer strikes at the centre of the string, the 
•duration of contact, if the hammer leaves the string daring 
the second epoch, can be obtained from our theory in the 
.following way. We have from equation (36) 




2pvc - 2p '.T 
m 


lap 

(2-e*«). 


(47) 


Thus neglecting higher terms the time at which 



YiX 

3s given by T = . Thus we have 

® 2pe 

<f> _ 1 1 m 

e~2 + Vm n 


(48) 


where <f> is the duration of contact and 6 the time-period of 
vibration of the string. It may be pointed out that the 
above equation (48) is the same as Kaufmann-Love’s 

4 2m* 

equation (7) * without the factor 1 + ^e" which is nearly 
-equal to 1. Thus the present theory gives an approxi¬ 
mate value of the duration of contact when the hammer 
leaves the centre of the string during the second epoch. 


Conclusion and Discussion. 

In this paper we have confined ourselves to the approxi¬ 
mate solution of the problem of the pianoforte string. The 
more rigorous solution by the same method on the assumption 
that after the sudden increase the impulses decrease 
•continuously and exponentially, will he given in the second 
part of this paper. It is perhaps needless to remark here 
that the method of intermittent action adopted throughout 
this paper is far more simple than the lengthy and cumbrous 
method of variation of integration constant followed by 
Kanfmann, Love, and Das. Moreover, in view of the fact 
that the same method of intermittent action has found wide 
application in many problems of quantum physics, the 
present theory, which may perhaps be called the quantum 
theory of the pianoforte string, is of great interest even in 
molecular physics. 

* Das’s theory gives the same value of the duration of contact (second 
epoch) as that of Kaufmann and Love. 



of the Pianoforte String struck hy a Hard Hammer. 319 


Appendix A. 

Instead of supposing, like Kaufmann, that the shorter 
part of the string (a cm.) is rigid, we suppose it to have a 
linear density p u far greater than the linear density p 3 of 
the other part (b cm.) In that case, the frequency equation 
becomes (vide Rayleigh, ‘ Theory of Sound,’ i.). 


rp \ COSXjfl m . COS XjA * 

IjX, j—4 liX 2 ----- = p*m. 

sin Xj« sin X 2 o r 


(I.) 


It is quite evident that if the linear density of the string 
is the same on the two parts, i. e., if Xi=Xj, the above 
equation (I.) leads to the frequency equation (10). Now on 

substituting Xj = ~ and X 2 = ~ where c x and c t are the 

velocities of a wave along the two portions, we have from 
the above equation (I.) 


T. 

m 


1 cos Xj<i lcosX 2 ft‘l_ 


fl cc 
L * si 


sin A.,a 


4- ■ —=/>• • • (II.) 

sm \ 2 h J 

Again, p x being very great compared with p t , c x will be 
very small compared with c s , and hence the above equation 
approximates to 

T, cos X,a 

m P- 


mci ' sin \ x a 

Or, putting p = X,e, and Tj=Cj*/» t , we have 

p x Xj sm X[fl 
m cos Xja 

Thus we have, to'a first approximation, 

w* - 

and to a second approximation 

X,( XjO 


ma 


(HI.) 


(IV.) 


(V.) 


X] 3 a' 


Pi 

m 


V\ 

6 ) 


=V«(l + |x l ! a*) 


5 


. . (VI.) 
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and hence, finally, we have 


• • • (V!L> 

V ma A nr • ’ 


Appendix B. 

Let the differential equation of motion of a particle be 

£ + 2l£ + n 2 x =0.(I.)> 

Its solution in terms of initial displacement and initial 


velocity is 

f . sin pt 
x l —e bt \ * - L 


where 


. sm pi 1 It . 

1 + x„\coi pt -f -^sin pt 

p~ — )i* «■* h*. 


)}, dr- 


> 


The solution may also be given in terms of initial 
displacement and initial pressure or acceleration, as 

x t -e( h sin P f + cos /'') ~ sin /* j-. (III.) 

Tims, if the moment is excited by only pressure or 
acceleration acting for a moment at time t, then for the 
displacement at any time t\ we have from (III.) 

x ( = f. ^ f (x), sin p(t-t'). ■ . (IV.) 

If, now, n=0, we have /)=(/>. and hence equation (IV.) 
reduces to 


— iflc f i l f y ) 

- 4 a* i r ' • * [ } 


Thus, if 


we have 


T|_ cp 


b= (x)r = " p ' u , and /' = (). 

me m m 


mv 

x t - t} (1— e 
2pc K 


2Tj 


(VI.) 


Physical Laboratory, 
Presidency College, Calcutta, India, 
* Nov. 1928. 
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XXX. 2 he Theory of the Pianoforte String struck by a Sard 
Hammer.— Part II. By Dr. K. C. Ear and M. Ghosh*. 


J N Part I. of this paper (p. 306) we have assumed that 
intermittent impulses are imparted by the hammer at 
the centre ot the string, momentarily, at regular intervals of 
* 

time, each equal to —, where a is half the length of the string 

and c the velocity of the wave along the string. On the above 
assumption we have derived equations for the first, second, 
and the third epoch, at the centre, which approximately 
agree with those of Kaufmann and Love. The object of 
the present paper is to deduce the exact equation of 
Kaufmann and Love, assuming that the impulses come 

at regular intervals of time, i.e. at rf = 0, as 

c c 

before, but instead of acting momentarily they act suddenly 
and then decrease exponentially with time. 

It has been shown in the previous paper that the dif¬ 
ferential equation of motion of the hammer when it strikes 
the string at its centre is 


A , 2p< dy_ 
dt* + m dt ’ 


. . ( 1 ) 


where m is the mass of the hammer, p the linear density of 
the string, and c the velocity of the wave along it. It has 
also been shown in Part I. that if an impulsive pressure 


2 pv 0 c 
m 


acts momentarily, thus imparting a velocity v Q to 


the dynamical system given by the above equation, the 
displacement at any time t is given by 


Vt 


2pc\ 


e 



■ • ( 2 ) 


which is Kaufmann’s equation of the hammer during the 

2a 

first epoch, t. e. 0 < t < ~ . Just at the end of the first 
epoch *• e. just at the moment when the reflected 

waves starting from the hammer come back to it after 


* Communicated by the Authors. 

Phil. Mag. S. 7. Vol. 9. No. 56. Feb. 1930. 


y 
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reflexion from both the ends, the second impulsive pressure 
begins to act on the hammer. As, however, the 

771 

waves produced daring the first epoch give rise to the 
force acting on the hammer at any time during the second 

epoch, i.e. at t=y+T, where 0 < T < ^, the pressure 

imparted will be - e ~ ^ T , being equal to 2y obtained 
from equation (2). 

Now if a force — e ~ **' acts on a dynamical system 

given by equation (1) at time t' for a short time dt', it will 

impart to it a velocity e~~n f ' dt'. Substituting the 

above value of the velocity in equation (2), we get for the 
displacement at any time measured from the beginning of 
the second epoch, 

y T — — 2t' # e - »< | 1— e~ »» fr ~ j dt'. . . (3) 

As, however, the force is acting continuously on the 
system, we have 



On integrating, we get 



On putting cT=ct — 2a, where t is the time measured from 
the beginning of the first epoch, we get 

■ v ,= - ’^[ 2 { 1 ^ ' 

... ( 6 ) 

Thus the resultant displacement at any time during the 
second epoch is (from equations (2) and (6)) 

+ (7) 
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Or w© have, on simplifying, 

1+ >-*.)}-.-*•'-l]. (8) 

On differentiating twice with respect of time we get 
from equation (5) 



4 pvc 
m 


2g*]i 

e~ m 



The above equation, therefore, gives the pressure imparted 
during the third epoch. Thus the displacement of the 
hammer during the third epoch due to the above-mentioned 
pressure can be obtained as before from equation (2). It is 
given by 


y?' 


tel-)*-. (10, 


On integrating the above equation, we get 
_ mv 0 /2pc T\* 


y? 


2pc \ m / 


( 11 ) 


Putting cT=d —4a, where t is the time measured from 
the beginning of the first epoch, we get 


y T 




2 pc \m 


J ( ct — ia) 


e m 


( 12 ) 


Thus the resultant displacement at any time during the 
third epoch is (vide equations (8) and (11)) 


tn»r — -? (el—la) f .2/9, 0 v 1 


e m — 1 


— (ct — 4a)*e” ■» <rt-4a) 


’], ( 13 ) 


which is Das’s equation for displacement calculated for the 
third epoch (ride equation (46), Part I.). 

If, however, we take the pressure imparted at the 
beginning of the third epoch to be 

£ i )■ • ■ w 

we get in the same way as above Eaufmann and Love’s 
equation for displacement during the third epoch (vide 
equation (8), Part I.). 



324 Dr. A. Robertson on the 

It may be noted in conclusion that the assumption under¬ 
lying the present method is that sudden impulses are given 

to the hammer at equal intervals of time, each equal to —-. 

These impulses are evidently given by the waves striking 
the hammer after reflexion from the ends. It is perhaps 
useless to emphasize at this stage that the idea of impulses 
being given intermittently does not follow from Kaufmann- 
Love-Das’s mathematics, as Das and Datta seem to think 
in their recent note in Phil. Mag., Aug. 1928. Lastly, we 
venture to claim that our method, based on Kar’s theory of 
intermittent action, though equally rigid, is far more simple 
than the tedious method of variation of integration constant 
followed by Kaufmann, Love, and Das. 

Physical Laboratory. 

Presidency College, Calcutta, 

July 1929. 


XXXI. Critical Stress for Tubular Struts. 

To the Editors of the. Philosophical Magazine. 
Gentlemen,— 

I N the Supplement to your June issue Dr. Carrington 
(on ‘‘Critical Stresses for Tubular Struts’’) criticizes 
certain statements of mine about Southwell’s formula for the 
collapse of tubular struts through elastic instability. There 
is in Dr. Carrington’s paper no reference to iny statement 
that I was dealing with “conditions which are most likely 
to occur in practice,” or to the passage in which 1 pointed 
out that Southwell had omitted to investigate the case of 
failure in lobes of short wave-length. I do, however, 
readily admit that I ought not to have used “ incorrect” in 
reference to Southwell’s formula, but, rather, “ incomplete.” 
Moreover, I was not aware that Southwell’s approximate 
equation for the wave-length gave such excellent results 
for short wave-lengths as is shown by Dr. Carrington’s 
calculations. 

May I trespass further on your space and state what 
I consider to be the present position of this problem? 
Southwell’s investigation includes two types of failure : 
we are concerned only with the lobed type. His analysis 

reduces to an equation involving -g the ratio of collapsing 
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]oad per square inch to Young's modulus, t/a tbe ratio of the 
half-thickness to the radius, K the number of lobes, and 

2tt(i 

? = —where a = the radius and \ the wave-length of 

a lobe. In any practicable material Jj is small, and therefore 

certain terms may be neglected. If the wave-length is long 
certain other terms may also be neglected, and Southwell 
deduced a formula for the wave-length and the collapsing 
load which applies in these special circumstances: in the 
only practical application of his work with which 1 was 
acquainted, I considered that failure with a longwave-length 
was impossible, and I investigated the terms in his equation 
which could be neglected if the wave-length was assumed to 
be short. 

Some of the practical points which influenced me may be 
conveniently discussed by reference to Dr. Carrington’s 
Tables I. and II. In the first place, a solid drawn tube with 
a value of tla = 0*001 is not a practicable one; so far as 
I know, the lightest tubes yet produced have t/a about 0*016. 
Dr. Carrington’s particular example, 1 inch diameter and 
*001 inch thick, is not a practicable tube to make (even by 
machining) in any length—let alone the several feet required 
to obtain failure in a few lobes ; the lightest practicable tube, 
1 inch diameter of any length, would be 1/50 inch thick. 
Dr. Carrington’s other example in his Table II. refers to 
a tube having f/R = 0*04 : this is a practicable tube to make, 
but, unfortunately, no materials with which an engineer is 
acquainted will stand stresses of several hundreds of tons 
per squure inch and remain elastic. 

Even supposing long tubes which would fail by elastic 
instability could be made, I consider it almost impossible to 
test them so as to make them fail in two or three lobes; 
to do this would require that the ends should be fixed in 
direction, and this is a very difficult condition to fulfil. 
Before completing my paper I examined some methods of 
making a thin tube long enough to fail in a few lobes, and 
decided that they were quite impracticable. 

The practical cases I had in mind as cases to which 
Southwell’s results might apply were a portion of an oval 
tube with a large radius of curvature (e.g., an interplane 
strut of an aeroplane) and the flanges of a spar of an 
aeroplane. In both of these cases there is only a relatively 
narrow strip of tube, held at its side eithei by the sharply 
curved ends in the case of the strut, or by the webs in the 
case of the spar. 
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Leaving out of account any consideration of practical 
applications, Dr. Carrington's calculations are of interest in 
that they show that the approximate equation which 
Southwell gave for the long wave-lengths also gives 
a remarkably good approximation for short wave-lengths. 

One further point of interest may be noted. If it should 
ever become possible to make long tubes having such values 
of t /R that failure by elastic instability is possible, then 
Southwell’s approximate equation may be used to calculate 
the distance of the stiffeners which will be necessary to 
ensure that failure shall not occur at the low values corre¬ 
sponding to long wave-lengths. 

Yours faithfully, 

Andrew Robertson. 


XXXIi. Proceedings of Learned Societies . 


GEOLOGICAL SOCIETY. 


[Continued from vol. viii. p. 780.] 

October 23rd, 1929.—Prof. J. W. Gregory, LL.D., D.JSc., 
F.R.S., President, in the Chair. 


r JTHE following communications were read 


1. ‘The Carnmenellis Granite: its Petrology, Metamorphism, 
and Tectonics.* By P. K. Ghosh, Ph.D., D.I.G 


The paper deals with the petrology and tectonics of the Carn¬ 
menellis granite-mass and its metamorphie aureole. The granite, 
which occupies an area of some 50 square miles between Falmouth 
and Camborne (Cornwall), was divided by the Geological Survey 
into (1) an earlier coarse variety and (2) a later tine variety. 
In this paper the coarse granite of the Survey has been subdivided 
into three types, which, from evidence in the field as well as in 
the laboratory, prove to he three distinct intrusions. The petro¬ 
logical characters of the granites and their differentiates are 
described and discussed, while twelve especially made analyses 
illustrate the composition of the rocks and minerals of the granitic 
series. Twelve analyses have also been made of the associated 
metamorphie rocks. These latter consist of ‘greenstones’, 
slates, and schists of various types, as well as inclusions of 
country-rock within the granite. Special attention has been 
paid to the chemical nature of the alteration-products. 
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The structure of the area has also been investigated, and an 
attempt has been made to correlate the features exhibited by the 
granite with those of the metamorphic aureole. 

2. 4 Historic Changes of Level in the Delta of the Rhone.’ 
By Richard Dixon Oldham, F.R.S., F.G.S. 

The history of the Bhone delta may be summarized as 
follows:— 

(1) At the opening of the Pleistocene Period the whole area, 
together with large tracts surrounding it, was covered by a deposit 
of gravel and well-rounded boulders, over which the Bhone and its 
tributaries wandered, with no fixed bed and with a velocity of 
current that gave them a torrential character. 

(2) A period of subsidence followed, the gradient and the speed 
of current were diminished, and an alluvial delta built up, which 
was at least as extensive as that of the present day. Two stages 
can be recognized in this deposit:—the lower one is prevailingly 
arenaceous, and small flat pebbles are found scattered through 
some of the beds of sand; argillaceous beds are also represented, 
and occasionally a stiff tenacious clay is found. The upper stage 
indicates a further check in the velocity of current; the deposits 
are of the ordinary type of deltaic alluvium, composed of fine¬ 
grained impure sand or sandy silt. Throughout both stages 
marine shells, of species still living, are found, and also beds of 
peat, the latter having been formed above, the former below sea- 
level. 

(8) A period of uplift then set in, and the land rose, not less 
than 14 metres, above the level to which it had sunk, the deposits 
laid down were exposed to denudation, and an undulating surface 
of erosion was developed. The date of this uplift cannot be 
defined in centuries, but it must have been long prehistoric in date, 
for it is on the weathered surface thus carved out of the alluvium 
that the settlements and structures of the Romans were erected. 

(4) Finally came another period of subsidence, which was not 
Tegular and continuous, but took place at intervals, alternating 
with others, of longer duration, during which no material change 
took place. One of these periods of subsidence was earlier than 
the establishment of Roman dominion in Provence, and, although 
there is no direct evidence by which it can be dated, analogy with 
later events suggests that it probably took place between the years 
1000 and 1500 B.C. The next change took place in the course of 
the 8th and 9th centuries; it amounted to about 5 metres 
of vertical displacement, and resulted in great geographical 
changes both at the time and during the succeeding centuries. 
Large areas of what had been dry land were submerged, and the 
silting-up of these spreads of shallow water led to a rapid extension 
of the land, and repeated changes in the course of the river. 
Finally, there was a fresh movement of subsidence, of shorter 
duration and smaller amount, for it seems to have been practically 



328 Geological Society . 

completed during the latter half of the 18th century, and to have 
amounted to little more than a metre, if so much. The total 
amount of these movements of subsidence was about 10 metres, 
and at the end of them the land still stands about 4 metres, or 
more, above the lowest level reached before the period of uplift 
set in. 

November 6th, 1929.—Prof. J. W. Gregory, LL.D., D.Sc., 
F.R.3., President, in the Chair. 

The following communication was read:— 

* On the Glaciation of Clun Forest, Radnor Forest, and some 
Adjoining Districts.* By Major Arthur Richard Dwerryhouse, 
T.D., D.Sc., M.R.I.A., F.G.S., and A. Austin Miller, M.Sc. 

The district described comprises the county of Radnor and 
parts of Montgomeryshire, Shropshire, Brecknockshire, Hereford¬ 
shire, and Worcestershire, and is some 1000 square miles in area. 

The ice, derived originally from the highlands of Central Wales, 
filled first the depression now occupied by the valleys of the Rivers 
Ithon and Irfon to the west of the great line of escarpment 
extending from Kerry Hill on the north, by Radnor Forest and 
Aberedw Hill, to Mynydd Epynt on the south side of the Wye 
Gorge. 

As the ice accumulated in the depression, it first found escape 
by the valleys of the Severn and the Mule on the north, and by 
the Wye Gorge on the south. 

Gradually the level of the ice rose, until it overtopped the 
escarpment throughout its whole length, with, perliaps, the 
exception of the highest parts of Radnor Forest. 

The courses of the various glaciers which were thus formed in 
the valleys of the dip-slope are traced, and their effects, both 
temporary and permanent, on the drainage of the area are 
discussed. 

The eastern boundary of the Welsh ice has been traced from 
Chirbury t-o Hereford, and the date of its culmination is shown 
from evidence collected in the neighbourhood of Marrington 
Dingle to have been subsequent to the maximum extension of the 
Irish-Sea Ice on the Shropshire Plain, and to belong to the period 
of Lake Lapworth, but not to that of the earlier and more elevated 
Lake Build was. 

The principal permanent deflexion of drainage described is that 
of the River Teme from its pre-Glacial course from Leintwardine 
by way of Wigmore, Aymestry, Mortimer’s Cross, and Weobley 
to the Wye, into its present channel by way of Downton and 
Ludlow gorges to Wooferton, and thence by Tenbury across the 
Malvern Axis to the Severn. 


[The Editor* do not hold themselves responsible for the 
views expressed by their correspondent*.] 





M. Tuzi. 
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X&XI1I. I 'Uiraliont damped by Solid Friction. By Sydney 
Thomas, M.Se.. lecturer in Kngineerinq, Umveruty College, 
Cardiff*. 


V IBRATIONS with solid friction u the sole or principal 
dumping agent arc of common occurrence, and the 
dilution, when friction is regarded as a force of constant 
magnitude reversing in direction at each semi-otcillatioft, 
presents no difficulty and little, if any, novelty. A variation 
having a considerable range of application arises, however, 
when the two bodies between which friction may exist have, 
on the average, a relative velocity, and its solution differs in 
reriuin respect* from that- of the simpler cose; in partionlar 
it may lie shown, analytically and experimentally, that 
vibrations, initiated in any manner, tend to persiat* within 
a certain maximum amplitude without any impressed dis¬ 
turbing force other than that provided by th*e relative m^tina 
of the bodies. The necessary conditions are frequently met 
in practice, and it appears possible that the continued vibra¬ 
tions maintained may be responsible, in some measure, for- 
the production of sound by bodies in rubbing contact. 

In general, both bodies may vibrate or have local vibra¬ 
tions within them, hut for simplicity it will here be assmiied 
that one only may oscillate,.the other being regarded as rigid.. 
The conditions are then readily visualized by cons ide ring a 


e Communicated by Flat. W. Norman Thomas, llJL, Djp, 

run: Hag. 6 . 7. Vol. 9. No. 57. March 1930. Z 
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mass M held under elastic control upon a rigid plane -which 
moves at constant velocity V, or, alternatively, thev may be 
found in a brake-shoe pressed upon a stiff revolving wheel 
of considerable mass or in a turning pair one of the elements 
of which is relatively inelastic. In that case, of course, 
moments of inertia, couples, ami angular velocities may be 
substituted as necessary for masses, forces, and linear 
velocities in what follows. 

Solid friction ohUj . 

Whilst a relative motion exists between body and plane, 
the equation of motion is 

Mi=±F-Ra>,.(1) 

R being the restoring force per unit displacement from the 
position of zero elastic stresses and F the limiting kinetic 
frictional resistance. The solution is 

x— + F/R+A cosfpf+e), .... (2) 

and 

£— — sin (pt + e),. 1 3) 

where and where the sign of F is similar to that 

of the relative velocity (V— x) if both V and x are regarded 
as positive when measured in the same direction. 

3? is a limiting value, and equation (1) ceases to apply 
when both (V—i) is zero and x is not numerically greater 
than F/R, or, perhaps more accurately, F„/H, where*F, is the 
limiting static friction. In those circumstances the fric¬ 
tional resistance called into play is that sufficient to balance 
the restoring force liar, the acceleration x is zero, and £ is 
oqnal to V. 

The constants in equation (2) depend upon initial condi¬ 
tions, and if it he assumed that the vibrating mass is given 
an initial maximum positive displacement which ensures 
that at the outset £, being zero, is not equal to V, and that 
the equation therefore applies, then, calling the displacement 
d t , and taking zero-time at the instant of release, e, =0, 
Ai—(di — F/R), and, until £=V, 

.r=F/R + AiCOspt.(4) 

The motion is harmonic, and the space-time curve may he 
derived from the projections (j?—F/R) of a radius of length 
A} rotating at angular velocity p about a centre C t which is 
distant F/R from the centre of elastic forces 0 (see fig. 1). 
Now 

. (5) 


£lp— — Ai sin pt, 
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and if displacements are derived from vertical projections of 
the rotating radios, as shown in fig. 1, horizontal projections 
of the same radios lead to values of —£/p. 

A point of discontinuity is reached, and friction ondergoes 
reversal when 

— —pA x sin pt, 

i. e., when sin pt — —Y)pA u 

or pt= — a or ir + «, 

* being sin -1 V/pAj. In the diagram these conditions are 


Fig. 1. 



realized at the points a and b at which the circular locos of 
the extremity of A t intersects the vertical ZZ, which is at a 
distance —V/p from the centre line XX, and the corre¬ 
sponding displacements are F/R+A, cos a. 

For values of pt greater than (w+*), and until i again 
becomes equal to V, displacements and velocities are 
given by 

•»= —F/R +■ A 2 cos (pt+ej), ... (6) 

stas—pA,sin(pf+e 9 ),.(7) 

Z 2 
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the values of the constants being adjusted to meet the 
altered conditions. At the instant of friction reversal both 
sets of equations must be satisfied simultaneously, and if 
the original time-origin be preserved, so that reversal occurs 
at t=(ir+«)/p, 

*=F/R-|-Ai cos (7r+“)= — F/R + A.COS (ir+«+e 2 ), 
4* — pAj sin (7r+«) as —pA s sin (ir +a 4 e,), 
whence 

A* cos (ir +a+e,) s= Aj cos (w + «) + 2F/R =Cjrf,' (fig. 1), 
A,sin (7r+«+6 s )=A, sin(ir+«)s=6d.' (fig. 1). 

Thus A,=(y> and (w+o+e 2 )=Un -1 Idn'V^L', which is the 
exterior angle diCjft, 0C« being — F/H. 

Alternatively, commencing anew at the point of discon¬ 
tinuity and transferring the origin of the time-space curve 
to (it +*)//>, so that now /=0 at the instant represented by 
the point b, 

A s cos e 2 = Aj cos (v -f ») + 2F/ R=t \d*. 

A s sin e s =A! sin (w+ a) — bd s ', 

whence Aj=C 2 6 and e 2 is the exterior angle d x V.J>. 

Thus, whichever method be adopted, the continuation of 
the space-time curve may be derived from vertical projec¬ 
tions of the radius (\b revolving at angular velocity p 
about Cj, additional angular displacements being measured 
from CgA Horizontal projections, as before, give values 
of —4/p. 

At e, where 4 again becomes equal to V. the original 


frictional conditions are restored, and 

.r=F/R + A, cos (jit +« 3 ).(8) 

4=s— pA s sin(p/ + e,).(9) 


From equations (<i), (7), (8), and (9) it may readily lie 
shown, by methods similar to those used for the deter¬ 
mination of A*, that A S =CV, and that additional angular 
displacements should be measured from (.y. 

The construction may thus be continued, the centre of 
oscillation being transferred from C5, to C s or conversely 
as points of intersection of the locus of the extremities of 
the rotating radii witli the vertical ZZ are attained. In the 
figure as given, those portions of the construction which lie 
to the' left of ZZ are drawn with 0 t as centre, those to the 
right of ZZ are taken about 0*. 
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The construction ceases to apply when is becomes equal 
to Y at a displacement which lies between + F/R, i. e., when 
the projection of a point of intersection with ZZ, such as/, 
lies within the region OjOj. As already pointed out, the 
frictional resistance is then less than its limiting value, and 
the acceleration is zero; the vibrating mass accordingly 
moves awhile in unison with the plane until limiting fric¬ 
tional' conditions are restored, when elastic vibrations are. 
resumed, and persist in a manner which is considered later. 

It was assumed that the initial displacement was a 
maximum displacement for which A as 0, and in those. 
circumstances the diagram begins at a point in the centre 
line XX such as cl, in fig. 1. This assumption, of course, 
is not essential, and should oscillations commence under any 
other conditions of displacement and velocity, the construc¬ 
tion may be commenced from the appropriate point on the 
circular curve. For example, if the plane, initially at rest, 
is set in motion at velocity V, the mass is held in contact 
with it nntil F„/R : at the instant of release x—V, and 
the initial conditions are represented bv a point on ZZ at a 
height F»/R above the horizontal axis OT. Expressions for 
■v and A differ from those of equations (4) and (5) only in 
that £,=tan -1 —VR/p(F,—F), and the validity of the con¬ 
struction is in no way impaired. 

Whilst discontinuities in the expression for x and transfers 
between the two centres of oscillation are involved, the time- 
interval between successive maximum displacements is not 
uniform, and the motion is not truly periodic. A semi- 
oscillation such as djdj, during which the mass moves in a 
direction opposed to that of tlm motion of the plane, occupies 
an interval of irfp, or half the natural period of oscillation, 
but the return swing is of longer duration, and requires a 
time-interval of 

? (the sum of the angles d.C/;(•jc, and 

The transfer of the centre of oscillation front 0, to C» has 
the effect not only of chauging the length of the rotating 
radius in the continuation of the construction but also of 
advancing its angular displacement, whilst the transfer 
from C s to Ci retards it, The time-interval which elapses 
between the successive maximum positive displacements 
represented by tl x and d 3 is thus 
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a value which is not independent of the initial displacment, 
and which is always greater than the natural period of 
oscillation 2 v/p. 

Particular cases. —When V is aero, ZZ coincides with XX, 
the diagram reduces to a series of semicircles about Oi and 
C, in succession, and the construction is identical with that 
given by Mr. H. S. Rowell (Phil. Mag., July 1922, p. 284). 
As pointed out by Mr. 0. E. Wright (Phil. Mag., November 
1922, p. 1063), this aspect of the problem had also pre¬ 
viously been treated analytically by Routh, * Dynamics of 
a Particle’ (1895 ed.), p. 65. 

The time-interval between successive maximum displace¬ 
ments in the same direction is in this case the natural 
period of oscillation 2ir/p; at each change of centre the 
length of the rotating radius is reduced by 2F/R, each 
positive or negative extreme displacement is numerically 
less than the immediately preceding by 2F/R, and the mass 
finally comes to rest within the stable region when the 
radios has been decreased to a value equal to or less than 
2F/R, or (F+F,)/R if distinction is drawn between kinetic 
and static limiting frictions. Mr. Wright has given an 
expression from which the number of semi-osciilations per¬ 
formed may be estimated when the limiting friction is 
regarded as constant, or they and the final position of the 
mass may be determined as follows. If d A is the numerical 
value of an initial position of zero velocity, the radius during 
the «th semi-oscillation is 

(«i,—F/'R) - (n— 1)2F/R ={dy - (« - i)2F/R}, 

and for tbe final semi-oscillation this = or < (F + F,)/R, 
whilst the radius for the preceding semi-oscillation 
{*-(«-3)2F/Ti} *» or < (F+F.)/R; thus d x cannot exceed 
(2F»/R+F,/R) or be less than (2Fn/R+ F,/R—2F/R), 
i.e., n is an integer lying between (rfiR/2F—F,/2F) and 
(4R/2F—F./2F + 1). When F,=F these limits become 
(rf,R/2F+i). 

Writing naed,R/2F+£, the final position is given by 
df=± F/RT {d,-(»i-i)2F/R}=: +(rfj—2»F/R) 

= + (d,-d,-2Fi/R)«± 2¥kJH, 

the positive sign applying if the last half-swing is about (J t , 
the negative if it is about C s . 

When the velocity of the moving plane is such that Y/p 
is not less than (rfj—F/R), the rotating radius does not 
intersect or is tangential to ZZ, i cannot exceed V, friction 
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is undirectional, and the diagram becomes merely a circle 
about centre C x ; the motion is truly harmonic and, in effect, 
undamped, the periodic time is that of free vibration, and the 
sole effect of friction—apart from absorption of energy from 
the moving system—is to transfer the centre of oscillation 
from the centre of elastic forces to the position of running 
equilibrium when vibrations are absent. This case is of 
interest, for it immediately suggests that, when the bodies 
concerned have an average relative velocity, solid friction 
alone is incapable of damping out completely any vibrations 
which may be set np. 

Returning to the more general case, when the vibrating 
mass attains a velocity V whilst within the region CjC*, as 
already shown, it retains that velocity, and is carried with 

Fi* 2. 


X z 



the plane until released at <r=F/K, ».<»., at the point g 
(fig. 1), if F is assumed to be constant. Vibrations of 
constant amplitude Vjp thereafter continue about centre C| 
for reasons which have just been considered. If, as is more 
likely to occur in practice, the limiting value of static fric¬ 
tion exceeds that of kinetic friction, release does not occur 
until X=F„/R. The “dead” region is thus extended, bat 
since kinetic friction still obtains during the subsequent 
relative motion between mass and plane, the centre of 
oscillation remains at Gi as before. 

The graphical construction for such conditions, together 
with a derived space-time carve, are illustrated in Bg. 2; 
tiie mass is released at a displacement represented by A, 
performs an oscillatory movement about O t , acquires again 
the velocity of the plane at k, and thence moves with it to A, 
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where it is once more released. The increase of frictional 
resistance under static conditions thus provides a stimulus 
sufficient to maintain vibrations in spite of other damping 
influences if these are not enough to reduce the rotating 
radius to a value less than V/’» in one oscillation (see also 
below).. 

All vibrations now concerned are similar and the motion 
is truly periodic, though the frequency is not that'of the 
free vibrations. Each complete swing is composed in part 

of harmonic motion which occupies an interval of * (tt +2/S), 

V 

where $ is cot -1 (F,— ¥)pj VK, and in part of uniform motion 
at velocity V over a displacement 2(F„—F)/R, which involves 
a time-interval of 2(F,—F)/VR or 2 cot ff]p. If V is small 
whilst j»(F»—F) is relatively large, the distortion of the 
resulting wave-form becomes marked ; this is illustrated in 
fig. 2, and it may be worth while noting that the wave-form 
there shown bears some resemblance to that, representing the 
vibrations of a violin string. 

In fig. 2 it is assumed that F, is not so far in excess of F 
as to lead to oscillation about. C 2 as well as about C tJ but if 
it be so, the construction falls within the scope of fig. 1 ; 
and since release always occurs at the same displacement 
F,/R, movements of the vibrating mass must be repea ted at 
regular intervals. 

Combined Solid and Fluid Friction. 

Mr. Rowell (Phil. Mag., November 1922, p. 951) has 
considered the effect of fluid friction, proportional to the 
velocity, in conjunction with solid friction regarded as a 
constant force reversing at the end of each semi-oscillation, 
and Professors Jenkin and Thomas (Phil. Mag., February 
1924, p. 303) extended Mr. Rowell's solid friction spiral 
construction to include that case. The investigation may be 
made still more general by an extension of the methods 
which have here been described. 

Assuming, as before, that solid friction is provided 
through the agency of a rigid plane moving at velocity V, 
and assuming also, to include all cases, that the bnlk of the 
fluid which provides the fluid friction has a velocity v, 
tile equation of motion is 

Ma?*=+ F—R«+e(7>—£). .... (10) 

Writing p a*v'R/M and ns*v'//*—when fluid 
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damping is not excessive, so that j>*>e*/4M* or R>c*/4M, 
the solution is 

x— ± K/R+m'R+Ae~2Mcos(nt+€), . . . (11) 
and 

A = ~ Ae - 2 M a sin (tit + e) + cos (nt + e) ^ 

c/ 

= — J pA<?~-’«sin(rtt + e+^),.(12) 

where cos <f> = nj/> and sin <f>=ej’2]lp. 


Kijr. 



As before, the sign of F is similar to that, of (Y—A), and 
displacements may be derived from vertical projections of 

rf 

Ae~*M, which revolves at augular velocity wand the extremity 
of which performs equiangular spirals about centres Cj and 
C* in succession, those contres being at heights («>+F)/E 
above the horizontal axis passing through the position of 
zero elastic stresses (see fig. 3). Values of —A/p are given 
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by the lengths of perpendicular projectors (such as AB in 
fig. 3) from the extremitj r of the rotating arm to the line YY, 
which is inclined at —<f> to the vertical. When the spiral 
curve intersects YY the velocity of the vibrating mass is 
zero, the tangent to the spiral curve is horizontal, and the 
projections of such points of intersection give extreme 
displacements of the mass in one direction or the other. 
In general, the tangent to the curve is inclined at (tt/2 — <f>) 
to the rotating arm. The centres of oscillation are inter¬ 
changed at i=V, ?. e., at points such as a and b, where the 
spiral intersects the straight line ZZ parallel to YY and at a 
distance —V/p therefrom. 

Initial conditions, of course, determine the values of the 
constants A and e ; e. </., assuming an initial maximum dis¬ 
placement Si, for which j is zero, 

from (12) : A 1 sin(e 1 + ^)=0, whence : . . (13) 

from (11) and (13) : 

A t cos( -<f>)=8 1 -F;R-cv/U. . . . (14) 

Thus, in tig. 3, Aj is represented by where J x lies in 
YY and where the vertical projection of Odt is the initial 
displacement. The time-interval nt is taken from < 'jY, and 

et 

.r=F/R+cr/R + A)<? cos . . (15) 

_ ct 

£=— pA x e aMsinnf.(lb) 

The sign of F/R undergoes reversal at i=V, t. c., at b, 
and changing the constants to meet the altered conditions 
we have 

.c = _ F/R+cr,/R + A 2 e~ cos (nt + e 2 ). . . (17) 

et 

pA 2 c~2&sin(nt + e 2 +$).(18) 

At the instant t x of reversal of dry friction both sets of 
equations (15), (16) and (17), (18) must be satisfied, and 

eti «<t 

A 2 e _ 2 m cos (nt[ + € s ) as 2F/R + A } e~ sit cos (nf ( + e t ), 

Ct\ _ cti 

A 2 e~ 2 M sin (nt x + e 2 + d>)= A x e 2 M sin nt x . 

d | 

These requirements are met if A s e ~is represented by (' t b r 
(nt i + e s ) is the exterior angle X 2 0 2 6, and (e 2 —6j) is the 
angle CiiC 2 . 

The construction may thus be continued by a logarithmic 
spiral abont C 2 , additional angular displacements being 
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measured from C Jb. In similar fashion it follows that* 
if this curve in turn intersects ZZ outside the region g x g tJ 
as defined below, the centre of oscillation is retransferred to 
C l9 and the construction is carried on therefrom as before. 

In the equation of motion (10) it has so far been assumed 
that F is a limiting value of friction and is constant, but 
whilst solid friction may have any value between 

±F provided that x lies between + F/R-f-c(r—V)/R. 
In these circumstances solid friction naturally adjusts itself 
to balance the elastic force and fluid resistance, and & is 
zero. If, therefore, the spiral curve intersects ZZ within 
these values of or, the mass moves in unison with the plane 
to the limit of the region ±F/R + c(t’—Y)/R, when* 
neglecting differences between static and kinetic limiting 
frictions, it is released ; vibrations are resumed and the 
spiral construction may be continued. Substituting the 
values of x and x at release in equations (11) and (12), and 
assuming, for present purposes, £=0 at that instant, the 
constants in the equations of subsequent motion may be 
derived from 

F/R + r(*- V)/R=F/R + cv/R + A cose, 


whence Acose = — rV/R. . . . . • (19) 

and, from (12). — />Asin(€ + £). . , (20) 


Expanding and inserting values of the trigonometrical 
functions of <f> , it is readily shown that A = V/« = (V sec <f>)fp f 
and that cose = — sin 2$. These conditions are satisfied 
if, in fig. 3, A is represented by C } g x inclined to ZZ 
at f7r/2— <b) and e hy the angle X 1 C J aj =— Qir/2-i-2<p) ; 
it follows, therefore, that ZZ is tangential to the spiral 
curve at the point of release, and, since C 2 u s is parallel to 
the region g x g u is defined. 

The progressive decrease in the length of the rotating arm 
makes it impossible that A shall again attain the value V; 
further interchange between centres of oscillation does not 
occur, and vibrations coutinue about C r (if V is positive) 
until damped out of existence. Solid friction is now uni¬ 
directional, and it serves merely to displace the centre of 
oscillation and ultimate position of rest to the extent of F/R* 

It may be noted that unless the damping fluid moves with 
the plane, so that t?=Y, g x g 2 is not symmetrical about the 
elastic centre 0, nor is it defiued by horizontals through 
Ci and C 2 unless V=0. When Y is zero the construction 
reduces to a series of spirals about 0, and C g in succession,, 
each of which commences at the point of intersection of the 
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preceding curve with YY, and the diagram is complete when 
a spiral meets YY within the region OjC 2 , when the'mass 
-comes to rest, since x then lies between ±F/R+er/R, 
R® lies between + F+ cv, and a value of friction numerically 
less than the ultimate is sufficient to maintain equilibrium. 
When Y is not zero the mass cannot, cease oscillating at any 
-displacement other than those corresponding with Cj and 1‘ 2 , 
according as V is positive or negative. When both v and Y 
are zero the diagram is similar to that given by Professors 
Jenkin and Thomas. 

If no distinction exists between the limiting values of 
static and kinetic frictions the least degree of fluid damping 
serves to bring the mass to rest eventually at (or <* 2 unless 
Y is zero, but when F, exceeds F vibration may be con¬ 
tinuous. After a period of motion in contact with the plane 
at velocity Y, release is delayed to some such point as /< for 
which .r= (F,+c(r — V) }/R, and. if the relative values of 
F t , F, c, and V are such that a velocity Y is again attained 
during the subsequent vibration, or the spiral meets ZZ 
(probably within the region /■/,</._.), the cycle of uniform 
motion followed by oscillation is repealed indefinitely. 
That this mav he brought about it. is necessary that 

ef 

Cshall not be less than C t </i or V/«, / being 

(the exterior single kC\pi)* Small velocity V, small fluid 

damping coefficient **, and appreciable difference between 
F* and F are all favourable to such continued vibrations. 

Where fluid damping is heavy and r 2 /4M 2 >/>. the motion 
is non-oscillatory, and the space-time curve is logarithmic 
and asymptotic to one of the lines ,# , =cr/l{ + F/R, according 
as the initial displacement is positive or negative. 

Experimental. $"l id friction nul //. 

Observations were made upon the oscillations of a 
pendulum of relatively small dimensions but appreciable 
moment of inertia, consisting of a rectangular sectioned steel 
bar about six inches long, weighted at its lower end. The 
head of the bar. which was somewhat broader than the body, 
was bored just large enough to form a “ running ” fit upon 
a steel journal one inch diameter. Actually the head of the 
pendulum was slotted from bore outwards, and fitted with 
a set screw for the purpose of providing a varying degree of 
“ pinch of the hearing upon the journal, but the arrange¬ 
ment proved fierce, and was employed only to ensure absence 
of slack at the bearing. Pressures were thus those due to 
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the weight of the pendulum alone, apart from small additional 
pressures arising from centrifugal action. The journal was- 
allowed to remain in the clmck-jaws of the fairly heavy 
lathe in which it was turned, the pendulum was mounted 
upon it and records were taken of oscillations with both 
stationary and rotating unluhricated journal. Movements 
were recorded hy a light scriber mounted on the pendulum, 
which bore gently upon an endless band of smoked paper 
stretched between two revolving parallel drums. 

Photographic prints of some of these records taken from 
the originals by direct-contact exposure are here reproduced,, 
and though the oscillations of the pendulum were too large 

Fig. 4. 



to be considered as “ simple harmonic,'* the principal 
features of the damped vibrations as already enunciated are 
not seriously affected, and arc well borne out by the numerous 
records obtained. 

The resultant pressures and forces involved whilst motion 
exists between pendulum and journal are as illustrated in 
tig. 4, and if I ( — Mir) is the moment of inertia of the 
pendulum about its centre of oscillation, M its mass, l the 
distance of its mass-centre from the centre of oscillation, 
F the ultimate tangential frictional resistance between 
journal and bearing, and r the radius of the journal, the 
equation of motion is 

1 8 = + Fr— Mo/ sin 0, 


. . ( 21 ) 
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whence 

# 2 = (2gjP)( ± F rOfULg +1 cos #) + 0 
—a(lcos0 ±b$) + C.(22) 

The sign of F or ft is that of (£1-0), where £1 is the 
angular velocity of the journal, and much as in the case of 
equation (1), equations (21) and (22) cease to apply when 
(fl— 0) is zero, and at the same time sin# is not numerically 
greater than FrjMgl or F s r/Mgl, if static friction is taken 
into account. # ? = +sin“ l Fr/Mgl clearly represents the 
positions of running equilibrium when the pendulum rides, 
without oscillation, on the rotating journal, and the verticals 
through the centre of mass are then tangential to the 
friction circle of radius ft or Fr/Mr/. Generally, whilst F 
has its limiting value, the line of action of the resultant 
pressure of the journal upon the hearing is taugential to that 
circle, as shown in fig. 4 ; the nornml pressure is M t <?cos <f>, 
the tangential force F is Me/sin <j>, and the eccentricity of 
of the resultant is ft=r si n <£=F r/Mg . When, as in* the 
experiments performed, the only pressures concerned are 
those arising from the weight of the pendulum itself, and if 
small additional pressures due to centrifugal action are 
ignored, F =Mgsin <f>—pMgeos<f> and 

In applying equation (22) three cases arise as before :— 

(1) Rapidly moving journal, Q, positive and always greater 
than 0. 

Here friction is uni-directional and, throughout the motion, 
#* “ a(b0 -f / cos 0) + const. 

Hence, if 0 t is an initial maximum displacement, subsequent 
maximum displacements are given by 

cos 0 — j (0i—0) + cos 0i, 


i. e., the pendulum eventually returns, after a complete swing, 
to its initial position 0, and oscillations are continuous (see 
figs. 5 and 6). During a semi-oscillation from #, to # 2 , the 
mean position (0 1 + 0z)/2 follows from 


l(cos#j—cos#i) = ft(#,—# 2 ) 

or 

. #i 4- #j _ft (#| — # 2 ) ] . (#j — #j\ 

b “t rr /” n ( \ 2 ), 

and it is thus not coincident with the position of maximum 
velocity 0 q , but approximates thereto. 
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(2) Stationary journal, 0=0. 

Friction reverses with reversal of velocity at each semi¬ 
oscillation, and for successive maximum positions 0 if 0,, 
etc., in either direction, 

Z(cos 0 2 - cos 0,)=6(0!-0 S ), 

/(cos0*—cos0 3 )= —6(0 S —0,), etc., 

i. £., in the first semi-oscillation the pendulum swings from 
one extreme to the next, equally placed on the opposite side 


!/ * ' y ^ " 

of a mean position determined by 

whilst on the return swing the mean position is given by 

»»(^) = ~ j(*T*)fc(rr > )- 

The mean position is thus transferred successively from one 
side of the central vertical position to the other, and ampli¬ 
tudes are diminished until 0 becomes zero within the stable 
region ±0 ? , when motion ceases (see fig. 7). 


/ 1/ ^ 
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(3) Slowly rotating journal, O positive but not always 
greater than 6. 

From an initial maximum displacement 6 U F is positive 
until 0=sO, when, if 0 is numerically greater than 0q, 
reversal of sign occurs. The mean position, derived as 
before from a(l cos 6±.b9) a constant, thus changes from 
one side of the central vertical position to the other, and 
amplitudes are diminished until eventually 0 becomes equal 
to SX whilst 0 is less than 8 q . The pendulum then turns 
with the journal until released at 0—0tp if the difference 
between static and kinetic limiting frictions is negligible, 
and oscillations continue as in case (1) (see figs. 8 and 9). 


Fig. t*. 




If F„ is appreciably greater than F, release is delayed until 
a somewhat greater value of 6 is attained ; subsequent 
oscillations include each a period of uniform angular velocity, 
and the effect is continuous. 

Of the records here reproduced, figs. 5 and 6 show the 
beginning and end of a series of oscillations following an 
initial displacement given to the pendulum when riding 
upon a rapidly revolving journal (126 rev. per min.), and it 
will be seen that amplitudes were undiminished until the 
lathe was stopped, when, as shown at the end of fig. 6, 
oscillations were rapidly damped out of existence. Fig. 7 
is taken from the record of a series of oscillations with 
stationary journal. The two parallel lines shown in this 
and in the subsequent figures were recorded with the 
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pendulum at rest and drawn aside to one or other of its 
extreme positions of equilibrium, and they define, as nearly 
as could be obtained, the region of stability. The record 
illustrates the rapid damping effect of even small values of 
friction, the approximate equality of angular displacements 
about the limiting stable positions in succession, and the 
final cessation of oscillatory motion at different positions 
within the stable region. Figs. 8 and 9 are portions of 
records of oscillations performed upon a slowly revolving 
journal. In the former, the rapid initial damping followed 
by continuous oscillation when a certain amplitude had been 
attained is clearly shown, and the latter really portrays the 
same effect, for the oscillations shown to the left of 
the record are the continuation of the initial oscillations 
shown to the right after extending completely around the 
recording band, a length of about 20 inches. 

On each record a circle, not here shown, was described by 
revolving the pendulum about its centre of rotation with the 
recording apparatus at rest, and in this fashion the radius 
and centre oE the circular path of the scriber were determined. 
Using a specially constructed celluloid protractor, on which 
a circle of similar radius was inscribed, it was possible, 
by laying the zero line of the protractor along the locus of 
the centre of oscillation on the record, and noting the angle 
at which the circle intersected various parts of the oscillatory 
curve, to determine angular displacements from any 
chosen datum and to plot the records to rectangular axes. 
In this manner the double amplitudes of final oscillations in 
iigs. 8 and 9 were determined and compared, and in each of 
the several records taken it was found that these values were 
approximately in proportion to the speeds of the journal: 
e.g.. in the records here reproduced the double amplitudes 
concerned were respectively about 12*5° and 23°, whilst the 
journal speeds were approximately 8 and 14 rev. per min. 
The ratio of amplitudes is thus 054 and of speeds 0*57. 

The means available for driving the recording apparatus 
did not ensure perfect uniformity of speed during an 
observation, and the records are probably not. quite reliable 
in respect of time-intervals. For this reason the curves, too, 
may be slightly distorted from their true forms, but the 
values of extreme displacements and the general charac¬ 
teristics of the oscillations are not affected. The records 
fulfil the purpose for which they were intended, that of 
supporting experimentally the principal deductions pre¬ 
viously made analytically, and it is from that standpoint 
that they are presented. 

Phil. Mag. S. 7. VoL 9. No. 57. March 1930. 2 A 



XXXIV. On the Free Perioda of Resonators. 

By Eric J. Irons, Ph.D* 

§ 1. Introduction. 

I N a former paper U) use was made of the principles of 
"acoustical impedance” to calculate the free periods 
of a number of different forms of resonator, and to account 
for some results obtained by experiments with a Kundt’s 
tube apparatus. In the present note the argument is pre¬ 
sented in more detail, and is extended to include resonators 
having a conical horn as a component part. 


Fig i. 



Webster® confined his attention to plane waves in horns 
of narrow cross-section, and wrote 


d<, 1 d 

dx <r dx 




where a is the area of cross-section and a? is a measure of 
the distance along the horn. It is here shown that with 
conical horns Webster’s differential equation is obtained 
without restriction as to cross-section if spherical waves arc 
postulated f. 


* Communicated by the Author. 

t Stewart (Phys. Kev. xvi. p. 322, 1920) states that Webster was 
aware of this result but did sot publish it. 
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Immediate applications of the formulae to be established 
are shown to yield more readily results which hare been 
previously obtained by other methods. 

In the earlier paper by the present writer ® the electrical 
analogy of Stewart® was employed, and impedance was 

defined as where p represents excess pressure, and 

X is volume displacement. In this note Webster’s practice 
of defining impedance by p/X is followed—as the formulae to 
be established are thereby simplified—and the whole argument 
is made more general. 

§ 2. Calculation of the Impedances of 
Various Units. 

Let us denote displacement, pressure, elasticity, condensa¬ 
tion, frequency, and impedance by q, p, e, s, n, and Z 
repectively, and define o>=2irn, k=a/a, and /3 — pa 2 k, 
where a is the velocity of sound and p is the density of the 
medium. 

The usnal assumptions that the fluid in the immediate 
neighbourhood of an orifice is incompressible, and that the 
condensation throughout a reservoir is uniform, will be 
made. 

(1) Reservoir. (Fig. l,a.) 

If an excess pressure p gives rise to a volume displace¬ 
ment X in a reservoir of volume r, then 

p-e.s = a -i p(X/c), 

and the impedance 

Z = p/X = a?p/v .(1.1) 

(2) Orijice. (Fig. 1, h.) 

The equation of motion of a mass of fluid m situated in an 
orifice of length l and area of cross-section <r, when sub¬ 
jected to an alternating pressure p (=P exp. iat), is 

mq sb <rP exp. iat. 

Integrating twice gives 

mq — (<rP exp. iat)/[—or), 

and, as m=pla and Xssqtr, 

Z = p/X. = —a°p/c, .... (1*2) 

where c is the conductance of the orifice. 

2 A 2 
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(3) Tube. (Fig. l,c.) 

In his paper, Webster (S) gave a general method for 
determining the impedances of horns (of which the cylin¬ 
drical tnhe is a special case) ; the present note being 
concerned solely with tabes and conical horns, the required 
formulae may be established more directly in the following 
manner. 

Assuming q to vary as exp. mt, we may write 
q — iwq and q = — <a?q. 


Substituting this result in the general equation of motion, 


, fa + d T = o 


it follows that 


p de ' d.r 


, I dp 
*1 = -pdz' 


t. e 


ftkq = 


dp 
dvr 


or fiq = 


dp * 

dd*y 


( 2 ) 


For plane waves in a cylindrical tube 

d s g <Pq 2 j d* / dq\ „ /aq\ 

a d = di'=~ , °i m "rf**W = “”'(s)- 


which, since 


leads to 



( 2 . 1 ) 


the solution of this equation is 

p = Acos&d?+Bsin kx, .... ( 2.2) 

and, using the result of (2), we may write 

fig =--A3in£a? + BcoSibr. . . . (2.3) 

Denoting values at the two ends of the tube at ar = 0 and 
x =i by the subscripts 1 and 2 respectively, and writing a 
for the cross-sectional area of the tube, we have 

pi = A, ftqi — B, 

jp 2 = A cos M + B sin hi, fiq s — - AsinH+Bcos hi, 

* This assumes that the excess pressure p is so small that p may 
be taken #a constant. 



whence 
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7 _ IX P*. — ? fpi/o-gi) cos hi +Q3/<r) sin kl " 

Ptl i — ff * ^ a • (-r-pjaq^ sinAd+ (fifa) cosAd 

_ /8 Z t cos Ad+(/9/«r) sin kl . 

~ <r * - 2 , sin fcl + (fi/o-) cos kl * 

Similarly, 

7 Z 2 cos k l- (@/<r) sin kl ^ 9 \ 

1 <x ' Z 2 sin Ad+ (y9/ff) cos Ad’ * * v —7 

These results correspond to equation (28) of Webster’s 
paper lJ) . 


(4) Conical Horn. (Fig. 1, d.') 
For spherical waves we have (4) 

(P{r.s) _ „J 2 (r.s) 
dt 2 ~ ~dP ' ’ 


. . (4) 


(the symbols having their usual significance), and, since 
p=e.s, 

< p P _ - d2 ( r -P) 

} dt-~ dr 2 ‘ 

Further, if p varies its exp. imt, then 


so that finally 


V ~ —a)2 /'i 




. . (4.1) 


The solution of this equation is 

A cos At , B sin kr 

P - y + . -• 

At kr 


(4.2) 


Differentiating with respect to kr, we have, by virtue of (2), 


.> . f sin kr 

0q = A 4 - 


L 


kr 


cos kr 


} n {'cos kr sin kr~] 
+ \~1T AV* J 


(4.3) 


Considering the propagation of spherical waves in a conical 
horn, the smaller and larger ends of which are situated at 
distances r—r h and r=r % from the vertex of the coneat r=0, 
and again denoting the values of p, a, and X at these ends 
by the subscripts 1 and 2 respectively, equations for p lt p s , 
fiq u and 0q t may be written down. Solving for A and B 
between the equations for p x and and substituting the 
values obtained in the equations for p 2 and fiq t , gives p 
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and (3q t respectively in terms of p t and ffq t . After some 
reduction, we have 


z*=i>»/x 2 = 


pii_p 


# , Zjsin A(i + ei)/sin^ei -i^(^/o-t) 

<r 2 * Zj sinl*(/+ €,—£«)/sin Ae,. sin ke s f 

+ (j8/<ri) sin £(/—e s )/sin jfce* 
... (5.1) 


where /= (r a —rj) and €1 and e a are defined by tan £ej ■= ir, 
and tan fcj=£9j. 

In a similar manner it may be shown that 
„ _ j8 Z 2 sin k(l—e 3 )fsin ke s + (ff/o g) sin H 
1 — tr, *Z 2 sin^(r+ei—e 2 )/sin ^ej.sin/;e 2 ^ 

+ (yS/ff,) sin &(/ + e,) /sin faj 


These results correspond to equation (32) of Webster’s 
paper (s) . 


§3. JSOTES OS THE FOKMVL.E. 

Throughout the paper the “ lengthof a pipe or cone with 
a completely open end is to be interpreted as the sum of its 
geometrical length and the appropriate end-correction, and 
the quantities involved are as shown on the respective 
diagrams. Terms involving friction are neglected as small 
compared with the terms retained, so that for resonance in 
any system the total impedance may be equated to zero. 

The formulae so far obtained yield immediately the 
following well-known results for:— 

(1) Resonance in Tabes (using equation (3.2)). 

a. Tube open at both ends. Z t = Z 2 = 0. 

— (/8/<r) .ton £/ = 0 : 

/. Id = )U 7 r and l = »A/2, 
where m is any integer and A. is a wave-length. 

b. Tube closed at one end. Z| = 0, Z 2 = qo . 

(£/«■) cot H = 0 and l = [(2m + l)/2].[A./2]. 

c. Tube closed at both ends. Zj = Z 2 * x . 

(<rj&) tan hi as 0 and l = nA/2. 

Similar results are obtained using equation (3.1). 
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(2) Resonance in Cones (using equations (5.1) and (5.2)). 

it. Cone open at both ends. Z, = Z 2 = 0. 

By (5.1),' 

(—fi/o 2 ) sin kl. sin &e 2 /sin k(l—e 2 ) = 0, 
and by (5.2), 

(—B/o-i) sin kl. sin ke t / sin k(l + ei) = 0. 

The only reasonable solution of both these equations is 
sin kl — 0 leading to jmA/2 = (r 2 —rj), 
with the usual notation (cf. Rayleigh <5) ). 
h. Cone closed at 

(i.) Smaller end. Zj = -jo , Z 2 = 0. 

By (5.1), 

( —@jas) sin k(l + ej). sin ke 3 /sin k(l + e t - e 2 ) = 0, . 
ami by (5.2), 

(—/3/«r,)sini*l.sin kef siu k(l + ej) = ao . 
Hence in both instances 

sin k(l + ef = 0 or tan kl +kr t = 0, 

(cf. Paris <fi> , eqn. 44). 

(ii.) Larger end. Z a =0, Z 2 = x . 

By (5.1), 

< —/9/ffo) sin kl. sin ke 2 j sin k(l—e t ) = ao, 

and by (5.2), 

( —/3, Oj) sin k(l—e 2 ) sin ke t /sin k(l + e, — e 2 ) = 0. 

Henc*.* in both instances 

sin k(l—€.,) = (> or tan kl = kr 2 

(cf. Ahiis ,a ). Further, if the cone be continued to the 
vertex, ... 

I = r., and tan kl = k 

(cf. Rayleigh, loc. cit.). 

c. (!oue closed at both ends. Zj = Z 2 = ao. 

By (5.1), 

( k(l t ei) sin k€i/sin k(J+ei— e 2 ) = ao, 

and by (5.2), 

( -ff/t r,) sin k(l—e s ) sin kef sin k(l + €!—e 2 ) = ao. 
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Hence in both instances 

sin k(l + ®i—«i) *= 0 or tan~Hvi—Irj = tan -1 try-hr t 

(ef. Rayleigh, loc. eit.). If the cone be continued to the 
vertex so that »-i =0 and r 3 —l, then, as in the last paragraph, 

tan Jd = kl. 

When dealing with a system of resonators, distances will, 
for consistency, be measured in the direction of jc positive, 
and the impedances of the systems to sound incident in the 
same direction will be calculated. This will necessitate an 
alteration in the formula for the impedance at the larger 
end of a cone. Putting »* s . and / negative, so that 
—Z= — (r s —j’i) (fig. 1 , e), and substituting in (5.1), leads to 

n __/9 Zisin£(/+€,)/sin£e| — 0 /<Tj) sin Id .. 

* <t, 2 —sin /'(/+€,—e 2 )/sin Ae ( .sin ke» ' 

+ (/S/crj) sin k(l — f 2 )/sin ke s 

It may be noted that if — / be substituted for / in (3.1), 
then the formulae (3.1) and (3.2) for a tube become 
identical. 

Moreover, if we make r t —> 20 and r s —> <x> in such a 
manner that (»•.,—?•,) remains finite and equal to /, then the 
cone becomes equivalent to a tube with cr 1 = o-»=o- (the 
cross-sectional area of the tube) and the values of both 
Zi given by (5.2) and Z 2 given by (5.3) become identical 
with that of Z, for a tube (3.2). 

Further, if the tube be short (so that kl may be substituted 
for tan kl) and closed (Z»=x>), then the formula for Zi (3.2) 
reduces to adpjv (ef. fig. 1. a) , which is the value for a reservoir. 
Similarly, if the tube be short and open (Z 3 = 0 ), then the 
formula for Z ( becomes — w 2 pjc, which is the value for an 
orifice. 

It may also he noted that the formula for Z» for a cone 
given in (5.1) reduces to that for Z 2 for a tube given in ( 3 . 1 ) 
under the appropriate conditions. 

§ 4. Application of Formulas to some 
Compound Systems. 

As a preliminary it may be noted that the impedance of 
a component part consisting of an orifice leading to a 
reservoir is, by virtue of ( 1 . 1 ) and ( 1 . 2 ), given by 

- co-pl<: + arp/r. 
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For resonance this quantity must be equated to zero and, if 
Hi represents the natural frequency of such a resonator, then 

Hi = ajiit. sj (c/v), 

the well-known formula for a Helmholtz resonator. The 
impedance of the system to a note of frequency w may 
therefore he written as 

-( 2 ir«) s .p/r + (27rni) 2 .p/<‘ or -(inppnn^c). Q* — ^ 

. . . (1.3) 

by substituting for a i /v in terms of n u 

All the formulae to obtain results previously given by 
Paris {lot. cit.), Aldis (loc. cit.), Rayleigh (loc. cit.), and 
by Lees (8) have now been established. Some of these 
results have, subject to an implied but unnecessary assump¬ 
tion, already been obtained on impedance principles <l) but 
are included here for the sake of completeness. 

(1) Stopped Pipe with Helmholtz Resonator at the End. 
(Pops' Resonator.) (Fig. 2.) 

For resonance, Zj, as determined by (3.2), must be zero, 
i. e., 

Zo cos /-L — (£/cr) sin kL — 0 , 
where Z 2 has the value given by (1.3). It follows that 

.. 'lirani l n mA 

act «/ 

which is the same as the result of Paris (Ref. 6 , eqn. 1 ). 


(2) Stopped- Pipe with Helmholtz Jlesonalor on the Side. 

(Fig. 3.) 

The impedance at .r=/ of the closed tube of length (L /) is 
(/9/<r).cot/r(L—/). When a displacement passing from x =0 
to x=/ reaches .r=/, it may be propagated either through 
the orifice into the reservoir or into the tube of length (L—/); 
the impedances of these components must therefore be con¬ 
sidered in parallel, so that 

1 /Z 2 a* l/(£/<r)eotA(L—/)—l/(4w s p ,iw i/«i) •(«/«!— H i/«)> 
Zi having the value given by ( 3 . 2 ), for resonance, 

Z 2 cos kl — (#/ir) sin kl — 0 , 




(3) Stopped Pipe with Two Helmholtz Resonators 
on the Side. (Fig. 4.) 

The impedance at #=4+3 (where S is small) is, by 
application of the formulae and principles evoked in the last 
example, equal to 

fi Zocos k(lz—li )— (0/a) sin k(l t —l } ) 

<r'Z#sin 6 (/ s — 4 ) + (&/ a )cos k(l 2 — 

where 

1/Zq = l/(/ 8 /«r) cot t(L—4) — lj(iirpntu/<^). (u/« 2 —n 2 /n). 

The impedance at ^=/j—S, Z 2 , is equal to the sum in 
parallel of this quantity and ~(4vpnni/ei) .(n/ni~njn). 
Finally, for resonance, the impedance at .i'= 0 , Z !} is zero, 
so that 

Z s cos kli — (0/a) sin kl x = 0. 

After some reduction this gives 

cot kl 3 4- T s cot i*(L—4) _ 14- Si cot £/, „ 

1—S 2 coU(L—7 3 ) Sr-cotT/7 ’ ' ’ { ) 

where, following Paris (Ref. ti, eqns. 12 , 27, and 28), we 
write 

51 = cot kl\ + cot ky u T s = 1 —cot ky 3 . cot / 7 3 , 

5 2 = cot X7 2 +cot 1cy s , tan ky s = (inran,jac s ). (n/«,— n,/n). 


(4) Conical Horn jilted with Helmholtz Resonator 
at the Smaller End. (Fig. 5.) 

Substituting the value of Zj from (1.3) in the formula 
(5.3) for Z 2 , and equating to zero for resonance, gives 

— (4wpnni/fi).(»/ni~ni/n) [sini(L + ej)/sinA-eJ 

— (0/o f 3 ) sin X-L = 0 ; 

whence, writing OR 0 2 for a u where O is the solid angle of 
the cone, and remembering that cot Xe^l/XRo, we have 

__1__ — 2 wflR 0 2 n 1 / n _ «A ... 

(a/ iirnMij +cot ( 2 smL/a) ac 1 \ui n)’ ' 

which is the result obtained by Paris (Ref. 6 , eqn. 43). 
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(5) Cone Closed at Smaller End with Helmholtz Resonator 
on the Side. {Fig. 6.) 

At the closed end of the cone Z 0 = =©, so that the im¬ 
pedance due to this unit at the large end of the cone RgBi 



is, by substitution of the relevant quantities in (5.3), 
equal to 

(/S/o-j).[sin /•{R 1 -Ti 0 + e () ).sin fe,/sin £(R,—Ro+e a —e^] 

= V (say). 
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The effective impedance at Rj, Z u is found by adding in 
parallel the impedance of the cone R 0 R 1 and the orifice and 
reservoir—thus 

]/Z t = ljZi —l/fi^pnnjci ). (n/u, — 

Finally, equating the value of Zj given by (5.3) to zero, 

Zj sin k(R' — Rj + €j )/sin ke l — (fi/tri) sin k(R' —Rj) = 0, 
and substituting the value of r L x leads to 

_1_— 25tDRi j «j / n _ «i\ 

icot&(R'—R 1 )— tan — R 0 — p Q ) ~~ ar j \»j n /’ 

... (10) 

■where, as in Paris’s notation, p 0 is defined by 

cot kp 0 = Ml 0 

(cf. Ref. 6, eqn. 50). 

(6) Cone fitted icith One Helmholtz Resonator at the 
Smaller End and Another on the Side. (Fig. 7.) 

At the smaller end of the cone 

Z 0 = —(■bt s pnn i /e i ) ,(n/n a —n 3 /n). 

The impedance at R 1 (=Z/, say) of the system R,R 9 is 
given by 

Z 0 sin /.(Rj — R 0 +e 0 ) /sin ke 0 

z , _ _ § _- (0/fo) sin k( R, -R*) 

1 <r, ’ —Z 0 sin k{lii— R 0 -fe 0 —ej)/sin ke 0 . sin 5 

+ (/3/<r 0 ) sin k (R[—R 0 ~6|)/sin ke x 
so that the total impedance at Ri(Zj) is such that 
1/Zj = 1/Zj'—1/ {ii^pnnjJc ,). («/«!—«j/n). 

Finally, equating the impedance at R'(=Zj) to zero for 
resonance, we obtain 

Zi sin k(R,' - Rj + e^/siii ke x = (jSK) sin k( R' - R,). 
Following Paris (6> , and defining 

cotfey - * MiV 

and 

UK— feRo(cot4R*—cotfey)—T * 

cot m - 1^+Qot^+^.cotkUoTcotky' 


* There is a mistake in sign in the revised form of Paris’s eqn. 66. 
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we obtain his result, 


1 

cot /r(ii'—fi,) — tan /-(Kj —K) 


—2irQRf*nj/n ma 
acj \ni n/’ 


for the resonant tones. 


• • ( 11 ) 


(7) Two Open Cones joined at their Larger Ends. 

(Fig. 8.) 

As Z 0 =0, then 

Z) — (/S/'cT]) sin /■/'. sin iej'/sin &(/'—e/) 
by (5.3). For resonance Z 2 —0, /. c., 

— (/8/'<r 2 ) [Zj sin *(/—e^/sin 7ei + (/S/fli) sin 7-/] = 0 
by (5.2). oi- 

sin 77'. sin 7(7—Ci) .sin 7e/ = — sin 77. sin 7-(/'—e t ') . sin 7e b 

or 

sinW.sin/.T'fl/r + l/V) = ksink(l+l f ), . . . (12) 
which is the result given by Aldis (loc. fit.). 

(8) .1 Composite Column of Gas. (Fig. 9.) 

Prof. Lees' 8 ' lias recently derived equations giving the 
free periods of a composite column consisting of two gases : 
his results may be obtained by impedance methods and, as 
an example, the formula for the instance in which both ends 
of the column are antinodes is derived below. 

As Z 0 =0, the impedance at .r=/j of the column of length 
(Ij—A) containing the first gas to a note of frequency n is 

Zj = — (/3,/or) tan/iifL—/,), 

where Bi—p^afk and l\ = '27rn/a u and the subscripts refer 
to the constants of the first gas. Again, as Zo=0. then by 
(3.2), 

Z, cos hfi — 08j jar) sin W, = 0, 

where B^p^fh nud 7 S =27rn/a 2 . Now if the period of 
the column when filled with the first constituent is «„ then 

2L?ij = «i = C (Fj/pj), — (ir/L)(n/«i), 

a,1<1 A — Fi(w/L)(n/«i), 

where F, is the modulus of adiabatic elasticity of this con¬ 
stituent. By writing down the equations which hold when 
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the second constituent fills the column similar values for 
Jii and fi a are obtained, so that finally 

(n^F^cotJ.^J^-Cnj/FOcotJ.^L-/!), (13) 

which is Lees’ equation (7.3). 


fig to- 



* .i. ■* 

a. 



d. e. 


(9) Two Coaxial Tubes with Orifices communicating tcitk 
the Outer Atmosphere and mill each other. 

As a final example, the resonant frequencies of the system 
shown in fig. 10, a will be calculated. 

From equations (1.2) and (3.2) we have:— 

Z i =—(d l pjc z , 

„ _ /8 f(— o >> AV) cos kl'- Q3/<r') sin kl '-\ . 

— a' L(— ®V C *) s ‘ n kV + (&/<?') cos id 'J ^ * 

_ fl rZ*cos&l—(j8/<r) sin til . 

z >-, bfee+ts/sjsraJ 


„ B rZ 2 cos& — f j8/<t) sm Hi 2 

for resonance. Whence, substituting for Zj and 
|V/c*+fa®/*') tan ^'1 , f«*/ci + (aat/<r) tan kh 

l~r^(a f wjacl) t3in kf J + L 1 ~(<rcu/aci) tan hi Jr* 


This may be regarded as the general equation for resonance 
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in a “series” system, and from it the following results are 
obtained on substituting the appropriate conditions:— 

a. u Bottle-Pipe ” Resonator. (Fig. 10,6.) 

£ 3 = 0, as €2 = 20 , and tan AZ. tan kV = cr/o', 

. . . (14.1) 

where l has now to be interpreted as the length of the pipe, 
together with the end correction as ordinarily understood 
(cf. Ref. 7). 

b. Tube Closed at Both Ends and fitted with a Coaxial 

Diaphragm. (Fig. 10, c.) 

a* =cr, Ci = c 3 = 0, and cot Id 1 +cot kl = ©a/ac 2 

, . . (14.2) 

(cj. Ref. 1, eqn. G, and Part II. for experimental verification.) 


e . Boys Resonator. (Fig. 10, d .) 


If V is small—which is tantamount to assuming that the 
condensation within the volume S' is sensibly uniform— 
tan A/* may be replaced by 1:V 9 and the “ pipe ” becomes a 
reservoir. With the additional conditions C|=<x> ; c 3 =0, 
and remembering ZV—S*, and that/ now includes the end 
correction, it follows that 


tan kl = 


Lrtan x 


ac % 


("V • 

\«i n) 


. (14.3) 


where nj has its former significance (cf. equation (6)). 


d. Pipe near its Closed End expanding into a Bulb of 
Small Capacity. (Fig. 10, e.) 

As ill the previous example, tan kl 1 will be replaced by kl', 
and, as the shape of the bulb is immaterial, it will be con¬ 
sidered that S'=<r'l'; in addition, c, =c s =ao and <*3=0. 
Substituting in (14) yields 

tan kl = 0-/1S.(14.4) 

(cf. Ref. 5, p. 209). 


e. Rayleigh Double Resonator. 

In this resonator the pipes of fig. 10, a are replaced by 
reservoirs, aud, as before, we shall write kl and kl 1 for tan kl 
and tan kl' respectively in (14), so that 

r lfa+iy - 1 r i/c,+l/< r -I i _ n 

Ll-^S'/^cJ Ll-arS/a s cJ + c 2 * 
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taking the volumes of the reservoirs S and S' to be o7 and 
tr'l' respectively. It is to be noted that ihq expression 
lje 3 + l'l<r' represents the “resistance” of the orifice, 
together with the “ resistance ” of the short tube or reser¬ 
voir. If, following Rayleigh, we neglect the effect of 
inertia in Idle interior of the reservoir, and assume that the 
?/<r terms are small compared with the 1/c terms, then 

a 4 —(u 2 a s ~ + C3 g", + 

. . . (14.5> 


which is the result obtained by Rayleigh (Ref. 5, p. 190). 
Equation (14) would yield information concerning the over¬ 
tones of this system, assuming the reservoirs to be of the 
form shown in fig. 10,«. 

For a general discussion of the results obtained in this 
paragraph the reader is referred to the sources cited. 


§5. Conclusion. 

Examples of resonator problems to which the methods of 
this paper afford an easy solution could be multiplied, but it 
is hoped that the above will serve both to illustrate the 
principles involved and to show their general applicability. 
It should be noted that the method will also yield solutions 
to other elastic problems in which the counterparts of the 
general equations of § 2 obtain. 

The application of the method to the theory of certain 
“ wind” instruments is reserved for a further paper. 

The author has pleasure in recording his appreciation of 
the kindly interest Professor Lees and Dr. E. T. Paris have 
shown in the present work. 
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XXXV. The Paramagnetic Rotatory Dispersion of Aqueous 
Solutions of Cobalt Sulphate in the Visible and Ultra- 
Violet Regions of The Spectrum. By R. W. Roberts, 
M.Sc., The University, Liverpool *. 

I. Introduction. 

I N two previous investigations f on the magnetic rotatory 
dispersion of certain cobalt salts in aqueous solution 
it was found that the magneto-optical dispersions of these 
solutions do not follow the laws holding for diamagnetic 
substances. Also it was found that the Co + ' i ' ion, like the 
ions Fe ■ * and Fe +++ , is capable of exerting a negative 
rotation of the plane of polarization. This negative 
rotation of the Co ++ ion was found in solutions of the 
sulphate, chlorate, acetate, nitrate, and ammonium 
sulphate. In the case of solutions of cobalt chloride and 
cobalt bromide the negative rotation of the Co + ‘ i " ion was 
found to be overpowered by the diamagnetic rotation due 
to the chlorine and bromine ions respectively. In view of 
these results, and others which were mentioned in the 
introduction to paper II., it was pointed out that the study 
of the Faraday effect in paramagnetic substances is capable 
of yielding information which cannot be obtained from 
ordinary dispersion data. Since the appearance of these 
papers Ladenburg in an outstanding work, has shown, 
contrary to what was usually supposed, that there are two 
types of magnetic rotation of the plane of polarization, the 
usual diamagnetic rotation found in all transparent 
substances, and the paramagnetic rotation which arises 
from paramagnetic atoms. Ladenburg has deduced a 
formula for this paramagnetic rotation, and also from 
quantum considerations given a rule governing the 
occurrence of negative rotations, which could not in any 
way be explained on classical grounds. 

Recently the Ladenburg formula has been brilliantly 
verified by Becquerel and de Haas § for the paramagnetic 

* Communicated by Prof. L. It. W ilberforce, M.A. 
t It. \V. Roberts, ■). H. Smith, and S. S. Richardson, Phil. May. 
xliv. p. 917 (1922); It. W. Roberts, Phil. Wag. xlix. p. 397 (1925;. 
{Referred to as Papers I. and II. respectively.) 

i XS.f. Phyt. xxxiv. p. 898 (1926). 

. $ Man. dt Phyt. x. p. 283 (1925). 

Phil. Mail. 8.7: Vol. 9. No. 57. March 1930. 2 B 
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rotatory dispersion of the rare earth crystals tysonite and 
parisite at very low temperatures. 

In view of these advances in our knowledge of para¬ 
magnetic rotation, it was thought that a further study of 
the magnetic rotatory dispersion of cobalt solutions would 
be of experimental and theoretical interest. 

Cobalt sulphate solutions were chosen as suitable, 
because the diamagnetic effect due to the SO*“~ ion is 
small compared with that due to most anions. 

A graph exhibiting the rotatory dispersion of a solution 
of CoS0 4 in water has already been given in paper I. 

II. The Solutions. 

Measurements of the natural and magnetic rotatory 
dispersions have been made on five solutions denoted by 

Table I. 


Solution. 

W. 



A 

4-33 

1*04249 

1*04112 

B 

0*45 

1-06524 

1 -06302 

C 

10*23 

1 10664 

1 *10500 

D 

19 14 

1-2130S 

1 21101 

E 

22 20 

1 -25525 

125313 

F 

25*09 

— 

1 -29465 


A, B, C, D, and E. The solutions were prepared from a 
reagent quality of cobalt sulphate, stated to be nickel and 
iron free, and distilled water. The cobalt sulphate was 
recrystallized from distilled water several times before use. 
The strengths, expressed in Table I. as W grams of CoS0 4 
in 100 grams of solution, have been determined from the 
weights of the components on the assumption that the 
crystals had the composition CoS0 4 7H g O. The strength 
of E (We), owing to error, had to be corrected by setting 
up, using the data for solutions B, C, D, and F (an extra 
solution made up for this purpose), an interpolation formula 
expressing W as a function of df —djf. dj 6 and dj? 
denoting the densities at 25° C. of the solutions and water 
respectively. Inserting the density of E in this formula, 
W E was found to be equal to 22-28. Another determina¬ 
tion, using the interpolation formula for a solution obtained 



Dispersion of Aqueous Solutions of Cobalt Sulphate. 363 

by diluting E, gave W K —22 24. The mean value 22-26 
has been taken throughout the work as the strength of E. 
The densities were determined at temperatures in the 
neighbourhood of 20° C. and 25° C., and reduced to 20°C. 
and 25° C. by linear interpolation. Owing to the small 
capacity of the pycknometer, the values of the densities 
are uncertain to about four units in the fifth decimal 
place. 

Table II. 


(/j 25 . \V —Mane hot. W —Interpolation. 


Midi 10-98 10 96 

12218 20-00 19-98 


Manchot, Zahrstorfer, and Zepter * give the densities 
and strengths of two cobalt sulphate solutions at 25° C. 
For the sake of comparison their strengths and the 
strengths calculated by using the interpolation formula 
are given in Table II. It will be seen that the agreement 
between the two values is quite satisfactory. 

III. Magnetic Rotation Measurements. 

Part 3. Measurements in the Visual Spectrum (with 
A. Weale ).—As the apparatus used in the present investi¬ 
gation is different from that employed in the earlier work 
a brief description of it will be given. 

The electromagnet was a large Du Bois model which 
was water-cooled. The gap between the pole-pieces was 
kept fixed throughout the work at a distance of about 
1-5 cm. Preliminary investigations by Dr. A. V. Moses 
and one of us (R. W. R.) with a search-coil and flux-meter 
showed that the field in the gap was not uniform, there 
being, owing to the existence of the borings, two maxima, 
symmetrically placed with respect to the centre of the 
gap. Lack of uniformity of the field is of no disadvantage 
in the present investigation so long as the cell holding the 
solution under test is always replaced in the same position. 
The cell was placed almost symmetrically between the 
pole-pieces. This adjustment need not be rigorously 
exact, owing to the symmetrical nature of the field. 

* Zs. Anorff. Ch. 141. p. 60 (1984). 
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The magnet was excited with a current of 10-50 amperes 
taken from the city mains. The current was kept 
constant by pressure control of a carbon resistance in 
series with an open wire resistance. When no loads were 
being taken from the mains the current was kept constant 
to about i-01 ampere. 

The cell containing the solution under test was made 
from a piece of plate glass whose approximate dimensions 
were 6-7 cm. by 11-2 cm. by 1-2 cm. A cylindrical boring 
A (fig. 1) 1-5 cm. in diameter was made through the plate 
glass perpendicular to the largest pair of faces, the axis of 
the boring being 1-7 cm. from the upper face of the plate. 
This boring was closed by cementing two plates B, about 
J mm. thick, of left-handed and right quartz cut perpendi¬ 
cular to the optic axis. 


Fig. 1. 
D C 



A conical boring C provided with a ground stopper served 
ior filling purposes. A second conical boring D was fitted 
with a ground stopper containing a thermo-junction of 
copper-constantan. The base of this stopper was ground 
very thin and projected slightly into A. To prevent any 
evaporation of the solution during the observations the 
ground stoppers fitting C and D were waxed at the top of 
the conical holes. 

The cell was fixed to a holder screwed into the base of the 
magnet by means of two screws passing through the 
clearance holes E drilled into the glass plate. The holder 
could be rotated about horizontal and vertical axes, for 
the purpose of setting the cell normal to the axis of the 
electromagnet. 
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The second thermo-junction was kept inside a trans¬ 
parent Dewar vessel containing water, stirrer, and thermo¬ 
meter. The thermo-junctions were in series with a moving 
coil galvanometer, which could be read by the observer 
watching the ammeter at a considerable distance away 
from the electromagnet. 

The polarizer and analyser were mounted in bronze 
tubes fitting into the conical borings of the Du Bois 
electromagnet. This arrangement is of great convenience 
in securing a fixed alignment of the optical parts. The 
polarizer was a two-part Lippich with variable half 
shadow angle. The horizontal dividing line of the Lippich 
was very fine, and practically vanished when the setting 
for equal intensities in the two parts of the polarizer field 
was made. The polarizer tube also carried a condensing 
lens, by means of which an image of the source of light 
could be focussed centrally on the analyser diaphragm. 

The analyser was a Thompson Gian glycerine-cemented 
prism with an opening of 10 mm. This analyser was also 
used for the ultra-violet work described later. Both the 
polarizer and analyser were provided with suitable dia¬ 
phragms. so that the correct polarimetric conditions for 
the path of the light rays were obtained. The analyser 
rotated with a graduated circle provided with two opposite 
fixed verniers reading to -01°. 

The axis of rotation of the circle was set parallel to the 
axis of the electromagnet. The diriding line of the 
polarizer was focussed on the slit of a constant deviation 
spectroscope bv means of an achromatic lens of about 
20 cm. focal length. This was mounted on the analysing 
circle, and rotated with it. 

Two sources of light were mainly used—a quartz 
mercury vapour lamp and a carbon arc. The chief 
advantages of the mercury vapour lamp arise from its 
great and steady intensity, which is only slightly influenced 
by the reversal of the current through the electromagnet. 
The carbon arc. although capable of giving great intensity, 
is not easy to maintain constant and centred, particularly 
when it is fed with metallic salts. 

The rotations for each line have been deduced from the 
mean of at least ten settings of the analyser (in many 
cases from much more than ten), the current being 
reversed after every five settings. As the intensities of the 
lines for winch readings were taken differ widely, partly 



Table III.—Observed Rotations. 

Upper line: rotations in degree*. Lower line : temperature i 
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* A 4010. I A 4527. 
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on account of the differences in the intensities of the lines 
emitted by the source, and partly on account of the unequal 
absorption of the lines by the solutions, I have recorded 
in Table HI. with each rotation the mean probable error* 
In order to follow the course of the dispersion of the 


Fig. 2. 



rotation on the graph shown in fig. 2 the radii of the open 
circles representing the rotations have been taken equal 
to 04°. 

For the sake of dearness the rotation graphs for each 
solution have been drawn displaced with reference to the 
ordinate axis. The necessary correction in order to 
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obtain the observed rotation from the scale reading is 
indicated for each curve. 

The readings in the red region of the spectrum were 
.found to be rather trying, owing to the low intensities of 
the available sources, the low sensitivity of the eye in the 
red, and the disturbing influence due to the light scattered 
from the surfaces of the spectroscope lenses and prism. 
For the denser solutions this scattered light was con¬ 
siderably cut down, owing to the presence of the 
strong absorption band in the green. 

The half-shadow angle was varied to suit the intensity 
of the particular line under observation. It varied from 
15° in the red to 1|° for the bright lines. 


Table IV. 

Verdet’s Constants. 


A in A.U. 

H,0. 

A. 

B. 

(*. 

1>. 


0008 


•00955 


•Onwil 

*00875 


0708 

•UUOStN 

-(*m«.i 

•w';si 

*00989 

■1*01*75 

■00979 

til 04 

<11218 

01213 

01200 

oisoc 

•01191 

01105 

.mi 

•01309 

*01313 

01300 

•01298 

01309 

•01312 

5780 

-01355 

*01300 

•013KJ 

•01372 

•01398 

01390 

5401 

-01534 

•01544* 

•01577 

■oir.ru 

•01049 


4910 

-01934 

oi m 

•01813* 

• • • 

... 


0234 


*•* 


... 

•0]124 


5082 


... 

• •• 

•01432 



5£ 30 


*01085 





5194 

a a ♦ 

♦ • ♦ 

01092 




5167 

• a * 

•01723 





4958 

##t 

•01830 





4529 


■02201 

*021034 




4384 

... 

... 

-02345 





* A 45*10. t A 4527. 


The observed values of the rotation, corrected for the 
rotation due to the end-plates (determined directly), have 
been reduced to give Verdet constants, which are recorded 
in Table IV. To this end the rotation due to the eeU, 
filled with water, was determined for the Na line 6893 at 
18*7° C. from forty settings of the analyser. Using the 
formula given by Rodger and Watson* for Verdet’s 
constant V, for water at f C. (D line), 

V,«s=0‘01311' (1 —O'O 4 305 f—0*0 S 305 t s ), 3<«98, 

* Phil. Trans. A, ctexxvi. p. 021 (1895). 
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the change of magnetic potential on reversal of the field 
with a current of 10-50 amperes w&s found to be 31,053 cm. 
gauss. 

No corrections have been made for the rotation due to 
more than one passage of the light through the solutions, 
as the reflected light, owing to the want of parallelism of 
the plates, did not enter the slit of the spectroscope. 
The cell was adjusted by an autocollimation method using 
the analysing lens, so that the plane bisecting the angle 
between the faces was perpendicular to the axis of the 
apparatus. 

From fig. 2 it will be seen that the rotations of all the 
solutions are less than that of water in the red, and become 
greater than the rotations of water on approaching the 
5100 A.U. band *. On the violet side of this band the 
rotation curves for the solutions are again below the water 
curve. An attempt was made to obtain more values of the 
rotation in the neighbourhood of the absorption band, 
rising the continuous radiation from a carbon arc passing 
a current of about 17 amperes. The curves obtained by 
plotting the simultaneous readings of the drum of the 
constant deviation spectroscope, giving the wave-length for 
which matching of intensity occurred, against the readings 
of the analyser circle showed a similar course to those in 
fig. 2. both for a magnetizing current of 10-5 and 14-5 
amperes. 

The negative rotation due to cobalt sulphate has been 
previously noticed. Ingersoll | finds that, for an aqueous 
solution of cobalt sulphate of density 1-322 at 23° C., the 
rotation for A—-8 p is less than that of water by 5 parts 
in 70. At the Na line 5893 Wachsmuth J finds that the 
rotation for a solution of density IT378 is less than that 
of water by 7 parts in 10,000. 


Part 2. Measurements in the Violet anti Ultra-Violet. 
—As visual observations in the violet region of the spectrum 
could not be made with ease and certainty, the rotations 
for the lines Hg 4358 and Hg 4047 A.U. were obtained 
photographically. 


* “ Absorption Measurements according; to Honstoun," Proc. Hoy. 
Soc. Edinb. xxi. n«. 621.530,647 (1911). 
t J. O. H. A. vi. p. 663 (1922). 

| Wii>d. Am. xliv. p. 377 (1891). 
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For the ultra-violet beyond 3300 A.U. the polarizer was 
replaced by a modified Jellett prism of fixed half-shadow 
angle equal to about 5|°. The glass condensing lens used 
for the visual work was replaced by a quartz-fluorite 
achromatic combination of 32 cm. focal length. The 
quartz-mercury vapour lamp, suitably housed and screened, 
was placed at the focus of this achromat, as with the Jellett 
polarizer it is necessary to use parallel light. The glass 
achromat mounted on the divided circle was also replaced 
by a second quartz-fluorite achromatic lens of about 32 cm. 
focal length. This lens formed an image of the horizontal 
dividing fine of the Jellett prism on the slit of a small 
quartz spectrograph. 

A large number of plates were taken (in conjunction with 
Mr. A. Weale) for each solution, using the iron arc as 
source. The method of burning the arc recommended by 
Lowry * was adopted, and was found to give remarkable 
steadiness. In spite of this, some of the plates gave rather 
erratic values for the rotation, which indicated that the 
arc could not always have been symmetrically placed 
with respect to the axis of the apparatus. The arc 
was kept on the axis by hand control, so that its image, 
cast by a lens placed on the side of the arc remote from the 
apparatus, always fell on a small area marked out on the 
room-wall. The centre of the lens and the centre of the 
area were arranged to be on the axis of the apparatus. 

The method adopted, when using the iron are. was to 
determine the wave-length of the spectral line for which a 
match in intensity in its upper and lower halves was 
attained for a known analyser setting. Owing to the 
varying intensities of the lines in the iron arc spectrum, it 
was difficult in some cases to fix the wave-length of the 
match-point within narrow limits. 

On account of these disadvantages in-using the iron arc 
for magneto-optical polarimetry it was replaced by a 
quartz-mercury vapour lamp. This lamp was mounted 
geometrically on the plan of the hole, slot, and plane device. 
With this lamp the rotations were determined by finding 
the setting on the analyser circle which gave equal intensity 
in the upper and lower parts of the spectral fine. As 
emphasized by Landauf and DarmoisJ, for success in this 

Phil. Trans. A, eexxvi. p. 391 (1927). 
f Phys. Xeit. ix. p. 417 (1908). 

I Ann. de Vhim. et Phyt. xxii. (8) p. 247 (19)1). 
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method it is necessary to obtain the correct time of exposure 
for each line. 

Settings were made for the nine lines 

Hg 4358, 4047, 3663, 3341, 3131, 2805, 2655, 2537, 
2482 A.U. 

Table V. 

1st line. Difference of analyser readings in degrees* 

2nd Sum ^ ,» 

3rd „ Temp, in 0 C. 


X. 

H 2 0. 

A. 

B. 

L\ 

D. 

E. 

Z. 


14 13 

13*07 

1340 

12*79 

absorpn. absorpn. 

210*50 


210 33 

210*57 

210 45 

21045 





184 

15*9 

17*8 

18*8 




mi 

Its-80 

10*29 

15*95 

15 *35 

13 72 

13*02 



210-55 

21045 

210 45 

210 39 

21048 

21042 

21046 


18 4 

15*9 

17*8 

16*9 

17 3 

18*3 


3005 

21*20 

20-70 

20-20 

19*58 

17*80 

17-00 



210-30 

210 40 

21040 

210*30 

21040 

210-40 

210*38 


20 5 

18*3 

17 8 

17*2 

175 

17*2 



20*53 

25-80 

25 49 

24 75 

22*70 

21 75 


3341 

210*23 

210*24 

21023 

21033 

21024 

210*15 

210*24 


18*2 

17 3 

17*0 

17*5 

173 

17 3 



31*28 

3048 

30*04 

29 25 

20*92 

25*90 


3131 

210 22 

210*02 

209*90 

210*09 

210 12 

210*00 

210*08 


HHi 

184 

17*9 

10*0 

18*0 

10*8 



42(H) 

41 13 

40 02 

39 57 

30*80 

35*67 


2805 

209 90 

209*97 

209*84 

209*85 

209*84 

209 93 

209*91 


18*8 

17*7 

18*1 

18*0 

17*0 

184 



49 45 

48 33 

47*02 

40*00 

43*00 

4240 


2055 

200*03 

209*93 

209*82 

209*74 

209*00 

209-60 

209*70 


19*1 

18*2 

17*0 

19*0 

18*3 

184 



50*50 

55*37 

54*80 

53*50 

50*34 

48*96 


2537 

209*00 

209 53 

209*50 

209*50 

209*60 

209*60 

209*55 


19*3 

18*8 

18*3 

15*9 

18*0 

19 2 



00*35 

59*02 

58*72 

57*29 

53*92 

52*30 


2482 

209*55 

20945 

209*28 

209*30 

209*58 

209*40 

209*44 


18*3 

19*5 

19*2 

174 

19*0 

18*9 


Ay. Temp. 

19 0 

18*0 

18*0 

18*1 

184 

18-6 



for each of the five solutions (with the exception of 4358 
for solutions I) and E). In most cases the settings of the 
analyser were made at intervals of *1°. For tire lines 
4358, 4047, and 3663, settings were made at intervals of 
•05°. On each plate usually thirty exposures wore made, 
the time of exposure varying from 1 second to 1J minutes 
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(for 2482). The magnetizing current was reversed after 
every five exposures. It was arranged, at the expense of 
some repetition, that a reversal of the intensities in the 
upper and lower halves of a spectral line occurred for both 
senses of the magnetizing current, so that the rotation for 

Fig. 3. 
oes. 



the line in question could be obtained from the one plate. 
As the field of the polarizer is not normal, it is necessary 
to match for equality of intensity just in the neighbour¬ 
hood of the dividing line. 

To facilitate the timing of the exposure an electro- 
magnetically-operated steel ball was bifilarly suspended 
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in front of the slit of the spectroscope. This was controlled 
by the observer reading the ammeter. 

Only settings in one region of the divided circle have 
been carried out, as it was found that rotation of the circle 
through 180° did not give any change in the rotation of 
water for A 3131 A.U. within the limits of experimental 
error. Interpolation between the settings of the analyser 
has been used to the extent of one-third of the interval-1 0 . 

In Table V. will be found recorded with each wave-length, 
the difference between the analyser match-point settings 
for the passage of the current in both senses through the 
magnet, the sum of these settings, and the mean tempera¬ 
ture of the solution during the taking of the photograph. 

Table VI. 

Verdet’s Constants (min. per. cm. Gauss). 


A in A.r. 

H.O. 

A. 

B. 

c. 

IX 

E. 

* 

4358 

0252 

•0245 

•0240 

•0229 

•0202 

absorpn. 

4047 

0301 

0292 

•0280 

0275 

•0244 

0231 

:mr> 

0382 

0372 

•0363 

•0352 

•*•319 

0303 

3341 

•0477 

♦0404 

•0458 

-0444 

-040.3 

0388 

3131 

•0505 

-0548 

■0540 

•0525 

•0481 

•0461 

2805 

*0756 

•0739 

•0730 

•0710 

•0658 

-•*637 

2655 

-0890 

•0809 

■ 085.3 

•0S36 

•0780 

•0757 

2537 

1017 

•0990 

•11980 

•0960 

■0901 

•0876 

2482 

•1080 

•1061 

10.36 

•1024* 

•0965 

■0935 

A v. Temp, 
in J (\ 

\ 19 0 

iso 

18 6 

18-1 

184 

18-6 


The sum of the analyser settings should be constant for a 
given wave-length for all the solutions, provided the zero 
of the apparatus does not alter. The constant values 
vary with the wave-length, owing to the natural rotation 
of the end-plates not being quite compensated. This 
variation with the wave-length can be readily obtained by 
plotting the average value of the sum of the readings 
(last column of Table V.) against the wave-length. The 
rotations due to the end-plates have been determined 
directly. 

The observed rotations are plotted against the inverse 
square of the wave-length in fig. 3. 

Table VI. gives the Verdet constants for the violet and 
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ultra-violet lines. These constants have been calculated 
in the same way as described for the visual work. 


Fig. 4 



IV. Natural Dispersion Measurements. 

In order to apply Ladenburg’s formula to the foregoing . 
observations, the refractive indices of the solutions and 
water must be determined. For the purpose of obtaining 
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the rotation due to the salt C 0 SO 4 in solution, a knowledge 
of the refractive indices to three places of decimals for a 
number of wave-lengths throughout the spectrum suffices. 
When it is desired, however, to make estimations of the 
frequencies of vibration of the electrons controlling the 
dispersion and refraction of the solutions, the refractive 
indices must be determined with an exactness amounting 
to several units in the fifth decimal place. As far as I am 
aware the only measurements of the ultra-violet dispersion 
of solutions which have been made are those of 
Heydweiller * * * § and his co-workers. In their work they used 
a method similar to that of Hallwachs, and obtained the 
differences between the refractive indices of water and the 
solutions directly. Their apparatus necessitated cali¬ 
bration by other methods. 

It was thought, at first, that the method of normal 
incidence used by Simon f for measurements of the ultra¬ 
violet dispersion of liquids would be very convenient and of 
sufficient accuracy for the present work. This method, 
however, was found not suitable, because the two quartz- 
fluorite combinations used with the spectrometer were not 
sufficiently achromatic to permit of autoeollimation 
adjustments with the visible light to be of value in the 
ultra-violet. 

Also, as the axis of rotation of the telescope did not 
coincide with the axis of rotation of the spectrometer 
table, the method of setting for perpendicular incidence 
described by Feussner J could not be adopted. After some 
further trials Martens’ § method was used. This method, 
although time consuming, possesses the advantage that 
all the necessary measurements, with the exception of those 
relating to the angle of the prism, can be obtained from the 
photographic plate. The spectrometer, which was kindly 
lent to me by Prof. Baly, had a divided circle 10 inches in 
diameter, which could be read to 1 second of an arc by 
means of two microscopes provided with micrometer 
eyepieces. 

The glass lenses provided with the instrument were 
replaced by the two quartz-fluorite achromatic combina¬ 
tions used for the magnetic dispersion work. Instead of 

* Phyi. Zeit. xxvi. p. 526 (1925) (Summary ). 

t Ann. dtr Phys. liii. p. 542 (1894). 

x ZS.f. phyt. Jdv. p. 889 (1927). 

§ Ann. ckr Phys. vi. p. 603 (1901). 
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the eyepiece a light aluminium frame was screwed to the 
telescope tube. This frame supported a metal plate- 
holder carrying plates 6 cm. by 4-5 cm. This holder could 
be raised or lowered by means of two friction rollers 
without any appreciable strain on the telescope mounting. 

The spectrometer adjustments were carried out in the 
usual way. For the setting of the axis of the telescope 
mid collimator perpendicular to the axis of rotation of the 
telescope LebedefFs method * was found very convenient. 

Three positions of the draw-tube carrying the slit were 
used at intervals of 2 mm. in order to obtain light 
sufficiently parallel to cover the region 7068-2378 A.U. 
These positions, together with the corresponding positions 
of the draw-tube supporting the plate-holder, were found 
by Cornu’s method f. 

In order to deduce the angular deviation of the spectral 
lines on the plate, three direct slit images were recorded 
-on each plate, with the telescope set in the direct position, 
and at azimuths =1° (sometimes 45') with respect to this 
position. The angle of incidence was obtained by taking 
two exposures of the slit images reflected from the first 
prism face, with the telescope in such an azimuth that the 
reflected slit images were recorded on the plate in suitable 
positions. The mean angle of the incidence obtained by 
means of these two reflected images was adopted. 

As all the angular deviations were small, these devia¬ 
tions were obtained by linear interpolations from the 
screw readings. 

Most of the plates have been read four times, following 
the procedure given by Cornu J. This was necessary in 
order to eliminate errors arising from imperfections of the 
screw of the measuring instrument, and errors of reading 
arising from the lack of sharpness of the lines due to the 
presence of spherical aberration. 

As it was necessary to remove the prism table (to which 
the prism was rigidly attached) from the spectrometer in 
order to photograph the direct slit image, the setting of the 
prism table had to be controlled. This was done by 
Autocollimation with the aid of a telescope fitted with a 
Gauss eyepiece. To this end a mirror was attached to the 
side of the prism opposite the refracting edge. 

* Journ. Seient. lustr. iv.p. 100 (1926), 
f Journ. de Phys. v. p. 341 (1886). 

1 Loe. cd. 
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The solutions were contained in a 30° hollow prism, 
which was closed by means of two plane parallel quartz 
plates (7*5 mm. thick) cut parallel to the optic axis. These 
plates were cemented to the prism. The prism was 
provided with a filling-hole into which fitted a thermometer 
graduated in tenths of a degree, so that estimations to 
hundredths of a degree could be made. The thermometer, 
which was the same as used in the density determinations, 
was calibrated against a standard thermometer provided 
with a recent certificate. 

Most of the plates have been taken at temperatures in the 
neighbourhood of 21° C. In order to reduce the observa¬ 
tions to a standard temperature taken to be 20° C., it is 
necessary to know the temperature coefficients of the 
refractive indices. In the case of water Katow’s values * 

for v ~ have been used. For the solutions the values of ^ 
fit at 

have been obtained by finding the shift of the spectral 

lines on gradually heating the room through about 5° C. 

Exposures were made before heating and during the 

heating when the temperature became sufficiently steady. 

In order to distinguish between the lines of the two 

spectra obtained, the first spectrum was taken with a 

long slit and the second with a short slit. 

Table VII. gives a summary of the work. 

The omissions arise partly through the obscuring of some 
of the lines by the superposition on the spectrum of either 
the direct slit images or the reflected slit images and partly 
through absorption. No attempt has been made to follow 
the course of the dispersion through the absorption band, 
as this would require an entirely different experimental 
method. 

In the literature f there appear considerable discre¬ 
pancies among the values of the refractive indices of water 
in the ultra-violet. I find, on correcting for temperature 
and wave-length differences, that the tabulated results for 
water lie nearer to Gifford’s f results than to those of other 
observers. 

Table VIU. gives the values of the molecular refraction 
R of CoS0 4 at 20° C. which have been deduced from the 

* Aim. der Phys. xii. p. 85 (1903). 

t See Duclaux and. Jeantet, Joum. de J'hys. v. p. 92 (1924). 

X Proe. Roy. Soc. A, lxxviii. p. 406 (1907). 

Phil. Map. S. 7. Vol. 9. No. 57. March 1930. 2 C 
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Table VII. 

Refractive Indices at 20° C 


A in A.U. 

h 2 o. 

A. 

B. 

G 

D. 

K. 

7065 He 

1 33003 

1*33796 

AM 


1 36708 

1 *37400 

6678 „ 

1*33087 

1*33882 

1*34284 

1 35016 

1 36802 

1 37498 

6563 

1*33115 

1-33913 

1*34312 

• •• 

1 36834 


5876 He 

1*33305 

1*34106 

1*34509 

1*35241 

1 37044 

1 37743 

5461 Hg 

1 33440 

1*34254 

1*34666 

1*35382 



4471 He 

1 33945 

1*34762 

1*35173 




4358 Hg 

1*34027 

1*34845 

1*35258 


1 *37841 


4047 „ 

1 34284 

1*35108 

1*35518 

1 36254 

1 *38128 

1 -38839 

3886 He 

1*34432 

1*35263 

1 *35678 

1 *36422 

1-38291 

1 39013 

3341 Hg 

1 *35165 

1*36015 

1 *36436 

1*37193 

1*39106 

1 39834 

3187 He 

**• 

1*36317 

1 *36745 


1*39426 

1 -40169 

3131 Hg 

1 35567 

1*36435 

1 36860 

1 -37632 

1*39556 

1 40293 

- 2893 „ 

1 *36168 

1-37050 

1 37478 

1 -38254 

1 40220 

1-40968 

2805 „ 

1*36442 

1*37334 

1 *37779 

1 38543 


... 

2576 „ 

1 37338 

1*38247 

1*38698 

1 -39482 

1*41506 

1 -42270 

2482 „ 

1 -37809 

1*38732 

... 

1 39977 

• » • 

1-42803 

2378 „ 

1*38434 

I -39366 

1*39827 

1 40627 

1 42705 

1 -43490 


refractive indices of Table VII. by means of the well- 
known formula 


1 n 3 — 1 _ 1 / W \«;-l W H 
d ? n 3 + 2 ~ d *\ >00/4+9 + 100 M ’ 

where n K ^refractive index of water at 20 ° C., 

n — „ „ „ solution at 20 ° C., 

R =molecular refraction of CoS 0 4 , 

M =molecular weight of C0SO4 (1551). 


( 1 ) 


The extrapolations given under W =0 for zero concen¬ 
tration have been obtained from the molecular refrac- 
tivities of the five solutions by using the method of Least 
Squares. It was assumed with Fontell *: 

( 1 ) that the molecular refraction is a linear function of 
the concentration, 

( 2 ) that the error in the molecular refraction arising from 
the observations is inversely porportional to the con¬ 
centration. 


* Soc. Seient. Fenn., Comm Pbya.-Math, iv. no. 8 (1027). 
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On determining the linear function it appears that the 
molecular refraction increases with increasing concentration 
—that is, in the opposite direction to the behaviour of 
the majority of salts. This indicates that in C0SO4 the 
molecular refractivity in the crystalline state (100 per oent. 
solution) is greater than in the ionic state at infinite 
dilution. It is noteworthy that certain fluorides, in which 
F~, like SO 4 , has only a small dispersive effect, behave 

in a similar way. 


Table VIII. 


Molecular Refraction of CoS0 4 at 20° C. (M-155*1). 


x r - 

0 . 

4 33. 

6-45. 

10-23. 

19*14. 

22-26. 

Mean 

(obs.). 

7065 


15 86 



16-09 

16 05 

16-00 

6678 

16-00 

15 -90 

15-90 

16-09 

16-12 

16*08® 

16-02 

(>563 


15 96 

15-90 

... 

16-14 

... 

16-00 

5876 

16 07 

16 02 

15-98 

16 14 

16-21 

16-17 

16-10 

5*61 

• •• 

16-23* 

16-23 

16-17 

... 

... 

16-21 

4471 

... 

1625 

16-22 

... 

... 

... 

16 24 

4358 


16-26 

16-25 

... 

16-46 

... 

16*32 

4047 

16-42 

16-27 

16*26 

16-32® 

16 56 

16-49® 

16-38 

3886 

16 43 

16-47 

1640 

16-46® 

16*62 

16-56 

16*50 

3341 

16-72 

1676 

16-65 

16-70 

16-92 

16-81 

16*77 

3131 

16 98 

17-06 

16-89 

16-95 

17*04 

16*96® 

16*98 

2893 

17-10 

17 27 

17*04 

17-07 

17-27 

17-17 

17-16 

2576 

17 60 

17-66 

17-54 

17 -55* 

17-61 

1755 

17-58 

2482 

17-63 

17*82 

... 

17-55 

17-74 

17*68 

17-70 

2378 

17-77 

17-98 

17-82 

17-69 

17-93 

17-85 

17*85 


Calculation of the Characteristic Frequencies of (he 
Electrons in CoS0 4 . 

Heydweiller * has shown how one can calculate, on the 
frimiH of Drude’s theory of dispersion, the characteristic 
frequencies of the electrons responsible for the refraction 
and dispersion of electrolytes. He points out that the 
effect on the dispersion due to the kation is small, and that 
the dispersion is mainly governed by the comparatively 
loosely bound valency electrons associated with the muon. 
The remaining electrons in the molecule are assumed to 
have a common frequency which is very much greater than 
that of the valency electrons. 


* Loc, cit . 


2 C 2 
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Let Vj —the frequency of the valency electrons in 10~ 16 sec., 

v g = „ „ „ remaining electrons in 10~ 12 

sec., 

3 >!=the number of valency electrons in 1 molecule, 
p 2 — „ „ electrons in 1 molecule less p v 

Then, according to Heydweiller, the molecular refraction 
Ev° at infinite dilution for light of frequency v is given by 
the formula 

R J>~ 1 (i‘28 0 C r> 


where C„= y - „ + - 
V-i'- 


( 2 ) 


The values of v t *, v g 2 can therefore be determined from the 
values of C,rfor two different frequencies. 


Table IX. 


A (vac.). 

* 6 *198.1* 2 a = -112 4i. 

Kj 0 t n objs. 

if- (M4o, ij --112 0. 

6680 

0 

-7 5 

5877 

-1 

• : 5 

404* 

—ti 

1 

3800 

i 

■ . > 

3342 

- 5 

J ■_> 

3133 

—18 

-'ll 

2894 

-41 

_ o 

2577 

- s 

- 11 

2488 

—4 

-4 

2379 

0 

- r 9 


Applying this formula to the values R,° of CoS0 4 for 
the lines 6678 and 2738 A.U., we find, taking p x ~ 2. 
p g =73, that Vj 2 =6-20, and y g 2 = 112*6. On forming the 
difference between the values of R„ calculated by means 
of (2) using these values of v, 2 and v 2 2 and the observed 
values, it will be seen from the second column of Table IX. 
that the deviations (in units of the second decimal place) 
are large and lie in the same direction. A slightly better 
distribution of these differences is obtained by taking as 
vj* the mean of the values v x 2 obtained from the value 
ofR„° for each line, keeping v 2 2 (=112-6) constant. This 
process gives a mean value of v x 2 =614. The differences 
between the values of R„° calculated by usin g Vl 2 =6-14 
and v 8 *=112-6 in equation (2) and the observed values 
we given in the third column of Table IX. The 
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m a xi mu m deviation does not exceed 7 per 1000. In the 
formula we have neglected the effect of the absorption 
band at 5100 A.U., as the effect on the dispersion due to 
this band is very small. 

The value Vj 2 =6-14 agrees well with Heydweiller’s * value 
v 1 2 =6-15 for SO 4 in LijSO*. The method of extra¬ 
polating for zero concentration employed by Heydweiller 
is, however, entirely different from the one used here. 
For LiaSO* Heydweiller obtains v* 2 =100-4. The higher 
value Vg 2 =112-6 for CoS0 4 may arise through the more 
rigid binding of the electrons in CoS0 4 than in Ii^iSOg, 
owing to the higher nuclear change in the former salt. 


V. The Application of Ladenburg’s Magnetic Dispersion 
Formula to the Magnetic Observations. 


Ladenburg f gives thefollowing formula for the magnetic 
rotation of a paramagnetic substance : 


_ v r - V 
*7 L 


" / j. 

. i 


jWiU — u»* 

di- r 


}■ 


(3) 


where l is the length of path traversed; e=3.10“, 
(o—2irc/\, a>i the characteristic frequency of the electrons 
giving rise to the ith band, o L =—eH/2mc, />,-=4irNi e?/m, 
N, being the number of classical dispersion electrons of 
type i per unit volume, /*, their magnetic moment, k 
ihe Boltzmann constant, and T the absolute temperature. 

In order to apply this formula to a dissolved salt it is 
necessary to correct for the rotation due to the solvent. 
It is clear from the formula that it is not x which is 


additive, but the quantity - - 1 -—^, d being the density 

{II “I"" — J Cl 

of the substance. 

To facilitate reference to the experimental results, we 
shall consider the Verdet constant V instead of x> x/® 
being equal to 7rV /60 x 180. By analogous considerations 
to those employed in the deduction of formula (1) we 
may regard the difference 


A = —«<- 100-WV* 

n (n* + 2)- U s {uJ+2) 100 4 

as a.quantity characteristic of the rotation of the dissolved 


* Loc. cit. 

ZS.f. Pht/s. xlvi. p* 168 (1927). See also 0. O. Darwin and W. R, 
Watson, Proc. Roy. Soc. A, cxiv. p. 474 (1927). 
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salt, V, and V„ being the Verdet constants for the solution 
and water respectively. 

Table X. gives the values of A and d/W, and fig. 4 a 
graphical representation of the values of A. The para¬ 
magnetic character of the rotation due to CoS0 4 is clearly 


Table X. 

Upper line: A X 10*. 
Lower „ : J/W x I0 5 . 


A. 

.4. 

B. 

c. 

1). 

K. 

Weighted 

Mean. 

6708 

— 1-01 

— 248 


- 4 99 

- 4 10 



— *37 

- 38 

... 

- *26 

- *18 

- 25 

6104 

4 -02 

- 1*75 

- 1*87 

- 3 52 

— 3 79 



4 *00 5 

- *27 

- *1S 

- *18 

- *17 

- *175 

5893 

- *46 

- *94 

- 1*79 

— 92 

- *36 


♦ 

- *11 

- *15 

- *18 

— *05 

- *02 

— *07 

5780 

-f -11 

-r 1-60 

-r *64 

+ 2-71 

- 2 84 



4 *02 5 

+ -25 

4 -00 

-r 14 

4 *13 

+ 13 

5461 

4 1*50 

- 3 -60 

4 3 *05 

4 6 *32 

absorpn. 

4358 

+ -35 

- 6-7 

•?«r 

6 

+ 1 

4 *30 
—21*4 

4 *43* 
-38 2 

4 41 


— 1*55 

- 1*66 

— 2-09 

— 2-00 

absurpn. 

-I *92 

4047 

—10*2 

—14 1 

-23*9 

-444 

- 51 7 



- 2 -36 

- 2*18 

— 2*33 

- 2 32 

- 2 32 

-2 33 

3665 

— 10-7 

-18 5 

-27-8 

— 19*2 

— *4 



— 2 47 

- 2 87 

- 2 *72 

— 2-57 

- 2*62 

2441 

3341 

—13-6 

-19*6 

-31 0 

— 56*6 

— 66*6 



— 3 15 

— 3*04 

- 3*03 

— 2*96 

- 2 99 

—3*01 

3131 

—16-8 

-24-4 

-36 4 

—63 *8 

- 76-3 



— 3-92 

- 3 78 

- 3 *56 

— 3*34 

- 3 43 

—3*50 

2805 

—18*2 

-25*4 

-43-1 

— 77*5 

- 88*8 



— 4*20 

— 3*94 

- 4 *21 

— 4*08 

— 3 99 

— 1*06 

2655 

-22 4 

—34 8 

-50-5 

—87 -7 

— 99*3 



- 5*18 

- 5 39 

- 4 -93 

— 4*58 

— 4 46 

— 4*73 

2537 

-22 9 

-32 4 

-51 2 

-93*0 

-100*2 



- 5 *29 

— 5-02 

— 5*00 

- 4 *86 

- 4*77 

-4-91 

2482 

-26*8 

-32-9 

-55*3 

—97 0 

-113 8 



- 6*19 

— 510 

~ 5 *40 

— 5*08 

- 5 11 

-5*23 


put in evidence, as we have an asymmetrical behaviour 
with respect to the two sides of the 5100 A.U. band, and a 
negative rotation, which increases with decreasing wave¬ 
length. 

On evaluating the diamagnetic and par amagn e t ic 
parts of formula (3) we find, 
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m H being the mass of the hydrogen atom, 


D t = =2*815.10-3 


V* 


cur— 


(v;\?-D 2 

-^-5 —-=*,4*478.10- 31 7P7^f- 
311 o>- —or i&iOi, (\yXi- 


1 ) 


(5) 


where A' — 10 5 A, A being in cm., Xi is the number of Bohr 
magnetons associated with the ith paramagnetic band, 
and pi is the number of electrons associated with the »th 
band. T has been taken equal to 291. 

In order to obtain the frequency of the absorption 
band giving rise to the negative rotation, we must eliminate 
the diamagnetic rotation due to the bands which account 
for the natural dispersion of CoS0 4 . The wave-lengths 
of these bands are 


Xj = r2l7 .10- 3 Or=6-J4), X 2 =*283.10~ 5 (y 2 *= 112*6), 
and 30=5-100.10 s . 

The relative contribution due to these bands to the 
value A' may be obtained by inspection of Table XI., which 
gives the D and P terms for a few wave-lengths. "Tor the 
P terms * has been taken equal to unity for convenience. 
Table XII. gives the values of A' for solutions D and B. 
Also in the second column of this Table is given the 
weighted mean value of A' for all the solutions, the weight 
being taken proportional to W. 

Taking, as before, p x =2 and p g =73, we see that the 
valency electrons will give rise to a large diamagnetic 
rotation, whereas the high frequency electrons will only 
give rise to a comparatively small rotation. The valency 
electrons cannot be paramagnetically active, as the P 
values for A 4 =1*217.10 -6 are 100 times (approx.) the D 
values, which are of the same order of magnitude as the 
observed A ' values. We can also exclude the possibility of 
a paramagnetic effect due to the valency electrons on 
another ground. For in the case of CoCl 2 and CoBr*, 
where the frequencies of the valency electrons are not so 
high as in CoS0 4 , the diamagnetic rotation overpowers 
the paramagnetic rotation giving rise to a positive rotation 
in the ultra-violet. 

The 5100 A.U. band will also contribute to the dia¬ 
magnetic rotation, but at present we do not know the 
corresponding value p 0 . As more observations have been. 



Tab lk XI. 




Dispersion of Aqueous Solutions of Cobalt Sulphate. 385 

-curried out on solution D than on solution E, we shall 
•confine the working to this solution, and compare the 
-calculated results with the observed results recorded in 
Table XII. 

On subtracting 2D 1 -j-73D a from the values ol A' for 
solution D, we obtain the joint contribution due to the 
paramagnetic and diamagnetic terms of the 5100 band and 
the ultra-violet paramagnetic bands. The results are given 
in the last column of Table XII. 

To eliminate the effect due to the 5100 band we observe 
that for wave-lengths less than 3341 A.U. P 0 +D 0 is 
approximately constant, the variation occurring in the 
second decimal place. We may therefore, as a first 
approximation, take the effect of this band as constant 
(=C 0 ) for these wave-lengths. Assuming that there is 
only one effective paramagnetic band in the ultra-violet, 
we have for the three wave-lengths 3341, 2805, and 2482 
A.U., 




«_ 

iriii.i<r To '-x_ 


+ €o, 


-5-41.10~ 33 


a. 

7*87.10 \~ 


+ Co, 


7-25.10'® 


6*16.10 _10 xL 


+ 0 * 


A_ being the wave-length of the active band giving rise 
to the negative rotation, and a _ a constant. 

The equations give 

l' 0 =*351.10~®, 
a_=32*23.10~«, 

\_= 1 * 221 . 10 _! . 


Having obtained an approximate value for a _ and A_, we 

• can obtain the effect of the 5100 band by evaluating , a ~ s 

for all the wave-lengths, and subtracting these values from 
the last column of Table XII. If we represent the effect 
due to the 5100 band by p 0 (D 0 +r 0 P 0 ), we find for the 
pair of wave-lengths 5780 and 4358 

+ *68.10' 33 =1 * 15 .IO~ 30 p» + 8*25.I0 _30 />o*o 
- -40.10“®= *73.10- >o-8-73.10 
-which give p 0 = l’ 62 . 10 -4 , . 

pojr 0 = *60.10~ 4 . 



Table XII. 

Values of A', etc. 
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From these values we can calculate the contribution to 
A' due to the 5100 band, and thence obtain a better value 
foro_ and A_. 

These were found to be a _ =33-76.10" 4S , and A_= 
1-187 .10~ 5 . With these improved values for a_ and A„ 
we can obtain improved values for p 0 and p„x 0 . On 
carrying out the calculation, we find 

nr j , /v'o='5<.lo -4 . 

Uiing these constants, the values of A' have been calcu¬ 
lated, and are given in the fifth column of Table XII. 
The agreement between the observed and calculated 
values of A for the different lines is as good as one caa 
expect, with the exception of A 5461. 

Formula (4), for solution D, thus becomes 


A-2D, i 73I) 2 + p 0 (D 0 + 1’ 0 )-f • 

where p 0 =2‘18.10~ 4 , 

J> v .r v — 5 1 • 16 4 , 

7 6.ltr 43 , 

x_~MK7.ur\ 

and P and I) are defined by (5). 

The number of Bohr magnetons associated with the 
5100 A.U. band is x 0 =-27. 

In the above calculations we have assumed that the 
values of the frequencies of the diamagnetic bands obtained 
from dispersion measurements will serve for the purpose of 
magnetic calculations. In the case of diamagnotin salts 
with highly dispersive anions there appears, according to 
Heydweiller, good agreement between the values of the 
characteristic frequencies of the electrons calculated from 
dispersion and magnetic measurements. Also the values 
of these frequencies depend very little on the kation. For 
the more rigidly bound valency electrons such as occur 
in S0 4 ' there is a much larger difference between the 
frequencies calculated from dispersion and magnetic 
observations. 

According to Heydweiller the value of Vj 2 for Li,SO t 
is about 6-9 from magnetic measurements, whereas from 
dispersion data the value v 1 *=6-15 is obtained. Let us 
assume that this value of =6-9 is the value to be used 
for the purpose of calculating the diamagnetic rotation 
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in CoS0 4 due to the valency electrons, on the grounds 
that the dispersion frequencies of CoS0 4 and LijS0 4 are 
nearly the same. 

I have carried out a similar method to that described 
above, using the value Vj 2 =6-90 instead of v 4 2 —6-14 as 
above. In this case the new constants are found to be 
jr» 0 =2-l«>. l(r% 

A _=1*046.10” \ 

and the number of Bohr magnetons for the 5100 band is 
*26. The values of A' calculated by means of these 
constants are given in the sixth column of Table XII. 

Thequestion naturally arises, what physical significance 
have these constants ? 

The value p 0 is proportional to the strength of 5100 band. 
From absorption data Houstoun * calculates that the 
number of electrons per molecule causing the 5100 band in 
cobalt salts is 1-2. 10“ 4 . 

From the magnetic data we have found p 0 ==2-2.10 " *. It 
must be borne in mind that this value has been obtained 
by applying equation (3), which has been obtained by 
neglecting damping. This neglect of damping is shown 
in the small observed value for A 5461 A.U. in comparison 
with the calculated value for this wave-length. 

From the value of a_ we can calculate the product of the 
magnetic moment of the paramagnetic band and number 
of electrons per molecule responsible for this band. We 
find from equation (5) 

«_ = 4-478. 

giving for X_=ll*7. It) . j> .r ==-046. 
am! lor X_ = ! 04fi .1<)~ & .x_ = ’001. 

In the case of tysonite Becquerel and de Haas t find that 
there is exactly one Bohr magneton associated with the 
active band, in spite of the much larger magneton value of 
the magnetic susceptibility of the crystal. If we assume 
that in the case of CoS0 4 the moment of the active band 
is 1 magneton, then the number of electrons per molecule 
is -046 for A—1-187.10' 6 and -061 for A — l-046.10~®. 

We know, however, from susceptibility measurements 
that in solution the salts of cobalt possess ionic carriers of 

• Proc. Hoy. Hoc. Ediiib. jxxi, p. 547 (1911). + Loc. cit. 
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moment equal to about four Bohr magnetons. If we 
suppose, which is very probable, that the magnetic 
moment determining the main paramagnetic rotation has 
the same value as that of the ionic carriers, then the 
strength of the ultra-violet paramagnetic band will be 
equal to about *01. 

We have neglected the diamagnetic rotation arising from 
the paramagnetic band in all the calculations. For a 
strength equal to *01. the maximum diamagnetic contribu¬ 
tion to A' will not exceed 2 units in the second decimal 
place for the wave-lengths investigated. Neglecting the 
term for the diamagnetic rotation of the paramagnetic 
band will therefore not affect the results materially. 

The 5100 A.U. band has been treated throughout as 
paramagnetic. It may be thought that the increase in 
the rotation on approaching this band from the red side 
can be accounted for by means of a single diamagne tic 
term in the dispersion formula. This would require, 
however, a much greater strength of the absorption band 
than is actually found from absorption measurements. 
Further, unless we treat this band as paramagnetic we do 
not obtain consistent values of A from the ultra-violet 
observations. 

The conclusion that the 5100 A.U. band is paramagnetic 
is in agreement with Ladenburg's * considerations concern¬ 
ing paramagnetism and colour, as it is to the presence of 
this band that cobalt solutions owe their red colour. 

Further experiments, particularly at low temperatures, 
are necessary in order to fix more definitely the magnetic 
moment determining the paramagnetic rotation of cobalt 
salts, in this connexion one must point out that the use 
of low temperatures for the investigation of paramagnetic 
rotation phenomena has long ago been introduced by 
J. Becquerel. Experiments on the magnetic circular 
dichroism of the 5100 A.U. band are also required in order 
to fix more definitely the dispersion constants and 
magnetic moment of this band. Experiments on these 
lines are contemplated. 

Summary. 

(1) The magnetic rotations of five solutions of cobalt 
sulphate in water have been investigated in the visible and 
ultra-violet regions at room-temperatures. 

* ZS.f, Ekktrochem, xxvi. p. 270 (1920). 
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( 2 ) The results indicate that the rotation of C 0 SO 4 is 
negative in the red and ultra-violet regions, becoming 
positive on approaching the 5100 A.U. band. 

(3) The refractive indices of the same solutions have 
been determined in the same spectral regions. 

(4) The molecular refractivities of CoS0 4 for different 
wave-lengths have been calculated. 

(5) The characteristic frequencies of the electrons con¬ 
trolling the dispersion of CoS0 4 in water have been 
calculated. 

( 6 ) Ladenburg’s rotatory dispersion formula has been 
used to obtain 

(i.) the frequency of the ultra-violet paramagnetic band, 
(ii.) the number of electrons per molecule causing the 
5100 A.U. band and the moment of this band. 

I wish to express my best thanks to Prof. Wilberforce 
ior the interest he has taken in the work, and for the 
facilities and the apparatus placed at my disposal; to 
Prof. E. C. C. Baly for his kindness in lending me the 
spectrometer and accessories; to Mr. A. Weale, for his 
collaboration during the Session 1927-28; to Mr. W. 
Band for his assistance during the magnetic measure¬ 
ments in the ultra-violet; and to Dr. A. V. Moses for 
his assistance in some preliminary work. 

The George Holt Physics Laboratory, 

The University, Liverpool, 

Dec. 19th, 1929. 


XXXVI. Luminosity in Gaseous Combustion. By W. T. 
David, Sc.D., MJnst.C.E., and W. Davies, B.Sc* 

[Plates V.-VUI.] 

F OR some time past we have been taking continuous 
photographic records of the ultra-violet and luminous 
radiation emitted during the explosion and subsequent 
cooling of inflammable gaseous mixtures contained in 
closed vessels, and correlating them with continuous records 
of pressure variation. A typical experiment was described 


* Communicated by the Authors. 
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in a communication to Section G of the British Association 
in 1927 *. Since then we have carried out similar experi¬ 
ments on a gas-engine designed to give the well-known 
Clerk zigzag diagram. 

We had hoped, among other things, to be able to infer 
from these experiments when combustion became complete 
in a gaseous explosion and in a gas-engine, but serious 
difficulties arose when we attempted to interpret our results 
on the hypothesis that luminosity results from chemical 
combination. We found that the intensity of the luminous 
radiation at any instant was dominated by the temperature 
of the gaseous medium (as inferred from its pressure), and 
that it appeared to be hardly influenced at all by the 
amount of chemical combination taking place at that 
instant. Indeed, luminosity was manifest long after 
chemical union was generally supposed to have been com¬ 
plete, and convincing confirmation of this was afforded by 
the gas-engine experiments. 

It was not possible, however, to explain the results on 
a purely thermal basis, for the more permanent gases 
remain dark when heated to higher temperatures than those 
sufficient to produce luminosity in our experiments, and 
we are therefore led to believe that chemical combination 
results in the formation of molecules (probably of CO a and 
HjO) which are in an abnormal condition, and that in this 
condition the vibrations which give rise to luminous radia¬ 
tion are excited by much softer collisions than would be 
required to produce the same effect in normal C0 2 and 
H a O molecules. 

A hypothesis of this kind serves to explain our results 
only if we assume that the abnormal condition of the 
molecules can persist for many seconds when combination 
takes place in the gaeous phase. 

We discuss this in some detail later in this paper, and 
suggest that the overall process of combustion may be 
analysed broadly into two stages :—(i.) chemical combina¬ 
tion resulting in the formation of abnormal molecules, and 
(ii.) the change from the abnormal to the normal molecular 
state. 

The second stage we believe to be a long drawn out 
process (except in the case of surface combustion), and in 
a subsequent paper we shall describe experiments which 


* * Engineering,’ Aug. 1927. 
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suggest that it involves an appreciable amount of energy,, 
and is therefore of practical importance. 

Description of Apparatus and Experimental Procedure. 

Two explosion vessels cylindrical in shape were employed 
in these experiments. One of these was of dimensions 
12 inches in diameter by 12 inches in length, and the other 
6 inches by 6 inches. The pressure indicators used were 
generally of the piston type, but in some experiments a 
diaphragm indicator was employed. They were fitted 
with moving mirror systems for optical recording on a 
revolving photographic film. The indicators were cali¬ 
brated in position by admitting air under pressure into the 
explosion vessels and balancing the pressures against a 
column of mercury in a compound gauge on which readings 
were taken to half a millimetre. 

The light emitted during the explosion, after passing 
through a small quartz window in the end cover. illumina¬ 
ted a narrow' slit which was focussed on the film with its 
length perpendicular to the direction of motion of the film 
and in alignment with the reflected beam of light from the 
indicator mirror, so that a pressure-time curve and a 
simultaneous photographic record of the luminosity were 
obtained. 

The gaseous mixtures were prepared by exhausting the 
explosion vessel and refilling several times with one of the 
constituents of the mixture to be used until all traces 
of the products of combustion from the previous experi¬ 
ment had been eliminated, and then admitting the gases 
from storage cylinders in the required proportion. The 
whole mixture was then thoroughly mixed by means of a 
fan mounted on a spindle passing through a gland in the 
end-cover. This fan was also used to produce turbulence 
during explosion in certain experiments which are described 
in the paper. 

The explosions were initiated by an electric spark at the 
centre of the vessel from an induction coil, the primary 
circuit of which was closed at the proper time by a travel¬ 
ling contact on the revolving spindle carrying the film- 
drum. 

The films used were Eastman Super Speed, H & D 600. 
Great care was exercised in developing them equally under 
conditions which were kept as uniform as possible. 
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Results of Experiments. 

A typical record from an explosion of 30 per cent, carbon 
monoxide and air in the 6 in. cylinder is shown in fig. 1 
(PI. V.). In this experiment the initial pressure, represented 
by tiie zero-line of the indicator diagram, was 1 atmosphere, 
and the rise of pressure at any time during the explosion 
is shown by the height of the diagram above this line *. 
The horizontal band immediately below the pressure-curve 
is a continuous record of the luminous radiation emitted 
by the gaseous mixture after ignition at the centre of the 
vessel by the electric spark, which was recorded on the film 
at the point A. During the interval between the passage 
of the spark and the beginning of the rise of pressure the 
luminosity was comparatively small, but it increased 
rapidly with rise of pressure to a maximum value in the 
neighbourhood of the maximum pressure, and afterwards 
decreased slowly as the products of combustion cooled. 
An examination of this record shows that during the actual 
explosion period the luminous radiation emitted was of no 
greater intensity than that emitted immediately after the 
moment of maximum pressure, although, of course, the 
bulk of chemical combination took place during that 
period. As the gases cooled the luminosity gradually 
decreased, but remained sufficiently intense to mark the 
film for a considerable time after maximum pressure. 
Indeed, even after this we noticed in all our experiments 
that the products remained incandescent for some seconds, 
and therefore long after the cessation of all chemical 
combination of the original gases as well as of any dis¬ 
sociated molecules. 

These facts appear to be at variance with the theory 
that luminous emission during gaseous explosion results 
solely and directly from chemical combination. The 
record rather suggests that the intensity of the luminosity 
during the actual period of explosion, as well as afterwards, 
is entirely dependent upon the temperature of the gaseous 
medium as inferred from its pressure. Subsequent 
experiments which are now to be described definitely 
confirm these conclusions. 

Figs. 2 to 5 (FI. V.) show how the intensity and amount 
of l umin ous radiation emitted during explosion increased 

* The scale against the pressure-curve gives the mean gas temperature 
as inferred from the pressure. 

Phil. Mag. S. 7. Vol. 9. No. 57. March 1930. 2 D 
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as the maximum temperature was raised by substituting 
diluent gases of lower specific heats in mixtures containing 
the same amount and proportion of combustible gases. 
Pigs. 2 and 3 (Pl. V.) were obtained with 20 per cent. 
H a +10 per cent. O 2 +70 per cent. N 2 , and 20 per cent. 
H a +10 per cent. 0 2 +70 per cent. Ar mixtures respectively, 
lie chemical energy was therefore the same in both cases, 
but, on account of the lower heat capacity of the argon 
mixture, the maximum temperature developed was about 
500° C. higher than in the nitrogen mixture, and, as will be 
seen, the luminous radiation was much more intense. The 
substitution of nitrogen for carbon dioxide as a diluent in 
a given mixture of carbon monoxide and oxygen also pro¬ 
duced a similar result. This is shown in figs. 4 and 5 
(PL V.), which were obtained with 26 per cent. CO +30 per 
cent. 0 2 +44 per cent. C0 2 , and 26 per cent. CO +30 per 
cent. 0 2 +44 per cent. N 2 mixtures respectively, with the 
fan running at 1500 r.p.m. In the former the maximum 
temperature reached was about 400° C. less than in the 
latter. 

It is a well-established experimental fact that the ratio 
of the maximum pressure to the initial pressure, and hence 
the maximum temperature attained in the explosion of an 
inflammable gaseous mixture of any given composition, 
increases with the density of the mixture. This is due in 
the main to more effective combustion in a medium of high 
•density. If radiation was emitted in virtue of chemi¬ 
luminescence alone it would therefore be expected that the 
duration of emission after maximum pressure would be¬ 
come less as the density increased. This, however, is 
far from being the ease, as is shown by the records in figs. 
6, 7, 8 and 6 (PL VI.), which were obtained in experiments 
in the 6 in. vessel with a mixture of 28 per cent. CO and 
air at initial pressures varying from J to 3 atmospheres *. 
Indeed, as will be noted, the duration of emission after 
the moment of maximum pressure in these experiments 
increased with the density, and this seems to be wholly due 
to the fact that cooling proceeded more slowly in the denser 
mixtures, for the temperature at which the luminosity 
ceased to be recorded by the films was the same at ail 
densities. Further proof of this is given by the photometric 

* In these records the pressure-scales are different because s rongt-t- 
«]>rings had to be used in the indicator at the higher pleasures. 
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measurements recorded in fig. 10 *. These. relate to 
two mixtures, the one 2C0+0 2 +4N 2 at atmospheric 
density, and the other 2C0-t-0 a +40 3 at five atmospheres 
density. It will be npted that, in spite of the much slower 
cooling in the denser mixture, the relationship between the 
luminosity and the temperature is much the same in the 
two mixtures. We hope to investigate this relationship in 
a subsequent paper. 

Similar experiments were carried out with mixtures of 
composition 2C0+0 2 +4C0, in which dissociation would 
be largely suppressed. Hie results were in every way 
similar to those obtained with CO-air mixtures. 


Fte. 10. 



We have also made two series of experiments in the 
large vessel with the mixtures 2CO-j-0 2 -f»CO at atmo¬ 
spheric density in which n was varied from 2 to 7. In the 
first series the mixtures were fired in the stagnant condition, 
and in the second they were put in turbulent motion by 
means of a fan. They can. perhaps, best be summarized 
in the manner shown in the Table on p. 396. It will 
be noted that the temperature at which luminosity reached 
a certain intensity, namely, that at which it became just 

* We wi»h to express our indebtedness to the late Mr. S. R. Pyke 
and to Mr. J. Ty lor, who very kindly made the photometric measurement* 
for us ia Professor WhiddipgteuV laboratory. 
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too weak to mark the film, was practically the same (about 
1150° C.) in all cases, although the time taken after explo¬ 
sion to reach this temperature varied greatly (from *26 sec. 
to *64 sec.), and consequently the chemical condition of 
the gaseous mixture varied considerably. 

Although the luminosity at a temperature of 1156° C. 
was on the point of becoming too weak to mark the 
photographic film, luminosity visible to the eye continued 
to be manifest for some seconds afterwards, until, indeed, 
the temperature had fallen to 300° C. as nearly as we could 
judge. 


Gaseous 

mixture. 

Condition 
during 
(♦X plosion. 

Time 
to max. 
press, 
(secs.) 

Max. 

gas 

temp. 

" l. 

Duration 
of luminous 
record on 
film after 
max. press. 
(>?<•*.). 

(*as temp, 
at 

termination 
of luminous 
record. 

' C. 
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Fan at work 
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■04 
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300 


•08 

2780 
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400 
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1170 
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•155 
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44 
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•28 
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Fan running 

03 

3110 

•47 

1140 

SCO 


•04 

2860 

41 

1170 

4(0 


045 

2680 

•35 

1160 

SCO 


*055 

2340 

33 

1150 

6CO 


•005 

2140 

29 

1160 

7CO 


•08 

1930 

•20 

1130 


These results make it clear that the amount of radiation 
emitted in any given explosion depends entirely on the 
time integral of some function of the temperature during 
the explosion and the cooling period, and further confirma¬ 
tion of this may be obtained from an examination of the 
records given in figs. 11, 12, and 13 (PI. VII.). In these 
figures are shown the effects of a more rapid explosion 
and an increased rate of cooling when this is caused by 
turbulence produced by a fan in the explosion vessel. 
Similar results are shown in figs. 14 and 15 (PL VII.), in 
which the explosion period and coding-rate were varied 
by the addition of water vapour to CO-air mixtures. 


Gas-Engine Experiments. 

For these experiments the engine was designed to give 
the Clerk “ zigzag ” indicator diagram, which is obtained 
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by dosing the valves automatically at the end of a suction- 
stroke. so that after the explosion has taken place the 
products of combustion are retained in the cylinder and are 
subjected to alternate compression and expansion, while the 
engine continues to run under its own momentum. Prom 
the moment of the tripping of the valves a continuous 
indicator diagram was recorded on a revolving photo¬ 
graphic film by means of an optical indicator which had 
previously been calibrated in its working position against a 
standard gauge tester. The film was carried by a drum 
which was driven from the crank-shaft of the engine, so 
that the indicator diagram was recorded on a base repre¬ 
senting angular displacements of the crank. 

The results confirmed those obtained in the closed vessel, 
and they also show that when the products of combustion 
are re-heated by adiabatic compression immediately after 
cooling they again become highly luminous. 

A typical record is shown in fig. 16 (PI. VIII.). At the 
point A the piston was at the commencement of the com¬ 
pression-stroke with a fresh charge in the cylinder, and the 
valves disengaged from their cams ; towards the end of 
compression at B ignition took place, and soon afterwards 
the pressure increased almost instantaneously to a maxi¬ 
mum value at C. Immediately above the indicator diagram 
is the record of the luminous radiation emitted during the 
explosion and the expansion-stroke. The products of 
combustion cooled more rapidly in this case than in the 
closed vessel experiments on account of expansion, and 
they reached the temperature at which the luminosity 
ceased to mark the film about the middle of the stroke. 
At the end of the explosion-expansion stroke it is generally 
believed that combination is complete, for the analysis of 
the exhaust gas from gas - engines in normal running 
invariably indicates complete combination; but neverthe¬ 
less the heating of the products of combustion during the 
subsequent compression-stroke caused them to become 
vividly luminous again, as shown in the record at E. 
The temperature reached at the end of this stroke was about 
1550° 0. 

Owing to the continual loss of heat from the gas to the 
piston and the cylinder-walls the temperature reached at the 
end of successive compressions gradually became less, and 
during the next compression-stroke the temperature did 
not rise high enough to produce luminosity of sufficient 
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intensity to mark the film; but it was clearly visible to 
idle eye at this point, and even at the end of three or four 
compressions afterwards, at which time the temperature 
was of the order of 300° C. 

The record shown in fig. 17 (PI. VIII.) was obtained by 
retarding the ignition until the piston had moved forward 
some distance on the expansion-stroke, with the result 
that the gases were raised to a higher temperature at the 
end of the first compression than was obtained during the 
actual explosion, and the record shows that the luminosity 
at this point was actually greater than during the period 
of chemical combination. The temperature reached at the 
end of the second compression in this case, viz., 1180° C., 
was also just high enough to give rise to a luminosity just 
sufficiently powerful to produce a faint impression on the 
film, as shown at G. 

Discussion. 

The photographic method is now extensively employed 
in this and other countries in investigating combustion 
phenomena in gaseous mixtures. The basic idea under¬ 
lying‘this work is that luminosity results from chemical 
activity, and therefore that the existence of luminosity 
at any instant is an indication that such activity is pro¬ 
ceeding at that instant. Pringsheim. who had made many 
unsuccessful attempts to make the more permanent gases 
luminous by direct heating to the highest temperatures 
he could command, was also of this opinion, but he believed 
that, as long as chemical activity was proceeding, the 
temperature of the medium in which it was taking place 
had a great influence upon the intensity of the luminosity. 
Many recent workers, however, do not appear to attach 
much importance to the temperature factor *. 

Our experiments appear to put beyond doubt the over¬ 
whelming influence of temperature upon the intensity of 
the luminous emission. The only question that arises is 
the part played by chemical activity f. The experiments 

* See, for example, ‘ Gaseous Combustion at High Pressures,' by Hone, 
Neuitt, & Townend. (Longmans, Green & Co., 1929, p. 202.) 

t‘ Ionization seems to have little influence on the luminous emission. 
Gamer (Trans. Faraday 8oe. vol. xxii. Oct 1926, p. 834) has shown that 
the addition of a small'quantity of lead tetra-ethyl suppressed ionization 
during explosion to a large extent, but the addition of lead tetra-ethyl 
to our gaseous mixture did not affect the luminosity to any, measurable 
extent. 
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at once show that the intensity of luminosity at any 
moment is little influenced by the volume Of chemical 
combination, taking place at that instant, and, indeed, 
luminosity is manifest in our exploded gases long after the 
moment when chemical combination appears to have been 
completed. In proof of this may be urged the fact that 
luminosity is manifest for some time (suitably measured in 
seconds) after explosion, during the greater part of which 
time chemical analysis fails to suggest the presence of 
uncombined gas. Furthermore, in our gas-engine experi¬ 
ments it will be remembered that a series of rapid com¬ 
pressions of the working fluid subsequent to the explosion- 
expansion stroke reproduced luminosity, although, as has 
been frequently shown, chemical analysis of the exhaust 
gases of a gas-engine in normal running always suggests 
that combination is practically complete at the end of the 
explosion-expansion stroke. We think, too. that it is a 
safe inference from our experiments that, had we used a 
larger explosion vessel so that cooling took place more 
slowly, luminosity would have been manifest for a longer 
time than we observed in our vessel *. Similarly, had our 
gas-engine been larger so that cooling would have been 
slower, re-illumination in the working fluid would have been 
observable over a large number of compressions. 

It seems safe, therefore, to assume that luminosity may 
l>e manifest in exploded gaseous mixtures long after 
combination is complete : and in view of the fact that the 
more permanent gases cannot be rendered luminous by 
direct heating to temperatures at which luminosity is 
manifest in our experiments, it is reasonable to suggest 
that chemical combination results in the formation of 
abnormal molecules which persist for some time and only 
slowly pass into normal molecules t. 

In a subsequent paper we describe experiments which 
seem to indicate that a considerable amount of energy is 
associated with these abnormal molecules, i. e.. that the 
energy they contain is in excess of that w'hicli would be 


* This has since been confirmed* During the explosion of a SO per 
cent. CO-air mixture at three atmospheres density in an 18 -incli silver- 
plated spherical vessel, luminosity was manifest for at least 14 seconds 
after maximum pressure. 

f This Applies only to combustion in the gaseous phase. The process 
*eems to be enormously speeded up in contact with a hot body. This. 
wm will deal with in our next paper. (Bee p. 402.) 
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possessed by normal molecules of C0 2 and H 2 0 constitut¬ 
ing a gas of the same temperature. At first sight the 
theory that in the act of combination the heat of com¬ 
bustion first passes, either wholly or in part, into the form 
of rotational and vibratory energy of the newly formed 
molecules might be accepted as affording a satisfactory 
explanation. But the long life-history possessed by these 
abnormal molecules (in the absence of a disturbing cause, 
such as contact with a hot surface) introduces a very real 
difficulty, for partitioning would doubtless be effected 
very rapidly at explosion temperatures, and proof of this 
seems to be furnished by the fact that the energy in the 
vibrations corresponding to luminous radiation, as well as 
that in the vibrations corresponding to infra-red radiation*, 
is always in equilibrium with the temperature (trans¬ 
lational energy). Another explanation that might be 
offered is that complex molecules are formed during 
combination. This seems possible as a stage in the com¬ 
bination process, but again unlikely that they could 
possess a long life-history, for disintegration at explosion 
temperatures would probably be rapid. 

We think that a possible explanation may be found in 
the suggestion that combination results in the formation 
of molecules of abnormal molecular structure, and that 
these molecules pass gradually into molecules possessing 
the normal structure, the process being an exothermic one. 
The overall process of combustion would thus lx* analysed 
broadly into two stages :— 

(i.) chemical combination resulting in the formation of 
molecules of abnormal molecular structure, and 

(ii») the passage (requiring time when combustion takes 
place in the gaseous phase) of these molecules 
into molecules possessing normal structure. 

Our experiments, of course, offer no information as to 
the type of structure possessed by the abnormal molecules, 
but it is interesting to speculate as to possible types. Bet 
us confine the attention to carbon-monoxide-oxvgen 
combination. It is conceivable that the abnormal OO s 
first resulting from this combination may consist of an 
atom of oxygen with its distinctive electron atmosphere 
attached as a whole to a more or less normal (X) molecule, 

* David, Phil. Trims. A, vuJ. c m. p. 3HC>. 
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which we will suppose consists of two atomic nuclei 
surrounded by a more or less common electron atmosphere. 
The passage to the normal type of C0 2 may then be 
represented by the assimilation of the oxygen atom into 
the system producing a molecule consisting of three 
nuclei surrounded by a common electron atmosphere. It 
may be that the very considerable stability which we have 
to postulate for the abnormal type of molecule in order 
to account for our results is apparent rather than real, and 
that the apparent stability is due to continual dissociation 
and recombination brought about by collision or by 
continual interchange of partners with neighbouring 
molecules. 

Summarizing, we suggest that the first stage in the 
overall process of combustion may be represented thus :— 

A + B -»• A j B +(H-.<>), . . . (1) 

where H is the heat of combustion, and that the second 
stage is indicated by 

aTb -* XIT +■*.(2) 

It has always been our view that the process of com¬ 
bination (the first stage indicated above) in any given 
thin layer of gas is by no means an instantaneous process, 
and althmgh our present experiments offer no information 
on this point we are still of this opinion in view of some 
earlier experiments by one of us*. We feel, however, 
that they do show that the second stage is a very long 
drawn out process in the gaseous phase, and in our next 
paper we describe experiments which suggest that the 
energy released in this stage, viz., x, is an appreciable 
fraction of the heat of combustion. 

We think that our experiments show that flame photo¬ 
graphs, while they give invaluable information in regard to 
flame propagation in inflammable mixtures, yield no 
information as to the chemical condition of the gases 
behind the flame-front, but merely indicate their tem¬ 
perature. 

We wish to express our indebtedness to Mr. S. G. 
Richardson, who made the experiments on the gas-engine 
and gave us great assistance in the earlier stages of the 
closed-vessel experiments. 

* Proc. Roy. Soc, A. vol. xcviii. p. 313 (1920). 
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XXXVII. Temperature Measurements in Gaseous Combus¬ 
tion. By W. T. David, 8c.D.. M.Inst.C.E., and W. 
Davies, B.Sc* 

I’lnt.' ix.; 

* 

I N this paper experiments are described in which the 
temperatures of thin platinum-rhodium wires immersed 
in inflammable gaseous mixtures during their explosion and 
'subsequent cooling in closed vessels were recorded con¬ 
tinuously and compared with the gas temperatures as 
inferred from the pressures. 

Our results differ markedly from those of other investi¬ 
gators who have made similar experiments, and conse¬ 
quently, in order to ensure the correctness of our work, 
we made a large number of experiments under as widely 
different conditions as possible. 

Briefly, they indicate that, in whatever position the wire 
is placed within the explosion vessel, its temperature is 
several hundred degrees (often 300° C. or more) higher 
than that of the gas (as inferred from its pressure), not only 
during the explosion, but also for some seconds afterwards. 
We found this to be the case, even when the gaseous 
mixtures were fired in a state of violent turbulence so that 
the temperature distribution subsequent to the explosion 
was reasonably uniform. 

Similar experiments were also made in the cylinder of a- 
gas-engine designed to give the Clerk " zigzag ” indicator 
diagram, and the results fully confirmed those obtained in 
the closed vessels. 

We believe that these experiments lend support to the 
views put forward in a previous paper on the emission of 
luminous radiation by gaseous mixtures during and after 
explosion, and they further indicate that considerable 
energy is associated with the abnormal molecules which 
are formed as a result of chemical combination in the 
gaseous phase. 


Experimental Procedure. 

The experiments were carried out in the explosion 
vessels and in the cylinder of the gas-engine described in 
the previous paper, and the general arrangement of the 

* Communicated by the Authors?. 
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apparatus for recording the temperature of the wire is 
shown in fig. 1. 

The platinum-rhodium wire P was <001 inch in diameter * 
and | inch long and was connected to one arm of a slide- 
wire bridge by thick copper leads which , passed into the 
explosion chamber through a sealed metal tube T. Thu 
tube could be adjusted to bring the wire into any desired 
position within the explosion chamber. 

Callendar’s method of compensating for the change of 
resistance in the leads and for their cooling effect at the 
junctions of the wire was adopted by connecting a short 
length of the same wire through a similar pair of leads 
to the opposite arm of the bridge and adding sufficient 

Fijr. 1. 


X 



external resistance to bring the point of balance to the 
middle of the slide wire at room temperature. 

The galvanometer used in the experiments was of the 
Torsion String type with a natural period of 1/50 of a 
second, so that it recorded very acutely the rapid change 

* We made several experiments with wires of different diameters 
ranging from *00^ to *0005 inch, and found that a wire of *001 inch 
diameter followed the most rapid temperature changes without an 
appreciable lag, and this size was used in all the experiments described 
in the paper. 

As a further check on our work we made a number of experiments in 
which the temperatures were measured by thermocouples consisting of 
platinum-rhodium and platinum-iridium wires of *001 inch diameter, 
the results of which were found to be in complete agreement with those 
obtained by the resistance method. 
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of temperatures in the wire during an explosion. Its 
deflexions were recorded on a photographic film mounted 
on a revolving drum D, and at the time time a continuous 
record of the pressure was obtained on the same film by 
means of the optical indicator I. The calibration of the 
temperature scale for the wire was obtained directly by 
recording the deflexions of the galvanometer when the 
wire was placed in an electric furnace at different tempera¬ 
tures up to a maximum of 1100° C. This calibration 
was made for every new wire used in the experiments, 
and the extrapolation of the calibration curve to higher 
temperatures was verified by recording the deflexions of 
the galvanometer when the wire was placed in a Bunsen 
flame, and finally, after the completion of a series of 
experiments, when the wire reached its fusing point in an 
explosion of a strong gaseous mixture. The relationship 
between the temperature of the wire and the galvanometer 
deflexion above 800° C. was practically linear, and therefore 
intermediate points between the maximum furnace tem¬ 
perature and the melting-point of platinum rhodium could 
be determined with a fair degree of accuracy. 


Result of Closed Vessel Experiments. 

A typical record is shown in fig. 2 (PI. IX.). in which G 
is the pressure record and W the curve traced by the 
galvanometer. The spark passed at the point A, and the 
temperature of the wire increased very rapidly as soon as 
the flame passed over it before any appreciable rise of 
pressure had taken place. A further and slower rise of 
temperature occurred in the wire after this, due to the 
adiabatic compression of the inflamed gases at the centre 
of the vessel while combustion was proceeding in the outer 
layers, and the wire reached its maximum temperature at 
the moment of maximum pressure. But after this it will 
be noted that the wire did not cool at the same rate as 
the gas. 

This record was obtained with a mixture of 19 per cent. 
CO and air in the 6 -inch vessel when the wire was placed 
on the axis of the cylinder at a distance of one inch from 
the centre. The mean gas temperature (curve G) calcu¬ 
lated from the pressure curve and the corresponding 
temperature of the wire (curve W) for a period of one 
second after ignition are shown in fig. 3 . 
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It will be seen that the temperature of the wire was some 
hundreds of degrees above that of the mean gas tempera¬ 
ture (as inferred from the pressure), both during explosion 
and for more than a second afterwards. It is well known 
that in a stagnant mixture fired centrally the temperature 
of the mixture in the centre is well above the mean gas 
temperature; but this could hardly be to the extent shown 
by this experiment, and no explanation in terms of 
temperature variation in the gaseous mixture during the 
cooling period could possibly be adequate to account for 
the very large difference between the wire and gas tempera¬ 
ture (of the order of 500° C. or more) during this period. 

Fig* 3. 



This view is confirmed by the results shown in fig. 4. 
These were obtained with a mixture of 17 per cent, 
hydrogen and air, first when the fan was at rest and then 
when it was running at a speed of 1500 revolutions per 
minute. The violent turbulence produced under these 
conditions practically eliminated any temperature 
differences in the gas, but nevertheless, as will be seen, the 
large temperature difference between wire and gas was 
maintained throughout explosion and subsequent cooling. 

Moreover, we found that the temperature of the wire 
in any given explosion differed very little when it was 
placed in different positions within the 6-inch vessel. The 
results shown in fig. 5 were obtained with a mixture of 
6-5 per cent, methane and air, first when tire wire was 







while the flame was moving outwards from the centre. 
We found that this initial rise of temperature in the wire 
agreed very closely with the calculated temperature of the 
unburnt gases, assuming true adiabatic compression before 
ignition. At the moment of maximum pressure the 
temperature reached by the wire in the two positions was 
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practically the same and about 500° C. higher than the 
maximum mean gas temperature. The subsequent rate 
of cooling was also very nearly the same in both cases. 
When, however, the wire was placed in the bottom corner 
of the cylinder about half an inch away from the walls 
and the end cover, its temperature, while well maintained 
above the mean gas temperature for a considerable portion 
of the cooling period, fell eventually below the mean gas 
temperature. This is clearly shown on fig. 6, which was 
obtained with a mixture of 16-5 per cent, hydrogen and air 
when the wire was in this position. But it is very probable 
that even here the temperature of the wire was at all times 


Fig.«. 



far above that of the gas actually in contact with it, be¬ 
cause, owing to very rapid cooling in the comer of the 
vessel, the temperature of the gas there was well below the 
mean gas temperature; and this view is supported by the 
fact that with turbulence the temperature of the wire in 
the same position did not at any time fall below the mean 
gas temperature. 

The rate of explosion and the maximum gas tempera¬ 
ture developed in a given mixture may be varied very 
considerably without producing any appreciable change in 
the rate of heating of the wire or in the maximum tempera¬ 
ture reached by it; thus, when the explosion of dry 
mixtures of carbon monoxide and oxygen is accelerated by 
the addition of a small amount of hydrogen, the ma ximum 
mean gas temperature is considerably increased, but the 
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results given in fig. 7 show that, even when the gas tempera¬ 
ture is raised by nearly 400° C. in this way, no appreciable 
change is produced in the rate of heating of the wire or 
in the maximum temperature attained by it. A similar 


Fig. 7. 
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result was also obtained when water-vapour was added to 
tike same mixture instead of hydrogen. 

Similar experiments were made in a larger vessel—an 
18-inch sphere. Typical results are shown in fig. 8. 
They relate to a mixture of 17 per cent, hydrogen and air 
centrally fired, and show the wire temperature in two 
positions—the one central and the other near the write 
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—for a period of 2 seconds after ignition. They appear 
to confirm in every way our experiments with the smaller 
vessel, except that there is a rather greater difference in 
the maximum wire temperatures in the two positions in 
the larger vessel. 

In all the experiments to which reference has been made, 
the wire was completely exposed to the gas throughout the 
period of explosion, and therefore only comparatively 
weak mixtures which would not cause the wire to fuse 
could be used. In order to investigate the conditions in 
stronger mixtures, the apparatus shown diagramatically 
in fig. 9 was designed to shield the wire until it could be 
safely exposed at some instant during the cooling period. 


Fig. 9. 



Its action depended on the shielding effect of the mass of 
metal B due to its proximity to the wire until, at the 
proper moment, it was pulled away from the wire by the 
electromagnet M when the circuit of the solenoid was 
closed by a switch automatically operated by a cam on the 
spindle of the film-drum. The result of an experiment 
with a mixture of 30 per cent, hydrogen and air in the 
smaller vessel is shown in fig. 10. The wire was exposed 
when the gases had cooled to about 700° C., as inferred 
from the pressure, and its temperature was immediately 
raised to about 1400 C°. Prom this point the wire re¬ 
mained fully exposed while the products of combustion 
cooled down to the temperature of the room. By exposing 
the wire at different times during the cooling period 
Phil. Map. S. 7. Vol. 9. No. 57. March 1930. 2 E 
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in the explosion of any particular mixture, we found 
that its subsequent cooling curve was the same whether 
it was exposed early or late, so that the wire always reached 
the same temperature relative to that of the gas at any 
given instant after maximum pressure, whether it 
approached this temperature from above or from below. 

In a later form of the apparatus the wire was completely 
shielded from contact with the gas until the proper time 
for exposure, but this modification of the apparatus did 
not produce any change in the results, provided no 
obstruction was offered to the free circulation of the gas in 
the vertical plane of the wire. In its original form the 


Fif. 10. 



modified shield consisted of a cylinder of $ inch externa 
diameter divided along its axis into two halves which 
fitted closely over the wire, and when released by ihe 
magnet the two parts moved upwards and downwards 
respectively a total distance of about 1 inch from the wire. 
With the shield in this position the wire recorded a 
temperature of about 300° C. to 400° C. less than when 
fully exposed, but when the shield was made to open 
horizontally through an equal distance from the wire, its 
presence had no measurable effect upon the temperature 
of the wire. This fact is of considerable interest in that it 
shows the existence of vertical currents of hot gases at the 
centre of the vessel, even when the fan is running during 
the explosion. 
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Gas-engine Experiments. 

The wire was fixed on the ends of thick brass terminals 
projecting into the combustion chamber as shown in fig. 11, 
and the recording of its temperature was carried out in the 
same manner as in the closed vessel experiments. At the 
end of the suction stroke its temperature was about 60° C., 
and its rise of temperature during the compression stroke 
agreed very closely with the gas temperature inferred 
from the indicator diagram; but after ignition and during 
the greater part of the expansion stroke its temperature 
exceeded that of the gas by about 500° C., as in the closed 
vessel experiments. 


Kg. 11. 



Note.—T he plaumiin-rhodium wire was '001 inch diameter and } inch 
lonsr, mounted with its length perpendicular to the axis of the 
cylinder. 


The results shown in fig. 12 were obtained during three 
revolutions of the crank after an explosion had taken place 
and the valves had been tripped so that the products of 
combustion were retained in the cylinder and alternately 
expanded and compressed while the engine was running 
under its own momentum. The temperature cycles of 
the wire are shown by the upper curve, and the corre¬ 
sponding gas temperatures as inferred from the indicator 
diagram are shown by the lower curve. Owing to its 
posjt.irm in the cylinder, the wire was exposed to the 

2E2 
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relatively small amount of cold gas emerging from the 
valve pocket towards the end of the expansion stroke, 
and after the first expansion it was cooled below the mean 
gas temperature during this part of the cycle. It is very 
probable, however, that even at this time the wire was 
much hotter than the gas actually in contact with it, and 
this is strongly suggested by the fact that it was very 
quickly heated above the mean gas temperature again 
during the early part of the next compression stroke before 
the hottest part of the gas came into contact with it. The 
extreme range of temperature variation in the wire was 
thus greater in this experiment than would have been the 
case had it not been influenced by the small quantity of 

Fijr ]•>. 
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cold pocket gas, as, for example, had it been moving with 
the piston so that it was always in the general body of the 
gas in the cylinder. There seems little doubt that in that 
case the wire would always have remained at a much higher 
temperature than the gas throughout the period of the 
experiment. 

Just before tripping the valves in this experiment the 
engine was running at a speed of 230 r.p.m., which remained 
sensibly constant during the following three revolutions, 
so that the total time taken to perform the three cycles 
shown was about 0-8 second. 

We take pleasure in thanking our research mechanic, 
Mr. H. Marvel, for assistance in the design of our apparatus 
and for making suggestions of value from time to time. 
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Discussion. 

Our experiments are in agreement with those of 
Hopkinson* in showing that the temperature of the wire 
as the flame passes over it almost instantaneously rises 
to its maximum value (apart from a small subsequent 
rise resulting from the adiabatic compression of the gas. 
surrounding the wire). Harrison and Baxter f, on the 
other hand, found that the rise of wire temperature takes 
an interval of time which for any given mixture was of the 
order of the time of explosion of that mixture in their 
vessel. We are unable to reconcile their results with our 
own or with those of Hopkinson, though a possible explan¬ 
ation is that they may have had a mass of metal somewhere 
near the wire which may have affected the gas in its neigh¬ 
bourhood ; and in this connexion we draw attention to the 
difficulties we experienced in designing our apparatus so 
as to secure consistent results (see p. 410). 

Hopkinson inferred from his experiments that combus¬ 
tion was completed in anj T given thin layer of gas almost 
instantaneously after inflammation. This view did not 
accord with that deduced from calorimetric measurements 
made bv one of us +, and it was suggested that the rapid 
rise of temperature of the wire was in a large measure due 
to combustion on the surface of the hot wire §. Our present 
experiments appear to confirm that suggestion. 

In one important respect our work differs entirely from 
Hopkinson’s. We found that at the moment of maximum 
pressure the temperature of the wires did not vary much 
■with their position in the explosion vessel and that their 
temperature w r as always many hundreds of degrees above 
that of the mean gas temperature as inferred from the 
pressure. Hopkinson, however, found that his wires 
showed a wide temperature variation in the exploded 
gases at this moment which seemed to be rational in the 
light of an examination of the explosion process. He 
found, for example, that the temperature of the hot core 
of a centrally-fired mixture was at this moment much 
above that of the mean gas temperature as inferred from 
the pressure, but that as the wire was moved outwards 
towards the walls of the explosion vessel the temperature 

* Proe. Bov. Soc. A, lxxvii. pp. 389 & 399 <1906). 
t Phil. Majr. pp. 37-41, Jan. 1927. 
t Proc. Boy. So?. A, xcviii. p. 810 (1920). 
i Trans. Faraday Soc. xxii. p. 343 (Oct. 1926). 
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fell away and became much less than the mean gas tem¬ 
perature *. The wire temperature averaged over a large 
number of positions would thus, according to Hopkinson, 
be equal to the mean gas temperature (translational 
energy). We think that a large error must have crept into 
tiie calibration of his wire temperature recording system 
for wires other than the central wire, which had a separate 
recording system; and, indeed, Hopkinson himself does not 
claim great accuracy for the former recording system f. 

Our experiments further show that the large difference 
which exists between the wire temperature and the gas 
temperature (translational energy) at maximum pressure 
continues for some seconds afterwards, and therefore long 
after chemical combination has been completed. The gas- 
engine experiments also lead to the same conclusion. We 
believe that the explanation is the same as that offered to 
account for the luminosity experiments $. namely, that 
combination in the gaseous phase results in the formation 
of long-lived abnormal molucules, and that considerable 
energy is associated with these molecules which can be 
unloaded upon the surface of a hot wire when they come in 
contact with it. 

Reference may be made to the discussion in our previous 
paper for a fuller account of our views. We should add 
that in interpreting the results in the present paper it is 
convenient to regard the temperature of the wire as being 
equal to the temperature of the gas (translational energy) 
plus an amount corresponding to the excess internal energy 
unloaded upon it by the abnormal molecules. 

We hope to be able to obtain an estimate of the magni¬ 
tude of the energy associated with the abnormal molecules 
by calorimetric methods both in closed vessel explosions 
and also in a gas-engine. 

Many of the curious results obtained by workers who 
have used platinum wires to measure the cyclical changes 
of temperature of the working fluid of internal-combustion 
engines and the temperature of the exhaust gases become 
understandable in the light of these experiments. A 
discussion of them is reserved for another paper. 

* Loc. dt* p. 390. | Loc. cit, pp. #*7-8. 

t Ionization skeins to have no influence upon the temperature of our 
wires as inferred from their resistance, for the addition of lead tetra¬ 
ethyl to our gaseous mixtures made no difference to the wire temperatures 
(see footnote, p. 398). 
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XXXVIII. Some Experiments with Carbon Line Resistances. 
By 3. B. Seth, M.A. ( Cambridge ), Professor of Physics, 
Government College, Lahore, Chetan Anand, M.A., and 
Girdhari Lae Puri, M.Sc. (Punjab)*. 

I N a paper f from this laboratory it has already been 
announced how the resistance of carbon (pencil) 
lines drawn on ebonite or waxed ground-glass surface, 
when subjected to moist air of different humidities, changes 
in a regular manner with the relative humidity to which it 
is exposed; and a suggestion was made that this be¬ 
haviour of carbon lines may be utilized for hygrometric 
purposes. The experiments described in the present 
paper were undertaken to study the properties of such 
resistances in greater detail before arriving at any suitable 
form of hygrometer or hvgrometry based on these 
principles. The pencil lines for the present work were 
mainly those drawn on ebonite, although a number of 
experiments were also performed on lines on ground-glass 
plates, the free surface having been waxed. Lines drawn 
on other insulators such as sulphur and sealing-wax 
(blocks of which were obtained by pouring the molten 
materials in a wooden mould and allowing it to solidify) 
have also been tried, and these were found to behave in a 
manner similar to those drawn on ebonite. The lines 
which were to be subjected to humid atmospheres were 
drawn rather broad, several millimetres wide, in order to 
have a fairly large exposed surface. Their resistances 
were usually of the order of a tenth of a megohm. 

The present experiments can be divided into two main 
classes, namely: (1) observing the behaviour of a line 
enclosed in a tube containing (a) air at low' pressures, (6) 
nitrogen; and (2) subjecting the line to humid air in a 
variety of ways. The line was exposed to the humid air 
either by passing a continuous current of moist air over it 
or by placing it in a chamber containing air of a definite 
humidity. We may call the former the dynamical and 
the latter the statical method of exposure. 

* Communicated by the Authors. 

t " The Effect of Moist Air on the Hesistance of Pencil Lines," 
by .1. B. Seth, Chetau Arnold, and Gian Cbaiid. Proe. Phrs. Soc. Lond. 
xli. pp. 20-85 (Dec. 15,1928). 
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For the dynamical mode of the experiment a current of 
ordinary air from the room was, to begin with, dried by 
making it first pass through calcium-chloride tubes and 
then bubble through concentrated sulphuric acid. It 
then passed through a pair of wash-bottles containing a 
solution of sulphuric acid and water of suitable strength, 
where it took up the desired humidity. There were a 
number of such pairs of wash-bottles arranged in parallel, 
different pairs containing solutions of different strengths, 
so that the dry air could be made to pass through any one 
of these pairs by merely turning off and on suitable stop¬ 
cocks. A current of air of the definite humidity so acquired 
was then passed over the pencil line, an aspirator being 
used to draw the air-current, and a couple of calcium- 
chloride tubes and a wash-bottle containing concentrated 
sulphuric acid having been placed between the aspirator 
and the glass tube containing the line. Or the air could be 
first stored in large bottles under pressure and then forced 
through the whole arrangement just described. 

To obtain the static conditions the line was placed in 
a fairly large rectangular glass trough, which contained a 
dish in which sulphuric acid-water mixture of the 
required strength could be placed. The chamber also 
contained a tiny fan worked by a small motor to circulate 
air-currents throughout the chamber in order to make the 
humidity of the air inside the trough everywhere uniform. 
The chamber could be covered by a wooden lid. and the 
whole arrangement could be made air-tight by suitable 
means *. 

The results of various experiments are given below — 

1. A line drawn on ebonite was placed in a suitably wide 
glass tube connected on one side to an exhaust-pump and on 
the other to a closed-end mercury manometer. The 
electrical connexions with the ends of the line were made 
through side-tubes with platinum wires sealed in. The 
only sources of leak were thus a few necessary connecting 
glass stopcocks, and there was only a very small leak 
through these; but by occasional working of the pump the 
exhaustion was maintained for fairly long periods. The 
line was thus exposed to rarefied air at a pressure of a few 

* For details of this method of getting the so-called static state, see 
Proe. Phys. Soc. xxxiv. “ Discussion on Hygroiiietry/’ p. 11. 
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millimetres. The resistance was found at first to decrease 
when the tube was first exhausted; but afterwards a 
slow increase set in, the rate of increase being greater in 
the beginning. Thus it was 7 in 1000 during the first 
week and only 2 in 1000 during the third week. 

2. Another line, also on ebonite, was kept in an atmo¬ 
sphere of nitrogen for a period of about four weeks. Here 
also there was an abrupt fall of resistance during the first 
24 hours, after which there was a gradual increase, the rate 
of increase being much greater than in the previous case. 
It was of the order of 1 in 14 during the first 5 days and 1 
in 24 during the last 5 days. 

The nitrogen was prepared by gently heating a mixture 
of solutions of potassium dichromate, sodium nitrite, and 
ammonium chloride, and was purified by being passed 
through potash bulbs, wash-bottles containing strong 
sulphuric acid, and calcium-chloride tubes containing 
plugs of glass-wool. It was introduced into the chamber 
containing the line by alternate exhaustion and filling, 
the process being carried out several times. 

In both these experiments, i. e. the pencil line in vacuum 
and in nitrogen, the resistance fell during the night and 
rose during the day. This is apparently a temperature 
effect. 

3. A previously dried (by means of a current of dry air) 
pencil line, on ebonite as well as on waxed ground-glass, 
was subjected to a current of moist air of a definite known 
humidity and afterwards to a current of dry air. Values 
of the resistance were found every few minutes. In these 
as well as in the experiments described below the relative 
humidities of the moist air to which the lines were exposed 
were 10, 25, 35, 50, 65, 75, and 90 per cent. The curves 
between resistance and time for different humidities, 
plotted from these observations, were of the same type as 
those given in the previous paper. Generally the increase 
of resistance with time increased with the relative humidity. 
In the case of 90 per cent, humidity, however, the changes 
in resistance were rather erratic. Sometimes the final 
resistance, after passing 90 per cent, humid air for, say, 15 
minutes, was greater than that for 75 per cent, humidity, 
and sometimes it was even less than that for still lower 
humidities. Also, in the case of 10 per cent, humidity. 
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the resistance did not increase uniformly with time. 
Quite often, on passing moist air of this humidity, there was 
a fall of resistance after an initial increase, and sometimes 
even this initial increase was absent. Now and again, 
however, it increased, slowly but uniformly, throughout 
the period that the air of this humidity was being passed 
over the line. 

It must also be mentioned that the changes in resistance 
with any particular humidity were not always the same 
when the same line was subjected to this humidity again 
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and again for the same length of time. This would seem 
to preclude the use of carbon lines for hygrometric 
purposes; but from later experiments it became evident 
that the changes depended not only on the relative 
humidity of the moist air, but also on the rate at which 
the current of the moist air passed over the line. More 
details about this matter are given later in section 7 below.. 

4. If, after subjecting a previously dried line to the 
current of moist air, say, for 15 minutes, and before passing 
the current of dry air over it, the moist air current is 
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stopped and the line allowed to remain in this humid 
atmosphere (giving a static state of affairs, as it were), 
the resistance does not remain quite steady, hut changes 
slightly, generally increasing for lower humidities, but 
decreasing for the higher humidities, the decrease being 
more marked with increasing humidities. This is illus¬ 
trated in fig. 1. where the numbers given against each 
curve represent the relative humidity of the moist air. 

5. If a cycle of operations is performed on a previously 
dried line, that is to say, a current of air of 10 per cent, 
relative humidity passed over the line for, say, 20 minutes, 
then a current of higher humidity for the same length of 
time, and so on, till we get up to the 90 per cent, humidity, 
and after this air-currents of decreasing humidities are 
passed, coming back to the 10 per cent, humidity, then 
the resistance gradually increases (except that in the case 
of the 10 per cent, at the beginning of the cycle, there is 
first a slight fall of resistance), reaches a maximum, and 
then decreases, more or less following the cycle of 
humidities. In the ease of the line on waxed ground glass 
the resistance, in our experiments, reached its maximum 
at the maximum humidity, but the final resistance after 
one complete cycle was considerably less than what it was 
at the beginning. For the line on ebonite the resistance 
attained its maximum value after the maximum humidity 
had been passed. i» gnely at about 75 per cent, relative 
humidity on the descending half of the humidity cycle; 
but the final resistance after the complete cycle was nearly 
the same as. or only very slightly less than, that in the 
beginning. 

In all eases mentioned in 3, 4, and 5 the changes are 
most marked in the first few minutes, the rate of change 
decreasing with time. 

6. When experiments of the types 3, 4, and 5 are per¬ 
formed on lines with humidity conditions being static, 
the changes in resistance are not at all as regular as in the. 
dynamic state. With the line on waxed ground-glass the 
changes in resistance were very erratic, and the various 
types of experiments were therefore confined to the line 
on ebonite. But here also the curves between resistance 
and time for different humidities were not at all regular and 
were more or less jumbled up. 



420 Prof. Seth and Messrs. Anand aud Puri on 

7. If we study the drying part of the curves obtained in 
the dynamic experiments, some rather interesting conclu¬ 
sions follow. For this purpose we replot the drying parte 
of the curves for various humidities by shifting the 
initial resistance (namely the resistance which the line had 
when the current of dry air was commenced after the line 
had been exposed to the moist air) to the same origin. 
We now find in the first place that these curves vary in 
much more regular manner than the curves obtained for 
the condition when the moist air was being passed. The 
anomalous behaviour for 10 and 90 per cent, humidities, 
previously mentioned, disappears for these curves. Thus 
in fig. 1, although the curves for 75 and 90 per cent, cross 
each other and so do those for 25 and 35 per cent., when 
the drying parts are drawn by shifting the initial resistance 
to the same origin, the curves fall in a regular manner. 
Secondly, it appeared as though these drying curves were 
parabolic, the change in resistance after a certain time (and 
after the line had been previously subjected to the certain 
humidity) being proportional to the square root of the 
time. 

It was while studying these curves that it appeax-ed that 
their size depended upon the rate at which the thy air was 
being passed over the pencil line. Special experiments 
were therefore performed to find the change in resistance 
with time when a previously dried line, after being exposed 
to currents of air of different humidities, was subjected to a 
current of dry air, keeping the rate at which this current 
was passed fixed and determinable. The rate of passage 
of the air was measured in terms of the fall in the level of 
water in the aspirator in a given time, or by collecting the 
air forced over the resistance in a cylinder over water. 
From this study it was found (1) that for a fixed humidity, 
H, and a fixed rate of flow of the dry air, F, the curves 
between the change in resistance, R, and the square root 
of time, t, were straight lines passing through the origin ; 
mid (2) that for a fixed humidity and a constant time the 
curves between R and F were also straight lines passing 
through the origin. Thus R 2 =&F 2 /, where & is a constant, 
would give the equations of the drying curves : that is to 
say, they are parabolic. The constant k depends on the 
•relative humidity and seems to be rather a complicated 
function of H. The relation between R and H appears to 
be nearly but not quite an exponential one. Further 
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experiments are needed to determine the exact relationship 
between these two variables, i. e. to find the value of the 
constant h in terms of the relative humidity. 

The values of this constant for 10, 50, and 75 per cent, 
humidities turned out to be (5-6) 2 , (11*0)®, and (30-8) 2 
respectively, as determined from the curves giving the 
results of the present experiments. In fig. 2 are given the 
drying curves, between change in resistance and time, for 
10,50, and 75 per cent, humidities, the rate of flow having 
been respectively 12-1, 11*2. and 12-5 cm. of fall of water 


Fig. 

Minutes-- 



column in 20 minutes in the cylinder in which the issuing 
air was collected. The circles represent points experi¬ 
mentally determined, and the full lines the curves passing 
through these. The broken lines are parabolas with the 
values of parameters as given above, the crosses repre¬ 
senting the points calculated for these parabolas. It will 
be seen that the fit between the experimental and calcu¬ 
lated curves is so close for 10 per cent, humidity that the 
two are indistinguishable from each other on the scale of 
the figure. The fit for the 50 and 75 per cent, curves is 
not so good. But it is expected that this will become closer 
by improving the method of maintaining a constant rate 
of flow. 
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Presumably, the increase in the resistance when a dried 
line is exposed to a current of moist air would also depend 
on the rate at which the current of the moist air is passed 
over it. This would account for the behaviour of the lines 
remarked at the end of section 3. From the fact, however, 
that the drying curves are more regular and vary in a more 
uniform manner with the humidities to which the lines 
have been subjected previous to the drying process than 
the “ wetting ” curves, it would appear that if a pencil line 
is to be used for hygrometric purposes, it would be more 
profitable to study the drying curves for the line and 
utilize this for the purpose of measuring humidities. 
Moreover, from the nature of things, one may not always 
be able to regulate the rate of the “ wetting ” of a carbon 
line when exposed to an atmosphere of which the relative 
humidity is to be determined : but one can easily regulate 
the drying process, and from the fall of resistance during a 
certain time one may compute the required humidity. 


XXXIX. The Effect of a Permanent Electrical Dipole on the 
Internal Latent Heat of Vaporization of a Liquid. Bn 
A. R. Martin, Ph.D.* 

X N the light of modern views of the electrical structure 
of matter the internal latent heat of vaporization of a 
liquid can be regarded as the work required to separate the 
molecules of the liquid to an infinite distance from each 
other against the attractive forces due to the electric field 
surrounding each molecule. The work of vaporizing a single 
molecule is, therefore, neglecting electrical saturation effects, 
the change in the energy in the medium resulting from the 
transfer of the molecule to a vacuum from a medium of 
dielectric constant equal to that of the liquid. In so far 
as the molecule may he regarded entirely as a permanent 
electrical dipole, this energy change is given by the ex¬ 
pression deduced previously f, 



* Communicated by Prof. J. C. Philip, F.R.S. 
f Martin, Phil. Mag. viii. p. 647 (1929). 
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where fi = the moment of the dipole, 
a = the radius of the molecule,. 

D as the dielectric constant of the liquid. 

This expression should therefore give the effect of a 
permanent electrical dipole on the internal latent heat of 
vaporization of a liquid. It can be expected to yield good 
results only when the molecule can with a fair degree 
of truth be treated as a single permanent dipole at the centre 
of a sphere. 

In applying this idea, that part of the latent heat which 
is not due to the dipole (but which nevertheless is probably 
of electrical origin) has been allowed for in organic com¬ 
pounds by subtracting from the total latent heat values for 
the alkyl and phenyl groups derived from the latent heats of 
the parent hydrocarbons. Thus the value of the methyl 
group has been taken as one-half that of ethane, of the ethyl 
group live-sixths that of ethane, of the propyl group seven- 
eighths that of propane, of the butyl group nine-tenths that 
of butane, of the iso-amyl group eleven-twelfths that of 
iso-pentane, and of the phenyl group five-sixths that of 
benzene. This treatment is only approximate, especially 
as the data for the hydrocarbons are usually not for the 
same temperature as those for their derivatives. And 
further, it may not be justifiable to treat the external field 
of a weakly dipolar bond as entirely due to the dipole. 

The values of a required to give the observed effect 
of a dipole on the internal latent heats of vaporization of 
twenty-one liquids are tabulated below. The latent heats 
have been taken from * International Critical Tables,’ vol. v., 
the dielectric constants at the boiling points from Grimm' 
and Patrick *, and at other temperatures from Landolt- 
Bornstein’s ‘Tabelien,’ and the dipole moments from the 
table given by H^jendahl f, with the exception of the dipole 
moment of acetonitrile, which was taken from Werner 
The internal latent heats are given in joules per mole and 
are denoted by \i, and that portion of them due to the 
dipole by AX,. 

The values of the molecular radii are of the correct order 
of magnitude. They are smaller than those calculated from 
gaseous viscosities, the values obtained by this method for 
water, sulphur dioxide, and ammonia being respectively 

* Grimm and Patrick, J. Amer. Cliem. Soc. xlv. p. 2794 fl92St 
t Htfjendahl, * Thesis,’ Copenhagen (1928). 

$ Werner (0.), Z. phytikal. Chm. iv. p. 882 (1929). 
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1* * * § 25 *, 1*73 f> and 1*43$ A.U. The radios of gyration of 
the ammonia molecole found by Robertson and Fox § from 
its infra-red absorption spectrum is 0*82 A.U. 


Liquid. 

Temp. 

°C. 

]>. 

y io>*. 

X i- 

A\ t *. 

A.V. 

Water .. 

25 

78 

1-8 

41330 

— 

1T6 

Sulphur dioxide .... 

20 

14 

1-75 

20090 

— 

1-42 

Ammonia. 

-33 

22 

1-49 

21290 

— 

1-26 

Ethane . 

0 

— 

— 

7150 

— 

— 

Methvl iodide . 

42 

6-48 

1-66 

24690 

21115 

1-30 

Methyl alcohol. 

20 

31*2 

1-64 

35020 

31445 

1*19 

Aeetaldehvde . 

21 

148 

2-72 

22660 

19085 

1*94 

Acetone... 

56 

17-68 

276 

27470 

20320 

1*93 

Acetonitrile. 

80 

26*2 

3-11 

26870 

23295 

2-00 

Nitromethane . 

100 

27-75 

3-42 

31380 

27805 

2-01 

Ethyl bromide. 

38 

8-81 

1-97 

24775 

18815 

1-55 

Ethyl alcohol . 

78 

17*30 

1-33 

36440 

30480 

1-22 

Ethyl ether .. 

35 

411 

1*22 

23420 

11500 

1*20 

Ethylamine . 

15 

6-2 

1*33 

25110 

19150 

116 

tt-Propane . 

20 

— 

— 

12920 

— 

— 

fl-Propyl alcohol — 

97 

11-83 

1*65 

38210 

26010 

1-23 

^-Butane . 

20 

— 

— 

18795 

— 

— 

-Butyl alcohol . 

117 

8*19 

1*65 

40510 

23690 

127 

Iso-pentane .. 

13 


— 

24332 

— 

— 

Iso-amyl alcohol ..... 

130 

5*82 

1-80 

40750 

18450 

1-43 

Benzene ... 

80 

— 

— 

27880 

— 

— 

Chlorbenzene . 

131 

4*20 

1-59 

332o0 

10030 

1*57 

Nitrobenzene . 

210 

15-61 

3-85 

30740 

13540 

275 

Aniline . 

183 

4-54 

1*51 

36560 

13360 

1-39 

Toluene . 

110 

217 

0*44 

30120 

3345 

0*86 

2*07 

Pyridine .. 

114 

9*38 

2*11 

32250 

9050 


For substances in which the dipole is at one end of a large 
molecule the values of a are too small. The reason is that in 
such cases the medium approaches closely to one of the poles. 


• Smith, Proc. Hoy. Soc. A, evi, p. 88 (1924). 

t Smith, Phil. Mag. xliv. p. 508 (1922). 

j Rankine and Smith, Phil. Mag. xlii. p. 001 (1921). 

§ Robertson and Fox, Proc. Roy. Soc. A, cxx. p. 206 (1928). 
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where the field is strong, and hence the filling of space at a 
fairly great distance from the other pole, where the field is 
much weaker, has comparatively little effect. Thus in the 
homologous series of alcohols a does not increase as rapidly 
as might be expected. However, the increment is larger 
than usual in passing from n-butyl to iso-amyl alcohol, 
where the paraffin chain is branched and the molecule less 
unsymmetrical about the dipole than it would be in n-amyl 
alcohol. For benzene derivatives a probably corresponds 
rather to the volume of the substituent than to that of 
the whole molecule, and might therefore be a measure 
of the steric hindrance effects exerted by the snbstituent. 
The order NO* > Cl > CHj is the same as that given by the 
work of Victor Meyer and his followers* on steric hindrance 
effects in the catalytic esterification of carboxylic acids. 

Since the expression 



does not consider the thermal energy and is for a hypo¬ 
thetical absolute zero, it gives the change in both free 
energy and the heat content in transferring the dipole from 
a medium of dielectric constant D, to one of dielectric 
constant Dj. It might therefore be possible to calculate 
partition coefficients in the same way in which Bjerrum 
and Larsson f used Born’s expression, 

*V/1 1 \ 

^TVD, “ IV’ 

to calculate ionic partition coefficients. However, the cal¬ 
culation leads in many cases to absurd results, and even to 
negative radii. The disturbing factor is probably dipole 
association. Dipole association, which is a form of electrical 
saturation, does not affect the calculation of the latent hear 
of vaporization, because a dipole which is about to be 
vaporized is already a simple molecule, and in its inter¬ 
action with the rest of the liquid the polarization is at least 
approximately' proportional to the field-strength. 

84 Sandy Lane, 

Teddington, Middlesex. 

9th November, 1929. 

» Werner (A.), 4 Lebrbuch d. Stereochemie,’ p. 385 et seq. (1904). 

t Bjerrum and Larsson, Z. phytikal, Chtm. cxxvii. p. 868 (1927). 
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XL. Problems of determining Initial and Maximum Stresses in 
Ties and Struts under Elastic or Rigid End Constraints .— 
Part II. By W. H. Brooks, B.Sc., PluD.(Eng.)L<md.* 

I lf the foregoing eases f the results are largely dependent 
upon the degrees of flexing constraints imposed by the 
terminal conditions. Equations obtained by the following 
methods will be seen to be less dependent upon terminal 
conditions, and practically independent of them when 
nh> about 3. 

Method 2 A:— 

In this method, instead of applying a central load W 
independently, a flexing bridge EFD is applied centrally 
to the pin-jointed tie, as shown in fig. 8, by means of which 

Fig. 8. 


F 


_ 

L 



;*"7j 

f—w- 
r , T w 

r 1 


L- 


W is applied at C by hydraulic or mechanical means, and 
the resulting change in total deflexion at 0 or, alternatively, 
the slope at D is measured. 

Taking an origin as shown, and remembering that y is of 
negative sign,in accordance with the mathematical convention 
of signs adopted, and that M z is discontinuous at D, equations 
for the deflexion 8 at C and the slope 9 at D are established 
thus:— 

Between C and D. 

M 2 = W(l—x)/2 + P ,y = Eld^jdx 1 , . . (20) 
d*y/dsc 2 —n , y m W//2EI-W*/2EI . . (21) 
where n* = P/EI. 

The general solution to equation (21) is 

y ss A cosh nx +B sinh nx +War/2P—W7/2P, (22) 

where A and B are constants. 

* Communicated by the Author, 
t See Part I., Phil. Meg. (7) viii. p. 943(1929). 
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Between D and B. 

M„=P.y—EI d?yfda? ; .... (23) 


(PyjdsP—rPy = 0.(24) 

The general solution to equation (24) is 

y = Ccoshn# + D sinhjw, . . . (25) 


where 0 and D are other constants to be found. 

Now it follows from equations (22) and (25) that 

y = W*/2P-WL/2P-r(W/2Pn). cosh nx . K 

— (W/2Pn). sinh use, (26) 

where K = sinh nl — cosh nl . tanh «L 4- tanh «L. 

Equation (26) gives the deflexion from the axis of P at 
ail points between C and D. When .b = 0, i. e., at C, 

y 0 = — W//2P + ( W/2Pn) . K. . . . (27) 

i. e., 

g or -y 0 = WZ/2P —W. K/2Pn = W(Z-K/n)/2P. (28) 
Thus 

3/W = [Z — fsinhw/— tanh »L(eosh nl—l}]/2n*EI, (29) 

= (Tie equation G t ) 

When «L> about 3, 

S/W=={Z~(sinh nZ-cosb «/ + l)/«}/2n*EI, . (30) 

i.e., 2n 2 EIa==={l—~ (sinh n a l —cosh « a Z+l)}, . (31) 

n a 

where “a” — the initial value of 3/W = 0/0,as described in 
the General Procedure. 

Graphical solutions to equation (29) are given by typical 
G ” curves in Chart III. for an instrument constant 
l = 10 units. For values of L > 20 units the dotted curve 
plotted from equation (31) obtains. To use this Chart, the 
curves plotted from generating equation G (equation (29)) are 
used. Having first determined the initial W. 8 deriva¬ 
tive = o, the value of El. a is next located up the ordinate 
along which polar values of El. a are plotted, and a polar 
ray drawn to the origin. The intersection of this ray with 
the appropriate ** G ” curve of L (L is the half-length of the 
pin-jointed tie) locates a point vertically above the solution 
to n* on the abscissa. 

Thus P sought a* n*EI. 


2F2 
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Method 2 a. Alternatively 

It follows from the foregoing equations that the slope B 
at D 

= W (cosh nl— l)(cosh nl —sinh nl . tanh nl i)/2P, (32) 

and = (1—sechnL)/2P when l — L, as in Method 1. 
Initially, therefore, this Method gives 

" a ”=(cosh n«Z—1) (cosh nj —sinh rtj . tanh n„L 0 )/2n«*EI. 

. . . (33) 
= (Tie equation G») 


Chakt III. 



Here “a J, = the W. 0 derivative, and when »t a L a >al>out 4, 

“ a ”=(cosh n 0 /-l)(cosh nj- sinh n a l)/2n„ 5 El, (34) 

which may l)e used as a first approximation in the absence 
of a Stress Chart. 

Graphical solutions to equation (33) may be obtained from 
the typical “ G” curves for low values of L and instrument 
constant = 10 units on Chart IV. For values of L> about 
25 units the dotted curve obtains, and yields solutions to 
equation (34). 

To obtain a solution from Chart IV,, the polar value of 
lOEIa is first interpolated up the ordinate lined in where 



Ml i/t1} <jf ton * <£>./, - * o . 
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lOOn* ss 10, or interpolated np an intermediate ordinate for 
values of lOEIa > 25 and a polar raj drawn. The vertical 
projection of the point of intersection of this raj with the 
correct “ L ” curve jields solutions to I00n*, and hence to 
the value of P = «*EI. 


Chart IY. 



Stress Chart for Ties Q and H by slope. 


Fig. 9. 
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Method 2 B:— 

This method is similar to Method 2 a, but is applicable 
to a tie having fixed ends, t. e., the conditions are as in 
Method 2 a, but the ends of the tie are constrained in the 
line of action of P bj reaction couples M at A and B, as 
shown in fig. 9. 
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Between C and D. 

M,=W(Z-*)/2+P.y-M = EIdy<te*, • (35) 

or <Py/dJ-n*y =W1/2EI - W*/2EI - M/E I. . (36) 

The general solution to equation (36), giving the deflexion 
at all points between C and D, is 

y=A cosh nar+B sinh nx +W,r/2P—W1/2P + M/P. (37) 

Between D and B. 

M, = P.i/-M = EIdyM • • -.(38) 

(PyjdxP—nry = -M/EI, .... (39) 

of which the general solution, giving the deflexion at all 
points between D and B, is 

y — C cosh nx + D sinh nx + M/P. . . (40) 

From the foregoing equations it follows that the conditions 
are satisfied when 


M =W(cosh nl— l)/2n . sinh «L. 

Also when .?* = 0 at C, the deflexion numerically = 8, say 
=W[Z—{ sinh n/—tanh nL/2 . (coshnZ-l)}/»]/2P. (41) 

—(Tie equation Hj) 


In this case 


8/W = “ a ” when n = n a 


The result given in equation (41) may be checked by 
making the substitution l = L of Method 1 b. Thus, making 
this substitution, and simplifying, 

8W=(L— 2/w . tanh nL/2)/2P, as in Method 1 b. 

Comparing equation (41) with the corresponding 
equation (29) of Method 2 a, it is seen that the only 
difference lies in the occurrence of tanh nL/2 in the former in 
place of tanh nL in the latter, so that when nL/2 > about 4— 
a quite probable value for a long slight tie under a moderate 
stress—the equations become practically identical and initially 
equal to equation (31) given in Method 2 a. This is clearly 
shown in Chart III., in which the typical H curves 
plotted yield solutions to equation (41) for an instrument 
span as 20 units. 

4 The procedure to be followed in using Chart III. here is 
similar to that described under Method 2 a, but using curves 
such as those marked H instead of using curves marked G. 
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The merging of the Gr and H curves 6n Chart III. into 
the one common dotted curve plotted from equation (31), 
which is independent of L, the half-length of the tie, clearly 
shows the negligible effect of the end constraints on the 
value of “ a,” except for low values of «L. This being so, 
the further deduction follows, and is fully analytically 
investigated in the complete Thesis, that for the higher 
values of «L which usually obtain in practice, it is immaterial 
whether the flexing bridge used in testing is applied 
centrally or non-centrally to the tie, or whether the tie be 
jointed or unjointed at any point of its length. 


Method 2 B. Alternatively by measurement of the slops 0 
at D:— 


From the foregoing equations it follows that 

0 =W(eosh nl —l)(cosh nl— sinb nl . coth jiL)/2P. (42) 

Typical graphical solutions to this equation are given by 
the H curves of Chart IV., the use of which is described 
under Method 2.A. Alternatively. 


Fig. 10. 
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Comparing equations (42) and (32), it is seen that they 
will become identical when coth wL = tanh nL, and this is 
practically so when wL > about 3. An inspection of Chart IV. 
also clearly shows that for l —10 units, coincidence practically 
obtains when C> 25 units. Thus variations in end conditions 
or in the length of a member above a minimum length of 
about 25 units do not greatly affect the difference of 
deflexion at. C or of the slope at D, as given by the use 
of a flexing bridge, the slope being the least affected in all 
cases, but practically unaffected by terminal conditions when 

L(P/EI)i >4, i. e., when L/K . (f d /E)t > 4. 


Tie. Method 3 A:— 

In this method a tie AB of length 2L, having assumed 
frictionless pin-joints at A and B, is flexed by the application 
of equal and opposite couples Mi and M u applied by 
mechanical or hydraulic means, with axis distance = 22 apart, 
as shown in fig. 10. 
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Between C and D. 

M* = M] + P. y = El. cPyldx *; 

cPy/dx^-rfy = M,/EI.(43) 

The general solution to equation (43) is 

y = A cosh nx +B sinli nx— Mi/P, . . (44) 

where A and B are constants to be found, and giving the 
deflexion at all points between 0 and D. 

Between D and B. 

M, = P .y = EL Py/dx 2 ; 

.*. d i yjda?—n i y = 0, 

and y — G cosh nx + D sinh nx, 

where C and D are other constants to be determined. 

Now it follows from the above equations that the constant 
A in equation (44)*= M,(cosh nl —sinh nl tanli »L)/P and the 
constant B = 0, in conformity with terminal conditions. 
Substituting these constant values in equation (44) yields, 
when x — 0, 

^ 0 =Mi(cosh nl~ sinh w/tanh «L—1)/P, . . (4b) 
t.the numerical value of the deflexion at 0 

«* 8, say = —y 0 — Mi(l—cosh nl + sinh nl tanli »L)/P, 

• • • (47) 

or 3/M] ae (1—coshnf+sinh nl tanli «L)/P, . (48) 

and == (1—cosh nl + siuh nl)/ P, 

for values of nL > about 4. 

When l = L, 

3/Al,=(l-sechnL)/P.(49) 

Initially, when both 8 and M t = 0, equation (48) becomes 
n 0 J EIa = 1—cosh n a l + sinh n a l tanli n a L a , . (50) 

(Tie equation la) 

which =1—cosh « a Z+sinh n a (, .... (51) 

and equation (49) becomes 

«a*EIa = 1—sechn 0 IjB, . . 


. . (52) 
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where “a” here = the M 18 derivative, and is determined as 
described in the General Procedure, substituting 3 for Y and 
M; for X. 

When nL> about 6 , equation (49) becomes 

««”=■ 1 /P a ,.(53) 

since sechnL then becomes a very small fraction, 
i. e., P ff = 1 /a = reciprocal of initial dS/dMi. 


Chabt V. 



Stress Chart for Ties I, J, and K by deflexion. 


In the general case of 1<L, equatiou (51) could be used 
as a first approximation in solving for n a , and equation (50 ) 
applied when n a L« is found to be < about 4. 

The right-hand sides of the expressions (50) and (51) are 
the generating equations used in plotting the full-line 
curves I and the dotted curve K respectively, of Chart V. 
(q.v.), from which n „ 3 may be found by interpolation for an 
instrument constant l = 10 units. This Chart also clearly 
shows the degree of approximation introduced by using 
equation (51) instead of equation (50). 
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To obtain a solution from this Chart, the product Ela is 
first determined, and the corresponding polar ray drawn (by , 
the aid of the scale and rays shown) through the origin.. 
The intersection of this ray with the appropriate I or K curve 
is then interpolated and projected on to the abscissa which 
gives the value of n* 2 , and hence the solution to P a =tt a 2 EI 
sought. (Herein the suffix “ a 99 is suppressed for simplicity.) 


Tie. Method 3 a. Alternatively by measurement of the 
slope 0 at D:— 

From the foregoing equations it follows that 

0/ Mi = n sinh nZ(cosh n/—sinh nl. tanhnL)/P, (54) 

(Tie equation I e ) 

and for values of wL> about 4 be written 

0/Mx a= nsinhfiZ (cosh nl —sinh nZ)/P ; 

L e., 0/Mi ss sinh nl (cosh /iZ—sinh nl)jn . El, . (55) 

which, in the absence of a Stress Chart, may be used for 
a first approximation to indicate the probable value of n and 
hence of nh . If nL is seen to be > about 4, no further 
approximation will be necessary, since tanhnL is then very 
nearly equal to unity and equation (55) practically = 
equation (54). When nL< about 4, the exact expression (54) 
should be used. 

In any case, the initial value of “ af which is here the 
Mi0 derivative, may be found by substituting M* for X and 
0 for Y, as shown in the General Procedure. 

When “a” is known, equation (54) may be written 

an a . El =s sinh nj (cosh n a l —sinh nj tanh (56) 

and equation (55) may be written 

an fl .EI sbs £n\\n u l(co$hnJ~sinhn a l). . . (57) 

The right-hand side of expression (56) is the expression 
used in plotting the I curves of Chart VI., in which also the 
dotted curve K is obtained by plotting the right-hand side 
of expression (57). This Chart shows clearly how the 
former expression approximates to the latter as L increases. 

Having measured “ a 99 by the above method, and computed 
the value of a .El, a solution to P a is obtained from Chart VI., 
by locating the point of intersection of the corresponding 
polar ray with the appropriate I or K curve. Projecting 
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from the point so found on to the abscissa determines «*, and 
hence P 0 = n a *.EI. 

Chart VI. 


411/ 

j. sss 


mw; 

fm : /. 






Generating Equations:— 
t y s Smh nlkosVi nt- sinhot tanh nL; = a,nE* 
j y i s'.ph n|,(cOSh nt” SmU nt COth 0L)-e a.ioE* 
Ky s s»n*". nt(cpsh nt * 5mhnl), 1 3n n El. 

for vaiufS 0* t L > Eo 

p£ '4a*Tf » f t * 4a I £A T K l 


For va^cs oF a£t>4r a 20 
Psn 2 £i; fV«n*£K 2 . 



VALUES of n. 

Stress Chart for Ties l, J, and K by slope. 

/ = 10 units. 

Distance between couples = 20 units. 

Tie . Method 3 K : — 

Here a tie AH of length 2L. having its ends constrained 
in the direction of AB hv fixing couples M and M, as 
shown in fig. 11, is flexed as in Method 3 a. 



Between C and D. 

M, = Mj + P.y—M = El .iPy/dx*; 

(fy/dtf-P.y/EI =(M,-M)/EI = d-yidar—n-y. (58) 
The general solution to equation (58) is 

y = A cosh war-*-B sinh ?i.r—(Mj—M)/P, . (59) 
where A and B are constants to he determined. 
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Between D and B. 

M* = P.y—M ss El.tPy/dxr; 

.*. M/EI. .... (60) 

The solution to equation (60) is 

y = C cosh nx +D sinh nx +M/P, . . (61) 

where G and D are constants to be determined. 

On evaluating the constants in the above equations, 
substituting and reducing, it is seen that 

M = M, sinh n(/sinh nL. 

It also follows that 

y = Mj sinh til (sinh nL coth n/—cosh nL) cosh n.t;/P sinh nL 

— Mi (1—sinh nlj sinh »L)/P, 

and when x = 0, the numerical value of the deflexion y # at C 
= 6, say = Mi (1—cosh id + sinh id tanb (nL/2))/P, (62) 
or the deflexion per unit couple 

= 6/M, = (l—cosh nl +sinh id . tanh y)/P (63) 

( Tie equation J^) 

= the MiS derivative when P=P s . (See General Procedure.) 
When nL> about 8, equation (63) becomes 

“o”= (1—coshn«Z+sinhw«t)/»v*EI, . . (64) 

which is the same as equation (51) in Method 3 a. 

Graphical solutions to equation (63) may be rapidly 
obtained by interpolation from curves such as those lettered 
J in Chart V., which curves approximate to the dotted 
curve K for higher values of L, as was also seen in 
Method 3 a. 

Tie. Method 3 B. Alternatively by measurement of the 
slope 6 at D:— 

It follows from the foregoing equations that 

B/M-i — sinh nl (cosh nl— sinh nl. coth nL)ln. El, (65) 
or initially, when P = P«, 

“<*”= sinh nj (coshnj—sinh n a l .coth naL„)jn tt .El, (66) 

(Tie equation Je) 
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and when n 0 L 0 >about 4, coth « S L« practically = unity, and 
equation (66) may then be written 

a.Wo.EI = sinh n a l (cosh n a l— sinh nJL), (67) 

which is the same expression as obtains for the same tie with 
assumed frictionless binges, as may be seen by comparing 
this equation with equation (57) of Method 3 a. 

Graphical solutions to equations (66) and (67) may be 
readily obtained by the aid of Chart VI., which also clearly 
indicates the approximation of the former expression to the 
latter expression as L a or n a L a increases. 

While it is experimentally possible in practice to secure 
the frictionless hinged results (see paragraph under 
Method 1 a), it is very improbable that constraints, however 
rigid they may appear, will provide the exact conditions 
assumed in the foregoing case, and, in general, it should be 
assumed that the actual cases arising in practice will fall 
somewhere between these two ideal conditions. In other 
words, when a tie is pin-jointed at the ends through elastic 
constraints, friction couples will be set up at the ends- 
directly flexing is attempted, of the same order as but smaller 
in magnitude than those set up by yielding clamps which 
allow the extremities of the tie to hike up a slight unknown 
slope. This combination of conditions is discussed fully in the 
Thesis under “ Case K,” in which unknown couples, M and 
M, are assumed to constrain the ends of the tie at an 
unknown slope varying with M. 

In the Thesis it is theoretically established that under 
these latter conditions the equation which obtains is 

0/M, = p. sinh «?{(cosh«/—sinh nZ.tanhnL) 

—M.sechnL/Mj}, . . . (68) 

which agrees with equation (54) when M as 0. 

Now when wL in equation (68) > about 4, which would 
generally be the case for a tie of fair length under a moderate 
stress, tanh »L and coth «.L approach very nearly to unity. 
For example, in a tie rod 1 in. diameter and 20 feet long 
under an initial axial stress (ft) of only 5000 lb. per square 

inch, and E = 30 x 10® lb per in.® «L, e., ^ • V/t/E (where 

K. is the radius of gyration of the cross-section about 
a diameter at right angles to the plane of bending = df 4), 
as 120 J \. (5000/30 x 10®)* = 6'2, and tanh nL = coth nL = 1. 
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(Here and in the following, the suffix “ a ” is suppressed for 
clarity.) For a tie of the same dimensions as the above, 
under half the above stress, 

nL = 480/100. (2-5/3)* = 4-380, 

tanh nL = 0"99969, and coth nL = 1*0003. 

Hence, in expression (68), tanh nL may be taken = 1. 

Again, for the 1-in. diameter tie-rod taken above, •when 
ft as 5000 lb. per sq. in., sech nL = 1/201-7156, and when 
St « 2500 lb. per sq. in., sech nL = 1/39*9253. Consider, 
therefore, the term M. sech nL/M x in equation (68). M will 
have its greatest value when the ends of the tie are rigidly 
clamped, and then = M x ,sinh nlf sinh nL, which, substituted 
in the term under consideration, reduces it to sinh nl . 
.sechnL/sinhnL, which when ,/’<«*5000 lb. per sq. in. 
=sinhni/201 - 7156x 201-713, a negligible fraction of sinh nl. 

"When f t =2 500 lb. per sq. in. only, the term reduces 
to sinh ni/39-9253 x 39-9128, again a negligible fraction of 
sinh nl. 

Hence a very near approximation to equation (68) is 
0/Mi — nsinh nl (cosh nl— sinhnZ)/P, 
or initially, when P = P 0 , for 0 = 0 and M x = 0, 

i( a”= sinhnZ(cosh nl— sinh nl)fn. El, . . (69) 

where “a” is the derivative. (See General Procedure.) 

Graphical solutions to this general expression may be 
quickly obtained by using the dotted curve K in Chart VI. 

It therefore appears that the slope of the tie at the axis 
of the couple M x applied at D is practically independent of 
the mann er in which the tie has its ends constrained, and 
the expression (69) is general for values of nL greater than 
about 4. Experimental verification of this deduction is given 
fully in the Thesis. 

When nL< about 4, it is instructive to investigate what 
percentage error will be introduced by using the approximate 
expression (69) instead of the exact expression (68), or by 
nsing the equivalent expression (66), to which expression (68) 
reduces when the greatest value of M = M x .sinh nl/sinhrtL 
is substituted therein. Taking this latter approximation, 
the difference consists in using (cosh nl— sinhnl) instead of 
the exact quantity 

(cosh nl —sinh nl . coth nL). 
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Considering again, therefore, the tie-rod in which 
L ** 120 in., I ■* 20 in., diameter = 1 in., E = 30 X10* lb. 
per sq. inch, and assuming that the direct tensile stress has 
been lowered to only 500 lb. per sq. inch from various 
causes unforeseen when designing the member, 

nL = L/K. (ff E)» - 120/*.(500/30 x 10®)* = 1-96, 

nl = IjK . (//E)i = 0-3264, 

sinhnl-0*33181; cosh «/=1*05361; andcothnL=1-04050 
.-. cosh nl— sinh nl — 0*72180, 


and 

cosh nl—sinh nl.coth nL= 1-05361-0-34500=0-70861. 

The error, therefore, is 0*01319 in 0*70861, or only 1'862 per 
cent, for this very low stress, and will clearly become less 
as cothwL approaches unity with increase of stress in the 
same member. 

Hence the expression 

“a”= sinh n/.(cosh nl — sinh nl)jn.El - 

may be applied to all but perhaps very short and stout 
tie-rods flexed as discussed in Methods 3 a and 3 b, when 
the ends are constrained in any manner and the length is 
unknown. Thus, having found “a” experimentally, the 
above equation may be solved for n by the aid of Chart VT. 
Then initially, P (really P„) = n 2 .EI, and the direct stress 
in the tie when the readings were taken to determine “a” 

=f„ = n 2 EK*, 

where K is the radius of gyration of the uniform cross- 
section of the tie about an axis at right angles to the plane 
of flexing. 

When discussing Methods 2 A and 2 B applicable to ties, 
further theoretical investigations were made in the Thesis 
to ascertain whether the equations which were obtained in 
the centrally loaded cases held for non-central loading also. 
The conclusions were there found to be affirmative. Similar 
further investigations into Methods 3 a and 3 b were also 
made, and the conclusions obtained were likewise found to 
be affirmative, and were experimentally verified. 

(To be continued.) 
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XLI. Thermionic Emission and Electrical Conductivity of 
Oxide Cathodes. By A. L. Reimakn and R. Mtjegooi *. 
(Communication from the Staff of the Research Labor¬ 
atories of the General Electric Co., Ltd., Wembley.) 

Abstract. 

The following observations were made:— 

(1) Hie electrical conductivity, c, of a “ formed ” 
alkaline earth oxide varies with the temperature, T,. 
according to a law of the form 

T 

£' = « 6 , 

where a and j8 are constants. 

(2) During the process of forming, both the thermionic 
emission and the conductivity grow similarly, and after its 
completion both are “ poisoned ” similarly by exposure of 
the oxide to 

(а) oxygen, 

(б) a discharge in carbon monoxide, and 
(c) a discharge in hydrogen. 

Complete recovery of the formed condition by re-forming 
is possible only a few times in succession after poisoning 
by (a) and (6), but any number of times after poisoning 

by (c). 

(3) At current densities comparable with those in the 
coatings of oxide cathodes from which saturated thermi¬ 
onic space current is being taken, the current conducted 
through an oxide powder between two electrodes, em¬ 
bedded therein, also saturates. 

On the basis of these observations, together with the 
results of related work by other investigators, we have 
formulated the following theory of the action of oxide 
cathodes:— 

(1) The coating conducts the space current, which, of 
necessity, passes through it, electrolytically. Practically 
only the metallic ions are mobile, the oxygen ions playing 
no active part in the electrolysis. 

Communicated by C. C. Paterson, Director. 
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(2) The whole surface of each crystal of oxide of a formed 
cathode is covered With a mobile monatomic layer of 
alkaline earth metal. The passage of space current is 
accompanied by a continual circulation of this metal, which 
diffuses outward along the surfaces of the crystals and 
inward through the crystals in the form of electrolytic ions. 

(3) At the usual operating temperatures of oxide 
cathodes the average life of alkaline earth metal particles 
on the emitting surface is of the order of 10“ 3 second, 
and the rate of flow of this metal over the surface of an 
idealized independent unit of barium circulation in the 
form of a cube of side l would be of the order of 300 1 per 
second. 

(4) The coating is probably in very imperfect contact 
with the core metal, so that the space current passes from 
core metal to coating mainly in the form of thermionically 
emitted electrons. Sufficiently copious electron emission 
of the core metal at the low temperatures of operation of 
these cathodes would be made possible by a contamination 
of its surface with adsorbed barium or with barium and 
oxygen. 

Explanations are suggested for 

(1) the eventual 4 ‘ life-failure ” of oxide cathodes, 

(2) the observed phenomena relating to poisoning, 

(3) the considerable variation in the published values 
of the thermionic constants of oxide cathodes. 


Introduction. 

I T is well known that before an alkaline earth oxide 
cathode will give its characteristically hi gh therminrfic 
emission it has to be “ activated ” or “ formed.” The 
forming process may consist in merely heating the cathode 
to bright redness in a good vacuum ' 1,3> but activation is 
much more rapid and a higher final emission is generally 
obtained if, whilst the cathode is being heated, electrons 
are drawn from it< 3 - 4> . In the latter case, the growth of 
emission is accompanied by a considerable evolution of 
gas' 3 - *\ which has been shown to be oxygen (5) . The 
electron emission is increased some thousandfold by the 
forming operation, but it is at once destroyed, or 
“ poisoned,” if the cathode is exposed to certain electro- 
Phil. Mag, S. 7. Vol. 9. No. 57. March 1930. 2 G 



442 Dr. A. L. Reimann and Mr. R. Murgoci on 

negative gases, such as oxygen (1> *• 6) . Considerable 

de-activation also results from prolonged heating of the 
cathode at a high temperature, which is, however, in¬ 
sufficient to bring about appreciable loss of coating by 
evaporation* 1,2 3 - 4) . 

The study of these phenomena has led to the formulation 
of the theory that the high electron emissivity of a formed 
cathode is due to the presence of free alkaline earth metal 
at the emitting surface. If the cathode is activated by the 
first method the free metal is supposed to be formed from 
the oxide by thermal dissociation, if by the second mainly 
by the electrolytic action of the space current on the oxide 
through which it passes (1> 2 * & 4> . To overcome the 
difficulty arising from the fact that at the usual operating 
temperatures of these cathodes (~1000°K.) the vapour 
pressures of the alkaline earth metals are of the order of 
some centimetres of mercury, Schottky and Rothe ,Tl have 
suggested that the metal forms an adsorbed film at the 
surface of the oxide only a single atom in thickness, and so 
has a vapour pressure of a much lower order than that 
characteristic of the metal in bulk, as in the case of an ad¬ 
sorbed monatomic film of thorium 181 or of cjesium ' 9101112 ' 
on tungsten. 

Now the theory that the passage of the space current 
through the coating electrolyses it, although apparently 
demanded by the experimental facts <3> 4 ’ 5 ', involves 
certain difficulties. It may readily be calculated what 
quantity of electricity, passing eleetrolytically through a 
coating of known weight, will completely break it up into 
its chemical constituents. On the assumption that the 
products of electrolysis escape from the cathode as they are 
liberated from the coating, we may thus determine for how 
long any given space current may be passed before all the 
coating will have disappeared. It is found, however, that 
normally the “ life ” of an oxide cathode, i. e., the time 
during which it retains its high electron emissivity, is of 
the order of 10 5 or 10 s times as long as it could possibly be if 
the above assumptions (electrolytic conduction, escape 
without recombination of electrolysed material) were 
correct, and that at the end of life there is no important 
diminution in the quantity of coating present. Also it is 
not clear why, if the evolution of gas which accompanies 
forming is due to electrolysis, it does not continue to bj 
evolved after activation is complete. 
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In the hope of finding a solution of these difficulties we 
have carried out an investigation of the electrical con¬ 
ductivity of the coatings of oxide cathodes. There have 
been two previous investigations of the conductivity of 
alkaline earth oxides, by Horton (13 ’ and by Spanner (14) , 
both of whom found that the conductivity, c, varies with 
temperature according to an exponential law of the form 

_0 

<~ae *.(1) 

Their measurements were not, however, made under 
electron-emitting conditions, but with the oxides exposed 
to air. They could not therefore hope to discover any 
changes in conductivity accompanying thermionic acti¬ 
vation, the observation of which might throw some light on 
the cessation of the evolution of gas upon the completion 
of activation and on the problem of the long life of oxide 
cathodes. 


Experimental Arrangements. 

All our measurements were made with diode valves, 
whose cathodes consisted of two filaments, each of length 
1-5 cm. and diameter 0-04 mm., which, after having been 
provided with a coating of oxide, made adherent by 
sintering at a red heat, had 0-5 cm. of their central portions 
twisted together. Another coating of oxide was then 
applied to the twisted portion of the cathode, in order to 
provide a substantial bridge of oxide between the wires. 
Finally the free ends were de-coated by being immersed 
in weak nitric acid. With this arrangement it was found 
that when the cathode was heated in vacuo by passing a 
current through the wires, the central coated portion had 
a very uniform temperature distribution. 

The coating consisted of equal proportions by weight of 
barium and strontium oxides. The core-wires were usually 
of nickel, but in some cases they were of Pt-10 per cent. Rh 
Alloy. The central, twisted portion of the cathode formed 
the axis of a cylindrical anode of nickel, of length 0-3 cm. 
and diameter 10 cm. One or more small “ getter ” disks 
of previously out-gassed nickel, carrying small pieces of 
magnesium, were also provided. The whole was mounted 
on a pinch, and sealed into a small glass bulb provided with 
a length of glass tubing for attachment to the pump* 

2 G 2 
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For beating the cathode and measuring the current 
conducted between the two filaments through the oxide a 
specially designed motor-driven commutator was utilized, 
capable of being run at either 50 or 100 revolutions per 
second. Connexion to the cathode-heating and con¬ 
ductivity-measuring circuits could be made in such a way 
that when the commutator was run these circuits were 
completed during alternate equal periods of time, separated 
from one another by short intervals to provide against 
accidental overlapping. The contacts, which were of 
tungsten, were of the “make and break” type, each 
controlled by an adjustable spring, and actuated by an 
eccentric cam (stroke 1/50 in.) and lever. During the 
cathode-heating phase the heating current was passed 
through the two filaments in series. This current was 
measured by a milli ammeter. the conduction current by a 
microammeter with universal shunt, and the potential 
across the coating by a voltmeter. In calculating the 
conductivity from the readings of the two last-named 
instruments, the resistance of the microammeter and shunt 
was allowed for. The factor by which the readings of the 
instruments had to he multiplied to give the true inter¬ 
mittent values of the quantities they were designed to 
measure was readily calculated from the “ make and break 
factor ” of the commutator. It was found that when the 
cathode had the dimensions given the resistance of the 
hot nickel filament-wires involved in the conductivity- 
measuring circuit was negligible in comparison with that 
of the oxide. 

The procedure up to the point of sealing off a valve from 
the pump was as follows:— 

After having baked the valve on the pump at 400° C., 
the cathode was heated to bright redness and the anode 
raised to a red heat by high-frequency induction. Finally, 
magnesium getter was dispersed from one of the disks, 
also by induction heating, whereupon the valve was sealed 
off. 


Experimental Results. 

1. Forming. 

During the process of thermionic forming the conduc¬ 
tivity of the oxide increases about a thousandfold. The 
conductivity may also be made to grow to its maximum 
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value by passing a current through the oxide between the 
two filaments instead of between both filaments together 
and the anode. It is then necessary, in order for complete 
“ conductivity forming ” to take place, that abont the 
same quantity of electricity should be passed through the 
oxide, and this at about the same temperature as in the 
case of thermionic forming. “ Conductivity forming ” 
is accompanied by thermionic activation in the same way 
as thermionic forming is accompanied by growth in 
conductivity. This is, perhaps, not surprising, for so far 
as the oxide itself is concerned the only thing that 
physically differentiates the two kinds of forming from 
one another is the path taken by the forming current. 
The maximum values attained by the emission and the 
conductivity sometimes, however, differ slightly according 
to the direction in which the forming current is passed. 
The value of either quantity is then up to 20 per cent, 
greater when this direction is that in which the current 
passes in the measurement of the quantity in question than 
when it is not. Also, if one quantity has been formed to 
its maximum value by passing the current in the more 
favourable direction, its value may be decreased by any¬ 
thing up to about 20 per cent, upon thereafter passing the 
current in the less favourable direction. In these cases 
the formed condition is thus slightly directional. 

2. Poisoning. 

Xot only are conductivity and thermionic emission 
formed together, they are also poisoned together. 

Our first experiments on poisoning were made with 
oxygen, obtained by heating a small grain of potassium 
permanganate contained in a glass tube attached to the 
valve. After the coating of the cathode had been formed 
a little oxygen "was introduced into the valve, which was 
thereupon immediately re-gettered from another disk in 
order to make sure of the removal of any trace of oxygen 
not absorbed by the first deposit of getter. The short 
exposure of the cold cathode to oxygen was found to poison 
completely both the emission and the conductivity. A 
certain degree of recovery of both occurs on re-forming, 
i. e., heating the cathode to a suitable temperature whilst 
a current is passed through the oxide. This recovery is, 
however, not often complete, and invariably takes place 
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very slowly. The extent to which recovery is possible 
becomes progressively less after successive oxygen 
poisonings. 

Oxide cathodes may also be poisoned by exposure to an 
electric discharge in carbon monoxide. A bulb containing 
a nickel spiral was attached to the valve. The nickel 
spiral, when heated by a current, gave off a mixture of 
carbon monoxide and hydrogen. The hydrogen could 
readily be diffused out through an attached palladium tube 
heated in the extreme oxidizing tip of a blowpipe-flame. 
By this means the whole system, consisting of valve, bulb 
containing nickel spiral, palladium tube, and Pirani gauge, 
could be filled several successive times with CO to a pressure 
of the order of 1/100 mm. 

When a discharge is passed between cathode and anode 
the carbon monoxide is cleaned up on to the getter. In 
Hie course of this clean-up both the emission and the 
conductivity of the oxide become partially poisoned, being 
reduced to about one-tenth and one-quarter respectively 
of their initial values. Re-forming at first completely 
restores the initial values, but after C-0 has been cleaned 
up a few times in succession recovery by re-forming is no 
longer possible or occurs only to a very slight, extent. 

In other experiments hydrogen was admitted through 
a palladium tube and cleaned up on to the magnesium 
getter by passing a discharge. Poisoning was observed 
qualitatively similar to that brought about by a discharge 
in CO, but quantitatively it was much less, and after each 
poisoning it was found possible to recover completely by 
re-forming both the emission and the conductivity. 

3. Temperature-Dependence of Conductivity. 

No means were provided in the construction of these 
valves for accurate temperature measurement. Neverthe¬ 
less from the known law of variation of thermionic emission 
with temperature, and the measured relationship between 
conductivity and thermionic emission at different (un¬ 
known but reproducible) temperatures, we have been able 
to confirm the result of Horton (18) and Spanner (14 ’ that 
the conductivity varies with temperature according to an 
exponential law of the form 


c = ae 


fi 

T 


( 1 ) 
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Although, strictly speaking, the law of variation of 
emission with temperature is of the form 

_* 

i=a'Pe . (2) 

over a restricted range of temperatures a practically 

equally good empirical formula is 

_ B 

i =Ae ~ *..(3) 

in which 

A =aT?„, B=b+2T,„* .(4) 

where T,„ represents the mean temperature of the range 
in question. The test for the validity of formula (3) is 

the rectilinearity of the curve connecting log* with 

In order for the departure from strict rectilinearity of this 
curve to be detected when the temperatures at which 
readings are taken extend over a range of only a few 
hundreds of degrees, it would be necessary for temperatures 
in the region in question (here of the order of 1000° K.) to 
be measurable with a possible error not exceeding a small 
fraction of a degree. For all practical purposes, then, we 
may take formula (3) as representing sufficiently accurately 
the dependence of emission on temperature. 

Eliminating T between formulae (1) and (3), we have 

B(loge — log a) =/?(log i — log A). ... (5) 

Therefore, by plotting log c against log i we should, if 
formula (1) is a true representation of the temperature 
dependence of conductivity, obtain a straight line, whose 
slope is ]8/B. From fig. 1, in which a few typical plots of 
log c against log i are shown, it is seen that the relationship 
between the two quantities is indeed linear. We may 
therefore conclude that formula (1) represents the law of 
temperature dependence of conductivity to the same 
order of accuracy as formula (3) represents that of emission. 

In the case of a few valves the rate of increase of 
conductivity with temperature was apparently abnormally 
low at relatively low temperatures (shown dotted in two 


* The relationships between the constants in (2) and (3) are bast 
obtained by equating the expressions for log i in the two formal* and 
differentiating- with respect to T. 
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of the curves of fig, 1). We cannot suggest any plausible 
explanation for this. 

The slopes of the straight lines connecting log c with log i 
vary about a mean value of approximately 45°. The 
mean of sixteen measurements of jS/B is 0*99, and the 

lV.l. 



Log. i. 

Relationship between logo and log t. 

spread is from 0-83 to 1-20. The variations are too great 
to be due to experimental error and must be attributed 
to real differences in the condition of the oxides. No 
special theoretical significance is therefore to be attached 
to the fact that the mean of several determinations 
happens to come out to almost exactly 1. 
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It is interesting to compare these results with those 
obtained by Horton (131 and Spanner (14i in the case of 
single oxides under conditions different from those 
obtaining in our experiments. The value of /? obtained 
from Horton’s measurements on CaO is 2-16x10* deg.. 
The value of B for CaO, according to the recent very 
careful measurements of Espe <4> , is 2-3 x 10* deg. From 
these two determinations we obtain for j3/B the value 
0-94. From Spanner’s measurements the following values 
are obtained:— 


<1. B. ft/ B. 

CaO . 1-88x10* 2-85x10* 0-58 

SrO . 1-53x10* 2-55x10* 0-60 

BaO . 1-20x10* 2-20X10* 0-59 


In view of our observations on the effects of oxygen 
poisoning, it may seem surprising that the values of j8 
-obtained from the measurements of Horton and Spanner, 
whose specimens of oxide were exposed to air, are of the 
same order as those obtained by us when the conductivity 
was measured in a good vacuum. It must be remembered, 
however, that we have not made any measurements of the 
temperature dependence of the conductivity of a poisoned 
oxide coating, and therefore know nothing of the effects 
of poisoning on j8. 

4. Saturation of Conduction Current. 

In the foregoing the conductivity was measured by the 
slope of the straight line which connects the conduction 
current with the voltage between the two wires when both 
of these quantities are small. At current densities 
comparable with those existing when saturated thermionic 
space current is being taken the current-voltage relation¬ 
ship ceases to be linear, showing incipient current-satura¬ 
tion. Examples of such curves, two of which have been 
taken far enough to show the effect, are given in fig. 2. 

5. Polarization. 

The conduction current-voltage curves to which we have 
just referred generally, but not always, pass through the 
origin. 3m those cases where they do not, the intercept on 
the voltage axis may be taken to be a measure of the back 
E.MJ’. due to polarization. 
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Another method by which we attempted to measure 
polarization was, by means of a change-over switch, 
suddenly to substitute a galvanometer or a microammeter 
for the conductivity-measuring circuit in the non-heating 
phase of the commutator. A deflexion was then observed 
on the instrument which corresponded in sign with the 


Fig. 2. 



intercept of the current-voltage curve on the voltage axis.. 
From the magnitude of this deflexion and the known 
resistance of the coating and galvanometer the polariza¬ 
tion E.M.F. could then be calculated. 

The results given by the two methods agree in order of 
magnitude, but that is all that can be said. Relatively 
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few valves showed polarization at all. When a back 
E.M.F. was observed it was usually of the order of | volt. 
Two valves, with which polarization was a* first ohserved r 
failed to show any polarization later. They had in the 
meantime been used for other experiments. 

We have not been able to discover any general law 
which determines under what conditions polarization is to 
be observed. We were prevented from pursuing our work 
on polarization by the fact that the time which one of 
us (ft. M.) was able to devote to the investigation was 
limited. Further work is now in progress in these 
Laboratories. 


Discussion. 

1. Preliminary Remarks. 

The similarity of the phenomena exhibited by the 
conduction current and the thermionic current as regards 
forming, poisoning, and saturation is very striking, and 
might lead one to suspect that what has been measured 
as conductivity is, perhaps, merely some manifestation of 
the thermionic properties of the oxide, bearing little or no 
relationship to the true electrical conductivity of the oxide 
crystals. 

The following considerations, however, make this view 
untenable. Conductivities were always measured by the 
slopes of the rectilinear lower portions of the conduction 
current-voltage curves. Now, if these were essentially 
thermionic space-current curves, and the fall of potential 
in the oxide powder were located mainly in the spaces 
separating adjacent crystals from one another, the lower 
infra-saturation parts of the current-voltage curves would 
be the same, or almost the same, at all temperatures. 
As we have seen, however, the rate of change of current 
with voltage in this region increases with temperature 
according to the exponential law (1). The falls of potential 
across the spaces between the crystals must therefore, in 
this infra-saturation region, be small in comparison with 
those across the crystals themselves. The slopes of the 
lower portions of the current-voltage curves are therefore 
a measure of the true conductivity of the crystals. On 
the other hand, the saturation of the conduction current 
at high current densities is probably a thermionic 
phenomenon. We shall discuss this in Section 6. 
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2. Nature of the Conductivity. 

The fact that the oxides are dielectrics and that the law 
connecting conductivity with temperature is of the form 
(1) is, as we shall see, strong evidence pointing to the 
conclusion that the oxides conduct electrolytically, and 
not, as Horton <13> and Spanner <14> supposed, electronically. 

The only cases of which we are aware in which electronic 
conduction in dielectric crystals has been observed are 
those in which an enhanced conductivity has been induced 
by photoelectric means. Such photoelectrically induced 
conductivity has been studied by Rbntgen, Joffe <16 ' 1# ’, and 
others, and Lukirsky' 17 * has been able to show conclusively 
that the carriers of the enhanced current are electrons. 
Where, as in the case of rock-salt, observations have been 
made of the temperature coefficient of this electronic 
conductivity, it has been foimd to be negligibly small ,18> . 

On the other hand, Tubandt and Lorenz a#l , Lukirsky, 
Shukareff, and Trapesnikoff f20 ', and Joffe m ‘. in investiga¬ 
tions of the normal ( i. e.. not photoelectrically induced) 
conductivity of a large number of transparent dielectric 
crystals, have shown that, without exception, the con¬ 
ductivity is electrolytic, accurately obeying Faraday’s 
law. Joffe and Kirpitchewa (22) and others have further¬ 
more found that the conductivity of such crystals increases 
with temperature according to an exponential law of 
precisely the form (1) which Horton' 13 *, Spanner' 14 ', and 
we have found to apply in the case of alkaline earth 
oxides. 

The behaviour of oxide cathodes during the early stages 
of “ forming ” also favours the view that their coatings 
conduct electrolytically, at least initially. Horton 1131 has 
actually found that the rate of evolution of gas in the 
initial stages of forming is within 8 per cent, of that 
required by Faraday’s law. The fact that gas is no longer 
evolved by a completely formed cathode means either : 

(1) that some new material has appeared in the coating 
through which the current is now conducted electronically 
instead of through the electrolytically conducting oxide; or 

(2) that the change which accompanies forming is of 
such a nature as thereafter to prevent the escape of the 
products of electrolysis, and to make possible their 
recombination. 

The objection to the former of these alternatives is that, 
the temperature dependence of the conductivity of formed 



Emission and Conductivity of Oxide Cathodes. 453 

coatings is that characteristic of electrolytes. The latter 
alternative requires that either one or both of the products 
of electrolysis shall be capable of diffusing through the 
coating in the direction opposite to that in which the 
corresponding ions move in electrolysis, and that this 
diffusion shall not be accompanied by any appreciable 
evaporation. Espe (4 ’ has already suggested that the 
barium* liberated electrolytically at the boundary between 
coating and core-metal diffuses outward to the emitting 
surface. 


3. Barium Circulation. 

Now it has been shown by Tubandt and Lorenz ( 19 ) and 
by Lukirsky, Shukareflf, and Trapesnikoff (*°) that generally, 
in the electrolysis of solid dielectrics, practically only one 
kind of ion {usually the positive one) is mobile. Let us 
suppose that the alkaline earth oxides are no exception 
to this general rule, and that the Ba ++ ions are mobile, 
the O'" practically immobile. In the coating of an 
oxide cathode, then, a given atom of barium must be 
capable of functioning as an ion in electrolysis at least 
10 5 —10® times. In the steady state there can be no 
progressive change in the number of ions inside a crystal. 
Therefore, corresponding to every ion arriving and being 
neutralized at the electrolytic cathode, there must on the 
average be one ion separated from a surface layer at the 
electrolytic anode. We thus see that the ’ electrolytic 
theory of the conductivity of oxide coatings, together 
with the assumption that, as in most solid dielectrics, 
practically only the positive ion is mobile, leads necessarily 
to the conclusion that there must be uncombined barium 
at the thermionically emitting anode side of the coating. 
This conclusion is in striking agreement with the “ free 
barium ” theory of the thermionic emission of oxide 
cathodes ,L The question as to the precise condition 

of this surface barium may be left open for the present. 

The diffusion of barium in a direction opposite to that 
of the drift of the electrolytic ions may take place in either, 
of two ways—through the bodies of the crystals or along 
their surfaces. In either case, of course, the mechanism 
of the diffusion is one of thermal agitation, and the rate of 
transport of barium by it must equal that associated 

* We shall, lor the sake of brevity, write barium where we mean 
barium and/or strontium and/or calcium. 
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'with the ionic drift taking place under the directional 
.action of the field. The mobility (using the word now in 
its wider meaning) of atoms inside the crystals must be 
-considerably less than that of the ions, on account of the 
greater size of the former, and in the case of a “ volume ” 
diffusion the relative sluggishness of their motion could 
only be compensated for if their concentration greatly 
exceeded that of the ions. On the basis of this picture it is 
difficult to imagine why mere exposure of the cold formed 
oxide to oxygen, affecting as it does only the surfaces of the 
crystals, should so completely poison the conductivity. 
If, on the other hand, it is supposed that the barium 
•diffuses along the surfaces of the crystals, such poisoning 
becomes quite understandable, for the surface barium, 
being oxidized, is no longer available for the formation of 
fresh barium ions to take the place of those being removed 
by electrolysis. Such surface diffusion would be analogous 
to the case of thoriated tungsten, in which, as Clausing i2S ' 
has conclusively shown, the thorium diffuses to the 
.surface of the cathode during the process of thermionic 
activation along the tungsten grain boundaries, and not 
through the actual crystals. Thus we may conclude that 
the diffusing barium almost certainly constitutes a mobile 
adsorbed layer of atomic thickness, or a quasi-two- 
dimensional gas, on the surfaces of the crystals. 

It is interesting to consider some of the quantitative 
requirements of the theory of barium circulation. The 
emission obtainable from a well-formed oxide cathode at 
its normal operating temperature is usually of the order 
of | ampere per cm. 2 , or 2 x 10 18 electrons per cm. 2 per sec. 
Assuming that the electrolytic ions are doubly charged, 
we see that 10 18 ions will be formed from surface barium 
per second from each square centimetre of emitting crystal 
surface. In a closely packed barium layer there will be 
roughly 10 15 atoms per square centimetre. Therefore 
the average life of an adsorbed particle (atom, or ion 
associated with two electrons) of barium on the emitting 
surface must be of the order of 10“ 8 second. This result 
is in excellent agreement with the value (also 10"* second) 
calculated by Schottky (24) from Johnson’s (2S ’ measure¬ 
ments of the “ flicker ” effect of oxide cathodes. Incident¬ 
ally it is plain that Schottky’s result, when considered 
in conjunction with the great length of life of oxide 
cathodes, constitutes independent evidence in support of an 
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essential part of our theory, viz., the repeated appearance 
of the same particles of barium at the emitting crystal 
surfaces. 

The rate at which barium must diffuse along the surface 
of the oxide in an independent unit of barium circulation 
in order to maintain the supply of electrolytic ions at its 
anode depends, of course, both upon the size of the unit 
and upon the current passing through it. Let us imagrnPi 
an idealized independent unit of barium circulation in the 
form of a cube of side l. If the temperature is such that the 
emission density has the above value of J ampere per cm. 2 , 
then, roughly, each thousandth of a second it is necessary 
for the barium particles on the emitting face to be replaced 
by fresh ones diffusing over the four adjacent faces. The 
average distance over which the latter will have to move in 
order to take the place of those which have disappeared 
from the emitting face is roughly 0-3 l. The rate of flow 
of the two-dimensional barium gas will therefore be of the 
order of 300 1 per second. The approximately independent 
units of barium circulation will not have linear dimensions 
of a greater order than the thickness of the coating, but, as 
we shall see later, they may be much less. Thus, in the 
case of a coating of thickness 1/100 mm., the rate of barium 
diffusion during the passage of saturated space current 
would certainly not have to be greater than about 3 mm. 
per second. 

4. Thermionic Emission from Adsorbed Barium. 

The two-dimensional gas adsorbed on the surfaces of 
the crystals is the source from which are drawn not only 
the electrolytic Ba ++ ions, but also the thermionically 
emitted electrons. Now, if the surface layer consisted of 
ordinary barium atoms the work-function of an oxide 
cathode, as measured by the temperature-dependence of the 
emission, would be of the same order of magnitude as the 
second ionization potential of the metallic constituent of 
its coating, for each atom would have to part with both its 
valence electrons in becoming converted into an electro¬ 
lytic ion. These second ionization potentials are 9-95, 
11-0, and 11'8 volts respectively for Ba, Sr, and Ca. 
However, the thermionic work-functions of the corre¬ 
sponding oxides, according to the more recent published 
data, range only from about 1 to about 2 volts. It follows 
therefore that in the two-dimensional gas the barium 
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must be at least very nearly in the ionized condition, owing,, 
no doubt, to the electrical forces exerted on it by the- 
underlying oxide. We have thus to regard the surface 
layer as consisting of a mixture of Ba ++ ions arid 
electrons in some kind of loose association with one another, 
and together forming an electrically neutral system—a 
partial two-dimensional analogue of an ordinary three- 
dimensional mass of metal containing its “ free ” 
electrons *. 

It should be pointed out here that the ’ thermionic 
emission from such a two-dimensional gas adsorbed on the 
surface of an insulator differs in several important respects 
from that of a metal whose surface is covered by a mon¬ 
atomic layer of foreign atoms or ions, such as thoriated or 
eresiated tungsten. In the latter case the emitted elec¬ 
trons originate from underneath the electrical double 
layer due to the adsorbed film,and must passthrough it on 
their way out. It has been shown that if the effects of the 
forces exerted laterally on one another by the adsorbed 
particles (atoms or ions) on the double layer may be 
neglected the work-function varies linearly with the 
concentration of the adsorbed particles (a 28> . In the 
case we are considering, however, the electrons do not 
pass through the double layer, but originate from its outer 
portion. There does not therefore appear to be any 
reason why the work-function should vary linearly with the 
concentration of the tw’o-dimensional gas. 

In the case of metallic cathodes an appreciable fraction 
of the work function is due to the forces of attraction 
exerted on the escaping electrons by their electrical 
images in the conductor f87,28> . In the case of oxide 
cathodes, however, the image force contribution to the 
work-function must be considerably smaller, owing to the 
fact that the electrons are ejected from the surface of a 
dielectric instead of from that of a metal. 

Finally, whereas in the case of metallic cathodes with 
adsorbed films, the latter are not affected in any way by 
trie electrons which pass through them, the taking of 
space current from an oxide cathode involves a con¬ 
tinuous removal of the constituents of the adsorbed 
film, one barium ion passing into an oxide crystal for every 
two electrons escaping. The concentration of the film 

* We arc indebted to Mr. R. H. Fowler for this picture of tlie surface 
layer. 
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is therefore determined, in any given case, by the require* 
ment of statistical equilibrium between the rate of removal 
of the two-dimensional gas from the emitting surface 
(determined by the magnitude of the space current) and 
the rate of its replenishment by diffusion. 

5. Forming and Poisoning. 

On the basis of the theory of barium circulation it is 
easy to explain the forming and poisoning of the con¬ 
ductivity under conditions in which the thermionic 
emission is also formed or poisoned, as the case may be. 
If barium has not yet appeared at the anode surfaces of the 
units of barium circulation, or if it has been removed or 
combined with, fresh barium ions are not available to 
take the place of those being removed by electrolysis, the 
concentration of the barium ions inside the crystals 
falls below its surface barium conditioned value, i. e.. below 
that of the immobile oxygen ions, and the conductivity, 
which at a given temperature is proportional to the 
concentration of the mobile ions, also falls. Conductivity 
and emission are formed and poisoned together, simply 
because they both depend on the same thing, viz., the 
presence of uncombined barium at the surfaces of the 
crystals. 

In the process of forming or recovery from poisoning 
(which is essentially the same thing) the movement under 
the action of the field of the barium ions which are con¬ 
stantly being formed by temperature dissociation, and their 
j-ecapture by immobile oxygen ions at positions in the 
crystal lattices nearer the cathode than the points of their 
birth by dissociation, results in the gradual appearance of 
oxygen at the electrolytic anode, whence it evaporates. 
This oxygen is then removed, either by the pump or by the 
getter. After a time the barium in the system is in 
excess of the oxygen by a sufficient amount to cover the 
surface of each crystal of oxide with a monatomic layer. 
Evolution of oxygen then ceases, and the forming is. 
complete. 

6. Condition of (he Surface of the Core-Metal and of the 
Coating. Effects of Ageing and Poisoning. 

The appearance of saturation of the conduction current 
at about the same current density as corresponds to the 
Phil. Mag. S. 7. Vol. 9. No. 57. March 1930. 2 H 
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p assag e of saturated thermionic space current suggests 
that there is some thermionic limitation to tire conduction 
curr ent. Such limitation may occur either at the boundary 
between core-metal and coating or within the coating 
itself. Wherever the limitation exists there must be 
imperfection of contacts, so that the current passes from 
core-metal to coating, or from one crystal of oxide to the 
next, as the case may be, mainly in the form of electrons, 
emitted by the one and collected by the other. On the 
whole, perhaps, such imperfection of contacts may be 
expected to occur rather at the boundary between the 
dissimilar core-metal and coating than between the 
crystals of the oxide. It is, of course, possible that the 
contacts are imperfect in both cases. Whatever may be 
the condition of the coating, however, it is probable that 
the electrons pass from the core-metal to the coating 
thermionically. It is obviously impossible that they 
should do this if the surface of the core-metal remained 
clean. It is. however, not to be expected that the core¬ 
metal should remain uncontaminated during the process 
of forming. We have already supposed that in this 
process the crystals of oxide become covered with a mobile 
monatomic layer of barium. Extending slightly the theory 
of activation already developed, we may suppose that the 
barium covering the crystals of oxide adjacent to the core¬ 
metal is able to flow across such contacts as exist between 
oxide crystals and metal, and to spread over the surface 
of the latter. Oxygen may also reach the core-metal 
-during the forming process, when, as we have seen, it is 
evolved from the oxide. Now it has been observed that 
if oxygen and barium are supplied to hot tungsten two 
monatomic layers are, in general, formed on its surface, the 
inner one beipg of oxygen and the outer one of barium. 
This will be so, irrespectively of the order in which the 
oxygen and barium are supplied to the hot tungsten, 
since barium on oxygen on tungsten is more stable than 
oxygen on barium on tungsten. There is evidence that 
the same thing is true when other metals take the place 
of tungsten. Now the thermionic properties of monatomic 
layers of barium on tungsten and of barium and oxygen 
on tungsten have been very exhaustively studied by Ryde 
A nd Harris * in these Laboratories, w'ho have found that 


* A series of papers on this work is in course of preparation. 
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tJbe emission obtainable from them is of the same order as 
that given by ordinary oxide-coated cathodes at the same 
temperature. Thus it appears entirely plausible that the 
thermionic activation of oxide cathodes is accompanied 
by the contamination of the surface of the core-metal by a 
monatomic layer of barium or by a double atomic layer of 
barium and oxygen, and that, in either case, the core- 
metal thereby acquires an extraordinarily high electron 
emissivity. If, as we have supposed, the core-metal and 
coating are only imperfectly in contact with one another, 
these electrons must be collected by the coating and re¬ 
emitted from its outer surface. If, in addition, the 
crystals of coating are in poor contact with one another, 
each crystal must be supposed to collect electrons on its 
inner surface and re-emit them from its outer. If this is 
the case, the linear dimensions of the independent units of 
barium circulation may be of a much lower order than the 
thickness of the coating. 

Assuming that, as we have, supposed, electrons pass from 
the core-metal to the coating mainly thennionically, it is 
seen that it is o priori by no means certain whether 
the Richardson straight line represents the thermionic 
properties of the contaminated eore-metal or those of the 
coating. Either the core-metal emits electrons at a greater 
rate than the coating can re-emit them, in which case a 
fraction of the electrons emitted by the core-metal returns 
to it, or else the coating emits more electrons than it 
receives from the core-metal, so that it re-absorbs a frac¬ 
tion of them. In other words, the thermionic emission of 
the cathode as a whole is limited either by the coating or 
bv the core-metal, whichever of the two systems in series 
has the lesser thermionic emissivity. 

It appears that, at least- in certain cases, it is the con¬ 
taminated core-metal, and not the coating, by which the 
emission is limited. Since, according to our assumption, 
the coating receives as many electrons from the space that 
separates it from the core-metal as it permanently loses, 
by re-emission, from its outer surface, there can be no net 
heat loss from the coating, and the only cooling that the 
cathode will suffer by its electron emission will be that due 
to the evaporation of electrons from the contaminated core- 
metal. The work-function of the cathode, calculated from 
the latent heat of evaporation of electrons, will therefore 
in 'any. case be that of the contaminated core-metal. 

2 H 2 
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Occasional comparisons have been made, e.g„ by Davisson 
and Germer <29! . between the work-function measured in this 
way and that determined from the slope of the Richardson 1 
straight line, and the two determinations have been found 
to he in good agreement. But we have already seen that 
the slope of the Richardson straight line corresponds to the 
work-function of whichever of the two systems (core-metal 
or coating) has the lesser emissivity. Thus in those cases 
where there is agreement between the work -functions 
determined by the two methods we may conclude that* 
if the coating is indeed in poor contact with the core-metal, 
it is the core-metal which limits the emission. This con¬ 
clusion accords well with the fact of experience that the 
nature of the core-metal has a considerable influence on 
the thermionic properties of coated cathodes. 

On the other hand, however, it would appear that if only 
the units of barium circulation in the coating could be made 
large enough, the emission of the cathode should no longer 
be limited by the core-metal, but by the coating. The rate 
of disappearance of barium from the thennionically 
emitting surface of such a unit is proportional to the space 
current, and in the steady state the rate of replenishment 
by surface diffusion must be equal to the rate of disap¬ 
pearance. The rate of flow of the two-dimensional barium 
gas must be proportional to the surface concentration 
gradient. There is an upper limit to the concentration 
of the monatomic layer of barium (which concentration 
will be greatest at the cathode end of the unit), determined 
by the underlying oxide crystal lattice. Thus it is seen 
that, with a given space current, the greater the linear 
dimensions of the units of barium circulation, the less 
will be the concentration of barium at their thennionically 
emitting anode surfaces. Now the electron emissivity 
of the oxide must certainly diminish with decreasing 
concentration of the barium adsorbed on its surface, so 
that we may say that the larger the units of barium 
circulation the smaller will be the electron emissivity of 
the oxide. 

The gradual formation of large units in which barium 
has to circulate, e. g., by crystal growth, may possibly be 
responsible for the deterioration in the emissive properties, 
of coated cathodes that occurs in life. The initial emission 
of a cathode that has deteriorated in this way cannot be 
restored by any thermal or electrical treatment (such as 
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.re-forming) or by any improvement in the vacuum. It 
would appear, then, that the loss in thermionic activity is 
due to some change in the coating. It is difficult to 
imagine any such change other than one of size or mutual 
relationship of the crystals. 

lire permanence of the poisoned condition of a filament 
which has been exposed, when formed, to oxygen, may 
perhaps be explained in a similar maimer. An unformed 
cathode suffers no harm when it is exposed, cold, to 
oxygen. The only thing that differentiates a formed 
from an unformed crystal is the presence on the surface 
of the former of a monatomic layer of adsorbed barium. 
On exposure of such a formed crystal to oxygen the 
adsorbed barium will be oxidized and the crystal will 
increase in size by one layer of oxide molecules. Whatever 
may be the condition of the coating, such a growth of its 
component crystals will tend to increase the size of the 
barium circulation units. If. as a result of re-crystallisa¬ 
tion having occurred when the cathode was first heated, 
the coating is in the form of a compact mass, with crystals 
in good contact with each other, the barium must be sup¬ 
posed to diffuse to the outer surface of the coating along 
the grain boundaries. These, however, would in time be 
filled up by the oxidation of their contained barium. On 
the other hand, if the crystals are originally in poor 
contact with one another, each must be regarded as an 
almost independent barium circulation unit. The crystals 
will, however, not be entirely independent units, for there 
must be some contacts between adjacent crystals. It is 
quite conceivable that the growth of each crystal by a 
molecular thickness will increase the areas of contact 
mauy times, and thus, by reducing the degree of inde¬ 
pendence of the separate crystals, increase the effective 
sizes of the units of barium circulation. 

Exposure of a formed oxide cathode to a discharge in 
(X) also results in progressive poisoning, which presently 
becomes permanent. It has been shown by Hogness and 
Harkness 130 that oxygen is one of the products of the 
disintegration of CO molecules by an electric discharge. 
The effect of exposing an oxide cathode to such a discharge 
is therefore probably the same as that of exposure to 
oxygen. 

If a formed oxide is made the cathode of a discharge in 
hydrogen presumably the only possible effect of the 
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discharge on the coating is the removal of the adsorbed 
barium. There is then nothing to prevent the adsorbed 
layers from being re-formed on the crystals in the same 
manner as they were formed originally. Mere removal 
of barium cannot increase the areas of contact between the 
erystals. Hydrogen poisoning is therefore not permanent. 

7. Variability of Emission from Oxide Cathodes. 

Published values of the thermionic constants of oxide 
cathodes are much less in agreement with (me another than 


Fig. 3. 



Year 

Published Values of Work-fund ions of Oxide Cathodes. 


are those of any other kind of thermionic emitter. A good 
idea of the poorness of the agreement may be formed by 
plotting the values of one of these constants (e. g. ; the 
work-functions) against the times of their publication. 
This has been done in fig. 3 *. Uncertainty of temperature 
measurement, although probably a contributory cause, 
seems alone to be hardly adequate to account for the whole 

* The papers from which these value* have been taken are Noa. 6, 
8, 12, 15, and 17 of Arnold's (9) Bibliography, and Noa. 1,3, 4 , (i, 14, 
and 10 of onr own. 
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of this variation. We must therefore look for other 
causes. 

Let us first consider the case where the condition of 
the coating is so unfavourable that it is the coating, and 
not the contaminated core-metal, by which the emission 
is limited. We do not know in what manner the therm¬ 
ionic constants of a formed oxide depend upon the surface 
concentration of adsorbed barium. Probably all that it 
is safe to say is that the concentration and the emission 
increase and decrease together. We have already seen 
that at each temperature the surface concentration of 
barium is determined by the condition that there must 
be equilibrium between the removal of barium by its 
conversion into electrolytic ions and the arrival of fresh 
barium by diffusion. The coefficient of diffusion may 
itself vary violently with the temperature, in the same 
kind of way as does the emission. This will, for example, 
be the case if, in diffusing, the particles of barium move 
in jumps ” between neighbouring positions of equi¬ 
librium in relation to the underlying crystal lattice. 
Thus the temperature variation of the emission may not 
be a measure of the true work function at all. the surface 
concentration of barium being different at each tempera¬ 
ture. The relative importance of this falsification of the 
work-function measurements will depend upon the size 
of the units of barium circulation. 

If. on the other hand, the units of barium circulation 
in the coating are so small that it is the core-metal which 
limits the emission, certain variations in thermionic 
properties may still occur. That different contaminated 
core-metals should have different thermionic properties is, 
of course, quite natural. But even when the core-metal 
is not changed, some variation in these properties may still 
occur as a result of gas contaminations. Such variation 
is more particularly to be expected in the case of metals 
which are only with difficulty out-gassed, such as, for 
example, platinum. The thermionic behaviour even of 
uncoated platinum is notoriously erratic. Unfortunately 
platinum is the metal which has generally been used 
hitherto as the core-material of coated cathodes. 

Further work on oxide cathodes is in progress in these 
Laboratories, by means of which it is hoped that more 
precise information may be obtained concerning several 
points with regal'd to which uncertainty still exists. 
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XLII. Effect of Occluded Gases mid Moisture on the 
Resistance of Air Condensers at Radio Frequencies. By 
Hazel M. Fletchek. Instructor in Physics , Wellesley 
College , Wellesley. Mass* 

Introduction. 

I N some work done in this laboratory. Department of 
Physics, Indiana University, on the resistance of air 

* Communicated by Prof. ft. U. ftumsey, Ph.D. 
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condensers, Mr. B. D. Morris * thought that he had dis¬ 
covered evidence that the radio-frequency current was 
{Killing out gas from the plates of the condenser. This was 
given as the explanation of the fact that the two bulbs of 
the differential thermometer used in the experiment cooled 
at different rates. To avoid the effect that this liberation 
of gas might have on the equilibrium pressure. Morris 
substituted a thermojunction method in which a number 
of junctions were connected so that a galvanometer in the 
circuit registered a deflexion which was proportional to the 
difference of temperature of the two bulbs. The final 
equilibrium temperature was then independent of 


Fig. 1. 



liberation of gas. which was not true if a C-tube filled with 
water were used. 

To investigate this supposed gas effect was the primary 
purpose of this investigation. 

Apparatus and Method of taking Data. 

The apparatus used in this experiment was similar to that 
used by Ramsey and Morris. However, in this experiment 
both a water manometer and thermocouple were used. 

The diagram of the apparatus is shown in fig. 1. Two 
air-tight bulbs were formed by sealing with beeswax two 
1*5 litre pyrex-glass beakers on to photographic glass 
{dates. In each bulb was placed a radio-frequency 
condenser of the same size and kind. Condenser No. 2 

* Vhys. Uev. xxxiii. p. 3076 (1929). 
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was connected with a variable inductance which was 
coupled to a vacuum-tube oscillator circuit; condenser 
No. 1 was placed in the other bulb in order to maintain 
the same thermal capacity. The resistance wire r was 
connected in series with a variable resistance and the 
110-volt mains. The water manometer measured the 
differential pressure in the two bulbs, and the difference 
in temperature was indicated by the D’Arsonval galvano¬ 
meter in the thermocouple circuit, which consisted of eight 
iron advance-junctions in opposition series. 

Three sets of condensers were used in this experiment, 
and three separate sets of apparatus were assembled. 
Readings were taken on a brass condenser of capacity 
*000265 M.F., an aluminium condenser, No. 1, of capacity 
•0002678 M.F., and another aluminium condenser, No. 2, 
of capacity -0002 M.F. 

Suppose i is the direct current in the resistance wire 
registered by the D.C. milliammeter (A 1 ), I is the radio¬ 
frequency current in condenser No. 2 registered by the 
hot-wire ammeter (A 2 ). r is the resistance of the resistance 
wire, and R is the resistance of condenser No. 2. Now, if : 
the heating effects are balanced, FR =i 2 r. All quantities 
in this equation are known except R. 

Before taking measurements the bulbs must be at the 
same temperature, which will be shown if there is no 
deflexion of the galvanometer. The screw stopcocks were 
opened to make sure that the bulbs were at atmospheric 
pressure, and then closed. Tests were made before and 
after runs to make sure that there were no leaks. The 
primary circuit was closed, and the capacity of the variable 
condenser in the primary or oscillator circuit and the 
inductance in the secondary circuit were varied until the 
desired current and wave-length were obtained. The 
direct current was then varied until the heating effect of 
the resistance wire was balanced by the heating effect of 
condenser No. 2. The equilibrium was shown when the 
galvanometer showed no deflexion and the pressures as 
shown by the manometer were the same. 


Results and Discussion on Occluded Gas. 

The fact that the condenser heated by the radio-fre¬ 
quency current always was slower in heating and cooling 
led Morris to think that gas was being driven out. Fig. £ 
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is a typical curve showing the heating and cooling of 
tiie condensers. In preliminary experiments with the 
aluminium condensers a direct current of -5 ampere was 
found to balance a radio-frequency current of 2 amperes. 
These currents were turned on at the same time, and 
readings were taken of time in minutes, temperature in 
centimetres of deflexion of the galvanometer, and differ¬ 
ential pressure in centimetres of water. After the currents 
had been running for 65 minutes the bulbs woe at 
thermal equilibrium, and the circuits were opened and 
readings taken while the condensers cooled. During the 
time of heating it was thought that the radio-frequency 
current was pulling out occluded gas from the plates of 
the condenser. Part of the heat energy would be used, and 


Fig. 2. 



Cooling curves for brass condensers. 

Direct current ampere. 

Radio-frequency current 2*1 amperes. 

Wftvo-lejurth 170 m. 

No. 1, cooling curve for brass condenser heated with direct current. 

No. 2, cnolitiir curve for brass? condenser heated with radio-frequency 
current. 


this would cause a slower rate of heating for condenser 
No. 2. During the cooling period it was thought that the 
gas was readsorbed on the plates, and the heat of adsorp¬ 
tion was given out which would cause slower cooling of 
condenser No. 2. 

If occluded gas were driven out, the pressure in bulb 
No. 2 would be greater than in No. 1 when the galvano¬ 
meter indicated thermal equilibrium. In many runs 
the final pressures were often the same; but usually the 
final pressure in bulb No. 1 was slightly greater than in 
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No. 2, and there were a few runs in which the final pressure 
in No. 2 was the greater. 

Calculations were made from cooling curves to see if the 
volume of gas could be determined. Fig. 3 shows the 
cooling curves for the brass condensers. In p reliminar y 
experiments it had been found that the heating effect of a 
direct current of '335 ampere just balanced that of a radio¬ 
frequency current of 2-1 amperes. Curve No. 1 was ob¬ 
tained by heating condenser No. 1 with -335 ampere 
without any radio-frequency current flowing. After an 
hour and a quarter the current was turned off, and readings 


Fig. 



Differential heating and cooling curves for aluminium condenser \n. 1. 

Itadio-frequency current 2 amperes. 

D.C. current ’> ampere. 

Wave-length 120 metres. 

Current turned off at 65 min. 

were taken of the time and deflexions. Curve No. 2 is 
the cooling curve of the brass condenser heated with the 
radio-frequency current. 

• Let 0 be the excess of the temperature of the bulbs 
above the temperature of the room, T the time in seconds, 
and R the radiation constant of the two condensers, 
assuming Newton’s law of cooling. At thermal equili¬ 
brium both condensers are radiating heat as fast as they 
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are being supplied, and R0= 


ib 

4-2’ 


The heat given out by 


either condenser can be calculated by the relation 
H=0RT. Then the difference in the amount of heat 
given out by the two condensers is dH=jR8dT. But 
(0dT =A is proportional to the area between the two 
curves. Therefore ZlH—RA. Now, if. this difference 
in the amount of heat given out is due to the heat of 
adsorption of gas, JH must be equal to the heat of 
adsorption of the occluded gas. Let C represent the 
number of calories of heat given out when 1 c.c. of gas is 
adsorbed and V the volume of occluded gas driven out. 
Then CV=RA. Data from the cooling curves gave a 
result of 47 calories. Heat of adsorption tables showed 
that a value of 1 to £ calorie per 1 c.c. of adsorbed gas 
would be reasonable to assume for (’. Then V would 
equal from 50 to 100 c.c. of gas. Larger results were 
calculated from the cooling • curves of the aluminium 
condenser. These results are unreasonable when the 
difference of pressure as measured by the l T -tube is 
considered. 

This gas effect was also tested by placing the condenser 
in an exhausted air-chamber and noting the change of 
pressure when radio-frequency current flowed in the 
condenser. There was no noticeable change in pressure. 

These different rates of heating and cooling cannot be 
due to occluded gases, but are due to an unequal heat 
distribution in the two bulbs. Between the 55- and 65- 
minute interval on the curve in fig. 2 the condensers are 
radiating heat at the same rate as they are receiving heat. 
The source of heat in bulb No. 2 is inside the condenser, 
while the source of heat in bulb No. 1 is a small wire outside 
the condenser. Even though the thermojunctions in 
both bulbs are at the same temperature, condenser No. 2 
is at a higher average temperature than No. 1. since the 
heat must be conducted from the inside to the outside of 
condenser No. 2. 


Resistance of Condensers. 

it was soon noticed that the measured resistance varied 
from time to time, and it was suspected that this might be 
due to moisture. At first measurements were taken with¬ 
out any attempt being made to vary the amount of 
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moisture. Later the air was saturated and measure¬ 
ments were repeated. Then the bulbs were opened, the 
condensers dried out by heating, and some P a 0 5 put in 
the bulbs to take up any moisture. It was difficult to 
check these resistances with those found before when 
saturated vapour was in the bulbs. It was thought that 
there might be moisture in the bulbs from the water in 
the U-tube. The water in the manometer was then 


Table I. 

Brass Condenser, capacity -000265 M.F. 




Wave-length. 

K 

K 

Ratios of R n . 

(1)... 

Air not 

70 in. 

•076 ohm. 

•044 ohm. 

(2) ; (1) -2 34 

(2) ... 

saturated. 

170 

*178 

*043 

(3) ... 

Air 

70 

•173 

•101 

(4H (3)=- 2 31 

14) ... 

saturated. 

170 

•400 

•090 

(5) ... 

P 2 0 s in 

70 

•125 

•073 


(6) ... 

jars. 

170 

*255 

•001 

(0)~-(5)-~2*O4 

(7) ... 

PA in jars, 
eymene in 

70 

*070 

•040 

(8)~<7)-2-06 

(!>)^(8)=2-2S 

(8) ... 

170 

*144 

•035 

(9) ... 

manometer. 

350 

•329 

*038 


Ratios of resistances (R 0 ) when air is saturated and w'hen not saturated: 


70 m. 

(3)~(1)«2‘28 

<3)~(5)^l-38 

(3)~(7)«2'47 


170 m. 
(4)-r{2)«2«25 
(4)*f(6)=l«57 
<4)-H8)«2-78 


replaced by eymene, which has a specific gravity of 0-856 
and boils at 175° C 

The results are given in the column marked R 0 in Tables 
I., II., and III. Morris has found that the resistance of 
a condenser can be reduced to “ standard values ” by the 
empirical formula, 

R^Ro^OO/X*) (Co/'OOl) 32 . 
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The brass condenser obeys the law, 

“.-ocr- 

and both the aluminium condensers obey the law, 

^nar- 


Table II. 

Aluminium Condenser No. 1, capacity 0002678 M.F. 




Wave-length. 

K 


Ratios of Jl t) . 

H) 

Air not 

70 m. 

220 ohm. 

-064 ohm. 

(2)-^(l)-—105 

(2) 

... saturated. 

170 

■237 

4)43 

<») 

<4) 

... Air 

... saturated. 

70 

170 

274 

320 

•077 

•050 

(4)-H3>= 1H* 

(51 

<«) 

... P a 0 5 in 

jars. 

70 

no 

171 

■178 

*048 

032 

(6)--(5)—1-04 

(') ■ 

(8) ■ 

... PoO* in jars. 
... rymene in 

70 

no 

205 

•250 

•a58 

-046 

(8)~(7)—1-25 
(0) H8)=1-2T 

<M ■ 

... manometer. 

350 

325 

*041 


Ratios? of resistance (R tt ) when air b 
70 m. 

<3)-:-<5Hl-60 

(3)~(7)=l-33 


saturated and when not saturated : 
170 m. 

<4H(2)~I*37 
(4)~(6)—1*83 
{4)-r(8)=l-27 


lather eloselv. R, and C, are standard resistance, 
wave-length, and capacity; and R 0 A<, : and C 0 are the 
measured values. Since the resistance of a condenser 
consists of metallic resistance and dielectric resistance, 
the relative amounts of which vary with the condenser, 
it cannot be expected that the same formula will apply 
to all condensers. Tables I., II., and HI. give the average 
results of the three condensers with various amounts of 
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formula. 
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R, is the calculated value using the empirical 


R, 


:R 0 ( 


/ 300 \ 

( V 

\ \> ! 

vooi / 


for the brass condenser, and 



for the aluminium condensers. 


Table III. 

Aluminium Condenser No. 2, capacity -0002 M.F. 




Wave-length. 


R*. 

Ratios of R <? . 

(1) ... 

(2) ... 

Air not 
saturated. 

TO m. 

170 

•038 ohm. 
(HU 

-010 ohm. 
•007 

(3} :■(!)--• M5 

(3) ... 

(4) ... 

Air 

saturated. 

70 

17o 

*100 

•107 

•018 

•oio 

<4) - (3) -1 07 

(5) ... 

(6) ... 

PA «> 

iars. 

70 

170 

•034 

■042 

•000 

•005 

(0) ; <*»-1-23 

tm 

151 . 

P 2 0- in jars* 
cymeru in 
manometer. 

TO 

170 

350 

•030 
•031 
•04 i 

ll| 

(8)-:-{7).--l03 
(it):-(«) l »2 


Ratios of resistances (R a ) when air ii 
70 m. 

(3)-r(l)=l*72 
(3)-r{5)—2*94 
(3)-r(7)=3 , 34 


saturated and when not saturated: 
170 m. 

(4)-r(2)~2-«o 

(4)~(6)-~3*98 

( 4 )~( 8 )** 5-38 


The resistance of each condenser increases with the 
amount of moisture present. The ratios of R 0 when the 
air is saturated and when not saturated, except one 
(ratios 1*33 and 1-27 for aluminium condenser No. 1), 
increase with wave-length. These ratios show that 
the dielectric losses are larger than the metallic losses in 
aluminum condenser No. 2. and that the dielectric losses 
are relatively smaller in aluminium condenser No. 1. 
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The ratios of the resistance (R 0 ) given in the last 
columns of the tables show that the resistance increases 
with wave-length. Since the metallic resistance decreases 
and the dielectric losses increase with wave-length, these 
ratios show that the dielectric losses are greater than the 
metallic resistance. The metallic resistance of the brass 
condenser is greater than that of the two aluminium 
condensers, for the ratios for the aluminium condensers 
are approximately 1*1, and for the brass 2*2. The 
resistance of al uminium No. 1 and the brass condenser are 
comparable, but the resistance of aluminium condenser 
No. 2 is much lower. An appreciable amount of the 
resistance of the first two must be due to metallic resistance 
since the plates of aluminium condenser No. 2 were larger 
in area and much thicker. 

In conclusion, radio-frequency currents do not pull out 
an appreciable amount of adsorbed gas from the metal 
plates of condensers. The resistance of condensers varies 
with the amount of moisture present. These variations 
are considerable, and probably this accounts for the fact 
that the results obtained by different experimenters for 
resistance of condensers do not check very closely. The 
dielectric losses and the metallic resistance vary with wave¬ 
length, and the ratio of these resistances is not the same in 
all condensers. The dielectric losses of the three con¬ 
densers tested in this experiment were greater than the 
metallic resistance. 

This investigation was made under the direction of 
Dr. R. R. Ramsey, Professor of Physics of Indiana Uni¬ 
versity. The writer is indebted to him for whatever 
merits this paper may possess. 
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XT JIT . On an Anomalous After-Effect of Dielectrics for 
their Apparent Resistivity. By Prof. H. Saegttsa and 
S. Sbxmiztt, Physical Institute of Tohoku Imperial Uni¬ 
versity, Sendai *. 

§1. Introduction. 

PIP IT A T the electrical conductivity of quartz is greatly 
A affected by a previously applied potential is discussed 
in A. F. Joffe’s bookf. This is an interesting and impor¬ 
tant phenomenon from the point of studying the electrical 
conduction in dielectrics. For the past several years 
the conductivity of dielectrics has been studied in our 
institute as one of the main topics for dielectrics, and 
during the course of studying we found independently the 
fact that the electrical conductivity of quartz is greatly 
affected by a previously applied potential, and that there 
is an anomalous after-effect with respect to its recovery 
time duration. 

The present investigation was undertaken for the purpose 
of studying systematically the anomalous after-effect of 
dielectrics, and the results for quartz plate cut perpen¬ 
dicular to its optical axis are given in this paper. 

§ II. Apparatus and some Precautions for the Experiment. 

The main part of the present apparatus is shown in 
fig. 1. The constancy of temperature of the interior 
part of the metallic box which contains the main part 
of the apparatus is ensured by means of the following 
devices. 

Both sides of the metallic box are covered with asbestos 
paper, and this box is covered with a wooden box the out¬ 
side of which is also covered with a thick felt. The electric 
heaters, made of nichrome wire, are fixed on the upper and 
the bottom sides of the inside of the wooden box. The 
eopper-constantan thermo-junction is placed near the 
specimen in the interior of the metallic box for measuring 
the temperature of the specimen, this thermo-junction 

* Communicated by the Authors. An abstract of this paper was 
published in ‘Nature,’ toI. cxxiii. p. 713 ( 1029 ), under the title 
M Anomalous After-effect with Quartz, and was read before the annual 
meeting of the Math. Phvs. Soc. Japan, July 24 (1929). 
f A. F. .Toff<5, ‘The Physics of Crystals’ (1928). 
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being made by connecting copper and costantan wires, 
fifteen each in series ; and an ordinary thermometer is also 
put in the interior of the metallic box- By adjusting the 
heating current, the temperature of the interior of the 
metallic box is kept constant within ^ 5 ° during 2 hours 
at least near the room-temperature. 

The interior of the metallic box is maintained in as dry 
a state as possible, using P 2 0 6 and circulating perfectly 
dried air through the box ; thus, the humidity in the 
interior of the box is kept always below 5 per cent- of the 
relative humidity at the temperature 10° C, 

The leakage* rate of electricity through the apparatus is 
taken before the beginning of the experiment, and the 


Fig. 1. 



The symbols in the figure are as follows:— 

A. Specimen, thin circular plate which is floating on the 

surface of mercury H. 

B. Circular vessel made of ebonite. 

C. Concentric cylinder made of iron, and the mercury between 

the outside walls is earthed. 

IX Open circular cylinder made of iron which is situated at the 
centre of the specimen. 

E. Dolezalek’s quadrant electrometer. 

F. Mercury locker for connecting the inside part of D to one pair 

of quadrants of the electrometer or to the earth. 

<1. Mercury locker for connecting the mercury between A and B 
to the potential source or to the earth. 

H. Mercury. 

R. Reducing resistance. 

V. Precision voltmeter for measuring the applied voltage. 

2 I 2 
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correction for it is made in the results of the experiment 
if necessary. 

lie specimen used in the present experiment is well- 
polished quartz circular plate cut perpendicular to its 
optical axis and 0*85 mm. thick. 


§ III. Method of Experiment. 

We put a known potential to the mercury on which the 
specimen floats during a certain constant time (always 10 
minutes in the present experiment, except in some special 


Fig. 2 . 



cases); during this time interval the opposite side of the 
specimen is kept in connexion with the earth ; thus, the 
electricity is conducted freely to the earth through the 
specimen, and we call this previously applied potential 
“ A potential ” for convenience. Then the other side of 
the specimen is also connected to the earth during a known 
rime, and it is then disconnected from the earth and 
connected to the potential source of a constant potential. 
He opposite side of it, t. e., the mercury inside cylinder D- 
is also disconnected from the earth and connected to the 
electrometer, the deflexion of which is observed with time 
up to several minutes (always 6 minutes, except in some 
special cases). Next, both sides of the specimen are 
earthed until the residual charge and the time effect due to 


Anomalous After-Effect of Dielectrics. 477 

the latter measuring potential have almost disappeared, 
and then the observation, as before, is made under the same 
external condition as above dining the same time interval, 
and then both sides of the specimen are again eart he d * 
These processes of the observation are repeated till the rate 
of accumulation of the electric charge becomes almost the 
same as in the neutral state of the specimen, *. e., till the 
effect of A potential on the apparent resistivity of the 
specimen has completely disappeared. 



The correction of the residual charge due to A potential 
is made for the observed value. 

The apparent resistivities for every earthing time from 
the initial are calculated from the ratio of the measuring 
potential (always 50 volts, except in some special cases) 
to the initial tangent of every accumulating curve as 

V 
lit 


(1) 
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Thisis the same expression aa equation (16) in the former 
paper * by one of the writers. And it gives correctly the 
apparent resistivity at given time from initial, and here 
we state that Curtis’s equation 


800 volt in 10 minute 
temperature: I2°C 
measuring pot. 50 volt 



a. t - 5 minute 

b. t =31 


c. t=57 

1 1 

d. t =83 

>*> 

K.t -286 

11 

r. t =583 
u .t = 750 

J* 

V 

w.t = 810 

71 

y t =1020 

19 

z.t =1020 

V 


though used in the former paper above referred to, is not 
generally applicable to the calculation of the apparent 
resistivity at any time. Thus, equations (14), (15) in the 
same former paper give also nothing accurate as to 
apparent resistivity, but equation (16) gives the accurate 
value at i=0 as above stated. 


* H. Saegusa and K. Saeki, Sci. Iiep. Tobokn, xnii. p. 281 (1929). 
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Anomalous After- Effect of Dielectrics. 

§ IV. Anomalous After-Effect with Quartz. 

(1) The relation between A potential and the recovery 
time. —Some experimental results of the accumulating 
curves for various A potentials and for various earthing 
times as graphically given in figs. 2-4 and fig. 5 show the 



typical one of the experimental results for negative A 
potential. The letters a, b, e. ... . in these curves show 
that a is the curve at 5 minutes’ earthing (the first earthing) 
from the instant A potential is earthed, b the curve at 
20 min utes after the observation of a curve is finished (the 
observation of a curve continues 6 minutes and then the 
side which is connected to the electrometer is earthed 
till the beginning of the observation of b curve), i. e., at 
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31 minutes from the initial, and so also in the same way 
the curves c,d, ... . (the time intervals for these curves 
are written in these figures). But for the cases when 
A potential is comparatively large, the time interval of 
earthing between each two successive observations is made 
longer and longer as the accumulation curve approaches 
the neutral state. 

As seen from these curves, the initial inclination is much 
larger than that of the neutral state, audit becomes smaller 


Fi^r. ti. 



previously applied potential in, volt 


as the earthing time increases and gradually tends to 
that of the neutral state. Thus from equation (1) the 
apparent resistivity will be much smaller than that of 
the neutral state, and it gradually becomes equal to the 
latter. 

Kg. 6 and Table I. show the relation between A potential 
and the recovery time of the after-effect, i. e., the time 
interval between the instant of the first earthing and the 
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final state ; during this time interval the after-effect of A 
potential continues. As seen from fig. 6, the recovery 
time of the after-effect is considerably long, and it becomes 
gradually longer as A potential increases, and at the 
potential between 250-300 volts (about 300-350 volts per 
mm. thick) it discontinuously becomes long, and again the 
increase rises slowly up to 600 volts (700 volts per mm. 
thick), and after that the time interval increases rapidly 
with the potential and tends gradually to a saturation 
value. It is a noticeable fact that the variation of the 
recovery time with A potential is exactly the same for both 
cases whether A potential is positive or negative. 

In a paper* by one of the writers it was concluded that 
the limit potential is most important for several dielectric 

Tabu: 1. 


A potential 
in volts. 

Recovery time 
in minutes. 

A potential 
in volts. 

Recovery time 
in minutes. 

50 

70 

500 

663 

100 

134 

500 

695 

200 

200 

050 

770 

250 

223 

700 

882 

300 

500 

800 

1020 

400 

020 




phenomena—for example, the so-called stationary dielectric 
hysteresis appears for larger applied potential than the 
limit potential, and an anomaly for the residual charge is 
also observed at this potential. And the limit potential 
for quartz plate cut perpendicular to its optical axis is 
equal to 324 volts per mm. thickness as the mean value 
from the residual charge and the time effect. 

Hence the discontinuous increase of the recovery time 
occurs at about the limit potential; thus, we should like 
to call this discontinuous change of the after-effect “ the 
anomalous after-effect for resistivity of dielectrics,” and we 
conclude that it appears at the limit potential of 
■dielectrics. 

It seems to be a noticeable fact that the increase of the 
recovery time from 600 volts is due also to the same cause 

* H. S&egusa, Sci. Rep. vol. x. p. 101 (1921). 
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to which the increase of the stationary values of the resi¬ 
dual charge and the time effect with respect to the applied 
potential from about 600 volts is due, as shown in the 
paper above referred to. 

(2) Variation of the apparent resistivity .—The relation 
between the ratio of the apparent resistivity at 5 minutes 


Fig. 7. 



Table II. 


A potential 
in volts. 

R 

Rn 

A potential 
in volts. 

R 

R« 

0 

1-000 

;■ 300 

0-371 

50 

0-910 

i 400 

0-301 

100 

0-773 

1 500 

0-280 

200 

0-503 

1 600 

0-260 

250 

0-418 




after the beginning of the first earthing (calculated from 
initial tangent of a curve using equation (I)) to that of 
the neutral state and A potential is shown in fig. 7 and 
Table II. As seen from this figure the apparent resistivity 
decreases rapidly as A potential increases, and from 
about 300 volts of A potential the decrease of the 
resistivity gradually becomes small and the resistivity 
tends to a stationary value. These features are quite 
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s imilar for both cases where A potential is either positive 
or negative. 

Jigs. 8-11 show that the ratio of the apparent resistivity 
at neutral state to that of every earthing time (they are 
calculated from every initial tangent oi a, b, c, .... 
curves using equation (1)) decreases as the time interval 
from the beginning of the first earthing increases and 
gradually tends to unity. This variation shows that the 
apparent resistivity recovers gradually as the time elapses. 

Fig. 8. 


Relation between (^-)+=o & recovery 
time, 100 volt in 10 mmute,l2°C. 



Fig. 9. 
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and tends to that of the neutral state. The recovery of the 
apparent resistivity is also quite similar for both cases, 
namely, when A potential is either positive or negative. 

The correction of the residual charge of A potential ia 
mainly made for the point from a curves in figs. 2-6. 
When A potential is small the points near the origin in 
figs. 8-11 are not so affected by the residual charge of A 
potential as in the cases when A potential becomes large. 
Thus, as A potential becomes large several points near the 
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origin except the initial point from a curve are omitted 
to avoid much effort for the correction of the residual 
charge. These points are not very necessary to show 
tiie general feature of the recovery of the apparent 
resistivity. 

Fig. 10. 



Fig. 11. 



Recovery Time >n minute 

§ V. Various Experiments for the After-Effect. 

For the purpose of studying thoroughly the nature of 
the after-effect for the apparent resistivity, the following 
experiments were made:— 

(1) The case when A potential is smaller than the 
measuring potential: 

The boundary conditions for the experiment are the same 
as in §IV., but in this case A potential is constant and 
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equal to 300 volts, and we take* the measuring potentials 
400,500, and 600 volts, and every observing time, 1 minutev 
Kgs. 12-14 show the results of the experiment. In this 
ease the ratio of the apparent resistivity at the neutral 


Fig. J2. 
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state to that at various times from the beginning of the 
first earthing is much smaller than that of the case when A 
potential is larger than the measuring potential, and the 
recovery time duration is also much less. This variation 
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becomes small as the measuring potential increases. Thus, 
the after-effect due to A potential, which is smaller than 
tiie measuring potential, is small, and there appears no 
after-effect where A potential is negligible with respect 
to the measuring potential. 

(2) The case when the applied time interval of A 
potential is much longer than the case in § IV. : 

Mg 15 shows the decrease of the ratio of the apparent 
resistivity at the neutral state to that at various observing 


Fig. 15. 



Recovery ft me. t* minute 


times with respect to the recovery time. In this case A 
potential is 900 volts, and its applied time interval 30 
minutes, and the measuring potential —50 volts. The 
after-effect becomes large in comparison with that in §IV. 

Mg. 16 shows a similar relation when the measuring 
potential is +50 volts. In this case, however, the recovery 
time is smaller than in the case when the measuring 
potential is negative. 

Mg. 17 shows a similar relation to the above, but in this 
case as A potential 900 volts is first applied during 30 
minutes, and after 3 minutes —900 volts is then applied 
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during 30 minutes, and then the observation is made as in 
^&ses in § IV. In this case the ratio of the apparent 
resisitivity at the neutral state to that at various times up 
to the neutral state varies similarly with the above case, 
but the recovery time is nearly equal to the case when 
fig. 15 is obtained. 


Fig. 16. 
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No result is shown in this paper, but a cyclic application 
of A potential between positive and negative was made. 
And from these results we may state here that the after¬ 
effect due to the cyclic application of A potential becomes 
larger and larger as the number of applications increases. 
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and gradually tends to a saturated state. And we state 
here that the after-effect becomes large with applied time 
interval of A potential, and gradually tends to a saturated 
state. 


§VI. Concluding Remarks. 

The anomalous after-effect for the apparent resistivity 
is one of the interesting and important characteristics of 
dielectrics for the problem of electrical conduction in 
dielectrics, and it is a new characteristic of non-metallie 
crystals. 

It is a remarkable fact the the anomalous after-effect 
appears at the limit potential. Thus, it seems to us that 
there will be a close connexion among the after-effect, 
the residual charge, and other dielectric phenomena, such 
as dielectric hysteresis, etc. 

As shown in the present experiment, the recovery time 
of the after-effect is as long as several hours or more; 
hence the apparent resistivity of a dielectric is not so easily 
determined except in the case when the dielectric is in its 
neutral state. Thus, the apparent resistivity must be 
defined not only by the charging time, as shown in the 
former paper, but also by its history of charging. 

The anomalous after-effect for the apparent resistivity 
is exactly the same for both cases when the previously 
applied potential is either positive or negative ; hence the 
after-effect depends simply on the absolute value of the 
applied potential, so that it is likely to be due to some 
nature of the atomic lattice of crystalline dielectrics. 

It seems that the after-effect increases rapidly with the 
time interval of the previously applied potential, and then 
gradually tends to a stationary value. And by cyclic 
application of the previously applied potential between 
positive and negative it also increases and tends to a 
stationary value. 

The after-effect due to a previously applied potential 
which is smaller than the measuring one is comparatively 
small, and it becomes smaller and smaller as the former 
potential becomes smaller and smaller than the latter 
potential. 

In conclusion, we are sincerely thankful to the Saito 
Gratitude Foundation in Sendai for the financial aid given 
us for these experiments. 
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XLIV. On tike Vortex System in the Wake of a Cylinder in 
a Fluid * By Prof. H. Levy and S. G. Hooker, A.R.C.S.y 
B.Sc, * 


I N an investigation of the stability of two parallel rows Of 
rectilinear vortex filaments as they would be originated 
in the wake of a cylindrical obstacle in unbounded fluid, 
Harman has found theoretically f that, if h as distance 
between the parallel rows, and a = distance between con¬ 
secutive vortices of the same row, then the spacing of the 
stable system, in alternate arrangement, is such that 

h =0*281. 
a 


From momentum considerations, moreover, he deduced that 
the resistance D of the body giving rise to the system is 

D =pV(2-828~l-12U 0 )U 0 //, 
where p = density of the fluid, 

V sb velocity of the body, 

and U 0 = velocity of the vortex system relative to 
the obstacle. 


In its application to real liquids the assumption was made, 
of course, that while the fluid was viscous enough to enable 
the vortices to be generated, it was not so viscous that their 
strength would decay appreciably during the time taken to 
establish a fairly long street. 

In this formula for resistance the ratios and (b being 


a characteristic linear dimension of the body) were not found 
by analysis, but required to be determined experimentally. 
This arose from the fact that Harman’s theory" did not con¬ 
nect up the established vortex street with the conditions at 
the obstacle which gave rise to it. 

In an extension of the theory, Heisenberg | sought to 
evaluate these two ratios for the case of a flat plate, from the 
two following assumptions :— 


(a) A discontinuous surface springs from the edge of the 
obstacle, and all the vorticity so produced passes 
down the wake as individual vortices. 


♦ Communicated by the Authors, 
t Harman and Rubach, Phys, Zeit xiii. (1912). 
} l*hy$. Zeit xxiih ( 1922). 

Phil May. 8.7. Yol. 9. No. 57. March 1930. 


2 K 
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(4) The amount of fluid swept forward by the plate in its 
forward motion is equal in volume to tne amount 
of fluid streaming back between the parallel rows. 

These lead to the values 


and therefore 


, ^>=0-2295, 


These compare witli Karman’s experimentally determined 
values of 

-y =0‘20, 1=1-545, *,=0-805. 


It is important to notice that Heisenberg’s assumptions lead 
to a rate of generation of vorticity R=iV s at the edge of 
the plate. 

In its experimental application to a wind-channel the 
effect of the walls on the state of motion and on the resistance 
has to be considered. This has bpen dealt with by Glauert * 
on the following assumptions:— 

(1) In any practical application the breadth It of the 
vortex street will not exceed one-sixth of the breadth H 
of the channel. 

(2) The increase of the suction in the dead-water region 
behind the body, due to the constraint of the channel walls, 
is equal to the drop in pressure outside the vortex street, far 
behind the body. 

(3) The values of K, -v/R, VS, which are proportional 
-to V in an unlimited fluid, are assumed to be proportional to 
a certain effective velocity in the channel, which is the 
.arithmetic mean of the velocities far in front of and far 
behind the body. 

Broadly speaking, the main justification that Glauert 
advances for the validity of these assumptions is that they 
are not essentially unreasonable and that iliev lead to values 
-of D' and /-,/ which are verified experimentally. He then 
-obtains the following formula;: 


2 

IV , /Uo/A t, 

u« “ 2U 0 * \ yi> ) ’ H’ * 

r 


. . (i) 


* Proc. Roy. Soc. A, vol cxx. p. 34 (1928). 
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w 


here 


K' 


=sl+ Vi. 


, (U«h 


K 

W a’ 


\V6 


k\ b 

rj'H s 


« ffl . ‘V 2 / U u /t i b~ 

ft ~a “ 1+ :_'2UVV6/H’ 
1 V 

k ' — k + 16 ( T Jo/t V — 

6= breadth of plate, 
li = breadth of channel; 
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( 2 ) 

( 3 ) 

(4) 


the accented letters denote values in the channel, and 
•naccented ones values in the infinite fluid. 

Apart from the difficulty of perceiving adequate physical 
reasons why precisely these assumptions, and these only, 
should lead to experimentally verified results, there are one 
or two criticisms that might legitimately be raised. 

Glauert's assumptions lead to the conclusion that R, the 
rate of discharge of vorticity at the edge of the obstacle, 
is given by R = V 5 . In checking his formulae (l), (2), 
(3), (4) against experiment, however, he has made use 


of Heisenberg’s values for 


Uo 
V ’ 


and Z'o, which themselves 


have been derived on the basis that R = AV 2 . This, however 
-while it throws doubt on the effectiveness of his check, does 
not. in itself affect the validity of the argument leading to 
the above formula?. 

In actual fact it can easily he shown * that Heisenberg’s 
assumption (3) applied to Glauert’s case would lead directly 
to K=K\ a result quite inconsistent with equation (2). 
It is clear that the two treatments, Heisenberg’s and 
Glauert’s, cannot possibly be consistently combined. 

Moreover, even if Heisenberg's final results are taken to 
oheck Glauert's conclusions, the values obtained from direct 
experiment by Fage and Johansen for certain other quantities 
not used by Glauert in illustration, do not provide such 
happy agreement, as the following table shows:— 


* Kh 
a 


=z\„b f and 


K'A' 

a' 


«V 0 *. 


Kh 


IvT 


If h'/a =h/a } then K=K'. 

2 K 2 


a 
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Quantity. 

Fage and Johansen. 

Glauert. 

V 

; (*/i=5-0, 10-0, 20-0) V 

0*281 

a r 

1 0-248,0-381,0-525 J 

K' 

... 0*74 

0*628 

a'V . 

w-iy 

... 0*7fi7 

0*847 

V . 


®'t 

b . . 

5-25 

5*84 

B l t 

... 1*10 

1*07 

T* . 


Pt 

... i*06f» 

1*052 

I) . 


* w-iy+ 

a' V . 

0146 

0*146 


t Showa by Grlauert in illustration. 


The above experimental values were obtained by Fage 
and Johansen from their experiments on a flat plate in 
a wind-channel, fourteen times the width of the plate. 
While these values in the cases cheeked by Glauert appear 
to provide good agreement, serious divergencies occur in 
other eases, notably in such fundamental values as the 
spacing of the vortices and the strength of the vorticity. 

Before drawing any hard and fast conclusions therefrom, 
it is necessary to consider more closely the possible accuracy 
of some of the'experimental values. A detailed examina¬ 
tion of the work of Fage and Johansen makes it certain that, 
their values of the drag coefficient lc D \ f the frequency of 
the vortices, and therefore the longitudinal spacing, are 
accurate. Difficulties however arise, as the experimenters 
themselves indicated, in connexion with the lateral spacing 
h' of the two rows, for this involves the specification of the 
centre of each moving vortex. For this purpose the experi¬ 
menters determined the positions of maximum and minimum 
velocity outside and inside the street respectively, taking a 
point midway between these positions as the centre. While 
the position of the maximum was very definite, the same 
could not be said for the position of the minimum, where 
a fair margin of error might result. This means that 
quantities in the above table, depending for their value 
directly on the lateral spacing, are subject to possible 
inaccuracy. One vital point, however, appears to be cer¬ 
tain—that Fage and Johansen *, working over a range of 
twenty diameters in the wake of the obstacle, find that the 

* Iloy. Soc. Proc. A, cxvi. p. 170 (1927). 
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K a rman ratio ^ specifying the spacing is, with one excep¬ 
tion, much greater than 0‘281; the difference is too great 
for this to be accounted for by an error in the measurement 
of h. Moreover, it cannot be traced to the image effect of 
the channel walls, for L. Iiosenhead *, who has given a 
complete investigation of the stability of the double row in 
the channel, finds that the stability ratio h/a is given by 

-=0-281-0-090 (<*/H)«, 

where 2H is the breadth of the channel, and in the presence 
of walls is therefore always less than 0*281. As long as the 
values of hja stand, viz. 0*248, 0*381, 0*525 at distances 
of 5, 10, and 20 diameters respectively behind the body, 
deductions as regards resistance drawn from an assumed 
constant arrangement specified by 0*281 can hardly be 
reliable* Between 5 and 20 diameters ike spacing ratio 
increases by over 100 per cent . 

These experimental results then, if they are to be accepted, 
seem to suggest that the vortex street does not in fact 
behave stably in the wake of a body in a channel, in spite 
of the mathematical theory. 

Tt becomes of some interest therefore to examine whether 
the assumptions made in establishing the stability of the 
vortex street in these circumstances are sufficiently valid 
for the purposes in hand. These assumptions are compara¬ 
tively simple, and may be detailed as follows :— 

(1) The viscosity of the fluid is presumed to be sufficient 
to allow of the origin of the vortex street, but not sufficient 
to effect any appreciable decay. 

(2) The vortices are presumed concentrated throughout 
the whole process as filaments, so that no spread under 
viscous action takes place* 

(3) The distribution of basic velocity, i e the flow upon 
wheh the vortex effect is superposed, is presumed constant 
across the channel. 

The experimental work of Fage and Johansen, and their 
efforts to determine the centres of the vortices by measuring 
their radii, are sufficient to show that the assumptions (1) 
and (2) are not realized in practice* Whether this is suffi¬ 
cient to invalidate the theory is a matter for examination. 

* Phil. Trans. A, ccxxriii. pp. 275-329. 
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Assumption (3), on the other hand, may bo seen almost 
from the beginning to involve a possible serious error. 
In a uniform channel in which there is no obstacle there 
is no doubt that over a wide portion of the section the mean 
velocity distribution is fairly constant, although it drops to 
zero at the walls; but it is not at all clear that when an 
obstacle is inserted the full distribution of velocity can 
everywhere in the wake be completely analysed into two 
simple constituents, viz.:— 

(a) A uniform distribution throughout, 

(b) That due to the idealized vortex street. 

The point has, apparently, not been dealt with by any of 
the writers on this subject. In a very wide channel, where 
the body is in motion along the axis, there appears no reason 
to suspect the contrary, and, in fact, Karman and others 
appear to have found his arrangement verified*. In the 
normal case of a wind-tunnel test, on the other hand, where 
the fluid moves past the stationary body at a speed corre¬ 
sponding to a Reynolds’ number well above the critical 
value for the channel, conditions are very different. Along 
the walls it is known that there develops a boundary layer 
whose depth increases down wind, and, if turbulent, may 
spread well into the centre of the channel. Although the 
walls, regarded as completely replaced by images, may have 
little direct influence on the arrangement of the vortices shed 
behind a body in such a channel, us Glauert an! Rosenhead 
have shown, the vortices themselves may have a considerable 
effect on the spreading boundary layer by drawing out the 
vorticity in that layer until it intermingles with that concen¬ 
trated in the individual eddies that have sprung from the 
edge of the body. Thus the eddies of positive sign shed 
from one edge of the body may be expected to be swept 
along in a milieu of negative vorticity drawn from the 
boundary layer, and the negative eddies from the opposite 
edge in one of positive vorticity. Such a state of affairs 
may make a considerable difference to the conclusion as 
regards stability, since the vortices would be in motion in 
a field in which a velocity gradient, existed. From the 
experimental work of Fage and Johansen f it is, in fact, 
quite simple to examine whether such a basic velocity 
gradient actually exists. 

* It is to be expected nevertheless that the Kantian spacing would 
be a function of Reynolds’s number, bnt this does not appear to have 
been examined experimentally, 
t Faze and Johansen, p. 194. 
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In fig. 1, Curve I.* is the mean velocity at various points 
across a section of the channel in the rear of a fiat plate 
at a down-stream distance of ten breadths of the plate. 
Curve IL, obtained from Curve I. by graphical differen¬ 
tiation, and verified by integration back to it, gives the 
vorticity across the same section. It will be seen that ih» 


Fig. 1. 



general shape is similar to that of a skew frequency curve. 
According to Fuge and Johansen the centre of the vortex 
is situated at Y/fc=l*0, and its inner and outer boundaries 
lie at Y/6=0 and Y/b—2'0. 

The validity of the assumption that the whole vortex 
may be regarded as concentrated at one position (Y/&=1'0) 


• Loc. cit. p. 188. 
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becomes doubtful if the spread and asymmetry of this curve 
are noted. This distribution of vorticity and the corre¬ 
sponding distribution on the other half of the channel will 
correspond to an equivalent gradient in velocity. We have 
to examine whether this can be wholly accounted for by the 
individually concentrated vortices assumed in the simplified 
analysis. It may be remarked that the total vorticity as 
determined from this curve amounts to 0 32, whereas the 
strength adopted for the concentrated vortices was 0'74, 
indicating a strong basic field of negative vorticity. 

Since it is the mean velocity which is measured experi¬ 
mentally at points in a wind-channel, let us seek in the first 
place the mean distribution, across the channel, of the 



velocity due to a street of eddies of finite circular areas 
with constant vorticity a>. Fage and Johansen have found 
that the diameter of these eddies is approximately equal to 
the width of the street. At a distance of ten diameters 
down-stream neighbouring vortices appear to be at least 
three diameters apart; but it is clear that since the diameter 
(as seen in fig. 1, Curve II.) is not very clearly defined, the 
effect of neighbouring vortices on each other’s sectional 
shape will not be as pronounced as if they were entirely 
confined to the circular regions here assumed. At any rate, 
we shall assume as a rough approximation that they can 
move forward as a system without change of shape. 

In fig. 2, CD represents a period lengthwise along the 
channel. From symmetry the flew across AC and BD is 
everywhere at right angles to these lines. If A„B„ does 
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not intersect an eddy, then, taking the circulation round 
A„B fl DCA„, we have 

IfA.B’DCA,)^ 

l *^"’ J n dx— J udx, 

od 

01 t(n M{/jp 

where 7ir n and are respectively the mean velocities along 
A*B n and the sides of the channel. 

Thus the mean horizontal velocity at all points outside the 
street due to the vortex system is constant, and equal to that 
at fhe channel wall. We shall see in a moment that, in fact, 
this is zero. 

Again, 

I(ABDCA) = —K= —7n*(o 

where K is the total vorticitv in the eddv. 

* * 

J n dx— | tfdkrss— K, 

AB CD 

t. e., ?/ t /l.as—K/tf, 

where */,. is the mean velocity along the centre of the 
channel. 

Now it is easily demonstrated that the mean hack flow 
along the centre of the channel is K/«, /. 

—Ka. 

Hence also 3=^=0. 

Thus the mean effect on the fluid outside the street is zero, 
while between the rows the vortices continue to pump the 
fluid back towards the obstacle. We note incidentally that 
the mean slip due to the vortices cf the fluid at the boundary 
is zero. 

Considering a circuit such as (A^DCA*) we find imme¬ 
diately 

ua = *—(Area of circle enclosed in the circuit) xa> 

o 2 /A/2—y\ 

7rr~r cos I — • J 
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At points removed from the street the circular vortices ar# 
equivalent to line vortices of strength K where 

K — tom-, 


«=■ 


Kf 

- < IT —COS 

ira t 




This is the expression for the mean down-stream velocity 
due to the street, and holds for positive values of y between 

2 —r and A. Fage and Johansen found experimentally that 

the diameter of the vortices was approximately equal to the 
distance between the rows, i. e 


_* 

r 2 ‘ 

In this case, if Y —y/h, 

«=- — {tt— cos -1 (l—2Y) + (1 —2Y) Vl — (1 — 2Y)*}, 

7ra 

when 0 < Y < 1, 

H 

and i*=0, when 1<Y< 

In 


At a distance of ten breadths behind the plate the following 
experimental values were obtained : 


^=°- 74 - 



where b = breadth of the plate, and 

V = undisturbed velocity at a distance in front of 
the plate. 

Substituting these values in the above formula; for the 
mean velocity distribution, this can be plotted across 
the channel. Subtracting this from the experimentally 
determined mean velocity distribution, we obtain the basic 
flow which is given by fig. 1, Curve III. This curve 
indicates that there is a distinct gradient of velocity over 
the region where the vortex trail exists, and this must be 
assumed to arise from that vorticity which exists in the 
fluid and has not been accounted for in the concentrated 
vortices of the Karman street. Where the centres of tho 
vortex exist this basic velocity (fig. 1, Curve III.) would 
appear to have a gradient of approximately —0'3, 
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The stability analysis must therefore be considered 4e novo 
without the assumption made by Glauert and others that 
there is a uniform distribution of velocity across a section. 
It will, in point of fact, be seen that with a basic distri¬ 
bution of the type we have derived from the analysis of the 
experimental results of Fage and Johansen the system is 
no longer stable. 

Another point to be noticed is that the assumption that 
the vortices are circular eddies of constant velocity is by 
no means necessary in determining the basic flow, but was 
adopted here by reason of its simplicity. Any type of vortex 
could have been similarly dealt with, and so long as its area 
was such that it did not extend for any considerable distance 
over the centre of the channel the gradient in velocity would 
not be affected to any material extent. In any case which 
is at all consistent with the experimental results this gradient 
will be negative, and will persist of the same magnitude for a 
great distance down the channel, though ultimately damped 
out hy the viscous action. 

Returning to the stability investigation of a vortex street 
in a hounded fluid, we consider only that case which arises 
in practice, ?\ e., the case when the street is confined to the 
more central portions of the channel. Under these circum¬ 
stances the effect of the images on the arrangement has been 
shown by Glauert and Rosen head to be negligible, and the 
following discussion will therefore deal only with the effect 
of the basic velocity in the channel upon the stability of the 
vortex street. 

Take the axis of X down channel and the axis of Y in 
the plane of the motion at right angles to this. Assume 
that the basic velocity is steady and is given by 

•M*Vfl/{y/H). 

The vortices are presumed to be moving down-stream in 
parallel rows situated along the lines 4; /*/2. Then the 
fluid along these lines will be moving with velocity 

'-Mm) ■ 

due to the basic flow, and the vortices will be travelling 
down»stream with velocity 



where u Q = velocity due to the mutual interaction of the 
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vortices, which is dependent upon their individual strength 
and the dimensions of the street. 

If a vortex in the upper row receives a displacement /8 in 
the y direction, its velocity due to the general motion in the 
channel will be 


+s ““ v 



to first order in /S. 

The equations of motion of the displaced system of 
vortices, as found by Karman *, are : 


where 


2 ira? da _ 

IT" dt ~ 

2m ar d/3 _ 
K Jt ~ 


It 

— A/8—B«'—0/8', 

-A*-(!a' + B8', 




9 

7T 

cosh 2 kir * 


B= pure imaginary 0< $ <27 t, &ss/i/a, 

^ 7T* cosh kj> TTtf) cosh k(TT — < f)) 

cosh* kir cosh kir 


Following the usual method we see that, when a basic 
velocity distribution is taken into account, to the first of the 
above equations of motion, a term, 


V ,/ h \ 

"" K H*' V2Hj p ’ 

must be added, due to the basic flow. This is negative, 
because the velocity producing the vortices is in the opposite 
dot 

direction to Thus the equations of motion of the system 
in a bounded fluid, neglecting the image effects, become 


2’ira 2 da __ 

Kdi~ 


—A/8 - B*'—C/8' 


2m t 2 V ,, 
K H / 



2wa 2 dB 
~KT dt 


= —A«—C*'+ B/8\ 


For convenience, write 



2tto 2 V 
K IV 


and 



* cit. 
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Hence 6 2 is a positive non-dimensional quantity, and is 

h H 

the gradient of velocity across the lines Y = + - . 

£* 

The previous equations can now be written 
¥ dt 

2p!^ == _A*-.C* , + B y 8 / . 

K at 

These have two types of solution : 

(i.) «««', 0=-/3', 

(ii.) «=—«', &=&', 

and exponentials (** are involved, the corresponding values 
of X being 

"K * X i=- B ± v/ .(A + 0)(A-C4- 0 2 S), 

B ± v 7 (X^C)'( aTcT^S). 

The coefficient B being purely imaginary, it follows that 
for stability both quantities under the root sign must be 
negative, i. e., 

(A+C)(A—C+0*S) 25 0, 

0 <^<2 t r 

(A-O)(A + C+0*8) :?0. 

These are the conditions for stability, and are analogous to 
Karman’s single condition 

A 3 -C 2 <0, 0«f><2ir. 

N.UV, when <f> is small, 

X— J. v ‘ 

• cosh* ktr * 

^ ~ 7r ^ > cosir' for * 

Hence the condition 



becomes 
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Bat since S, the measure of the basic velocity gradient, is 
negative, the condition for stability is violated. It appears 
therefore that when the velocity gradient is negative there 
is no stable arrangement of the vortex street in the region 
remote from the walls. It may be remarked, however, that 
if the vortex street were wide enough, the effect of the 
images on the motion arising from any displacement of 
the original system would be, in a sense, contrary to that 
■of the velocity gradient. Thus a possible stable arrange¬ 
ment may exist in which h is only slightly less than H, 
but this does not correspond to the practical case. 

The instability of the vortex street in a channel in which 
the fluid is in motion past a fixed obstacle is, in fact, borne 
ont by the measurements of Fage and Johansen, who at 
5, 10, and 20 diameters behind the obstacle find spacing 
ratios hja of 0*248, 0*381, 0*325, indicating a systematic 
spread of the vortex street. 

In the light of the foregoing discussion it appears clear 
that the theoretical results obtained by Glauert and others 
-on the assumption that the Karman arrangement is main¬ 
tained stably and unimpaired in a flowing channel .do not 
possess a valid physical basis. 

The experiments of Karman and Knbaeb, on the other 
hand, were concerned with the motion of a body along a 
channel in which the fluid was at rest. In these, of course, 
the calculated arrangement was substantially verified at the 
particular value of Reynolds’s number for their experiments. 


XLV. On the Damping of a Pendulum by Viscous Media 
(Aniline). By F. E. Hoare, M.Sc., A.R.C.S* 


Introduction. 


JN a former paper f the equation 
v. * I 

r*p 


log 


«i 


was deduced to represent the damping of the oscillation 
of a simple pendulum when the bob was immersed in water 


* Communicated by Prof. t\ H. Newman, D.Sc. 
t PbiL Mag. ser. 7, viii. p. 899. 
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where the notation is as previously. The extent to which 
tins equation is theoretically justified is difficult to estimate, 
hut it represents the experimentally observed facts with a 
fair degree of accuracy, giving mean values for the viscosity 
9 within a few per cent, of the correct value when the 
constants E t and K 2 have been found from the results 
obtained with one pendulum, and these values then used 
in conjunction with the results from other pendulums. 
It was suggested * that the physical meaning of and K 2 
might be found from further experiments, using different 
liquids, and with that objective in view the following 
experiments have been made. 

Experimental. 

The experimental procedure followed was the same as 
that formerly employed. Three spheres, H in., If in., and 
2 in. diameter, suspended by fine wires, were allowed to 
oscillate in aniline (kindly loaned by Messrs. Baird and 
Tatlock, London), this liquid being chosen as it has a 
comparatively high viscosity and can be obtained in a 
fairly pure condition. Each pendulum was allowed to 
oscillate first with a short period and then with a long 
period, the amplitude being observed after a few swings 
had been made (a 0 ) and then again after ten complete 
vibrations (a^) for each value of the period. The method 
employed in reading the amplitudes with a telescope having 
proved very satisfactory in the previous experiments, it 
was again used in the present work. 

Unfortimately, it was impossible to use such large 
quantities of aniline as of water, and consequently a much 
smaller containing vessel was used. The dimensions of 
this were 9 inches deep and 7 inches in diameter, the aniline 
nearly filling the vessel. These dimensions may be 
sufficiently small to necessitate a correction for enclosed 
space such as has been deduced by Stokes f; as, however, 
the correction of Stokes is obtained from the theory which 
starts from the assumption that the decay of amplitude 
is proportional to the velocity, and this assumption has 
been shown to be erroneous by the previous experiments, 
it was considered that there would be little justification 
in employing such a correction. 

* Lot. at. 

t Stokes, Camb. Phil. Soc. ix. p. H. 
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At the conclusion of the experiments the viscosity of the 
aniline was determined by the flow-tube, method using the 
Poiseuille formula. The result was in very good agreement 
with the value generally accepted *, and from this and a 
determination of the density at 11-3° C. it was concluded 
that the aniline was sufficiently pure to give results which 
should agree with the values already mentioned. 

Results, 

The method of testing the application of the equation 
is the same as in the previous work. Any two results 
were selected, actually in this case being the first observed 
result for the 2 in. sphere when vibrating with a long and 
short period, and these were used to calculate the values 
of K x and K 2 by substituting the correct values for ?? and 
the observed values of a 0 and a v Using these values for 
K x and K 2 , the value of v for each of the results obtained 
with the different spheres was computed. 

The values of the constants thus obtained are 

K x =5-81, 

K s =6-41, 

the amplitude being measured in cms. 

The density as determined at 11-3° C. was l-Qz, grs. 
per c.c., and this value has been used throughout in the 
calculations. 

The following table gives the mean value of the viscosity 
as determined, using the different spheres:— 


Sphere. 

T,secs. 

Number of 
Observa¬ 
tions. 

Temp. ° C. 

Mean value 
for rj e,g.s. 

True value 
for n c.g.s. 

Ifin. 

2*56 

6 

14° C. 

•0558 

*0551 

li .. 

3*64 

6 

104° C. 

•0604 

*0637 

If .. 

2*558 

6 

12-9° C. 

0585 

*0575 

If . . 

3*656 

6 

10-8° C. 

•0600 

•0627 

2 99 . 

2*57 

6 

12-7°C. 

•0624 

•0581 

2 *. 

3*644 

6 

10-2° C. 

*0637 

*0645 


* Kaye and Laby, ‘ Physical and Chemical Constants,’ p. SO. 
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The values in the last column are obtained by inter¬ 
polation from the values in Kaye and Laby’s book of 
Constants. 

Discussion of Results. 

Prom these results it will be seen that in the case of each 
sphere the short-period observations give values for the 
viscosity which are too high, and the long-period observa¬ 
tions values which are too low. This systematic variation 
from the true result can, perhaps, be attributed to three 
causes. The first and most obvious is some defect in the 
proposed equation which was not apparent when dealing 
with water. The second cause may be that aniline is 
hygroscopic and that during the course of the experiments 
the viscosity gradually decreased. As all the short-period 
results were taken first this would account in part for the 
systematic error, but it would probably be of a smaller 
magnitude than that indicated. Lastly, there is the 
neglect of any correction for the enclosed space, and this 
might be some function of the time of swing. 

The values of the constants K x and K a obtained in the 
case of water and in the case of aniline do not suggest any 
-simple relation connecting them with other properties of the 
liquid which might have been expected, and until the 
mathematical theory is rigorously developed to take into 
account the term which represents the damping due to the 
square of the velocity more experimental work will be of 
little use. 


.XLVI. Positive and Negative Photophoresis of Colloidal 
Particles in Aqueous Solutions. By Wilfred W. 
Barkas. M.Sc* 

I N a previous paper (Phil. Mag. vol. ii. pp. 1019- 
26, 1926) experiments are described which seem to 
show the phenomemon of photophoresis in aqueous 
solutions. If suspensions of copper, silver, gold, or 
gamboge, set up in a rectangular glass cell (some 10 cm. 
square and 1 cm. thick) are allowed to settle in the dark for 

* Communicated by Prof. A. W. Porter, F.R.S. 

Phil. May. S. 7. Vol. 9. No. 57. March 1930. 2 L 
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several hours, the falling particles (if of sufficient size to 
settle out) form a horizontal cloud surface some few 
millim etres below the surface of the liquid. When the 
cell is illuminated through one of its edges and viewed 
through the flat faces, it is found after a time that the 
cloud surface is no longer horizontal, the particles 
appearing to drift towards the source of light and to 
heap themselves up on the light side of the cell. The 
cloud surface takes up a characteristic formation, while the 
boundary to the cloud in the suspending medium becomes 
very sharply defined. 

The present paper divides itself into two sections; the 
first deals with further experiments similar to those 
described in the former paper with modifications of the 
apparatus, the second with observations made on separate 
particles in the ultramicroscope. 

I. Cloud-drift Experiments. 

The glass cell chosen was smaller than before, being 
about 4 cm. square and 0- 8 cm. in thickness. The top of 
the cell was closed by means of a glass plate, held in place 
by a tightly-fitting cap of celluloid, enabling the cell to be 
totally immersed in a thermostat tank. The tank was of 
plate glass about 20x6 cm. and 16 cm. deep. The cell 
was placed cross-wise in the tank so that it could be 
illuminated through only 1 cm. of water, and viewed from 
one end of the tank. Instead of a lamp heater, a coil of 
resistance wire (immersed in a thin test-tube full of 
paraffin oil) was used, and the control and stirrer were 
designed so as not to obstruct the view of the cell. It 
was found that the temperature could be kept constant 
to 0-3° C. in the neighbourhood of 18° to 25° C. The whole 
tank was placed in a light-tight box about 25 cm. cube 
made with square openings in its four faces into which 
could be fitted opaque stops to control the illumination 
of the cell. The stirrer and control leads entered through 
a hole in the lid of the box, the stirrer not being connected 
with the table in any way, so that vibrations of the motor 
were avoided. 

The source of illumination was, as before, a pointolite 
placed about one metre away, the beam being focussed 
(after passing through a thick cooling cell) by means of an 
achromatic lens. This part of the apparatus was mounted 
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so that it could be easily moved from one side of the tank 
to the other. 

With these precautions it was considered that extraneous 
disturbances such as temperature changes and vibrations 
would be eliminated. Under these conditions the former 
experiments on suspensions of gold, silver, and gamboge 
were repeated with results identical with those described 
before. 

The following tests were made to determine if the effect 
was due to convection currents in the liquid. 

(A) Removing the cooling cell and concentrating the 
beam of light into the body of the suspension usually set 
up true convection currents. These always took up a 
spiral formation, there being usually more than one centre 
of convection. The cloud, which was previously horizontal, 
became churned up and very irregular in optical density. 
The final condition of the suspension was one of complete 
mixing, i. e. there was no tendency, once convection had 
occurred, for the cloud to take up the stable and charac¬ 
teristic form described before. 

(B) A test was made on a cloud of true solution. The 
cell was filled with water and a few crystals of potassium 
permanganate were dropped into it. This was set up in 
the thermostat and allowed to stand until the perman¬ 
ganate solution'had diffused up as a horizontal cloud of 
decreasing density but of fairly sharp upper boundary. 
On illuminating the cell in the usual way .no sign of move¬ 
ment of the cloud could be observed after two hours’ 
exposure. On removing the cooling cell and concentrating 
the beam, convection currents were observed as described 
in the previous section. 

(C) On varying the thickness of the cooling cell, no 
change in the speed of cloud formation could be observed 
unless true convection currents occurred. 

Further, it should be noticed that the phenomenon was 
first observed in the case of a suspension set up in a room 
containing several windows which were illuminated in 
turn in the course of the day. The cloud always followed 
tire brightest window, though no sunlight fell on the cell 
itself at any time. It seems unlikely that there could be 
sufficient temperature gradient across the cell, in this case, 
to affect the particles. 


2 L 2 



508 


Mr. W. W. Barkas on 


: It would seem therefore, from the results of the above 
teste, that convection is not the primary cause of the 
phenomenon. 

Intensity of Illumination . 

On reducing the intensity of the light on the cell, a point 
is reached where no photophoresis occurs, even after 
prolonged exposure. At this stage the photophoretic 
effect is completely masked by the brownian diffusion of 
the particles. It is this diffusion which causes the cloud 
to reassume its former horizontal form after the light has 
been extinguished. 

Colour of Illumination. 

No very satisfactory results could be obtained for the 
drifting of particles under monochromatic illumination, 
•either bv the use of filters or by selecting a band of wave¬ 
lengths from the spectrum. Presumably the intensity of 
such a selected beam was not sufficient to overcome the 
diffusion of the particles. In one instance, however, with 
a purple gold sol, very slow cloud-drift was obtained*with 
both red and green filters, the direction being negative 
on Ehrenhaft’s convention in each case The filters were 
judged (visually) to be of approximately equal optical 
•density. Thinner filters produced more rapid cloud 
formation. 

Ultra-violet light from a mercury arc was also used. No 
•definite results could be obtained, however, even when the 
cell was removed from the thermostat tank to avoid 
absorption by the water. Since photophoresis occurs 
under X-ray illumination, we may suppose that an 
insufficient intensity of light was the cause of the null 
results. 

It is hoped to undertake further work in this connexion. 

Positive Photophoresis in Liquids. 

In the sols so far tried, namely gold, silver, copper, and 
gamboge, the photophoresis is in each case negative, i.e. 
■tiie motion is towards the source of light. It was found, 
^however, that an oil suspension (prepared by stirring a 
solution of paraffin oil in alcohol into a large volume of 

* Fkyt. Zeitt. xviii. pp. 362-368 (1917); Ann. d. Mm. no. 10, pp. 81 - 
132(1918). 



Photophoresis of Colloidal Particles. 50^- 

water) showed equally marked positive photophoresis, the 
cloud drifting away from the source of light. This is the 
only instance so far observed of positive photophoresis in 
aqueous suspensions. The oil particles being lighter than 
water, rise upwards from the bottom of the cell and, on 
illumination, move over to the top corner'away from the 
source of light. Owing to the white colour of the suspen¬ 
sion it is not possible to photograph the cloud, but the 
formation is exactly similar to the case of negative drift 
reversed, of course, in direction (fig. 1). 

II. Microscopic Observations. 

In order to observe the drift in separate particles, a 
modification of the Zsigmondy ultramicroscope was first 
used (fig. 2). Light from the slit was concentrated through 
the second lens, in the usual way, and reflected down 


Kg. 1. 




Cloud fnrin-ilicm :ifti*r action of light. 


vertically into a low-power condensing objective (0) which 
brought the light to a focus some 3 cm. distant from 
the front face. On the front lens was fixed a small 
silvered right-angled prism which turned the light-beam 
horizontal. The objective and the prism could be rotated 
through 1 SO 0 about a vertical axis, thus sending the beam 
either right or left as desired. The cell (C) was a one-piece 
glass trough 1 cm. in length with optical glass ends. This 
was placed vertically below 0 and was illuminated by means 
of the two prisms (P a and P 2 ) placed one on each side of 
(\ as shown in fig. 2. The cell was viewed through the 
microscope placed with its axis horizontal, the focus 
of the light being coincident with the axis of the micro¬ 
scope. (The microscope objective is indicated by a dotted 
circle in the figure.) The prisms P 8 and P 3 ' were mounted 
on the stage of the microscope, whose usual adjustments 
allowed for the necessary centring of the light-beam, while 
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the cell was mounted on a bracket passing back through 
the centre of the stage and connected to the condenser 
mount of the substage. By these means it was possible 
to change the direction of the light by a simple rotation 
of the objective “ 0 ” through 180°, no re-focussing being 
necessary. The whole of this portion of the apparatus was 
heavily lagged with cotton-wool to shield it from external 
temperature changes. 

The eyepiece contained a squared graticule placed so 
that one set of lines was parallel to the light-beam. 


1 % ± 



First method of illumination. 


The suspensions used were of the same materials as 
before, but were not identical with the former ones, for the 
following reasonsFirst, the concentrations suitable 
for viewing in the ultramicroscope were necessarily much 
lower than those used in section I. As a result the solution 
was not sufficiently concentrated for the cloud to be seen 
with the naked eye, and hence no estimate could be made 
of the distance below the free cloud surface at which the 
observations were made. Secondly, owing to the some¬ 
what delicate adjustments required for setting up a 
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solution for viewing, it was not practicable to use a sus¬ 
pension which settled out under gravity. Hence only 
such suspensions were used as remained indefinitely in 
suspension, or whose rates of sedimentation were extremely 
slow. In the case of the large-scale experiments, it was - 
found that no free cloud surface was formed on illuminating 
a suspension of non-settling particles. This does not 
mean, however, that no motion of the particles would take 
place along the path of a restricted beam of light, as an 
equal and opposite motion would be possible, by diffusion, 
in the un-illuminated parts of the cell, tending to equalize 
the distribution throughout the solution. In Hie micro¬ 
scope the illumination is restricted to a narrow beam in 
the centre of the cell, so that the motion, if observed, 
would be due to the action of the light, as the back diffusion 
would take place outside the field of view. 

Owing to the rapid brownian movement of the particles, 
no general drift can be observed in the microscope, and it 
becomes necessary to follow a large number of particles 
and average the results. 

The first method adopted was to observe the time taken 
by any particle to move one square up or down the light- 
beam. The light was changed in direction after every 
three or four observations to avoid any tendency to static 
equilibrium of the cloud under the action of the light. 

Preliminary tests on silver particles gave, in general, a 
larger number going upstream (negative photophoresis) 
than in the opposite direction, while the average velocity 
of both groups of particles was very nearly equal. In 
quantitative measurements the following results may be 
cited as typical:— 


Table I. 


Sol. 

Xo. of part iules 
moving one square. 

r vc. : —ve. 

Velocity in 
cm.;*ec. \ 10 4 . 

4-ve. —ve. 

Ratio 

of 

numbers. 

Ratio 

of 

velocities. 

i 

Cioki. 

12+ 

148 ; 

1-20 1-41 

119-ve 

112— v* i 

Paraffin oil .. 

42 

! 30 

3-fJ 3-52 

1-07-j-ve 

1-11+ve i 

I 

_ 

: 

i 


. 

.t 


In many cases, however, the ratio of the numbers and 
the velocities were not both of a sign corresponding to 
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the large-scale experiments, and it soon became apparent 
that there were several disadvantages in this method of 
measurement. These were:—(1) The average velocity 
of the cloud as a whole, apart from the brownian motion, 
could not be calculated because, unless the time of observa¬ 
tion is the same for all particles, the probable distance 
moved under the molecular bombardment alone will not 
be the same for all particles. (2) There is no direct means 
of obtaining a measure of the radius of the particles 
observed. (3) The time taken for a particle to cross one 
square in the eyepiece is, in some cases, several minutes, 
which makes the observation of large numbers of particles 
very tedious. Larger magnifications could not con¬ 
veniently be used. Finally (4), owing to the size of the 
cell required for transverse illumination, the possibility of 
small convection currents could not be overlooked. 

For these reasons the method of observation was changed, 
and at the same time the apparatus was modified to the 
use of a Zeiss dark-ground cardioid condenser, the micro¬ 
scope this time being vertical. 

The light from the arc was rendered accurately parallel 
by means of the usual two bench lenses of the ultramicro¬ 
scope. It issued as a horizontal beam of about 1-5 cm. 
diameter, and was reflected through a right angle on to the 
underside of the cardioid (fig. 3). giving the usual dark- 
ground illumination in a cell (C) al>out 0-2 mm. deep 
placed on the microscope stage. The walls of this cell 
were made of strips of cover-slip mounted on the slide 
in the form of a square about 1 cm. side. These were 
smeared with vaseline and the cell filled with the solution. 
It was sealed by a full-sized cover-slip pressed down lightly 
from above to remove the excess liquid. The horizontal 
position of the cell and its extreme thinness assured a 
minimum of convection currents in the liquid. 

Since the cardioid condenser gives a flat cone of 
illumination, a particle, viewed along the axis of the cone, 
is equally illuminated on all sides. In order to introduce 
unidirectional illumination, a circular diaphragm (D) 
having a single radial slit (S) about 1 mm. wide was placed 
in the position of the usual iris diaphragm, under the 
cardioid, on the substage of the microscope. When in 
position, a small segment only of the annular aperture of 
the cardoid was illuminated, and, by rotating the stop, the 
ray could be made to enter the cell from any desired 



Photophoresis of Colloidal Particles. SIS 

direction, the substage could be swung out when full 
illumination was desired. 

The ray actually enters the cell at an angle of 40° to the 
horizontal, but, by racking the microscope, any portion of 
the ray in the field of view could be brought into focus. 

All observations were made at a height of 0-1 mm. above 
the bottom of the cell, or, more accurately, each observation 
was begun at this point, though the subsequent movement 
of the particle necessitated constant focussing. In order 
to ensure that the apex of the light-cone should be at 
this point, it was necessary to be able to rack the cardioid 
slightly without breaking the film of immersion oil between 


I<V- 3- 


l 





: 


Second method of illumination. Croftt-section of cardioid condenser 
with stop for unidirectional iliumination. 


it and the slide. As the usual cedar-wood oil becomes very 
viscous on prolonged exposure, it was replaced in these 
experiments by santal oil (index of refraction 1-506), 
which was found to remain mobile indefinitelv. 

A 30° thermometer was mounted -with its bulb as near 
as possible to the cell, and the whole lagged round with 
cotton-wool. 

In order to facilitate timing, a small square of glass 
was mounted on the top lens of the eyepiece at 45° 
to the axis, while the stop-watch was placed some 
50 cm. away in such a position that it could be seen as a 
faint “ Pepper’s Ghost ” superimposed on the image of the 
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particles. The light falling on the watch could be 
controlled. 

A Zeiss 40 objective and a xl2 eyepiece were used, 
one side of the eyepiece squares being equivalent to 
8'33 x 10” 4 cm., the microscope tube being considerably 
extended to facilitate viewing. 

With this apparatus a particle could be viewed for any 
desired time. Hie time chosen throughout the experi¬ 
ments was half a minute. Focussing the microscope to 
0-1 mm. above the bottom of the cell, the stop-watch was 
started at an instant when any particle happened to be 
under a cross in the eyepiece, and at the end of half a 
minute its position relative to the cross in question was 
recorded on squared paper. The direction of the light was 
reversed after every three or four observations, separate 
records being taken of the movements of particles under 
these two directions of illumination. The X axis was taken 
parallel to the light-beam, the positive direction being that 
of the light. 

From these records the following calculations were 
made:— 


Radius of the Particles. 

The radius (a) of a particle moving under molecular 
bombardment is connected with the average square of the 
distance moved S 2 in time t secs, by the equation of 
Einstein and Smoluchowski: 

U1V 

a =-, 

3wSi|S 9 

where rj =the viscosity of the suspending medium, T —the 
absolute temperature, while N and R have their usual 
significance. 

In the case of full illumination, the displacements may 
be taken parallel to any coordinates. In the case of uni¬ 
directional illumination, the displacements at right angles 
to the light-beam only were taken (Y 2 ). 

Cloud Velocity. 

Neglecting for the moment the brownian movement and 
any possible drifting of the solution as a whole, due to 
convection currents, we take the displacements parallel 
to the light-beam, making the sign of the displacement 
correspond to the direction of the light. 
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Suppose n + particles move, in the positive direction, an 
average distance x + , and n_ particles move, in the nega¬ 
tive direction, an average distance x_, then the distance 
moved by the cloud of particles as a whole will be given 
by the displacement of an imaginary partition in the cloud 
which moves such that the average concentration of 
particles either side of it remains equal. If we take X to 
be this displacement, we have that 

n+( .c + — X) = /<_ (.(/■_ + X). 

Since X is the distance moved in t secs., the velocity of 
the cloud, V r , relative to the light is given by Y x —X/t. 

(Since the motion perpendicular to the light-beam is 
supposed to be independent of the light, we need only 
consider the linear distribution of the particles along the 
X axis.) 

The brownian motion of the particles, being independent 
of the light, should, on the average, give no displacement of 
the cloud as a whole, while any convection drift should be 
eliminated, provided an equal number of observations are 
made for each direction of the light. No static equilibrium 
of the cloud is to be expected when the direction of the 
light is constantly changed. We may, however, calculate 
the velocity of the cloud, parallel to the coordinate axes, 
due to accidental convection currents, by use of the above 
analysis, provided we take the sign of the displacements 
relative to the cell and not relative to the direction of the 
light. These results are also entered in Table II. It will 
be seen that these velocities are in every case very much 
less than the photophoretic velocity, except in the case 
of paraffin oil, where it is about one-half. 

Force acting on the Particles. 

Since the force (F) required to impart a velocity (v) 
-on a particle of radius (a) moving in a fluid of viscosity (>?) 
is given by 

F =(W r] at-, 

we may obtain this force from the calculated values of 

a M and V as given above, or directly from the observa¬ 
tions of Y and X giving 

2 KTX 
NY 2 ’ 

which is independent of the viscosity of the liquid* 



516 


Mr. W. W. Barkas on 

Since, however, the light-beam enters the cell at an 
angle of 40° to the focal plane of the microscope, the 
values of the force giveir above must be multiplied by 
secant 40° (1-307) to give the force acting along the light- 
beam necessary to produce the observed velocity in the 
focal plane. 


Pressure acting. 

Assuming that the force acts parallel to the light-beam, 
we may obtain the pressure acting as 

1* = F/irti*. 

In terms of the actual observations made, this is 
P=6 t)v/a, or 

p _ IStt.NV X Y 2 
1 “ liT ' t \,t ’ 

P being proportional to rj-, any error in the measurement 
of the temperature will cause a large error in the value of 
the pressure. 


RESULTS. 

The results are tabulated in Table II. 

Columns 3 and 4 give the number of particles observed 
and their average velocities in positive and negative 
directions. The velocities are given in squares per half 
minute. 

Column 5 gives the velocities of the cloud in cm./sec. x' 
10®, the sign being relative to the direction of the light. 

Columns 6 and 7 give the velocities of the cloud along the 
X and Y axes respectively in cm./sec. x 10® relative to the 
cell and independent of the direction of the light. These 
are the convection velocities. 

Column 8 gives the mean square of the displacements 
in half a minute (in terms of the eyepiece scale) perpendi¬ 
cular to the light. 

Column 9 shows the average value of the radius of the 
particles (in cm. x 10 s ) calculated from these displacements 
or by other means. 

Columns 10 and 11 give the force (in dynes xl0 u ) and 
the pressure respectively. 

In the first experiments A, B, and C the method of 
recording did not permit of obtaining the convection*- 
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current velocities. This was remedied in the later 
experiments. 

Expt. E .—A centrifuged suspension of gamboge was used 
and the values of the radius compared. From the 
centrifuge the radius should be in the neighbourhood of 
2-64 xlO -6 cm. 

Expt. F .—Two samples of the same suspension. The 
results show the positive photophoresis in paraffin oil. 

These results all confirm the indications given in the 
large-scale experiments in section I. and in the previous 
paper*, and show that, on the average, migration of 
the particles does in fact take place under the action of 
the light. The actual velocities of the cloud appear, 
however, to be much less than those calculated in the 
previous paper. On the other hand, the velocity of cloud- 
drift, in the large-scale experiments calculated from the 
motion of the upper surface of the cloud, is a maximum 
value, and must vary from this value near the surface of 
the cloud down to zero for points near the bottom of the 
cell. 

Comparing these results with those found by Ehrenhaft 
for photophoresis in gases, we see that in the case of gold 
and silver the motion in water is opposite to that in air. 
In a particular case among his results f silver particles of 
radius 1-36 x 10~ 5 cm. are used, and these are sufficiently 
close to those given in Expt. B above to afford a com¬ 
parison. Owing to the different viscosities of nitrogen 
and water, we should not expect the same velocities in the 
two cases, but for the forces acting we have:— 


Silver particles. 

Radius. 

Force. 


In nitrogen (Ehrenhaft). 

In water (Barkas). 

.... 1*39x10— 5 cm. 

.... 1*34x10“ 5 cm. 

10-83x10- 11 

2*09x10- 11 

dyne* 

dyne. 


Making allowances for the smaller intensity of illumina¬ 
tion from the cardioid condenser as compared with that of 
the true ultramicroscope as used by Ehrenhaft, we may 
say that the forces involved in the two cases are of the 
same order of magnitude, though of opposite sign. 

* Loc. cit. 

t Phys. Zeits, xviii, p. 353 (1917). 
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The aim of the present paper, however, is principally to 
show that both positive and negative photophoresis occur 
in liquids, and to support the view that the observed 
motions are not due to convection currents in the sus¬ 
pending liquid as a whole. The number of particles 
observed in the experiments of section II. is not sufficient 
to yield very accurate quantitative values of the radius of 
the particles, but even on this number the direction of the 
cloud-drift is quite definite. 

My thanks are due to Professor A. W. Porter, F.R.S., 
and to Professor E. N. da C. Andrade, D.Sc., for their 
assistance in connexion with the above work. 

Carey Foster Laboratories, 

University of London. 

University College. 

Nov. 1929. 


XLVIl .—The Bund Spectra of Cadmium and Bismuth. By 
S. Babratt and A. R. Boxar. Department of Chemistry, 
University College. London *. 

T HE difficulties often encountered in discovering the 
nature of the molecule responsible for a new band 
spectrum are well evidenced by the frequent controversies 
to be found in spectroscopic literature over problems of 
this type. To the list of spectra of elusive origin must 
certainly be added the absorption-band spectra which are 
developed in the vapour of cadmium metal when the 
specimen is of the usual grade of purity. These bands, 
which have several times been employed in the calculation 
of the heat of formation of the cadmium molecule, etc., 
were first described by Mohler and Moore (J. Opt. Soc. 
Amer. xv, p. 74, 1927), who distinguished several band 
groups in the spectrum, and attributed them all (with a 
reservation in respect of two) to a cadmium molecule of 
the type Cd a . In a subsequent paper (J. M. Walter and 
S. Barratt, Proc. Roy. Soc., A, exxii. p. 201, 1929) experi¬ 
ments were described which indicated that six of the seven 
groups were due to the presence of impurities, only Group L 
of Mohler and Moore at A 2212 being a true cadmium 

* Communicated by the Authors. 
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spectrum. This conclusion was reached as the result 6! 
two series of observations:— 

(1) Specimens of cadmium from different sources show 
large variations in the relative intensities of the band 
groups, while it is possible to suppress all the spectra 
(except Group I.) by adding to the cadmium vapour- a 
trace of an alkali metal, the addition leaving unaffected 
both Group I. and the atomic absorption. The alkali 
metal presumably combines in a preferential way with the 
impurities, yielding compounds which are either non¬ 
volatile or possess no absorption in the regions under 
examination. 

(2) The various groups of bands can be individually 
intensified by adding to the vapour further quantities of 
certain impurities. 

As the result of such experiments Groups HI., IV.. and 
V. of Mohler and Moore (tying between A 3181 and A 3018) 
were attributed to a compound of cadmium and chlorine, 
probably the subchloride CdCl. This conclusion has 
been amply confirmed in this laboratory by further work, 
which will shortly be ready for publication, on the cadmium 
subhalide spectra. Groups VI. and VII. (between A 332:! 
and A 3182) were attributed to the absorption of thallous 
chloride vapour, present as an impurity in the cadmium. 
At that time this spectrum was otherwise unknown, but it 
has since been very fully examined (as the thallous chloride 
spectrum) by K. Burkow (Zeitsckrift far Physik , lviii. 
p. 232, 1929), and we now have ourselves many plates of 
the spectrum, recorded from pure thallous chloride vapour, 
showing no trace of cadmium absorption*. It would 
therefore seem that the origins suggested in the previous 
paper for Groups III. to VII. are no longer open to serious 
question. 

Group II. of Mohler and Moore (A 2856-A 2614) is of 
greater interest, but we believe that the new facts concern¬ 
ing this spectrum, which are detailed below, fix its origin 

* li. K. Waring (Phys. Kev. xxxii. p. 435,1928) lias described this 
same spectrum as the mercury-thallium spectrum, as be observed it in 
the absorption spectrum of the vapours of a mercury thallium mixture. 
•Thallium metal, unless specially treated, always contains traces of 
chlorine, which are quite sufficient to account for this observation. The 
agreement between his measurements on the bands and those of the 
authors quoted above is quite satisfactory. 
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with a reasonable degree of certainty. The origin pre¬ 
viously suggested for this spectrum (Walter and Barratt, 
foe. cit.) was the molecule of a cadmium-oxygen com¬ 
pound, not the normal oxide, but possibly one of the 
type Cd 2 0. The experimental evidence for this suggestion 
was the enhancement of the spectrum caused by the 
addition of cadmium oxide to the metal in the furnace- 
tube. It was never found possible, even so, to obtain this 
band group in the intense development reached by the 
others (e. g., the CdCl bands) on addition of appropriate 
impurities. This, it was thought at the time, might 
indicate instability of the suboxide molecule, but it is 
now realized that the facts have a far more simple explana¬ 
tion. The same spectrum was ascribed by A. Jablonski 
(Bull. Acad. Pol p. 163, 1928, and C. R. Soc. Pol. de 
Pliys. iii. p. 357, 1928) to the same origin as that which 
had been assigned to it by Mohler and Moore, namely the 
<'d 2 molecule, and this conclusion he has recently re¬ 
affirmed (Z. Phytdk, lvii. p. 692, 1929). He observed 
the spectrum both in absorption and in fluorescence. It 
may also be mentioned that this same spectrum has been 
described by R. K. Waring (foe. cit.) as the speetrum of an 
indium-cadmium molecule. The conclusion is obviously 
erroneous, as the spectrum has been obtained by three 
other workers without the intervention of indium ; but the 
observation is not without interest in view of the results 
deseribed below. The wave-length comparison in the 
table leaves no doubt of the identity of Waring’s speetrum 
with that under discussion. 

While we bad satisfied ourselves, by the experiments 
described in the previous paper, that this band system was 
not due to a cadmium molecule, irregularities in the 
enhancement caused by addition of the oxide to the 
vapours finally led us to suspect that the hypothesis of a 
cadmium suboxide molecule was in error. It seemed that 
the spectrum must be caused by some unsuspected 
impurity in the cadmium, which was also present, but 
pr obably in greater concentration, in the cadmium oxide 
which we had been using. We made many attempts to 
produce this spectrum in absorption along the lines sug¬ 
gested by this view, and we finally obtained it from the 
vapour of a specimen of elementary arsenic in the total 
absence of cadmium. The same plates, however, also 
showed the line absorption of bismuth, and, following up 
Phil. Mag. S. 7. Yol. 9. No. 57. March 1930. 2 M 
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this indication, we were naturally led to examine the 
behaviour of pure bismuth itself. The vapour of this 
metal at above 800° C. gave the spectrum in such great 
intensity that it was evident that its real origin had at 
last been traced. There was no record whatever of the 


Table of Wave-lengths in the Bi„ Spectrum 
(or “ Cd 2 ” Spectrum). 


Mohler & 
Moore. 

Cd,. 

Jablonski. 

Cdj. 

Waring. 

In*Cd. 

(W. & B. 
Cd+O). 

B. & B. Bi^ 

Nar&yan & 
Rao. 

Bin. 

— 

— 

— 

2858 

2859-9 

— 

— 

— 

2844 

2842 9 

— 

2825 

— 

2825 

2828-2 

— 

2810 

— 

2810 

2813-5 

— 

2795 

2800-2 

2797 

2799*8 

2781 

2781 

2787-9 

2783 

2785-0 

2787 

2767 

2776-3 

2769 

2772-7 

2758 

2755 

2753*0 

27fit> 

2759*6 

2745 

2745 

2741-1 

2745 

2744*8 

2738 

2738 

2739-7 

2732 

2732-6 

2728 

2727 

2729*8 

2721 

2722 0 

270ft 

2708 

2712*4 

2710 

27123 

2701 

2700 

2705*5 

2698 

2701 ft 

2684 

2694 

2694-2 

2690 

2693 2 

2680 

2678 

2684-2 

2679 

2681 5 

2673 

2672 

2672-1 

2673 

26700 

265ft 

265ft 

2661*4 

2660 

— 

2853 

2654 

2652-8 

2652 

— 

— 

2648 

— 

2644 

— 


sensitive cadmium line A 3261 on these photographs. We 
next re-examined all the plates obtained in the earlier 
experiments which recorded the bands in question, and 
upon each one was found the bismuth atomic absorption 
line A 3067. Further, fortunately the bismuth band spectra 
have been previously described, so that immediate con¬ 
firmatory evidence of our conclusion was available. The 
ultra-violet absorption bands of bismuth, as listed by 
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Narayan and Rao (Bill. Mag. 1. p. 645,1920), agree quite 
well with the measurements on this elusive spectrum 
made by all the authors mentioned above. We have 
reproduced the individual wave-length estimates in the 
following table in order that the identity of the spectra 
may not be in doubt. If the diffuse nature of the bands 
be taken into consideration, the agreement between the 
various observers is most satisfactory. 

The wave-length lists are almost complete in each case, 
except that Jablonski has recorded several additional 
bands on the short wave-length side, which have not 
otherwise been measured, and therefore do not assist tile 
comparison. 

Our experimental conclusion in respect of these bands 
may be summarized as follows *:— 

(1) Conditions can be maintained under which the bands 
do not appear in dense cadmium vapour. 

(2) When the bands are recorded from cadmium vapour 
so is the bismuth absorption line A 3067. 

(3) The bands are developed at great intensity in the 
absorption spectra of bismuth vapour when the sensitive 
cadmium line A 3261 is absent. 

It is only possible to infer that the bands arise from a 
molecule of bismuth itself or of a bismuth compound. 
We have examined the behaviour of several specimens of 
bismuth, and the effects of atmospheres of argon and 
hydrogen on the spectrum, and also the effect of addition 
of small quantities of potassium to the absorbing vapours, 
without detecting any anomaly in the relative intensities 
of the bands and of the atomic bismuth lines. While 
the past history of the spectrum inclines one to caution 
in stating any opinion as to its origin, we believe on the 
above grounds that it is a true bismuth molecular spectrum, 
The complexity of the molecule is a more uncertain matter, 
but having due regard to the very low partial pressures of 
bismuth at which the bands are observable, it is a reason¬ 
able hypothesis that the molecule is Bi a . There is a 
second extensive absorption-band system of bismuth. It 

* We have thought it unnecessary to give any account ol the 
apparatus used in our experiments, as it remained unchanged from that 
which has been described in the earlier paper from this laboratory. 
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is situated in the visible region, and only develops at much 
hi gher temperatures than does the system under dis¬ 
cussion. These visible bands may possibly be due to a 
bismuth molecule of greater molecular weight which only 
appears at higher vapour pressures. 

The enhancement of the bands which we found to follow 
upon additions of cadmium oxide was evidently purely 
accidental in nature, and was due to the presence of 
bismuth as impurity in the specimen of cadmium oxide 
upon which we drew. 

The band system, as an inspection of the frequency 
differences show's, converges towards a short wave-length 
limit. This convergence limit is given by Jablonski, who 
has measured the spectrum further in this direction than 
any of the other observers, as A 2561. If we assume (1) 
that the molecule from which the bands originate is Bi«. 
and (2) that on dissociation the molecule breaks up into 
one normal atom and one in the excited state associated 
with the “ raie ultime ” of bismuth. A 3067, then we can 
calculate in a simple fashion the heat of formation of the 
molecule. The numerical value so obtained is 080 volt 
or 18-5 Kg. cals, per gm. mol., which is quite a probable 
figure for a molecule of this type. 

Two of the other spectra discussed in the earlier pa} or 
(Walter and Barratt, ioc. cii.) were assigned to associa¬ 
tions of oxygen with zinc and mercury respectively. lit 
view' of the present results it would seem not improbable 
that these spectra also are really due to traces of impurity 
which have not as yet been recognized. Wc have con¬ 
tinued our attempts to identify them, but so far unsuc¬ 
cessfully, and the spectra would certainly repay further 
examination. The present investigation will suffice to 
show that the ultimate conclusions may lie quite 
unexpected ones. 


Summary. 

(1) A baud spectrum hitherto assumed to be that of a 
cadmium molecule is shown to be due to bismuth. 

(2) On certain assumptions as to the nature of the 
bismuth molecule its heat of formation is estimated at 
18-5 Kg. cals. 
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XLVIII. Precision Measurements of X-Ray Reflexions 
• from Crystal Poioders. 

To the Editors of the Philosophical Magazine. 

(jtJBNTLKMEN,— 

1 AM greatly obliged to Mr. M. Luther Fuller lor his 
letter in the October number of the Philosophical 
Magazine * * * § , where he communicates the result of a new 
determination of the lattice spacing of cadmium oxide by 
Pierre van Dyck, which agrees closely with the value 
given by Adamson and myself f, when we proposed 
cadmium oxide as a standardizing substance for X-ray 
powder measurements. When determining the lattice 
constant we investigated whether the difference between 
our value 4-083 and the result of the previous deter¬ 
minations by Davey and Hoffmann :c, and by Sherrer §, 
both giving 4-72. could be attributed to impurities. 
Records taken with sjwcimens from different sources and 
with different degree of purity agreed within the limits 
of error, and it is very gratifying to find that the new 
determination by van Dyck with extremely pure cadmium 
oxide prepared from vacuum distilled cadmium gives 
4-081. which again agrees with our value within the limits 
of error. Mr. Fuller mentions that a determination by 
r an Dyck with pure commercial cadmium oxide gave the 
same rvalue too. 

Mr. van Dyck used a standard Davey apparatus with a 
powder rod, while we used the focussing method described 
by one of us j;, and the main object of Mr. Luther Fuller’s 
letter is to point to the agreement betw een the results, in 
oxder to show that the methods are equally precise. 1 
fully agree with him in believing that there is no case for 
claiming the general superiority of one or the other 
arrangement. On the other hand, the comparison of 
particular results offers but a limited opportunity for 
comparing the merits of different methods. In fact, the 

* M. Luther Fuller, Phil. Ala#, viii, p. 585 (192V)). 

f J. Brentano and J, Adauison, Phil. Mag. vii. p. 507 (1929). 

1 W. P. Davey and E. C. Hoffmann, Plm. Iiev. xv. p. 333 (1920). 

§ P. Scherrer, Zeits, f. Kiyst. Ivii. p. 196 (1922). 

!! J. Brentano, Proc. Pliys. Soc. Loud, xxxvii. p. 184 (1925). 
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precision attained will largely depend on the particular 
experimental conditions, unless an attempt is made to 
obtain the greatest possible accuracy, which was not done 
here. The practical purpose of determining whether one 
or the other arrangement is better suited in any definite 
case may therefore be served by indicating some points 
which lead to a certain differentiation. 

The features and merits of the simple arrangement 
possible with a powder rod, giving at one time a record 
over the greatest angular range and requiring a very small 
quantity of powder, are well known. 

The focussing method, on the other hand, has been 
developed to meet definite requirements, for which other 
methods are not so well adapted; namely, the quanti¬ 
tative measurement of intensities and the exact evalua¬ 
tion of angles of deflexion, in particular, in the region 
of smaller angles. For quantitative intensity measure¬ 
ments it introduces such relations that the evaluation 
of relative intensities or different reflexions becomes 
independent of the dimensions and of the absorption 
coefficient of the particular powder specimen *. For the 
measurement of angles very sharp symmetric lines can be 
obtained with wide incident beams for any angle of de¬ 
flexion, and in particular, by placing the photographic 
film further away from the powder than the entrance 
slit of the camera, the distance of the recording film 
can be increased without too great a loss of intensity. 
This leads to a reduction of the times of exposure, where 
the evaluation can be derived from the record of a small 
angular range; for instance, in determining the lattice 
constant of cadmium oxide the diameter of the beam 
falling on the powder was 6 mm., corresponding to 
an angular width of 2-8°, and the lines measured, viz., 
400, 331, 420, 422, 333 for cadmium oxide, and 422, 333. 
442, 440, 531, 600, 620 for sodium chloride, were comprised 
within a range of glancing angles 0 of 19° for ('u Kx 
radiation. Again, we can avail ourselves of the focussing 
condition in order to stress the accuracy of the measure¬ 
ments in the region of small angles of deflexion, the 
advantage being that the simpler pattern of lines generally 
found for smaller angles and smaller indices is better 
adapted for identification than the more complex pattern at 

* J. Brentano, Phil. Mag. vi. p. 178 (1928). 
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larger angles; for instance, in determining the spacing and 
therhombohedral angle of carbonates *, the measurements 
were carried out in an angular range which comprised the 
first reflexions and did not extend to angles greater than 
0=47°. The determination of the rhombohedral angle 
depends on small changes in the relative position of 
individual lines, and it would not have been easy to obtain 
the necessary accuracy for small angles without recurring 
to focussing. Here the identification of lines at large 
angles was difficult when several carbonates were present 
as impurities. 

In the second part of his letter Mr. Luther Fuller 
endorses our proposal of using cadmium oxide as stan¬ 
dardizing substance, and says that he had found that 
cadmium oxide lines were particularly sharp, sharper than 
the lines from sodium chloride. Our own finding was that 
the lines from cadmium oxide were slightly, but distinctly, 
broadened. This diversity may depend on the particular 
state of the specimens, although in our experiments the 
broadening has appeared to be a feature of all specimens 
examined, and Mr. Luther Fuller has certainly experi¬ 
mented with samples from different sources too. It 
may also depend on the characteristics of the methods 
we have outlined above : the practical application of the 
powder-rod method leading to derive a determination from 
the measurement of a great number of reflexions and to 
lay less stress on obtaining great sharpness of the individual 
line ; the application of the focussing method giving more 
prominence to the exact record of each single reflexion. 

We have pointed out that the broadening of the cadmium 
oxide lines may actually appear to be a certain handicap 
in making exact measurements, and I wish, therefore, to 
explain that a condition which we desired to be impiicity 
satisfied in selecting a standardizing substance was that 
it should not only be serviceable as a reference substance 
for the measurement of angles but also of intensities. 
This requires that the particles should be so small as to 
reduce the size of the crystal units sufficiently to make 
extinction effects negligible, or, at least, that the powder 
should be sufficiently fine to obtain a uniform average of 
any residual extinction effect. This restricts the number 


* J. Breutauu and W. JS. Dawson, Phil. Mag. iii. p. 411 (1027); and 
J. Brentano and J. Adamson, loo, eit. 
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of substances which appear suitable, in particular for 
substances containing elements of greater atomic weight, 
where the limit at which primary extinction becomes 
appreciable can be put at about 100 crystal planes, while 
much larger units are permissible for crystals constituted 
of light elements. The limited number of regularly 
spaced crystal planes reduces the resolving power, and 
accordingly the sharpness of the lines. It is in this way 
that cadmium oxide seemed to be best suited among the 
substances we have investigated with the aim of finding 
a standardizing substance with great volume absorption 
and volume scattering. 

In the case of sodium chloride, although a very imperfect 
crystal, extinction effects are by no means negligible, and 
it has been shown that the ordinary process of grinding 
will not remove a certain amount of primary extinction *. 
Considering the relatively small atomic numbers of its 
constituents, this corresponds to fairly large crystal 
units consisting on an average of several thousand layers. 
Accordingly, sodium chloride lines are practically sharp. 
This was also found to be the case in our experiments. 

These points have a certain tearing on the choice of a 
standardizing substance. A substance of the type of 
cadmium oxide covers a wide range of requirements, and. 
apart from the use for intensity measurements, the fact 
that it is largely constituted of small crystal units giving 
little extinction enhances the intensity of the reflexions, 
a point which has also been noted by Mr. Luther Fuller. 
On the other hand, it must be recognized that, in order to 
obtain very sharp lines for the most exact angular measure¬ 
ments, a substance with sufficiently large crystal units 
must be chosen. This involves considerable extinction, 
and reduction of intensity in particular, with substances 
consisting of elements with high atomic numbers. 

Paris, 31 l>ec., 1929. FRKNTAXO. 


* Bragg, James, and Bosanquet, Phil. Mag. xli, p. 309 (1921): xlii. 
p. 1 (1921?; xliv. p. 433 (1922). 11. J. 1 la vie hurst, Phvs. Rev. xxis. 
p. 882 (192G). J. Brentano, Phil. Mag. iv. p. 020 (1927;. 
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XLIX. On the Cathode Dark Space in the Geissler 
Discharge. By E. C. Childs, B.Sc* 

OERI0US investigation of the cathode (or Crookes’s) 
^ dark space in the Geissler discharge seems first to 
have been begun by Aston 11 in 1911. As is well known, 
when a current of electricity is passed between metal 
electrodes in gases at low pressure, we have, going from 
the anode to the cathode, the positive glow or column, 
the Faraday dark space, the negative glow, the Crookes’s 
dark space, and, in a few gases, a very thin region next to 
the cathode known as the primary dark space. As the 
pressure of gas decreases, these glows and dark spaces 
move towards the anode, and at pressures of the order of 
a millim etre of mercury the positive column and Faraday 
dark space disappear. It was this type of discharge that 
was studied by Aston. It was pointed out that for reasons 
which differ from those commonly accepted nowadays, 
the distribution of potential and electric field in the region 
of the cathode dark space cannot be ascertained with any 
degree of reliability by any method which depends on the 
introduction of a probe into the discharge. In consequence, 
a method was devised in which a stream of cathode rays, 
generated in a side tube, was projected across the main 

* Communicated by Prof. E. V. Appleton, F.R.S. 

Phil. Mag. S. 7. Vol. 9. No. 58. April 1930. 2 N 



530 Mr. E. C. f fhilds on the Cathode 

tube, the deflexion of the spot on a willemite screen being 
a measure of the electric intensity at right angles to the 
path of the beam (i. e. along the main tube). The con¬ 
clusion drawn from the results of this experiment was that 
in such a discharge the fall of potential along the tube is 
entirely localized in the cathode dark space, the negative 
glow being wholly at anode potential. 

This work led to perhaps a more important investiga¬ 
tion (2) of the relations holding between the current density, 
the potential difference across the cathode dark space 
(and incidentally across the tube), the length of the dark 
space, and the pressure of gas in a discharge-tube, using 
various active and inert gases. It was found that the 
active gases obeyed, to a fair degree of accuracy, the 


empirical equations : 

D—A P+B0,.(1) 

V=E +FO‘/P,.(2) 


in which A, B, E, and F are constants. Throughout this 
paper the length of the cathode dark space will be repre¬ 
sented by D, the potential difference between the elec¬ 
trodes by V, the current density by C, and the pressure 
of gas in the tube by P. 

The behaviour of the inert gases deviated slightly from 
that of the active gases, and it was found that they obeyed 
more closely an equation derived by eliminating P between 
(1) and (2), i. e. 

V—G=KDC*,.(3) 

G and K being constants containing A, B, E. and F. 
These experiments were conducted with a discharge-tube 
containing a cathode surrounded by a guard-ring, but it 
was assumed that the current density was uniform over 
a large proportion of the total area. It will be shown in 
this paper that this assumption is not valid. 

In the light of modem work on space-charge and the 
current across ionic sheaths, the cathode dark space 
assumes a new significance. Langmuir < 31 has shown, both 
theoretically and practically, that a probe introduced into 
a gas discharge becomes surrounded by a sheath of electrons 
or positive ions, according to whether the probe is at a 
positive or negative potential respectively with respect 
to the space potential. The potential difference between 
the probe and the region of the discharge into which it is 
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introduced is localized in this sheath, which is a properly, 
as we have seen, of the cathode dark space. An attempt 
has been made by Ryde to show that the dark space in the 
Geissler discharge is in effect a sheath of positive ions whose 
space-charge limits the current passing through the tube. 

If we have a plane source emitting a copious supply 
of current carriers with zero velocity, and they are 
accelerated by a potential v to a plane parallel collector 
separated from the emitter by a distance d, the resulting 
current will be of the form {i) : 

C=Lrt;s/d*, ... k ... (4) 

where L is a constant involving the charge and mass of the 
carrier. Assuming with Ryde (s) that the above case and 
that of the cathode dark space are identical ( i . e. the bound¬ 
ary of the negative glow is the emitter, and the cathode the 
collector of positive ions), we are at once in disagreement 
with Aston’s experimental results. 

It was thought that the discrepancy might be more 
apparent than real, the cause being partly the inefficiency 
of Aston’s guard-ring and partly the fact that the potential 
difference across the tube may not coincide with that across 
the cathode dark space. Emeleus and Harris <9> have 
found that the potential of the negative glow boundary of 
the dark space may be either negative or positive with 
respect to the anode. The present experiments were 
conceived with the idea of eliminating these causes of 
uncertainty, and deciding which, if either, of the rival 
law's is true. 

A preliminary series of experiments was carried out in 
order to find the relative sizes of cathode and guard-ring 
for the latter to be efficient. A discharge-tube was 
constructed having an ordinary plane disk anode of 
duralumin, 9-8 cm. in diameter, but the cathode was 
peculiar in that it consisted of a small disk surrounded by 
four concentric rings, all of duralumin. The dimensions 
of this “ split ” cathode are given in Table I. 

The rings were mounted on a brass plate, from which 
they were insulated by a disk of mica. Small lengths of 
brass rod were screwed into the underside of the rings 
and passed through the brass plate, from which they were 
insulated by glass tube. Another disk of mica was placed 
over the protruding ends, and brass nuts on the screwed 

2 N 2 
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rods served to clamp the rings to the plate. The under¬ 
side of the plate was well waxed to render the assembly 
air-tight, the leads to the split cathode being soldered to 
the ends of the rods. 

A glass bell-jar was ground onto the base-plate and 
waxed down, provision for the anode rod and pumping 
being made at the top by means of a brass cap fitted with 
two tubes. This tube was constructed by Mr. N. L. 
Harris, now of the General Electric Company. When 
it was in use the air was first pumped out by a Cenco 
Hyvac pump, and then hydrogen was admitted from a 
coal-gas flame by means of a palladium tube, the gas- 
pressure being measured by a McLeod gauge, a liquid-air 

Table I. 


Ring. 

Inner 

diameter. 

Outer 

diameter. 

Area. 

1. 

0 cm. 

2-315 cm. 

4-20 sq. cm. 

2. 

2-355 cm. 

4-115 cm. 

8-95 sq, cm. 

3......... 

4-215 cm. 

0-075 cm. 

15-04 sq cm. 

4. 

6*150 cm. 

7-940 cm. 

19-80 sq. cm. 

5. 

8-000 cm. 

9-740 cm. 

24*25 sq. cm. 


trap ensuring that no mercury vapour passed into the 
experimental tube. 

The electrical connexions are shown in fig. 1, in which A 
is a milliammeter indicating the total current through the 
tube produced by the battery B x and regulated by the 
saturated diode D. The tube voltage is indicated by the 
voltmeter V. Each of the cathode rings C is connected to 
one of a system of mercury cups M, provided with inter¬ 
changeable links, in one of which is a galvanometer a and 
potential divider P fed from a second battery of lead 
accumulators B 2 . 

It will at once be apparent from this that not only can 
the current to any one ring be measured, but also the 
potential of any ring with respect to the others can be 
varied at will. 

With this tube the current densities at five different 
distances from the centre of the cathode were measured. 
The mean current density over a ring was taken to be the 
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same as that at a distance from the centre equal to the 
arithmetic mean of the inner and outer radii. It was 
found that at the lower pressures, i. e. pressures 1 ms than 
about '8 mm. of mercury, the current density was 
reasonably uniform over all but the outermost of the five 
rings, but at higher pressures considerably more current 
passed to the outer rings than to the inner. Such a case 
is shown in fig. 2, drawn from the data in Table II. 


Fig-. 1. 



Table II. 

Gas-pressure — 1- 24 mm. Hg. 
Tube voltage=240. 

Tube current=10 m.a. 


Ring* 


Mean distance 
from centre* 


Current density* 


1 . 0*58 cm. 0-122 m.a./sq. cm. 

2 . 1*62 cm. 0*126 m*a./sq. cm. 

3 .. 2*57 cm* 0*117 m.a*/sq. cm. 

4 . 3*52 cm. 0*143 m,a*/sq. cm. 

5 . 4*44 cm. 0*165 m.a./sq. cm. 
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It must be understood that only those cases have been 
considered in which the tube current is sufficiently large 
for the glow to cover the cathode, a condition which has 
been called the abnormal cathode fall. With low pressures 
and small currents, the current density may fall off to zero 
at the outer zones of the cathode, but as in such cases the 
utility of a guard-ring is questionable, we are not concerned 
with these conditions. With higher pressures and small 
currents through the tube the glow may disappear, not 
from the outer edges of the cathode, but from one side, and 
consequently the current density to the outer rings again 


Fig. ‘2. 



appears to decrease, although actually it may really 
increase. 

With the information gained from these experiments, 
it was decided to construct the new tube with a cathode of 
radius about 1*5 cm. surrounded by a guard-ring of dia¬ 
meter 70 cm. 

While the split-cathode tube was in use, it was decided 
to conduct some experiments to find out in what way the 
current to any ring depended upon the potential difference 
between that ring and the negative glow boundary of the 
cathode dark space. It was hoped that by keeping all 
the rings but one at a constant potential, the thickness of 
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the dark-space would be unaffected by the variation of the 
potential of the one, and thus the dependence of current 
on the P.D. across the dark-space alone would be ascer¬ 
tained. Each ring in turn was made more and more 
positive with respect to the remainder of the cathode, and 
as any possible change in dark-space thickness would have 
been an increase, it was impossible to observe through the 
glow over the other rings whether or not any such change 
took place. 

Fig. 3. 



This experiment is admittedly open to very strong 
criticism, but the results, taken in conjunction with more 
reliable evidence, may be regarded as having some weight. 
At the lower pressures, the current-voltage relation was 
found to approximate to Aston’s law (equation 3). Fig. 3, 
drawn from Table III. is a curve obtained by plotting 
the square root of the current to ring No. 3 against the 
potential difference across the dark-space. This example 
was taken at random from the low-pressure curves, 
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since they all exhibited the same characteristics. As will 
be seen, the curve is very nearly a straight line over the 
greater part of its range. This range could not be ex¬ 
tended owing to arcing taking place between the ring and 
its neighbour when the potential difference between them 
was large. 

Whatever law the voltage-current curve obeyed at high 
pressures, it was certainly not Aston’s law, but seemed to 
involve an even lower power of C. 

Table III. 

Gas-pressure =• 53 mm. Hg. 

Tube voltage =250. 

Tube current =6 0 m.a. 


P.D. between 
ring and cathode. 

(v.) 

P.D. across 
dark-space. 
(250—v.) 

Current to 
ring. 

(<■•■) 

VC (m.a.)i. 

0 volts. 

250 volts. 

1-312 m .a. 

1-145 

5 

» 

245 

** 

1-242 m.a. 

1-113 

10 

ft 

240 

tt 

M72 m.a. 

1-081 

15 


235 

rr 

1*112 ra.a. 

1-051 

20 

„ 

230 

tt 

1-059 m.a. 

1*020 

25 

tt 

225 

tt 

1*011 m.a. 

1*003 

30 

it 

220 

tt 

0-964 m.a. 

0-982 

35 

rr 

215 

tt 

0*921 m.a. 

0*959 

40 

ft 

210 

tt 

0-876 m.a. 

0*936 

45 

tt 

205 

tt 

0-836 m.a. 

0-914 

50 

tt 

200 

tt 

0-796 m.a. 

0-891 

55 

ft 

195 

tt 

0-750 m.a. 

0-870 

60 

ft 

190 

tt 

0-721 m.a. 

0-840 

65 

ft 

185 

tt 

0-686 m.a. 

0*827 

70 

tt 

180 

tt 

0-651 m.a. 

0-807 


This may be due to the fact that the thickness of the 
dark-space is small at the higher pressures and current 
densities, and consequently any alteration in thickness 
would have a greater relative effect on the current passing 
to the ring. One very curious phenomenon observed at 
a pressure of 1-24 mm. Hg. was the manner in which 
the central disk was affected by changes of potential of 
its neighbour. A marked discontinuity was found in 
the voltage-current curve for ring No. 2, the current 
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suddenly falling to a very small amount. It was observed 
that at this discontinuity, which occurred when the P.D. 
between the ring and the remainder of the cathode was 
about 8 volts, the glow disappeared, not only from above 
ring No. 2, but also from above the central disk, or ring 
No. 1. The tube current in this case was again 10 m.a. 
Similar effects were observed when the split electrode was 
the anode of the discharge-tube. 

Fig. 4. 



Construction of Experimental Discharge-tube. 

Having found from the preliminary experiment the 
relative sizes of cathode and guard-ring necessary to make 
such an arrangement effective, an electrode system was 
designed and constructed as shown in fig. 4. 

An anode of nickel A, 7 cm. in diameter, was separated 
from the cathode C (diameter 2-98 cm.) and guard-ring 
G (external diameter 7 cm.) by a glass framework F, the 
fastenings being small nickel clips silver-soldered to the 
electrodes and clamped to the glass rods. The distance 
between the anode and cathode was 5-1 cm. A nickel rod 
R was riveted to the centre of the anode, the other end 
being screwed into an iron armature I, provision thus being 
made for moving the electrode system as a whole by means 
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of an external electromagnet. The armature was de¬ 
signed to slide in a glass tube, which it fitted fairly well, its 
movement being restricted by constrictions in the tube. 
This was necessary to prevent the whole system falling 
into the discharge - tube and causing damage there. 
Grooves were turned round the circumference of the iron 
and along its length, so that air might be pumped out past 
it. These grooves were important, not so much from the 
point of view of pumping speed, as from the fact that if 
the tube was exhausted too rapidly, a solid armature was 
found to act like a piston, being driven along the tube with 
sufficient force to crack the glass. Electrical connexion to 
these three electrodes was effected by means of flexible 
spirals of enamelled copper wire, L, clamped under nuts 
on the electrode clips at one end and soldered to strips of 
copper foil at the other. Phosphor-bronze wire could not 
lie obtained, and as the copper wire was soft, longer and 
consequently less self-supporting spirals had to be used. 
No sealing-wax was used in the tube, all seals being made 
by fusing the strips of copper foil into the ends of the 
side-arms. 

Before proceeding with the practical details of the 
experiment, it would be advisable to give a brief summary 
of the theory underlying the methods used' 7 '. We may 
assume, as a working hypothesis, that in any particular 
region of a Geissler tube the energy of the discharge is 
distributed among the electrons and ions according to the 
Maxwell-Boltzmann law, corresponding to a space potential 
v, with respect to the anode. If a probe or sounding 
electrode is inserted into this region and is maintained at 
a potential v with respect to the anode, then a current 
will flow to the probe and will change as v is varied. 
Owing to the mobility of the electrons being much greater 
than that of the positive ions, the condition that v—v„ 
is not in general satisfied when the current to the 
sound electrode is zero. If we vary v and plot a current- 
voltage curve, the resulting “characteristic” may be split 
up into three sections. When the sound is very strongly 
negative with respect to the space potential, the current is 
carried by positive ions alone, practically all the electrons 
Ijeing rejected. When the sound is but slightly negative, 
positive ions are still accelerated to the collector, but also 
the faster electrons are not retarded sufficiently to prevent 
them from contributing to the total current. As v 
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approaches the value v„, the positive-ion current becomes 
negligible compared with the electron current, although 
the latter is still carried by retarded electrons. Finally, 
when v is positive with respect to v„ the electrons are 
accelerated, and the current becomes so large that the 
main discharge is affected, the energy distribution no 
longer being truly Maxwellian. 

The first part of the curve is of importance in this 
experiment, only in so far as it allows us to make a cor¬ 
rection for the positive-ion current to the second part, 
thus giving us the true electron current. If i + is the 
current due to accelerated positive ions, the first part of 
the curve is of the form : 

a 1 -\-vejk T,.(4) 

in which e is the charge on the ion, k is the Boltzmann 
constant, and T is the temperature corresponding to the 
energy of the ions. This equation only holds good when 
the radius of the probe wire is small compared with that of 
the sheath of positive ions which is formed round it. The 
straight line obtained bj- plotting it against v may be 
extrapolated to correct the second part of the characteristic, 
as mentioned above. 

It may be shown that the retarded electron current 
varies with r according to the law : 

i_=IAe 41 ,.(6) 

where I is the electron current density in the discharge, 
and A is the area of the sound electrode; e and T have their 
previous significance, but this time they refer to electrons 
and not to positive ions. From this equation vre can 
derive the form: 

log i . ^constant -f- ^ % .(7) 

and if log i is plotted against t\ the result should be a 
straight line of slope e/lT. This is born out in practice, 
which justifies the original assumption as to the distribu¬ 
tion of energy between the electrons. 

The third part of the characteristic, dealing with the 
accelerated electrons, again obeys a law of the form given 
by (o). Consequently, if the logarithm of the corrected 
electron current is plotted against the potential of the 
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sound electrode the result is a curve which departs from 
a straight line at the space potential. This is a very 
convenient method, which is used in the experiment 
described here to find the space potential at the negative 
glow boundary of the cathode dark-space. Applied as a 
correction to the tube voltage, this gives the difference of 
potential existing across the dark space. 

The dimensions of the sound electrode (S in fig. 4) were 
arrived at from the following considerations. The plane 
electrode is particularly good as a sound, as the “ kink ” 
at the space potential in the semi-log curve is well defined. 
Since, however, a very small region was investigated in 
this experiment, such an electrode was obviously ruled out. 
For this reason, among others, the sphere was also rejected. 
By process of elimination the cylindrical form was chosen, 
the probe being molybdenum wire, -015 cm. in diameter. 
Wire of this small size was chosen because when a cylinder 
of large radius is used the accelerated positive-ion current 
is not limited by orbital motion, but by space-charge, and 
equation (5) no longer holds good. This means, of course, 
that the sound-current cannot be corrected for the positive - 
ion contribution in order to get the true electron current. 
There is also, of course, the same objection to a cylinder 
of large radius as there is to a plane. 

A short length of molybdenum wire was pinched into 
the end of a short copper rod, which was in turn silver- 
soldered to a strip of copper foil for sealing-in purposes. 
The whole was sheathed in a glass tube which was drawn 
down to a small bore at one end, through which 1-28 cm. 
of the molybdenum wire was allowed to protrude. Care 
was taken that the "wire did not touch the glass at the 
point where it emerged from the sheath. 

The electrical connexions were as shown in fig. 5. The 
discharge was maintained by a large battery of lead storage 
cells, Bj the current being regulated by a saturated diode 
D. This arrangement has the great advantage that, 
provided the diode is of the bright emitter type, the 
current it passes is independent of slight fluctuations in 
the battery voltage, and may readily be varied by adjusting 
the filament current by means of a rheostat. The current 
to the cathode C produced by a potential difference V 
was measured by a milliammeter A. A varying potential 
v was applied to the sound by means of another battery 
B 2 and a potentiometer P, the resulting current being 
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measured by a shunted galvanometer G. Before the 
apparatus was used, the insulation between the guard-ring 
and the cathode was tested to ensure that the currents to 
them did not mix before they were measured. 

In order to find the thickness of the dark-space, an 
accurate sighting tube as used by Aston was employed. 
At the eye end was a pinhole, the object end being fitted 
with a pointer. This tube was mounted on a base which 
slid along a scale mounted parallel to the discharge-tube. 

A Gaede annular jet mercury-vapour pump, backed by a 
Cenco Hyvac pump, served to exhaust the tube to a 
pressure immeasurable by a large McLeod gauge (at the 


Fig. r,. 



D 


most 10 5 mm. Hg.). Owing to the eopper-to-glass seals 
it was unsafe to bake out the tube, and it was necessary 
to rinse it out several times with the gas to be used to 
ensure purity. The first gas used was hydrogen, a dmi tted 
by a hot palladium tube, but the dark-space was found to 
lie so ill-defined that it was soon abandoned. Neon was 
then tried, the purest specimen obtainable having a 
composition of 98 per cent, neon and 2 per cent, helium. 
Although the boundary of the dark-space was still some¬ 
what diffuse under certain conditions of pressure and 
current density, yet its colour was bluish as distinct from 
the pink of the negative glow, and its thickness could 
generally be measured by the sighter to within 2 per cent. 

The gas was stored in a reservoir over water, and was 
admitted to the discharge-tube by sharing a volume at 
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high pressure, contained in the space between two taps 
sealed close together, with a large evacuated bulb. A 
small portion of the gas in the bulb was then shared in a 
similar manner with the discharge-tube, final adjustment 
being effected by pumping. 

The use of liquid-air traps between the discharge-tube 
and the rest of the apparatus effectually prevented the 
entry of mercury vapour from the McLeod gauge and the 
pump. 

The procedure adopted during the taking of a set of 
readings was as follows. A suitable pressure of neon and 
value of tube current having been obtained in the tube, 
the sighting-tube was laid on the probe, and by careful 
manipulation of an electromagnet the electrode system 
was shifted along the discharge-tube until the boundary 
of the dark-space coincided with the sound in the field of 
view. A current-voltage characteristic was then taken, 
and the space potential of the boundary was found and 
applied to the tube voltage as a correction. The sighting- 
tube was next laid on the cathode, the difference of the 
two readings giving the thickness of the dark-space. In 
this way the four quantities necessary to test Aston’s 
law were obtained, viz. gas-pressure, current density, 
thickness of the dark-space, and the potential difference 
across it. 

Unfortunately, it was found that the positive-ion current 
to the sound-electrode in the region investigated did not 
obey the law expressed in equation 5, and as a conse¬ 
quence the true electron current was an unknown quantity. 
The logarithm of the total current was plotted against the 
potential of the probe, and fortunately the electron current 
was sufficiently in excess of the positive-ion contribution 
to nullify the effect of the latter on the straightness of the 
line obtained over the greater part of the curve, as will be 
seen by reference to fig. 6. This is a typical “ semi-log ” 
curve, and it will be noticed that the affected part of the 
curve is satisfactorily distant from the kink indicating the 
space potential (C). In the neighbourhood of the dark- 
space the curves exhibit an upward tendency after the 
space potential has been reached, as is shown by the 
section CD. The rapid increase of current beyond the 
point D is due to ionization by collision taking place in 
the electron sheath surrounding the sound electrode, a 
state of affairs which seemed to set in gradually at low 
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pressures arid current densities, and taking the form of 
violent arcing at the higher pressures. The curve shown 
in fig. 6 is of the type to be expected in the neighbourhood 
of the cathode dark-space. Normally the “ semi-log ” 
curve becomes more horizontal after the space potential 
has been reached, but Emeleus ( 8 ) found an upward 
tendency after the “kink,” as shown at C (fig. 6) when the 
exploring electrode was near the dark-space. 


Fig. 6. 



At the point D it was noticed that a faint red glow 
appeared at the top of the sound-wire where it emerged 
from the glass sheath, and as the potential was increased 
this glow gradually spread and increased in brightness. 
The space potential, it will be observed, is 16 volts positive 
with respect to the anode. This indicates that the 
electron concentration gradient was sufficiently great to 
allow a drift current to flow against the electric field in the 
negative glow. Here we differ from Aston, who would 
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have assumed in this case that the potential difference 
between the cathode and the boundary of the dark-space 
was the same as the tube voltage, viz. 345 volts, whereas 
it was actually 361 volts, a difference of 3 per cent. This 
should not be a sufficiently large error to cause any material 
difference between the results of the present investigation 
and those of Aston’s orignal experiments, and actually 
very little difference was observed. 

Several pressures of neon were tried in an attempt to 
obtain an extensive range of tube currents, for, as a rule, 
the low current densities were productive of curved and 
diffuse dark-space boundaries, and large currents were 


Fipr. 7. 



accompanied by the striking of the discharge to the back 
of the cathode. The former type of discharge, not entirely 
covering the cathode, probably rendered the guard-ring 
inoperative, and the latter type was entirely useless. 
When suitable discharges were obtained, the results of the 
experiments were plotted in the manner shown in fig. 7 
and Table IV. The abscissa is the P.D. across the dark- 
space, while the product of the dark-space thickness and 
the square root of the current to the cathode is the ordinate. 

The one bad point was the result of a discharge which 
appeared to be extremely unstable, although when tested 



Dark Space in the Geissler Discharge. 545 

with a wavemeter and also with a detector circuit coupled 
to a coil in the anode lead, no trace of oscillatory current 
was found. 

The straight line fits in very well with (3), and the 
constant G has a value of 113 volts. This is about 25 
volts in excess of Aston’s value, but the discrepancy is 
doubtless due to the correction for the potential of the 
dark-space boundary, in the present work. 


Table IV. 

Gas-pressure =-33 mm. Hg. 


Tube 

volts. 

V. 

Boundary 

potential. 

v*. 

P.D. across 
dark-space. 

Dark-space 

thickness. 

D. 

Current to 
cathode. 

C. 

DyT. 

380 

16*5 v. 

396*5 v. 

0*9 cm. 

0*3 m.a. 

*494 

370 

25*0 v. 

395 0 v. 

1*02 cm. 

0*25 m.a. 

*609 

358 

22*5 v. 

380*5 v. 

1*06 cm. 

0*195 m.a. 

•468 

345 

13*0 v. 

358*0 v. 

1*12 cm. 

0*15 m.a. 

*433 

327 

14*0 v. 

341*0 v. 

1*27 cm. 

0*10 m.a. 

•401 


Discussion of Results. 

Whenever definite evidence has been forthcoming to 
help us to decide between Aston’s law and the Langmuir 
space-charge law, the decision has always been in favour of 
the former. This, perhaps, is not surprising, for the space- 
charge theory was developed for the case of electron 
emission in high vacuum, no allowance being made for 
collisions between the electrons and gas molecules. 
McCurdy (9> has extended this simple theory to cover the 
case of an electron making so many collisions that it 
reaches a limiting velocity. The current in this case is 
still proportional to V 8S . It is probable that of these 
extremes of condition neither are to be found in the cathode 
dark-space. 

Compton (10) has shown that the assumption of space- 
charge limitation is more defensible with the abnormal 
cathode Ml than in the case of the normal, for which he 
has developed a new theory. That the current in the for¬ 
mer type of discharge is not so limited has been shown in 
this paper. It is possible that the primary dark space <u) 

Phil. Mag. 8.7. Vol. 9. No. 58. April 1930. 2 0 
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discovered by Aston in certain gases is a sheath of space- 
charge of the type discussed above, as its thickness is so 
small that a current carrier would have little opportunity 
of making a collision in its journey across; but the know¬ 
ledge of this possibility does little to solve the problem 
of the mechanism of conduction of electricity across the 
Crookes’s dark-space. 

It may be remarked here that the visual measurement 
of the dark-space thickness is contrary to the opinions of 
Seeliger and Lindow <M) , who have pointed out that the 
eye estimates the region of maximum light-intensity 
gradient to be the boundary of the dark-space, the thickness 
thus measured being perhaps as little as 50 per cent, of the 
distance from the cathode to the region of maximum light- 
intensity. There would seem to be little reason for de¬ 
fining the dark-space on the latter baysis, but rather to 
define the boundary as the region of minimum electric 
field (10) . This region has been found by some workers 
in this field (#) to correspond at least approximately to the 
visual boundary, and certainly would not yield a dark- 
space thickness in excess of that observed by means of the 
sighter. 

The work was carried out while the author was in 
receipt of a grant from the Department of Scientific and 
Industrial Research. 

The writer would like to take this opportunity of 
acknowledging his indebtedness to Professor E. V. 
Appleton for his continued help and discussion during the 
progress of the work, and to Dr. K. G. Emeleus for his 
useful criticism of the manuscript. 
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L. The Hall Effect, Electrical Conductivity, and Thermo¬ 
electric Power of the Lead-Antimony Series of Alloys. 
By Emlyn Stephens, M.Sc., Physics Department, 
University College of Swansea *. 

Introduction. 

SPHERE is no satisfactory theoretical explanation of 
X electrical conduction and the galvanomagnetic 
effects in metals and alloys, and further knowledge of the 
various phenomena is still necessary. A great deal of the 
earlier experimental work has been carried out with 
impure materials, and it is well known that some physical 
properties are found to show large variations with a slight 
trace of impurity. 

In two previous papers f the variation of electrical 
properties with composition of two series of alloys in 
which compounds are formed have been discussed. The 
object of the present work was to study the variation of 
the Hall effect, electrical conductivity, temperature 
coefficient of resistance, and thermoelectric power with 
composition of a series of alloys which shows no extreme 
variation of crystal structure over a large range of com¬ 
position. The examination of the properties of this 
series is important from a theoretical standpoint, and in a 
further paper the electrical properties of the three series 
will be discussed in relation to theory. According to the 
equilibrium diagram^ of the Pb-Sb alloys, a solid solution 
of Sb in Pb is formed up to about 2 per cent, by weight of 
Sb, bat all other alloys consist of a eutectic mixture of 
this solid solution and Sb crystals. 

The determinations of the electrical resistivity, tempera¬ 
ture coefficient of resistance, thermoelectric power, and 
Hall coefficient have been made for the same specimen. 
The alloys required annealing, as their electrical properties 
depend on their physical state. In the present experi¬ 
ments the electrical resistivity was determined for the alloys 
after preparation, and was afterwards redetermined for 
each alloy after annealing at a suitable temperature. 

* Communicated by Prof. E. J. Evans, University College of Swansea, 
t Stephens and Evans, Phil Mag. vii. Jan. 1929; Stephens, Phil. 
Mag. viu. Sept. 1929. 

{ International Critical Tables, ii. 

2 0 2 
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This was repeated until further annealing produced no 
change in the resistivity. The other properties were then 
determined for the alloys in this final state. 

Matthiessen* and Smithf have determined the electrical 
conductivity curve of the Pb-Sb system of alloys, and 
the latter investigator also measured the thermal con¬ 
ductivities of these alloys and discussed his results in 
relation to the Wiedmann-Franz law. The curve connec¬ 
ting thermoelectric power and composition of the ahoy 
was determined by Rudolfi %, and measurements of the 
electrical conductivity and thermoelectric power of 
annealed specimens of these alloys were made by 
Broniewski and Sliwowski §, who were engaged in a study 
of the equilibrium diagram of the Pb-Sb system. 

Experimental Arrangement. 

The experimental arrangements used in the present 
work have been described in an earlier paper |J, so that a 
brief description here will be sufficient. 

The alloys were made from very pure metals, the lead 
and antimony containing 0043 per cent, and 084 per cent, 
impurities respectively. The impurities in the lead were : 
silver 0005 per cent., antimony 0005 per cent., copper 
•0003 per cent., bismuth 0015 per cent., iron -0012 per 
cent., and zinc, 0003 per cent., while the impurities in the 
antimony were: iron 041 per cent., lead 025 per cent., 
copper 012 per cent., sulphur 003 per cent., and arsenic 
•003 per cent. The alloys were chill cast in the form of 
plates, some in a graphite mould 15 cm. long, 2 0 cm. wide, 
and -4 cm. thick, and the others in an iron mould 15 cm, 
long, 3*0 cm. wide, and -4 cm. thick. The antimony plate 
cast in the iron mould was composed of small crystals, and 
m order to study the possible effect of crystal size on the 
Hall coefficient a second plate, consisting of large crystals, 
was made by allowing the molten metal to cool in a hot 
sand mould. 

Altogether 10 plates were cast, of the following percent¬ 
age composition by weight:—(1) 100 per cent. Pb; (2) 
96 per cent. Pb, 4 per cent. Sb; (3) 90 per cent. Pb, 

* Pogg. Ann. cx. p. 28 (I860). 

* Pbys. Rev. xxiii. p. 307 (1924). 

t Zeit. Anorg. Ckem. lxvii. p. 65 (1910). 

| Eev. dt Met. xxv. p. 897 (1928). 

|| Stephens, loe. cit. 
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10 per cent. Sb; (4) 80 per cent. Pb, 20 per cent. Sb; 
(5) 70 per cent. Pb, 30 per cent. Sb ; (6) 50 per cent. Pb, 
50 per cent. Sb; (7) 30 per cent. Pb, 70 per cent. Sb; 
(8) 15 per cent. Pb, 85 per cent. Sb; (9) and (10) 100 
per cent. Sb. 

(a) Electrical Resistivities and Temperature Coefficients of 
Resistance of the Alloys. 

The electrical resistivity was determined by filing a 
plate of the alloy across two knife-edges, and dete rmining 
the resistance of a known length by means of the Kel vin 
Bridge. The determinations before and after a.nnea.lir>g 
were made at 0° C., and the values of the resistivities in 

Graph I. 


A 



the initial and final states of the alloy are given in Table I. 
and Graph I. 

The mean temperature coefficient of resistance over the 
range of temperature between 0°C. and 100° C. was 
determined for each alloy in its final state only, and these 
results are given in Table I. and Graph II. The resistance 
of a length of plate of these alloys could be determined 
with an accuracy of about 1 in 800, but as the deter¬ 
mination of the resistivity also involved measurements of 
the thickness and width, the accuracy of the resistivity 
determinations is about $ of one per cent. The deter¬ 
mination of the temperature coefficients did not involve 
any measurements of the dimensions of the plates, and it 
is considered that the temperature coefficients am also 
accurate to within about $ per cent. 
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Table I. 


Resistivity before 
Composition of annealing, in 

alloy by weight. microhms per 

cm.® 

Resistivity after 
annealing, in 
microhms per 
cm. 8 

Mean temp, 
coeff. of resist¬ 
ance between 
0° C. and 
100 o C.xl0*. 

10G%Pb. 

19*6 

19*6 

42*7 

*96 % Pb, 4 % Sb... 

24*95 

22*73 

40*2 

90 % Pb, 10 % Sb ... 

27*8 

23*82 

37-1 

80 % Pb, 20 % Sb (a) 

33*0 

27*4 

33*6 

*80 % Pb, 20 % Sb (6) 

33-1 

27*7 

—- 

70 % Pb, 30 % Sb ... 

37*1 

32*3 

31*4 

50 % Pb, 50 % Sb ... 

41*0 

36*7 

31*3 

30 % Pb, 70 % Sb ... 

43*3 

39*4 

33*8 

*15 % Pb, 85 % Sb ... 

39*7 

38*3 

38*2 

100 % Sb ... 

38*5 

35*3 

51*4 


* Annealed in vacuum. 


Gbaph II. 



(b) Thermoelectric Power of the Alloys. 

The thermoelectric powers of the alloys were deter¬ 
mined with copper leads soldered to the ends of the plates. 
One junction was enclosed in steam while the other was 
kept at the temperature of r unning tap-water. The 
thermo-EJd.F. over this range of temperature was 
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determined by means of a Tinsley vernier potentiometer, 
and the values of the thermoelectric powers in microvolts 
per degree centigrade with respect to both copper and 
lead are given in Table II. and Graph III. Repeated 
determinations of the thermoelectric power of the copper- 
alloy couples made when the temperature of the cold 
junction was varied over a range of several degrees were 
in good agreement, so that the relation between E.M.F. 
and temperature was probably linear between room- 
temperature and 100° C. 

Table II. 


Composition of alloy 
by weight 

Thermoelectric power 
with respect to Cu, in 
microvolts per degree 
centigrade. 

Thermoelectric power 
with respect to Pb, in 
microvolts per degree 
centigrade. 

100 % Pb. 


0 

SHi % Pb, 4 % Sb 

. -2-67 

4- -49 

'Ml % Pb, 10 % Sb 

. —2*30 

4- *86 

80 % Pb, 20 % Sb 

- *(>2 

4- 2*54 

70 % Pb, 30 % Sb 

■4-1*15 

4- 4*31 

50 ° 0 Pb, 50 °o .Sb 

4-3*21 

4- 6*37 

30 ° 0 Pb, 70 % Sb 

. —2-20 

4" o*36 

15 % Pb. 85 % Sb 

. -J-2-40 

4- 5*62 

100 % Sb 

4-38*0 

4-41*16 


(c) Hall Effect of the AUoys. 

A transverse magnetic field produces a rotation of the 
equipotential lines in a plate carrying an electric current, 
so that a difference of potential is set up between the edges 
of the plate. This transverse galvanomagnetic potential 
difference, E, is given in abs. units by the formula 

lim 

E —T‘» 

where H is the magnetic field in gauss, I the current in 
abs. units, d the thickness of the plate in cm., and R the 
Hall coefficient. 

This coefficient R, which depends on the temperature 
and, also, for some metals, on the intensity of the magnetic 
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field, has different signs in various metals. The Mall 
coefficient is +ve for both antimony and lead, the value 
for lead being about -05 per cent, that for antimony. 

Although the Hall effect for antimony is very large, it is 
small for some of the Pb-Sb alloys, and a vary sensitive 
galvanometer was required to measure the P.D. The 


Graph III. 



delicate Paschen galvanometer used in the present experi¬ 
ments was mounted on a stone pillar at a distance of 
metres from a large circular electromagnet which had been 
rotated into such a position that its effect on the galvano¬ 
meter was a minimum. Magnetic fields r ang ing from 
3088 gauss to 8488 gauss could be obtained in the 1-5 cm. 
air-gap between the pole-pieces when the electromagnet 
was excited by currants varying from 1 ampere to 6 
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The alloy plate under investigation was rigidly fixed in a 
vertical position in the magnetic field by two brass damps 
which also served as leads fear the primary current. These 
damps were fixed to a wooden frame which also supported 
the secondary electrodes, consisting of spring copper 
contacts carried by bars of ebonite. These electrodes, 
which could be moved vertically along the edges of the 
plate by means of a screw arrangement, were connected 
to the galvanometer by long, well insulated, flexible wires. 
These wires were pulled taut so as to eliminate the effects 
of vibration as far as possible. 

In a determination of the Hall coefficient, the secondary 
electrodes were adjusted on an equipotentia! line. Then, 
with the secondary circuit closed, no deflexion is produced 
in the galvanometer when the primary current is reversed, 
but on applying the magnetic field, and again reversing 
the current, with the secondary circuit closed, a deflexion 
due to the Hall P.D. between the edges of the plate is 
produced in the galvanometer. The Hall P.D. was 
determined for several values of the magnetic field up to 
8500 gauss, and a graph drawn showing the relation 
between the P.D. and magnetic field. The value of 


E 

determined from this graph was then used to calculate 

H Ed 

the Hall coefficient from the equation R= WT » 


The primary current (4 amps.) passing through the plates 
of high lead content could be read on a Weston ammeter 
with an accuracy of about 1 in 1200, and the minimum 
current (1 ampere) used for the antimony plate and the 
alloys of high antimony content could be read with an 
accuracy of about 1 in 300. This ammeter was periodically 
calibrated by comparison with a large Weston Standard 
Ammeter. 

The magnetic fields corresponding to various currents 
passing through the electromagnet were determined by 
means of a Grassot fluxmeter with an accuracy of about 
1 in 250. The fluxmeter and search-coil were calibrated 
by means of a delicate ballistic galvanometer and a search- 
coil of known mean area. 

The Hall effect was determined at room-temperature, 
the exact temperature being observed by a thermometer 
suspended with its bulb in contact with the plate. 
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The experimental results for the Hall coefficients are 
given in Table III. and Graph IV. 

In addition to the Hall potential difference, a transverse 
galvanomagnetic temperature difference is set up between 
tiie edges of the plate. This is the Ettingshausen effect, 
and the difference of temperature, AT, is given by 


where H is the magnetic field in gauss, I the current in 
absolute units, d the thickness of the plate in cm., and P 
the Ettingshausen coefficient. 


Table HI. 


Composition of alloy 
by weight 

Hall 

coefficient. 

Temperature 

°C. 

100 %Pb . 

-f--00009* 

20*0 

96 % Pb, 4%Sb... 

+ •000997 

19-6 

90 % Pb, 10% Sb... 

+'-00324 

174 

80 % Pb, 20 % Sb... 

+•00429 

18*7 

70 % Pb, 30% Sb... 

+•00530 

201 

50 % Pb, 50 % Sb... 

+•0112 

20*3 

30 % Pb, 70 % Sb... 

+•0333 

20*3 

15 % Pb, 85% Sb... 

+•0876 

17*8 

100 %Sb... 

+•213 

17*8 


* Campbell, ‘ Galvanomagnetic and Thermomagnetic Effects.' 


If the secondary electrodes in the Hall-effect deter¬ 
minations are not made of the same material as the plate 
itself, the Ettingshausen temperature difference AT set 
up between the edges of the plate will result in a thermo- 
E JO 1 . 0. AT in the secondary circuit, where 0 is the 
thermoelectric power of the electrode with respect to the 
plate. Therefore the total potential difference as measured 
by the galvanometer in the Hall-effect determination is 
given by 

E*E h ±0.AT, 

where Eh is the true Hall P.D., and the Hall co efficient 
becomes 



R= 


Exd 

Bfxl 


±2.9. 
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As a result of special experiments, it was found that the 
Ettingshausen effect for the alloys was inappreciable, 
and the Hall coefficients have been determined within 
1 per cent. In the case of antimony, the use of copper 
electrodes made accurate measurements of the Hall 
coefficient rather difficult, owing to the heat generated 

Graph IV. 



by the magnet and the large thermoelectric power of copper 
with respect to antimony. This difficulty was overcome 
by employing antimony electrodes, and in addition the 
Ettingshausen effect was practically eliminated. 

All the alloys were annealed at the same temperature, 
232° C., in an electric furnace, an atmosphere of coal-gas 
being used to prevent .oxidation. A few alloys were 
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annealed with the furnace evacuated to about T x 0 mm . 
pressure, and the results are in agreement with those 
obtained for the alloys annealed in coal-gas. The annealing 
was performed in periods of 15 hours, and the furnace was 
allowed to cool before removing the alloy. 

Discussion of Results. 

The curves showing the relation between the resistivity, 
temperature coefficient of resistance, thermoelectric power, 
Hall effect and the concentration of Sb in the alloy are all 
continuous, and furnish no irregularities or singular 
points. These curves, as would be expected, are in 
distinct contrast to those obtained for a series of alloys 
in which compounds are formed. 

If the alloys were purely mixtures of lead and antimony, 
the electrical resistivity would be expected to vary 
uniformly with the composition by volume. The resis¬ 
tivity of the alloy formed by the addition of lead to pure 
antimony is greater than that for the pure antimony, 
although lead is a better conductor than antimony. The 
alloy of maximum resistivity has a composition of about 
28 per cent, by weight of lead, but a further increase in the 
lead content of the alloy produces a regular diminution in 
the resistivity. Broniewski and Sliwowski * also find a 
maximum corresponding to 28 per cent, by weight of lead 
in their resistivity-composition curve, but the value of the 
resistivity determined by them is about 5 per cent, higher. 
The resistivity of the antimony used in the present 
experiments was 2 per cent, lower than that determined by 
Broniewski and Sliwowski. 

The temperature coefficient of resistance of pure antimony 
is very large, being about 25 per cent, greater than that for 
lead. The purer the metal, the greater is its temperature 
coefficient of resistance, and for many metals the addition 
of only a trace of foreign metal diminishes the tempera¬ 
ture coefficient considerably. Probably in this case the 
diminution in the temperature coefficient is caused by the 
introduced metal forming a solid solution with the pure 
metal. With the addition of pure lead to antimony the 
temperature coefficient of resistance at first diminishes 
rapidly, and 3 atoms per cent, of lead is sufficient to 


Im. eiU 



of the Lead-Antimony Series of Alloys. 557 

diminish it by about 17 pet cent. The minimnm tempera¬ 
ture coefficient (31'0 x 10~ *),is obtained for an alloy having 
a composition of about 47 atoms per cent. lead. The 
value of the temperature coefficient does not differ much 
from this minimum value over the range of composition 
from 38 atoms per cent. Pb to about 54 atoms per cent. 
Pb. This minimum temperature coefficient for the 
Pb-Sb alloys is much greater than the minimum ob tained 
for the Cu-Sb* and Cu Snf series of alloys, in which 
there are extreme changes of crystal structure, «nH it 
seems as if the temperature coefficient of resistance is 
intimately connected with the structure. 

An examination of the four graphs given in the present 
paper does not indicate any close connexion between the 
phenomena. The addition of a small quantity of lead to 
antimony diminishes the thermoelectric power by a far 
greater amount than the Hall effect, and further addition 
of lead does not produce similar variations in these effects. 
The addition of 5 atoms per cent, of lead is s ufficie nt to 
diminish the thermoelectric power of antimony by about 
tths of its initial value, but the Hall coefficient for this 
alloy is about 75 per cent, of that for pure antimony. 
This decrease in the thermoelectric power caused by the 
addition of lead is maintained until the composition of 
about 15 atoms per cent, of lead is reached. Further 
addition of lead produces an increase in thermoelectric 
power until a maximum is attained corresponding to the 
composition of 35 atoms per cent, of lead, which is followed 
by a gradual diminution in thermoelectric power. The 
form of this thermoelectric power-composition curve is 
similar to that obtained by Broniewski and Sliwowski 

Graph IV., showing the relation between the Hall 
coefficient and composition of the alloy, is very interesting. 
The addition of antimony to lead produces a small increase 
in the Hall coefficient until the composition of 20 atoms 
per cent, of antimony is reached. Between compositions 
of 20 and 50 atoms per cent, of Sb, a very small increase 
in Hall coefficient which is practically proportional to the 
change in composition is obtained. With further addition 
of antimony the Hall coefficient increases more rapidly, 
being about half that of antimony for an alloy containing 

* Stephens and Evans, loe. cit. 

f Stephens, loe. cit. 

t Loe. cit. 
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6 atoms per cent, of lead. In alloys of hi gh antimony 
content, practically all the antimony in the alloy is present 
as pure crystals, and so the Hall coefficient for an alloy 
of, say, 50 atoms per cent, of Sb would be expected to be 
about half that of pure antimony. This alloy has a Wall 
coefficient of only 2£ per cent, of that of pure antimony, 
and it seems as if there is some inter-crystal force opposing 
the effect of magnetism. 

According to the magnetic susceptibility-composition 
curve for the Pb-Sb alloys determined by Honda and 
Endo *, the addition of about 5 per cent, of lead to antimony 
reduces the susceptibility of antimony to about one-half 
its original value. With further addition of lead the 
susceptibility diminishes linearly to the value for pure 
lead. Although the Hall coefficient-composition curve is 
somewhat similar in form to the susceptibility curve, there 
does not seem to be any intimate relation between them. 

Table IV. 

Magnetic field ... 3088 4632 5789 6833 7704 8468 

Hall coefficient... +-232 +-232 +-234 +-232 + 229 +-217 

Mean temperature—16-3° C. 


The Hall coefficients for all the alloys examined did not 
vary with change of magnetic field from 3088 to 8468 
gauss. The coefficients for the alloys were also examined 
over a range of temperature of about 5° C., but no change 
in the Hall coefficient was observed. 

Two plates of pure antimony were examined, the crystals 
of one being very much larger than those of the other, 
due to the different methods of preparation. The Hall 
coefficient for the plate of large crystals was found to be 
9 per cent, greater than that for the small crystals. It 
was constant for each plate for magnetic fields up to about 
7000 gauss, but diminished for larger fields. The variation 
of the Hall coefficient with magnetic field for the plate of 
large crystals is shown in Table IV. and Graph V. 

Heaps t found that the Hall coefficient for antimony 
diminished from -f-220, corresponding to a magnetic 
field of 1700 gauss, to +*204, corresponding to a magnetic 

* Joura. Inst Met xxxvii. p. 29 (1927). 
f Heaps, Phil. Mag. vol. L Nov. 1926, 
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field ol 3600 gauss, and that further increase in the 
magnetic field produced only a small diminution in the 
Hall coefficient. 

The effect of annealing, as shown in Table I. and Graph I«, 
was to produce a diminution in resistivity of all the alloys. 


Graph V. 



Summary. 

(a) The Hall effect, electrical resistivity, temperature 
coefficient of resistance and thermoelectric power of the 
lead-antimony series of alloys have been determined. The 
alloys were chill cast, and the electrical resistivity at 
0° C. was determined in this state. The resistivity was 
redetermined after the alloys had been annealed, and the 
w-nnaaling was continued until the resistivity showed no 
further variation. The temperature coefficient of resist* 
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anoe, thermoelectric power, and Hall effect were then 
determined for the alloys in this final state. 

(6) Each of the corves showing the relation between Hall 
effect, electrical resistivity, temperature coefficient of 
resistance, thermoelectric power, and the concentration of 
one metal in the alloy is continuous and no irregularities 
are obtained, but there is no indication of any close 
connexion between any of the phenomena. 

(c) The effect of annealing was to produce a diminution 
in resistivity of all the alloys. 

In conclusion, I wish to express my gratitude to 
Professor E. J. Evans, D.Sc., for his valuable help and 
advice. 

December 1929. 


LI. The Behaviour of Electrons in Magnetic Fields. By 
V. A. Bailed, M.A., J).Phil.(Oxon.), F.Inst.P., Associate 
Professor of Physics , University of Sydney *, 

1. fl^HE best method for the determination of the drift- 
JL velocity W of electrons in gases in uniform electric 
fields is that originally used by J. S. Townsend and H. T. 
Tizard f, which depends on the principle that a uniform 
magnetic field, of intensity H and perpendicular to the 
electric field of intensity Z, deflects the stream of electrons 
through an angle 6, where tan #=HW/Z. 

It has been used with accuracy over a wide range of 
conditions in many kinds of gases, and lias helped in 
obtaining definite information about the effects of collisions 
between electrons and molecules which has not been possible 
otherwise. 

There are two effects which may, however, make its 
application difficult in certain circumstances, namely, the 
remarkable divergence of electronic streams in gases like 
argon and neon, and the formation of large numbers of 
negative ions in gases like hydrogen chloride, ammonia, 
nitric oxide, and nitrous oxide. 

With the first it is possible to use large gas-pressures p 
and large electric intensities Z to reduce the divergence 

* Communicated by Prof. J. S, Townsend, F.R.8. 
t J. S. Townsend, ‘ Motion of Electrons in Gases,’ p. 21, or ‘ Electricity 
in Oases,’ p. 121. 
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conveniently for a given valne of Z jp ; bat with the second 
even the use of small pressures and electric intensities may 
not always suffice to overcome the difficulties. 

Another method for determining W has therefore been 
devised which provides a means of measuring the velocities 
of electrons in the presence of negative ions. It is not as 
simple as the one mentioned above, but it involves the same 
general principles. 

The velocities for electrons in hydrogen obtained by the 
two methods are in good agreement, which is further evidence 
in support of these methods of investigation. The attack * 
on experiments of this kind (depending on statistical effects), 
made by the advocates of theories proposed by J. Franck, 
has no scientific foundation f. 


Fig. 1. 



2. Theoretical Principle. 

The new method makes use of the reduction of the 
divergence of an electronic stream which occurs when a 
uniform magnetic field is applied in the same direction as 
the electric field, and is illustrated by the diagram in fig. 1. 

When the stream issues from the slit Si the diffusion of 
the electrons causes it to diverge, which divergence is 
generally measured by meaus of the fraction R of the whole 
stream which passes through the second slit S 3 (or which 
arrives on a metallic strip) situated at a distance c. For 
<rivcn dimensions of the slits, and with no magnetic field, 
this fraction R can be expressed { as a known function 
H(Z/kc) of the ratio Z/kc, where k is the mean energy of 
agitation of the electrons in terms of the mean energy of 


* R. Atkinson, Proc. Roy. Soc. A, cxix. p. 335. 

+ J. S. Townsend, Proc. Roy. Soc. A, cxx. p. 511 (1928). 
t Vide J. S. Townsend , 1 Motion of Electrons in Gases,’ pp. 7-9, and 
V. A. Bailey and J. D. McGee, Phil. Mag., Dec. 1928, p. 1076. 

Phil. Mag. S. 7. Vol. 9. No. 58. April 1930. 2 P 
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agitation of any molecule at 15° 0. The fraction R is given 
in terms of the quantity Z Ike by the curve in fig. 2 whfen the 
slits are 4 mm. wide. 

It will now be shown that the presence of the magnetic 
field reduces the divergence of the stream and affects the 
distribution ratio R as if the ratio Zjkc were replaced by 
Za/kc, where 

. /Hwy /1%# 

. (1 > 


Fig. 2. 



The equations of motion t are 


nw as — K* 


B*’ 


nv = — K* 


Bn 

By’ 


nw = — K ~ •+ nW, 


* In e.m.u. 

f J. S. Townsend, * Electricity in Gases,’ p, 101, where 




“?T- 

m 


HW 


The y-axis is taken parallel to the slits, and the s-axis parallel to Z 
and H* 
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where n is the number o£ electrons per c. c. at a point 
(«, y, z), nu , nv, mo are the net rates of flow of electrons 
across nnit areas normal to the axes of coordinates, and 
K, K* are the coefficients of diffusion of electrons respec¬ 
tively along and perpendicular to the magnetic field ; these 
coefficients are related by the formula 

K* as K ja. 

The equation of continuity for the steady state is 
B(n«) , B(n») , ~d(nw) _ A 

so, on eliminating nu, nv, nw by substitution from the 
equations of motion, the following is obtained: 

1 /B*« d 2 n \ _ W B» 
a \B# S "** By 2 / Bs* ~ K ' B^’ 

This can be simplified by integrating each term with 
respect to y, and taking as limits of integration points on the 
side-boundary, since in the actual instrument these points 
are too distant for any of the electrons to reach them, and 
so there 

n = 0, !?=0. 

By 

The result is 

1 Vq , _ W B? 

<r B^B* 2- K *Bi 5 

where q = J ndy with the limits mentioned. On using 
Townsend’s well-known relation 


W 

K 



and making the substitution s—c%, this in turn becomes 



If the quantity Z ejk be not too small, the second term on 
the right may be neglected in comparison with the first, 
which gives 



• Z is in volts per centimetre. 

2 P 2 



564 


Prof. V. A. Bailey on the 

Since f is a pure number with limiting values 0 and 1, 
and in the diffusion instrument only dimensions in the 
direction of the 2 -axis can be varied, the ratio R depends on 
tile quantity Z <r/ke alone ; this quantity becomes Zjkc when 
the magnetic field is absent, so the assertion made about the 
divergence of an electronic stream in a magnetic field is now 
established *. 


Fig. 3. 



3. Experimental Verification. 

Before considering the way in which this principle may 
be applied to the determination of the drift-velocity W, some 
experiments with hydrogen may be described which were 
madet with the purpose of testing its truth. 

In each set of observations the pressure p, the electric 
intensity Z, and the spacing c of the slits were maintained 
constant, and the ratio R was determined for magnetic fields 

* A more rigorous, but less useful, statement is that the magnetic 
field affects the ratio R as if the dimensions of the instrument in the 
z-direction were increased by the factor yV; this follows on malting 
the substitution .r=£/ nj cr in the accurate differential equation, 
t I am indebted to Mr. W. E. Doncanson, B.Sc., for most of them. 
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o£ different intensities. These intensities were 0, 408, 612, 
and 816 gams. The values of Zur/kc, corresponding to the 
values of R, were then obtained by means of the curve in 
fig. 2, and the points, with abscissae H* and ordinates 
y=Z<r/kc, were plotted as in figs. 3 and 4. 

Six sets of observations were thus made with the forces, 
pressures, and spacings given in the colnmns Z, p, and e of 
Table I. In each set the points (x, y\ corresponding to 
the four values of H, were found to lie on a straight line 

Fig. 4. 

. 4 r~ 



(within limits of experimental error), as may be seen in the 
figs. 3 and 4 *. 

This is in agreement with the relation (1), for it may be 
written as 



and Z, c, 4, and W are constants in each set of experiments. 
Additional tests of the theory are provided by the slopes 

* The points in fig, 4 correspond to the magnetic intensities 0,400, 
€00, and B00. 
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dyfdx of the straight lines, for these enable the values of the 
velocity W to be calculated by means of the formula 

W = ^Tjkc.dyjdx x 10 8 , 

and a comparison to be made with the values Wi obtained 
by means of Townsend’s method. 

This is shown in Table I., where Z is in volts/cm., p in 
mm. of mercury, c in centimetres, and W in centimetres/sec. 

Thus the preliminary experiments give results in accord¬ 
ance with the theory, as is indicated by the agreement 
between the numbers in the last two columns. 

Table I. 


Z/p. z. 

P- 

c. 

Wxl0~ 5 . 

WtXIO- 5 . 

( 6 

8 

2 

99 1 


*625 \ 



i 

9*9 

1 10 

16 

4 

10-9 J 


f 10 

2 

4 

26 1 

I 

5 i 



1 

25*5 

l 20 

4 

2 

29*5 J 

1 

f 20 

1 

2 

74*5 


20 \ 



1 

70 

1 20 

1 

4 

74*6 j 



4. Experimental Procedure. 

In practice the velocity W is more conveniently deter¬ 
mined by means of the following method, which is based on 
the same principle, for, in general, with a given set of values 
of Z ,p, and c, the value of k has to be determined as well as 
that of W. If, then, k be known, W is easily obtained by 
observing what value of H will make the divergence of the 
stream (measured by R(Z<r/£c)) identical with that of a 
stream composed entirely of negative ions (measured by 
R(Z/c)). For, if this value be denoted by H 0 , then 

«(£)=*(!)• 

Therefore k as <r — 1 + (H 0 W/Z )*, 

and so W = ^ Vl—i x 10 8 . . . . 

from which W mav be determined. 


• • (3) 





Behaviour of Electrons in Magnetic Fields . 567 

This method has been applied to hydrogen, with the 
results shown in Table II. The values of W in the fifth 
column have been calculated by means of equation (3), and 
are seen to agree well with the values Wt obtained by 
means of Townsend’s method. 


Table II. 

c=4 cm., Z=4 volts/cm., R(Z/c) = ‘555. 


Zip. 

k. 

V- 

H 0 . 

wxio-‘. 

WtxIO-*. 

xio 4 . 

xxio«. 

-m 

6*5 

6*4 

950 

9-86 

9*9 



5 

26 

•8 

760 

26*3 

25*5 

51 

46 

20 

78 

*2 

500 

70*2 

70 

118 

117 


In connexion with this method it is interesting to observe 
that, by making the electrons appear to behave like negative 
ions, the effects of the latter (when present) on the diver¬ 
gence have been completely eliminated. It follows that, 
even when large numbers of negative ions are present, this 
method is still applicable, and so enables reliable values of W 
to be obtained when the values of I: have been determined, 
as for example, in the recent work on Ammonia *. 

A remarkable consequence of the method is that for values 
of k greater than 20 the values of X, the fraction of its own 
energy lost by an electron in a collision, are given by the 
simple formula 

X = 186 Z l /Ho*, .(4)f 

which involves only the electric and magnetic intensities. 
This follows from the relations 

X = 2-46 W*/w», « = T15 v'l x 10 7 , and (3), 

where it is the velocity of agitation of an electron, when 1 jk 
is negligible compared with unity, and is illustrated by the 
numbers in the last two columns of Table II. 

Experiments for the determination of u/p, k, and W in 
ammonia and hydrogen chloride are now in progress, and 
the results will be published in the near future. These 
results will make possible reliable estimates of h, the 
probability of attachment of an electron which collides with 
a molecule. 


* V. A. Bailey and J. D. McGee, loc.eit. f Z is in volts/cm. 
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LII. Hamilton’s Principle and the Field Equations of 
Radiation. By D. Meksyn *. 


§ 1. Summary. 

1 YHE problem of finding from Hamilton’s Principle the 
most general field laws for an antisymmetric tensor 
of the second rank in five dimensions is solved. 

The tensor has 10 (6 + 4) components four of which are 
complex, and two scalar functions are introduced as a result 
of the variational problem ; in all there are sixteen functions. 
The sixteen equations obtained are those of radiation. 

For the case of free motion and, to the first approximation, 
for an external electromagnetic field these sixteen equations 
can be combined into eight (C. Gr. Darwin’s equations) f. For 
the case of an electromagnetic field these equations are 
presented in a general tensor form, and the well-known 
operators 

h d , e . 

2m da c 1 ‘" 


appear quite naturally as terms in contravariant differen¬ 
tiation. 

It appears that the five-dimensional continuum represents 
a natural system of reference for radiation phenomena. 


§ 2. The Method of Solution. 

We have to solve the problem of finding the roost general 
field equations for a particular tensor in space, which follow 
from Hamilton’s Principle. 

The method of solution is purely formal, and is equally 
well applied to 3, 4, and 5 dimensions. 

We describe the field in all cases by an antisymmetric 
tensor of the second rank. For 3, 4, and 5 dimensions we 
obtaiu the electrostatic, electromagnetic, and the radiation 
field equations. 

We solve the problem for an antisymmetric tensor of the 
second rank, because we know that for 3 and 4 dimensions 
this tensor represents some existing physical state, and, 
hence, it is natural to inquire whether this is also the case 
for 5 dimensions. The equations obtained represent a formal 
generalization of Maxwell’s ones. 

* Communicated by the Author, 
t Froc. Roy. Soc. A, cxviilp. 654. 
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In so far as the solution of the least action problem is 
concerned, we have to bear iu mind the following: if the 
quantities in the Hamiltonian are differentials, the variational 
problem can be solved directly (as in dynamics), otherwise 
these quantities ought to be represented by means of 
differential coefficients of some other quantities, because 
without such representation the variational method cannot 
be applied. 

Of course the equations obtained depend, to some extent, 
upon the form of this representation. We try therefore 
to find the most general form of representation of an anti¬ 
symmetric tensor of the second rank, with the only limitations 
that these expressions must not conflict with the law of 
transformation of the particular space. 

§ 3. Application to Three Dimensions. 

In order to make these considerations clear we give here 
the solution of this problem for the case of three dimensions. 

The field is described by a three-vector E(E Z , E„ E z ). 
The Hamiltonian is 

W=ijE 'dxdydz .(1) 

Now Stokes has proved * that a three-vector can be 
represented by means of scalar and vector potentials <p, 
V(V x , V y , V t ) as follows:— 

E=grad + rot V,.(2) 

under the condition that 

div V= 0.(3) 

As a matter of fact <p and V are found from 

V a 4>=divE; V*V=—rotE. 

The field equations are obtained from 3W=0, using (2) 
and (3). 

We have 

J(8y+/*SdivV)<ta<ty<fc=0. ... (4) 

Using (2), and integrating by parts, we easily find that (4) 

is equivalent to 

—J{divE . S<j> + ([grad /*—rotE] . £V) }dxdyd*3=0, 

* A. EL H. Love, ‘A Treatise on the Mathematical Theory of 
Elasticity,’ p. 47 (1920). 
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and the field equations are 

divE=0, ) 

y ...... (5> 

rot E=grad/&. 4 

It can be shown that all four quantities E and p satisfy 
Laplace’s equation. 

In (5) there appear, except for the electrostatic vector E r 
also a new quantity p. It will be shown in a separate paper 
that this quantity represents the potential of a hydrostatic 
pressure, which is necessary for stability of an electron. 


§ 4. Some Metrical Properties oj Five-dimensional Space. 


We give here for convenience’ sake a few well-known 
laws of the five-dimensional space *. 

The transformations for the space-time coordinates do not 
depend upon the fifth dimension, and are the same as in 
the theory of Relativity. The transformation of the fifth 
dimension is merely 

“V=.fs.(6) 


If we apply these rules to an antisymmetric tensor of the 
second rank 

~b% v >p - 

1 ’. (7) 


T; 


we find that the six space-time components are transformed 
as an antisymmetric tensor of the second rank in the Theory 
of Relativity, and the four components associated with the 
fifth dimension 




d#<» d.r tt 


. . ( 8 ) 


are transformed as a four-vector. 
The fundamental tensor is 


r f k —<f k i 

ya ss ffik+ 


Va=P<bi, 


+/3*M k > 



where ga is the gravitational tensor and <ja is the vector- 
potential of an external electromagnetic field. 


* 0. Klein, Zeitt.f. Phys. xlvi. p. 189 (1928). 
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and the Field Equations of Radiation. 
For & we take the value 



• ■ ( 10 ) 


For this value of yS the track o£ an electron becomes, 
as Fock * and Fisher have shown, a null geodesic, and 
Schiodinger's wave equation appears to be the usual wave 
equation in this space. 


§ 5. Representatian of an Antisymmetric Tensor of the 
Second Rank by means of Two Vectors. 

The method of derivation of the field equations in the 
case of five dimensions is similar to the classical one, and is 
based upon representation of an antisymmetric tensor of the 
second rank by means of differential coefficients of two five- 
vectors. As we have pointed out, such representation is 
necessary in order to solve the variational problem. 

Let us find out under what conditions this is possible. 

Let F 0/J be an antisymmetric tensor, £*...£5 and l t ...l 6 two 
five-vectors. Fag can be expressed as follows :— 


& — d* a _ dfo , djg _ 
«/8 7 S=( 1, 2, 3, 4). 


• • ( 11 ) 


The signs in the six equations ( 11 ) correspond to an odd 
number of permutations in the series */3yS. Also 


F 


*5 ~ 


"bkg _ _ 

B.t?5 ’ 


Gr, 


«8 ' 


Ml 

da's 



(11a) 


«=(1,2,3,4). 

It appears that, except for F«g, new quantities G 15 ...G 45 
have to be introduced ; we can thus consider the fifth 
dimensional components of F«g as complex. 

The origin of these quantities is as follows :—In order to 
justify our form of representation of the tensor F«g by 
means of two vectors k and l, we have to prove that from 
a given tensor P a/S we can always discover the vectors k, l 
(see equations ( 12 )). 

In the case of 3 and 4 dimensions k and l satisfy the 
usual wave equation, and we may expect that this will hold 
good for the present case. 


* Zeds. f. Phys. xxxix. p. 22 (1926); J. K. Fisher, Proc. Roy. Soc. 
A, cxxiii. p. 489 (1929). 
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From the simple algebra of evaluating the equations (12) 
it follows that, unless we make use of additional quantities 
G J# :.., we are unable to obtain the required equations for 
k and l. 

We have now to prove that if F a p and G w ... are given, the 
two vectors k and l can be found. 

The following expressions are easily obtained :— 


BF a/9 . BFfly , BF ya BGiS _ /\3I BL 
B*„ B*« Bi 8 U BV 


BGas_ 

B.r a 


-C?I>+ 


Hi 

B«s’ 


«/8y8=(l, 2, 3, 4). 




J 


( 12 ) 


The law of composition of the four equations which follow 
from the first expression in (12) is simple ; the values «, /3, <y 
are any three from 1, 2, 3,4 taken in order; the sign in (12) 
corresponding to an even number of permutations in the 
series *j3y$. Also 


BF oP 

B‘*s 


= 


BK 

B*«’ 


(12a) 


2,3,4, 5. 


In all the equations the expression must be summed with 
respect to those indices which occur twice. 

In the equations (12) and (12 a) 


K = div k, 

L= div l, 

/v = b 2 . . _a* j>* b 2 

u dx? W B *» 2 dx/ ' 


(13) 


We assume 

K=0, L=0, . ... (14) 


and the two vectors ki...k s , l v ..l s can be evaluated from 
(12) and (12a). 

It is clear that not all components of the tensors F and G 
are independent; the two antisymmetric tensors have fourteen 
components, whereas we have only eight independentqnantities 
to express them. Hence the components of the anti¬ 
symmetric tensor must satisfy six additional conditions. 
They are easily found, and are given later (equations (19)). 
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and the Field Equation! of Radiation. 

§ 6. The Variational Problem and the Field Equations. 
The Ha mil tonian has in this case the following expression:— 

W=iJ(F u * + F**’+F S4 ® f F ss 2 +F gl ! 4 - F 1 s 2 +Fis 2 +F k 2 + Fj * 1 
+ F« ! + G,6*+Gg6*+Gfji 2 +G 45 2 ) dx\ dx 2 dx s dx A dx s . (15) 
The field equations are obtained from the condition 

8W=0.(16) 

In the evaluation of (16) we have to make use of the 
equations (11), (11a), and (14) after the latter have been 
multiplied by indeterminate factors a and X respectively ; 
the Hamiltonian becomes 


K + \SL) dx x .. .ffo s =0. (16a) 

Integrating by parts (16 a) we easily find the required 
equations. They are as follows :— 



also 


BF^B* _ n 
B^ Br a 
<*,£=1, 2,3,4, 5 ; 

dF* + *¥**_ + BF^ + BGf + BX = Q " 
B# y B#« B#s B#s “dxs ’ 
u/3y8=z( 1,2,3,4), 


( 17 ) 


(18) 


BG 5 * Bx 
B«i B‘T 5 


*= 1 , 2 , 3 , 4 , 5 . J 


The first expression in (18) comprises four equations ; 
the signs correspond to an even number of permutations in 
the series «/3yS. 

As we have pointed out. there are six additional conditions 
to be imposed upon the components of the antisymmetric 
tensor. It is easily verified from (11) and (11a) that these 
conditions are 


Bbaj_BFp; . Bhfci _ BF y5 _BF«js_« no\ 

B-^ Bi. B^ y B.r s B^ ’ ' { ) 

«,/ 3 ,y, 8 =(l, 2 , 3 , 4 ). 

These are six equations, and the signs in (19) correspond to 
an odd number of permutations in the series aj3y8. 

In "order to eliminate imaginary quantities from the 
equations (17-19), and bring them into the same form as 





574 Mr. D. Meksyn on Hamilton*s Principle 

Maxwell’s equations, we have merely to bear in mind that 
the following quantities are purely imaginary :— 

I'm, F 25j Fj 5 , G 45 , Fjj, F n , F ss , fi. . (20) 

The equations obtained (17-19) can be easily brought into 
J. M. Whittaker’s equations *; his six-vector and two four- 
vectors correspond to our antisymmetric tensor with fourteen 
components. Whittaker’s way of deriving these equations 
is different from ours. He assumes eight equations, as given, 
and derives the other eight ones from Hamilton’s principle. 

§ 7. We show now that the system of sixteen equations 
(17-19) can be easily brought into C. G. Darwin’s form of 
Dirac’s equations. 

We consider the ease when there is no electromagnetic 
or gravitational field. For that case we need not distinguish 
between covariant and contravariant tensors. 

We combine the first three equations of (17) with (19) 
(for F 14 , F m , FjJ multiplied by i— V —1 respectively, and 
combine the fourth with the fifth equations (17) multiplied 
also by t; the same procedure we adopt with respect to 
equations (18) and (19) (for F 2S , F !3 , F J2 ). The result is 

+ S^ r ” -iG,,) + ls ( '‘ +iF " ):=0 ’ 

-s-, (/*-HF«)=0, 

0*^2 0*^2 

. . . ( 21 ) 


These are exactly Dirac’s equations in Darwin’s form. 
* Proc. Roy. Soc. A, cxxi. p. 648. 
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To obtain the terms me we have merely to suppose that 
the fifth coordinate enters in the functions in the following 
dependence:— 



( 22 ) 


§ 8. The Field Equations for an External Electromagnetic 

Field. 

To determine the field equations for the case of an external 
electromagnetic field we have to represent our equations in 
general tensor form *. 

The equations (17) are easily written out in a tensor 
form. They are 

F^+ya«=0,.(23) 

*» £=(l—5), 

where /t“ represents a cantravariant differentiation with 
respect to x*, or 

/**= TP* .' . (24) 

We transform in (23) the terms F*V We have, for 
instance, 

F 15 = 7 1 *t s *F ( *— 7 n 7 M Fn+7 11 7 53 Fi3+7V 4 F u+ 7'V 5 F is 

+7 1 V 5 F« + 7 1 Y ! Fs 2 +7 1 V 3 F 53 +7 1 ¥ 4 Fs4. (25) 

If we insert in (25) the values (9) of the fundamental 
tensor for the case when there is no gravitation, we easily 
find 

F 1 **=F tt + 7 M F ,, + 7 t *F u + t m F w , . . (26) 
and hence the first equation (23) takes the form 

F 12 2 +t 8 s F 1 * 6 +F ls , +t 8 j F u j + F u 4 + 7 m F u 5 +F 1S , 6 +^=0, 
or finally the first set of equations (23) becomes 
F“' a +F ls ’ 8 +F u ’ 4 +F I 5 ,s+tt 1 =0, 


F«. i+F 42 - 2 + F 43 - 3 +F 45 , s+/* 4 =0, 

Fji 1 +Fjj*+F m ®+F 51 4 + ft 5=0. 

• H, T. Flint, Proe. Roy. Soc. A, exxiv. p, 143. 
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These appear to be equations between quantities not of 
the same variance, but it is to be noted that this results from 
the removal of the gravitational field so that there is no 
distinction between the two types of variance. 

We have to bear in mind that a contra variant differen¬ 
tiation with respect to x^k—1, 2, 3, 4) is, to the first 

approximation, equivalent to the operator . ~~ + -d> k . 

2irt o&k c ~ 

We see that this operator appears quite naturally in our 
equations. 

To present (18) in a tensor form we make use of the same 
procedure as in the case of the second set of Maxwell’s 
equations in the Special Theory of Relativity. We intro¬ 
duce, instead of the tensor F° @ , a new one in the following 
manner 

Instead of F«, F» F® 2 , F 41 , F 1 *, F*0 9 

we take G ls , G 1 ®, G 14 , G* G M , G® 4 .j ' ^ 

We complete thus the missing terms of the tensor G** 3 . 
To find the covariant components of G** we make use of the 
six equations 

y 4 «7^F«^=7 I V ? Cr«|s, .... (29) 


and four equations 

G«_yyp Ga<i .(30) 

From (29) and (30) we easily find the covariant tensor 
Gap. So, for instance, 

G 15 =Gis-f7 52 F4 S +7 53 F24+7 S4 F 32 . 

Now the equations (18) become 

G^+X*= 0 ,.( 31 ) 

«,/9=(l-5), 

and the five equations (31) can be represented in the same 
form as (27). 

We transform the set of equations (19). The simplest 
assumpiion would be for the first equation (19) 

Fi5,2—F 2 5, i + G45,3— G35,4—Fia, 5= 0 . . ( 32 ) 

If we express F» by means of F ls , when the gravitational 
field is absent, 

F**F lt +y»F* + 7*F u , • 
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and combining this expression with (32), we obtain 

F 15 *—Fgg 1 + Gr45,3 — Gr35,4 —F 12 s = 0, 

or the equations are not symmetric with respect to the 
functions &*■> and F&; they do not agree to the first 
approximation with Dirac's equations. 

We assume, therefore, the following form for our equa¬ 
tions :— 

(F“ 8 y-(F^)“+((x s 5 ) ) '-(G>' 5 )*-F^=0 ) . (33) 

«, 0, y, 8=(1, 2, 3, 4). 

The signs in the six equations (33) correspond to an odd 
number of permutations in the series aftyS. Here (F a g) & 
means the contravariant differentiation of F a ^ with respect 

to Xy. 

For the case when there is no gravitation 
F 1 e =7 1a F o5 =F 19 , 

or the operators are performed upon the same functions as 
in (27) and (31). 

The field equations for the general case of an electro¬ 
magnetic and gravitational force are (23), (28), (31), and 
(33). 

Wheatstone Laboratory, 

King’s College, London. 


LIII. Frictional Electricity. By Professor P. E. Shaw, 
M.A., D.ScUniversity College, Nottingham *. 

flTEUS subject is far the oldest branch of electricity, 
X and it provides far the easiest way of raising electric 
charges. There can be no easier experiment than that of 
rubbing one’s fountain-pen on a coat-sleeve and using the 
excited pen to raise a small scrap of paper. 

It is all the more remarkable that, after a century of 
great advance in the theory and application of electricity, 
and after a generation of unparalleled progress in its 
fundamentals, ouf knowledge of frictional (or tribo-) 
electricity is still meagre. Writers of text-books and 


* Communicated by the Author. 

Phil. Mag. S. 7. Vol. 9. No. 58. April 1930. 
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reference books allot a mere page or two of qualitative 
information, and then, after brief and guarded statements 
on the subject, seem glad to leave it for safer and more 
matured topics, such as, say, voltaic or thermo-electricity. 
However, it is possible after the progress made in tribo- 
electricity in the last fifteen years to bring together many 
new Balient facts. Closer study of this subject, so simple- 
seeming, has revealed complications apparently unsus¬ 
pected by the earlier workers. We will indicate some 
experimental results and some principles which are only 
found in recent research, or are revealed now for the first 
time. 

I. —The time-honoured method of discharging an excited 
body is to pass it through a flame. This process is un¬ 
necessarily drastic ; for the ionized zone above and around 
a flame acts quite well. But the flame method is definitely 
bad, since it not only discharges the body but may, as we 
shall see in the next section, modify its surface profoundly. 
How often has a teacher, using the flame method, found his 
experiment go all wrong, and then had to take refuge in 
the traditional excuse that frictional electricity is a fickle, 
“ fortuitous” subject on account of atmospheric moisture! 
To discharge a rod we do not use the flame method, but its 
surrounding zone. 

II. —When a glass rod which rubs positive to silk is 
placed, even for a second or two, in a flame, it is then found 
to rub negative to the silk, and, further, the friction between 
the glass and silk has now increased considerably. But on 
continuing the rubbing with vigour the glass returns to its 
positive state, and friction is again low. This reversible 
process, which is quite dependable, was investigated 
by the writer *; but its physical significance has only 
just been revealed. We can rub glass from the negative 
to the positive state by ordinary silk, flannel, or felt; 
but when these fabrics have been exhaustively cleansed of 
fats, waxes, etc. by purest benzene or chloroform, the 
glass is persistently negative. Now, if on the cleansed 
fabric any one of many solid organic compounds of low 
melting-point be placed, the glass will after persistent 
rubbing become positive. The choice of organic material 
is very great; fatty, bibasic, or aromatic acids, esters or 

* Shaw, Proc. Phys. Soc., April 1915; Proc. Roy. Soc, A, xciv. (1917), 
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ketones, all operate well. It is clear, then, that an organic 
film, with good polish, is formed on the glass and is 
removed at once by a flame, or, alternatively, by raising 
its temperature to 300° C. Thus in the well-known experi¬ 
ment of rubbing glass positive with silk, the surface rubbed 
is not glass at all, but an organic film ; but when clean 
fabric is rubbed on clean glass the charge on the latter is 
invariably negative. Sir W. B. Hardy* in his investi¬ 
gations on boundary lubrication, f ound such film s to have 
very low friction, and to be very tenacious. He considered 
them very thin, possibly monomolecular. 

Recent work has shown that these organic films form 
more or less readily not only on glass but on various metals, 
ebonite, etc., and as with glass, and by their presence, 
change these surfaces from a negative to a positive one 
when rubbed with, say, filter paper or clean silk. 

III.—Faraday and others have observed that apparently 
identical solids, say two like feathers, become charged when 
rubbed together. This effect has now been investigated f. 
Excellent material for the purpose is ebonite. Two pieces 
of it cut from the same rod and rubbed will, in general, give 
charges of an irregular kind. To make these charges regular 
anneal the rods by raising them to 100° in boiling water. 
Dry them and allow to cool. Then, laying one rod (a) across 
the other ( b ), stroke the latter with the former. At once (a) 
becomes negative, (b) positive. This electric separation 
is not due to any difference in the rods, for when the rods 
are changed, so that (6) is rubbed on (a), (b) becomes 
negative and (a) positive. On continuing the rubbing of 
(6) on (a) the charges gradually decrease, vanish, and 
finally reverse signs, so that (5) is now positive. 

These effects are attributable to the different strains 
arising on the rods where they rub one another. The two 
surfaces being equally hard must both become strained in 
rubbing. But the. upper rod (6) bears throughout a 
stroke on one spot, so that at that spot the effect is 
concentrated, and the strain grows quickly; the other rod 
(6) is rubbed along a whole generating line, so the strain 
is distributed over a large area, and no part of it becomes 
greatly strained until after many strokes. 

* Proc. Itoy. Soc. A, cviii. (1926). 
t Shaw, Proc. Plivs. Soc., August 1927. 

2Q2 
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The upshot is that the acting parts of (6) and (d), being 
strained in different degree, the rods, though chemically 
identical, differ physically. They therefore act tribo- 
electrically as different bodies, and become charged 
negative and positive respectively. 

To pursue the argument: since the energy spent on each 
rod is the same, the smaller area of (6) becomes hotter than 
the larger area of (a), and being hotter recovers more 
quickly from the strain. So in the end the strain on (a) 
becomes greater than that on (6), and the sign of the charge 
reverses, as we have seen. The rule is that the more 
strained surface is negative to the less strained. Other 
materials, e. g., amberite, celluloid, and metals, show 
the same effects. It has been observed by Beilby * 
that two wires of identical metal, one strained, the other 
annealed, show the thermo-electric effect when placed in 
contact. Thus we have independent support for the 
statement that strain changes the physical nature of a 
surface. 

IV.—Rubbing is the usual way of exciting charges, but 
normal impact of the two surfaces serves quite well, as shown 
by Richards f and by others. On consideration one sees 
that in normal impact, while most of the force is expended 
in direct compression of the two surfaces, these will in 
general experience a certain amount of tangential or sliding 
movement, the only purely normal contact occurring in 
the ideal case when two perfectly plane surfaces meet, 
in normal contact. 

Thus the word “ frictional ” in its usual sense is not 
strictly applicable to this subject, since triboelectricity 
arises without rubbing or friction. 

An interesting effect occurs in this connexion. Let two 
rods of ebonite or other good insulator be struck together 
violently with a glancing blow so as to meet in oblique, not 
normal, impact. If the two rods be then together brought 
near a gold-leaf electroscope there will generally be found 
on them a net negative charge of considerable amount. 
Faraday’s law states that the charges on the two surfaces 
produced by rubbing are equal and opposite, t. e., the net 
charge is nil. This is true for robbing where the surfaces 

* Beilby, ‘ Aggregation and Flow of Solids,’ Macmillan & Co. 
f Richard*, Phya. Rev. 1920, p, 290. 
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remain in contact for much longer time than in the process 
of oblique impact. But the law fails, as we see, for violent 
oblique impact. We have failed to find it in cases of nor¬ 
mal impact. In the case of a glancing blow the surfaces 
separate more quickly. 

In the circumstances we cannot conceive that negative 
electricity is generated by the impact; so the only con¬ 
clusion is that one or both of the rods has lost some positive 
charge to the air. To explain this one supposes that 
something like an explosion occurs on one or both of the 
surfaces, the ejectamenta to the surrounding air having 
net positive charge. We know from Hertz’s theory of 
elastic deformation that the force per unit area at the 
centre of the contact area in impact may amount to many 
thousands of atmospheres, and when the two surfaces 
recoil after the blow is delivered some material may be 
shot out of the surfaces. If the positive surface loses 
more than the negative one, the above effect would be 
produced. 

V.—The results of an impact experiment of a different 
kind lends support to the principle just enunciated. Rudge* 
showed that certain powders, when blown from a vessel by a 
blast of air, attain charges. The writer f has investigated 
this effect with sand blown through a sand-tube and with a 
variety of metal filings blown through metal tubes. In each 
case the filings and tube are of the same material, so there is 
similarity between this case and the impact of two like 
insulators, as in the last section. The charge is measured 
for filings, tube, and emerging air, and the result for all 
the cases tried is that the filings, the tube, and the air each 
attain charges which, within experimental errors, are 
regular. So here again oblique impact between like 
materials gives rise to a net charge for the two solid 
materials used and an equal and opposite net charge for 
the air. It may be observed in passing that this affords 
an explanation of several meteorological phenomena, such 
as lightning discharges in volcanic eruptions, electrical 
sand-storms in deserts, and electrical snow-storms some¬ 
times observed in the Antarctic. 

* Radge, Roy. Soc. Proc. A, May 1914. 

f Shaw, Roy. Soc. Proc. A, cxxii. (1929). 
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VI. —We hare seen in Section II. that organic films on a 
surface profoundly _ affect its triboelectric behaviour. 
There are three other kinds of film * which have adefinite 
influence on results:—(1) Adsorbed water films condense 
from the air on many surfaces, particularly glass; these 
act in a negative way. (2) alkaline films or surfaces also 
act negatively due to the formation when rubbed of 
—(OH) ions. (3) acid films act positively, on account of 
ifle production of +(H) ions. These effects, which are 
pitfalls for the unwary, demonstrate the futility of seeking 
data from solids of uncertain composition or surface 
purity. Many acids and alkalies are extraordinarily 
tenacious on neutral surfaces like glass; so that, after 
they have been applied to a surface, abrasion by a hard 
solid is the only way to move their residual films. 

VII. A comprehensive theory to embrace all the known 
effects of triboeleetricity cannot be produced till the 
subject has been more fully investigated quantitatively. 
Many physicists have been content to borrow the Volta 
contact potential principle, so well established for metals, 
to explain the charges arising triboelectrically when 
surfaces, whether of metals or non-metals, rub together. 
Now, we have seen that film effects may play a large part 
in the nature of triboelectric charges, and allowance 
for these films must be most carefully made. 

But even allowing that such films are adventitious, and 
should be removed before the real triboelectric effects are 
observed, we still have to reckon with two factors other 
than a mere contact effect. These only come into being 
because of the relative motion, of the surfaces, and there¬ 
fore cannot arise in the Volta contact potential, which 
is purely a statical phenomenon. 

These two factors are (1) strain of surfaces, and (2) rise 
of temperature, both caused by the rubbing; and we have 
seen that results are fundamentally affected by them. 

Riecke f and others % have established formulae for the 
charge arising when two insulators are rubbed together. 
In the equation 

Q = f( 

* Shaw & Jex, Roy. Soc. Proc. A, cxviii. (1928). 

t Wied, Ann. 1787, p. 414. 

J French, Pby*. Rev., Feb. 1917. 
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Q — charge attained, w »total work done, a, b are 
constants for the surfaces depending on their specific 
excitability and leakage. But such simple expressions 
take no account of the two dynamical factors mentioned 
above. 

Another fundamental objection to a simple volta contact 
theory is that, whereas in this theory the potential 
difference arises when the metals are in contact, in tribo- 
electricity the charge is only seen after separation. Some 
experiments have been made to demonstrate that charges 
really do exist between insulators when in contact, but 
they seem most inconclusive. Even if they are allowed to 
stand as proof on the point, it must be remembered 
that in triboelectrieity the charges are invariably observed 
after the surfaces separate. Is it to be assumed that the 
process of separating linked molecules does not of itself 
cause charging ? 

It will surely be difficult, or impossible, to appraise 
the influence of these two dynamical factors, so that the 
charges can be calculated when any given pure substances 
of known figure are rubbed together with a known expendi¬ 
ture of work. The utmost attainable outcome may be an 
empirical equation, which, of course, is always a formulated 
confession of ignorance. 

There is a large and promising field of research in this 
subject. Triboelectrieity, which deals with the rough 
clash of solid surfaces, proves to be a very involved subject. 
Solid surfaces are more complex than are liquid surfaces, 
but in recent years much light has been shed on their 
composition by many different lines of reasoning, notably: 
the theory of the lattice electrical structure of crystals: 
the Debye theory of the dipole nature of dielectric mole¬ 
cules : the double electric layer of Helmholtz: Hardy’s 
theory of boundary lubrication : and the Langmuir-Adam 
work on the monomolecular solid films on water. 

The theory of the polar structure of atoms and molecules, 
and their resultant orientation in suitable fields, should 
prove as powerful in triboelectrieity as in other fields 
of research. 
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LIV. On new Methods in Statistical Mechanics. By Meghnad 
Saha, B.Sc., F.B.S., and Ramesh Chandra Majumdar, 
M.Sc., Allahabad University *. 


A T the present time a number of new methods are being 
developed in statistical mechanics, and it is difficult 
to see the connexion amongst them. In this essay an attempt 
is made to review these methods and supply the link amongst 
the different theories. 

Almost all the old (Planck) and new methods (Bose- 
Einstein (1) , Fermi-Dirac (i) ) start with Boltzmann’s theorem 

S= AlogW, 

and with Planck’s definition of W, viz.:— 


W — Thermodynamical Probability. 

There is an alternative function G doe to Boltzmann 
and Gibbs (4> which may be described as the total phase 
volume described by a thermodynamical system. Ehrenfest 
and Trkal (5) treat problems of chemical equilibrium etc. 
with the aid of this function (they called it {y}), and find 
their method superior to Planck’s. There is a certain amount 
of ambiguity in Planck’s definition of W ; according to him 
W is a whole number, but Ehrenfest and Trkal have shown 
that Planck’s expression for W has to be divided by N! to 
get the correct expression for S. The need for this operation 
is not clear. Planck (6) has apparently admitted the sound¬ 
ness of this criticism, and in a recent paper puts a new 
interpretation on W. He defines W as the maximum 
number of probable states which can (jive rise to the total 
energy E. Planck shows that, with this definition. 


W 


G 

MY 


(i) 


The same conclusion has been reached independently and 
simultaneously by Saha and Sur (7) from different conceptions. 
They emphasize the necessity for laying down a unit of 
probability. At absolute zero S = 0 and W = 1, and the 
total phase-volume described — A 3S N! in the simplest case 
(i. e., a perfect monatomic gas). Denoting this by Go, and 
the corresponding probability by unity, the mathematical 
value of probability at any temperature 


W = 


G _ G 
G 0 — A 3N N! * 


* Communicated by the Authors. 
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The conceptions of Planck and Saha and Sur, though 
apparently different, are in essence identical. 

We shall therefore start with the theorem (1) and calcu¬ 
late W,introducing (1) classical conceptions, (2) the Fermi- 
Dirac condition, (3) the Bose-Einstein condition. 

Let us suppose the assembly to be distributed inequi-energy 
layers with the energy-interval (e« e, + de t ) for each particle, 
and let N, be the number of particles in this interval. The 
phase-volume occupied by each particle 


g, = 2wV(2 m) 3l W ,2 de, .(2) 

Then, according to Ehrenfest and Trkal, 

. (3) 

9 

This theorem has been given by Ehrenfest and Trkal 
without proof, though to many it may not be so self-evident. 
We are therefore supplying a proof. Let Gjj denote the 
phase-space described by N-particles, and Gu_i the phase- 
space described by N—1-particles, the remaining particle 
being assigned to the region (dx dy dz dp x dp y dp e ). We have 


Now we have (s) 




3N asr 


V J, (2srm) TE7 



G}f_i_ dw 

G7 ~ d r ’ ' * 


• • (3') 

• • ( 4 ) 


where dw is the probability that the particle is to be 
found in the phase-volume considered. We have therefore 


dw 


N, 

N’ 


and dr the phase-volume of the particle under question = g*. 
Thus 

GK=G,! -‘-(S7r)- 

Then by successive application of the same theorem 
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and finally, taking all the energy-layers, 

Gb-n,/•(!)"• 

N! 


HN,! 




( 3 ) 


We have thus reduced the calculation of the phase-volume 
from the 6N dimensional space to one of 6 dimensions. 
We shall now show that the classical expression for entropy 
is easily obtained from this value of G. We have 

w— _L_ n(^ NS 

w nN.!7'W ' 

s 

Let be denoted by a ,; 
then S = K log W 

- K {SNs log a t —2N,(log N.-1) \ 


= KSN, log ^ +KN. 

E = me* 

8 

N= 2K. 


Now 


(4) 

( 5 ) 


Hence, applying the variation-principle, 

$S = 28N, (log a s — log N.) 

S 

SS = 28N, 

# 

SE = 28N*. 

8 

Therefore loga —log N+Xe»+/a=0 

or N, = aa,/ tf . 

It can now be easily proved in the usual way that 

0 -i and l-jJ,(2in»4T)W, . - (8) 

and substituting these values, we can easily show that S gets 
the classical value, viz., 

NKlog|^(2wm*T)W i ' 3 *j-. ... (9) 


( 6 ) 


(7) 
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Now we shall show how the Fermi-Dirac expression can 
be obtained from the definition of W. 

The phase-volume of the assembly 

n N ! tt 

G= HNn I ? s - 

9 

has been calculated on the supposition that the phase-volume 
occupied by each individual particle is infinitely small 
compared with the total phase-volume at its disposal, viz., g». 
Let us now give up this assumption, and suppose it occupies 
a finite phase-volume “a.” Then 

g “iSr,! I J^ s_a) • • • * (^-^ ria )- • ( 10 ) 

9 

The argument is just the same as that which we introduce 
in the calculation of the van der Waals’s correction “4” 
from probability consideration. When each particle occupies 
negligible volume we have 

W «F; 

but when the volume “/S” cannot be neglected, 

Woe n (V —*y—l/S). 

y=l 

In the above method we have introduced the phase-volume 
g„ instead of the space-volume V, and calculated Gh. Now 

W as_ 

W A 3lf N ! 


~‘'{h* K * la ) 

$ 

= n«*(a.— e) ... .(a,—e . N,—1), 


where 


e ~ A 3 ’ 


n -ti . .(in 

,N,!(a,-eN,)! K ) 

If we pute=l, we get the Fermi-Dirac expression for W; 


when e= — 1 we have 


w = n 


Qg t* N, -—11 


“(a.-l)! JN.l’ • 
which is the Bose-Einstein expression for W. 


- • - ( 12 ) 
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It may be mentioned here that the above discussion was 
originally inspired by an article of L. Brillouin (Ann. d.Phys . 
vii. 1927). But in spite of apparent resemblance, the 
method given here differs in essential points from Brillonin’s. 
Firstly, Brillouin follows Bose-Einstein and Fermi-Dirac 
closely in calculating probability by making use of a, (which 
is Brillouin's g g ) as the number of degrees of freedom which 
a particle can have when its energy lies between e 9 and 
It may be easily shown that though we obtain the 
various values of N, by subjecting Brillouin's expressions 
for W to the usual variational process in the three different 
cases (equations 21 ), they do not give us absolute values of 
entropy unless some assumption is made regarding the value 
of A or Gr in equation (21) of Brillouin. We have to make 



N in order to get the correct value of S* 


The justifi¬ 


cation for this assumption is not clear, and Brillouin has 
made no attempt to calculate the absolute value of S, He 
devotes a good deal of discussion over the origin of the 

N ? . 

permutability factors which is quite unnecessary. 


The factor comes out automatically when we calculate the 
total phase-volume of the ensemble not in 6 N dimensions, 
but in 6 dimensions. 

The above method has therefore the merit of giving 
a deduction for the absolute value of S on the three views 
from a unitary standpoint. The classical statistics and 
Fermi-statistics are easily understandable, and probably in 
the case of Fermi-Dirac statistics it affords a clearer physical 
view of the case than Fermi's original method. There may 
be many who share with us the difficulty in understanding 
the extension of the Pauli Principle, which has been shown 
to be the guiding principle in the formation of atoms out 
of protons and electrons, to the case of an ensemble of N 
independent particles possessing only translatory motion 
(e. g.. Hall, Proe, Nat. Acad. Sci. 1928). The deduction 

g iven here follows exactly the same lines as the deduction of 
le van der Waals’s correction for finite volumes, and is 
therefore physically more comprehensible. 

Of greater difficulty is the comprehension of the Bose- 
Einstein statistics. Here u a” the phase-volume of any 
particle, has to be put negative ( —A 3 ). These statistics have 
therefore to be definitely ruled out in the case of material 
particles. But as it is found to be correct in the statistics 
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o£ light-particles, we have to assume that when a photon 
enters a phase-space, the space expands, since the total 
phase-volume is increased by the phase-volume o£ the 
photon. A discussion will be found in Brilleuin’s paper 
above referred to. 
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LV. Application of the Photoelectric Cell to the Measure¬ 
ment of Small Displacements. By J. A. C. Teegait, 
M.Sc., Lecturer in Physics, and K. G. Kbishnan, B.Sc., 
Demonstrator in Physics, University College, Rangoon *, 

1 . AN ingenious method of recording small displacement 
■t\. by means of a photoelectric cell is described by 
Cristescu f. The rays from a source of light rendered 
parallel by a collimator fall on two gratings mounted 
parallel, the one behind the other. The front grating 
is connected to the body the displacement of which 
is to be measured. When the spaces of the gratings 
coincide the light passes through and is focussed on the 
cell, the current being recorded on a sensitive galvanometer. 
A displacement of the front grating reduces the light, 
and the galvanometer deflexion is reduced. With gratings 
of only 5 lines per mm. a displacement of ’1 mm. produces 
a deflexion of 10 galvanometer divisions. 

2 . A method based on somewhat similar principles is 
described in this paper. Fig. 1 illustrates the general 
arrangement. Light from a “ pointolite ” source is 
focussed by the lens L on the photoelectric cell E 

* Communicated by the Authors, 
t Cristescu, Phys. Zeits. xxx. pp, 24-27 (1929). 
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(potassium vacuum type). A slit S is placed in the path 
of the beam just in front of the cell. The width of the 
slit is variable, and can be adjusted by means of a micro¬ 
meter screw device reading to -1 mm. The quantity of 
light entering the cell is proportional to the area, and hence 
to the width of the slit. Assuming a linear relation 
between the photoelectric current and the illumination, 
tiie current is a linear function of the width of the slit if 
the slit when fully open (5 mm.) is uniformly illuminated 
(the attainment of this condition requires careful adjust¬ 
ment). The photoelectric current is amplified as shown, 
the valve being operated on the linear portion of its 
“ characteristic.” For small values of the photoelectric 
current the amplification is uniform, and the anode 
current is proportional to the width of the slit. 



Initially, with slit elosed the anode current is balanced 
by means of the potential compensating device ZB. If C 


is any value of the anode current a current (C —C 0 ) 

will flow through the galvanometer G, and for values 
of C close to C 0 a sensitive galvanometer can be used to 
measure C. This balancing device has the additional 
advantage of eliminating errors due to any “ dark current ” 
in the photoelectric cell. 


3. In fig. 2 the variation of the anode current (galvano¬ 
meter deflexion) with “slit width” is illustrated for 
different values of the photoelectric potential. In each 
case the deflexion is a linear function of the slit width, the 
sensitivity diminishing as the voltage on the cell is 
decreased. For a voltage of 135 volts a change in width 
of 1 mm. corresponds to a deflexion of 120 scale-divisions 
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(1 division=’15 microamp.). A movement oi 1 mm. 
produces therefore an anode current variation of 17 micro¬ 
amps. On a unipivot Paul galvanometer tins produces 
a deflexion of about 35 scale-divisions, and movements of 
•1 mm. can be determined with accuracy. Under these 
conditions extremely steady conditions have been obtained. 
On a sensitive mirror galvanometer (1 division=10“ 9 
amp.) a movement of 1 mm. would correspond to a 
galvanometer deflexion of 17,000 divisions. 


Fig. •>. 



4 . In practice it has not been found possible to obtain 
such extremely high sensitivity, owing to unsteadiness. 
The unsteadiness is associated with 

(1) Fluctuation in high-tension and low-tension 

batteries. 

(2) External high frequency disturbances in tire 

laboratory. 

( 3 ) Fluctuation in the intensity of the light source. 

The unsteadiness due to batteries can be reduced to a 
practical minimum by employing batteries of large 
capacity in perfect condition. A battery built up of small 
accumulator-cells is suitable for the high-tension source 
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of voltage; it is also an advantage to tap off two or four 
volts from the anode battery B for use in the balancing 
circuit BZ. Hi gh frequency effects can be eliminated by 
careful screening, and the apparatus is being redesigned 
in a more compact form with a view to removing this 
source of disturbance. With a sensitive galvanometer 
shunted 10, we have obtained steady readings except for 
the slight and continual drift of the zero. One of the 
authors has investigated the possibility of eliminating this 
“ zero drift ” effect in a thermionic valve experiment of 
this type dealing with the measurement of air-stream 
velocities *. It arises from the falling off in the discharge 
rate of the batteries with time, and can be very successfully 
eliminated by using the current from a second thermionic 
valve to balance the main anode current instead of the 
battery B, both valves being supplied by the same H.T. 
and L.T. batteries. The incorporation of such a device in 
the present apparatus, however, considerably complicates 
the arrangement, and it is better to seek sensitivity by 
other means (see below). 

5. The method of employing the present apparatus for 
recording small displacement is obvious. The movable 
portion of the slit is attached to the object the displace¬ 
ment of which is to be determined, the difference in the 
galvanometer deflexion before and after being a measure 
of the displacement. Except in experiments where the 
continual variation of a displacement is required, the 
‘‘ zero-drift ” error is not of importance, as the zero can be 
redetermined each time an observation is made. 

6. The possibility of increasing the sensitivity of the 
instrument is now being investigated, with a view to 
developing an ultra-micrometer on these principles. Very 
high and uniform amplification can be obtained by using 
a dull-emitter four-electrode valve f as an amplifier, and it 
is hoped in this way (using a more sensitive photoelectric 
cell) to increase the practical sensitivity to a great extent. 
The application of the method to that employed by 
Cristescu is also under investigation. 

Physics Department, 

" University College, 

Rangoon, Burma. 

11th September 1929. 

• Teegan. Phil. Mag., Mav 1926, pp. 1117-1121. 

f D. T. Harris, Journ. Scientific Inst., Jan. 1929. 
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LVI. Theory of Collision of Spheres of Soft Metals, 

By J. P. Andrews, M.Sc., F.lnst.P. (East London College)*. 

Abstract. 


Beginning with the fact that when two spheres of soft 
metal collide, permanent deformation is produced when the 
velocity of approach exceeds a definite critical value ; and 
with the aid of the assumption that over the permanently 
deformed region the pressure remains constant at all points, 
a theory of collision is worked out. This theory is found 
capable of accounting for the variation with the velocity of 
approach v, of 

(a) The duration of contact t of the spheres, 

( b ) the diameters d of the permanent deformations, and 

(c) the coefficient of restitution e. 


The detailed character of the experimental results is 
explained. 

At high speeds of approach, the duration of contact and the 


quantity C-v 1 are linear functions of - and of v respectively; 


while it appears that a definite quantity of energy is required 
per unit mass of the material apparently removed during 
deformation. A latent heat of deformation for a number of 
■substances is calculated. 

Finally, the influence of viscous resistance and of time- 
effects, such as the elastic after-effect etc., is considered. 


I N a recent paper t> I have shown that when two exactly 
similar spheres are allowed to collide at different 
velocities v, the duration of their contact is calculable from 
an empirical formula of the type 

t = t 0 +a/v n , 

where t is the duration of contact and < c , a, and n are 
constants. The diameters of the permanent deformations 
produced on the spheres when the velocity exceeds a value % 
are represented by the following formula: 

d = b(v— 

• Communicated by the Author, 
t Phil. Mag. viii. p. 781 (1929). 

Phil. Mag. S. 7. Yol. 9 No. 58. April 1930. 2 R 
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h and m being constants characteristic of the material and 
the size of the spheres. 

Farther experiment upon imperfectly elastic spheres is 
available in the work of C. V. Raman * at low velocities 
of approach. By a photographic method the variation of 
the coefficient of restitution was investigated, and found to 
approach unity at very low speeds. The curves published 
by Raman are of the type shown in fig. 6. 

A theory of collision, to be sufficient, must explain and 
correlate these results. 

As a preliminary explanation and justification of the ideas 
involved in this theory, consider the hypothetical case of the 
impact of a pair of ideally plastic spheres ; that is, spheres 
which remain permanently deformed whenever they come 
into contact. Whilst in contact these spheres will have 
a common plane of contact, touching each of the spheres in 
a circle of radius r (the circle of contact). The fundamental 
assumption of the present theory is that the pressure is the 
same, p 0 , at all points over this circular area of contact, and 
is independent of r. 

The total force at any instant tending to separate the 
spheres is therefore 7 rr s p 0 . But if the distance between 
the centres of the spheres is 2R—2S, R being the radius of 
the spheres, RS = r 2 , by Hertz’s theory, so that the force is 
wRp 0 S. 

The axis of S is the line joining the centres. Choose the 
origin as the point of intersection of the plane of contact 
with this axis ; then, since the distance between the centres 
is 2R—2S, the coordinate of the centre of one of them is 
R—S, and we may write, if M is the mass of one sphere, 

M^,(R—S) = wR/> 0 S, 

and if ^ the solution is S=A sin nt, provided S=0 

ds 

when f = 0. Consequently = 0, when cos nt — 0, or 
nt = ~ ; that, is when 



Now allow the plastic spheres to be endowed with a very 
email elastic reaction, otherwise negligible, which will, 


* 0. Y. Raman, Phys. Rev. xii. p. 442 (19181. 
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however, be just sufficient to separate the spheres after the 
relative velocity has been annulled. Then equation (1) gives 
the duration of the contact, and it will be observed that the 
velocity of approach does not affect its constant value. 

The actual cases under consideration approximate to this 
state at very high speeds of approach; the duration of contact, 
therefore, should tend to a constant value as v becomes large. 
His agrees with experimental evidence. 

From equation (1) we have the relation 


M> 2 = 


ttM 
4R ‘ 


Now p u the least pressure required to initiate permanent 
deformation, may be calculated from Hertz’s theory of 
perfectly elastic collision and the value r 0 of the velocity at 
which deformation was first produced. This may be compared 
with p 0 calculated from the last relation, using the value of 
4 derived from the experiments. The numbers are compared 
in Table I. (The calculation of p t differs from that in the 
former paper in that S 0 , the critical value of S, was calculated 
from the formula 5'984 S 0 /t? 0 = t lf where t x is the duration 
when v = r 0 -*i was taken from the experimental curves.) 


Table I. 

Substance. p 0 (dynes/cm.*), p, (dynes/cm.*). 

Aluminium . 2 XlO* 34Xl0 9 

Tin . 1-2 x10 s 21x10 s 

Babbitt . 2-6x10* MXlO s 

Lead-Tin . 48x10 s 1-lxlO 9 

Brass . 2-2xl0'« about 5x10 s 


Considering that 

(1) p t depends on v 0 , which can only be measured by 

extrapolation, sometimes rough ; 

(2) the calculation of p t requires the knowledge of 

elastic constants whose values could not be obtained 
very accurately in some cases, 

the agreement justifies us in identifying p 0 and p t . The 
idea of a constant pressure p 0 is supported by the work of 
J. H. Vincent*, in which steel balls produced indentations 
in lead plates. 

• J. H. Vincent, Proc. Gamb. Phil. Soc. 1898-1900. 

2 ft 2 
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Development of the Theory. 


I. Duration of Contact. 

We will assume that when v is less than t’o, the velocity 
of approach at which permanent deformation commences, 
the spheres are perfectly elastic. The conditions are then 
exactly those visualized in Hertz’s original theory, which 
may lie taken over unchanged ; and this leads to the following 
formula for the duration of contact: 




( 2 ) 


where k = 

O 


E is an elastic modulus. 


For velocities of approach exceeding the critical value v 0 , 
we may divide the process of collision into three periods:— 


(a) The elastic period. 

Until the stress at the centre of the circle of contact attains 
the value p 0 , all the retarding forces will be perfectly elastic. 
The time required to attain this stress will, however, depend 
on v, and we may call it t a . 


(b) The plastic period. 

The spheres attain the stress p 0 while moving with, 
a definite velocity which depends on v. Subsequently they 
are brought to zero relative velocity under the combined 
action of two forces: (1) due to the pressure p 0 evenly 
distributed over the central plastic area, and (2) an elastic 
force due to the strained annulus enclosed between the plastic 
circle and the circumference of the circle of contact. A time 
t b will be required to reduce the spheres to zero relative 
velocity. 


(c) The return period. 

Instantly following the attainment of relative rest, the 
spheres begin to move apart. The accelerating forces are 
now everywhere elastic, since the stress within the plastic 
circle immediately falls to less than p 0 . The time required 
from zero relative velocity until the spheres finally separate 
is t e . 

The complete duration of contact is therefore 

t * d" "h tfl. 
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The detailed calculation of these periods now follows, and 
we shall make continual use of two formulae taken from 
Hertz’s theory *, viz.:— 

(a) The stress at any point within the circle of contact of 
radius r 0 at which the pressure p 0 is not yet attained is 
given by 


where 


E V r 0 s —r 3 
2R ' 


E =_^2_ 

w(l-o*) 


(q = Young’s Modulus 
a = Poisson’s Batio). 

(b) By integration, before any portion of the area in 
contact has attained the pressure po, the total force tending 
to separate the spheres is 

K = ||(RS)^, 

where 2R—2S is the distance between the centres of the 
spheres. 

(a) The calculation of l a . 

Let the axis ojE S be the line joining the centres, and let 
the intersection of this with the plane of contact be the 
origin. If the distance between the centres after contact 
is 2R—2S, the coordinate of the centre of one of them is 
R —S. The retarding force is, as quoted above, 

k = m s/ \ 

where 

>/ RwE 


* = 


3 


Hence, if M is the mass of one sphere, 


M 


d 1 


^(R-S)=^ 


or 


^ 4 . .f’ SW — 0 


ds 


Multiplying by ^ and integrating. 

SW + 5 


2 i 

5M 


= const. 


( 3 ) 


* Vide Love, 1 Elasticity.’ 
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ds 

Since, now, -j. = vj2 when S = 0, we have 


dt 


* A ftlAL 
dt V 4 oM' ’ 


and the time t a 


pSo 

1C 


ds 


T 1 (2 ' 




where So is the value of S at the moment po is attained. 
Let "ifr be the maximum value of S, which would have been 
reached had perfect elasticity reigned throughout. Then 


, r 5M *? /5 


t a may then be reduced to 


s 0 


dx 


- ! tj«t ( i -^ 12 )' 12 . (4) 

Now S<^>, so that the integral has to be computed for 
<2 

values of —P betw r een 0 and 1. This was done numerically 
without difficulty. 

(b) The calculation of t b . 

Let fig. 1 represent the portion of a sphere concerned in 


m i. 



a collision. Let AB = 2r 0 be a diameter of a circle of 
contact, and let CD = 2r x be a diameter of the plastic circle. 
Stress at E, as before, 

Force dne to elastic annulus AC 
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Bat as the pressure at 0 = p 0 , this force may be written 

8 JrR*po 8 
3 E 2 * 

It is noteworthy that this is constant, independent of the 
velocity of approach. 

The force inside the annul os, due to the plastic circle, is 
TrrSpo, and as 

4.R? 

r, 2 = RS-p, 2 ^-. 

the total force is 


8irR?p 0 * r> o 3 47rR 2 „ c 

3 + RpowS—p 0 = Rpo^S 

The equation of motion is consequently 


4 ttR*po 3 

V~W~' 



4wR*pp 3 ] 

3 E 2 _T 


or, writing /8 for S — 


4 Rp 0 2 
3 E* ’ 


irRpo 

de + ~W^ Q 


And since (1) S = S 0 when t = 0, 
(2) — = t>i when t = 0, 


the solution is 

$ sb Asin(nt + 8), 

where 


rr 


wRpo 

: M 


and 


A* as, 


tan 8 — 


M 


1 8 Rp, 
ci 3~E* 


'n* /jrRpo 

r V M 


_pS . 64 R 3 p 0 4 ___ 4 _k_ 05/2 

47rRpo + 9 E* 5wRp 0 0 


(5) 


The velocity t> l5 at which the sphere enters on this stage, 
may he calculated from equation (3) thus : 

. 4 i 
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From equation (5), 0 when t = —gj. 

So that 



As a check, when o is very large, S approaches zero, and 
tj approaches the value 

tt r m 

2 V wRp 0 ' 

as in equation (1). 


(c) The calculation of t c . 

We imagine that on release the part CD rises to GH 
(fig. 1) and stops there. This is an approximation of the 
same order as the others implicit in this theory. GH will 
then be the diameter of the permanent deformation. Let us 
suppose then that the diameter of the circle of contact at 
any instant is r 0 , and that CN = GM = r u the radius of the 
plastic circle. 

The force due to the elastic annulus is, as before, 
JJtt 

ggW“» , i , P. If p is the stress at the edge of the 

plastic circle at any moment, p is also the pressure at all 
points within that circle, according to our previous notions, 
ri will remain constant. 

The force due to the plastic circle, now non-plastic, is 


7rr, 2 E 

~w 



Hence the total force 


If, then, we write u = rf— r, 2 , so that mi represents the area 
of the annulus, we may write the equation of motion 

•. T d 2 u f u 312 r. 2 J] 

M s? = -E,[ t+ - 2 -„vsJ, 
remembering that r 0 * = RS. 
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Multiplying by — and integrating, we have, if ^ =0 
when u * «o, 

(£)’=- 2 m e [A + £<-“-">] • < 7 > 



U • • 

If we write — = x, this is reducible to 
«o 


t c 3S5S 




dx 


V 5“^ 1_ 




( 8 ) 


This integral has to be calculated graphically for each 
value of r *; that is, for each value of the velocity of 
approach, since r x is a function of v. 

From the fact that the pressure at G is p 0 at the instant 
of greatest compression, we derive that 


Uq = rf-rf 



a constant quantity, independent of the velocity 7 of approach. 
From this result and the maximum value of S, derived from 
equation (5), it is easy to show that 


r i 


=»v. 


where 


M 8 R% 2 

iwRpo® +7 3 E* 


- 84 RW _ j; W 2 

9 E 4 5 wE/> 0 


(9) 


The complete duration of contact is now calculable from the 
three equations (4), (6), and (8). 


II. The Diameters of the Permanent Deformations. 

r x is the radius of deformation. Consequently equation (9) 
gives the variation of this quantity with velocity of approach. 
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III. The Coefficient of Restitution e. 

^ j may be obtained 

from equation (7) by putting u = 0; for at that instant 
when r 0 = ti, we are imagining the spheres to separate. 


The velocity of separation ^ ( 



2wE 

T 


[ 


«o 5/s ■ 


3 



( 10 ) 


the valne of fj s coming from (9). 

The ratio of the velocity of separation to the velocity of 
approach gives e. 


Numerical Illustration. 

In order to bring ont the salient features of the theory, 
all the required quantities were computed for a typical case 
invented for the purpose, for which the following are the 
data:— 

p 0 = 5'5 x 10 9 dynes/cm. s . 

Young’s Mod. ... q = 5'85x 10 u dynes/cm. 2 , 
Poisson’s Ratio... <r = 0*3, 

R = 4 cm., 

M = 660 gm. 

This is an example approximating to the actual case of 
Aluminium in my experiments. An attempt at exact 
comparison is, however, out of the question, because i- 0 , 
which plays such an important part in the theory, conld 
only be determined approximately, and a small variation in 
its value has an important influence in the calculations. 
From these values we derive 

E ** 8*20 x 10 u dynes/cm.*, 
k = 1-72 x 10“ 

The critical velocity v 0 , at which permanent deformation 
commences 

t? 0 ss 10‘75 cm./sec., 
u 0 « 2’88 x 10“* cm.*, 

7 = — 4*4 x 10 " 8 . 

From these all the other useful quantities may be obtained. 

The computations required for the integrals were performed 
graphically and may be left unde9cribed. Their results are 
summarized below. 



t x /O* sec. 
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I. The Duration of Contact. 


Table II, 


V 

ta 

tb 

lc 

Total see. 

cm./sec. 

XlO 4 . 

*10* 

XlO*. 

XlO 4 . 

10 

- 

— 

— 

6*34 

2*0 

— 

- 

— 

5*52 

4*0 

— 

— 

— 

4*81 

6*0 

— 


— 

4*43 

80 

— 

— 

— 

4*18 

100 

— 

— 

— 

4*00 

120 

1*48 

049 

1*78 

3*75 

15*0 

1*06 

0*80 

1*47 

3*33 

19*0 

0*805 

0*99 

1*21 

3*005 

240 

0*02 

1*12 

1*07 

2*81 

30*0 

0*48 

1-21 

0*96 

2*65 

37*0 

0*40 

1*27 

0*84 

2*51 

45*0 

0*325 

1*32 

0*76 

2*405 

60*0 

0*25 

1*37 

0*65 

2*27 


These results are represented by the lull curve of fig. 2. 


Fig. 2. 
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The outstanding features of the cnrve are : 

(1) Its evident tendency to a constant value t * t 0 ; 

(2) the pronounced alteration in direction at v = »<>• 

This last appeared at first sight to be a new prediction ; 
but I find that my experimental results practically all show 
such a tendency. In the account of these experiments no 
explanation was forthcoming, and I had assumed that 
experimental error must have entered to a greater extent 
than I could account for, since attempts to “ improve ” the 
curve by more careful observation did not succeed. In fig. 3 


Fig. 3. 



Velocity of approach ~cm/sec. 



are re-drawn some experimental curves exhibiting the effect 
to a greater or less degree. Table III. shows the values of 
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»o derivable from the two methods, (r 0 )i being obtained 
from the measured diameters of the deformations, and ( 1 * 0)2 
from the effect just described. The table will also serve to 
indicate to what extent the value of e 0 so obtained may be 
relied on. 

An explanation of the constants in the empirical equation 
t = t 0 + ajv n may now be sought. t 0 appears quite clearly 


to be the value 


7T 




M 


of equation (1). 


2 V 7rRp 0 

To interpret the remaining part, the curve of fig. 2 was 
subjected to the same process as the experimental curves of 
fig. 3, namely an empirical equation of the required type 

was fitted to it, employing t 0 = ~ a/ — c —■ = 1/535 x 10~*. 

z V 7rJapo 


This gave, as a reasonably fair fit. 


t = 1-535 xl0“ 4 q- 


6*03 xl(T 4 
^■47 


the curve for this equation smoothing over the characteristic 
bend at i> 0 . The crosses in fig. 2 are calculated from this 
equation. The agreement is similar to that given by similar 
equations with the experimental results. It is clear, then, 
that a and n have no special significance, and their values 
cannot yield any useful information after the manner of t 0 . 
The fact that the first part of the curve represents perfectly 
elastic collision is obscured by this formula. 


II. The Diameters of the Permanent Deformations . 

In fig. 4 are plotted the calculated values of the diameters 
d and the velocities of approach. The crosses are values 
from an empirical formula derived from these calculated 
results, d — 2*938 x 10~ 2 (r—r 0 ) 0 ' 487 . It will be remarked 
how closely the theory accounts for the empirical equation. 
In the example worked out it is possible to say definitely 
that the index 0*487 is not O'500, although so close. Reference 
to my previous paper will show that this agrees completely 
with experiment. 

III. The Coefficient of Restitution. 

Fig. 5 shows the variation of the coefficient of restitution 
as the velocity of approach varies. Fig. 6 gives for com¬ 
parison some curves from C. V. Raman’s results. The 
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general similarity is evident, and the portion on the experi¬ 
mental curves indicating a coefficient of restitution equal to 
unity is reproduced by the theory. 



Fijr. 5. 
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Discussion of the Theoky. 

The success with which the theory accounts for a number 
of different experimental results tends to justify the otherwise 
rather arbitrary assumption of perfect elasticity when the 
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velocity of approach is less than v 0 . It is a fact that the 
first few of my observations, that is, at low velocities, are 
the least accurate, and special experiments are in progress 
to test the hypothesis at such speeds. Nevertheless, in 
most cases the inverse fifth-power law for the duration of 
contact is approximated to. 

When v is large compared with v Q a number of simplifying 
approximations are possible, which lead to several instructive 
deductions. These approximate results are, for the sake of 

Fig. 6. 



brevity, merely summarized below. The values to which 
t a , t b , and t„ respectively, approach at high speeds are 


ta 


8E 1 
X* • o’ 


tb — to 


16 R 1 
3 X* * v ’ 


f e =0; 

the complete duration of contact is therefore approximately 

, . , 8 R 1 

<=S<0 + 3X*V 

and we have the approximate relation (t— t 0 )v = 8R/3X*, 
where k — E//? 0 - 

For the approximate diameters of the permanent deform¬ 
ations at high speeds we have 

rfi 2 m 4Rt 0 v/ir—32R s /3\*, 
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or, at even higher speeds, 

df = — < 0 tf. 

IT 


From this it follows that the volume of the spherical cap 
apparently removed when the sphere is deformed is pro¬ 
portional to the kinetic energy of the approaching sphere at 
very high speeds. This is like the rule first laid down by 
J. H. Vincent for the case of steel balls dropped into lead 
plates. 

We have 

(vol. of cap) = ~ . (Pie*), 


or, mass apparently removed,-£~ (£Mu J ), where p=density. 

o 

In other words, the energy per gram measured in heat 
units required to remove the material—what might indeed 
be called the latent heat of deformation of the material, L_is 

cals ' l* *">■ 


In Table IV. are tabulated the values of this quantity for 
the substances used in my experiments. These are to be 
considered as only approximate values. 


Table IV. 

Substance. Al. Sn. Zn. Babbitt. Lead-Tin. Brass. 

L cals./gm. 70 16 120 34 52 About 200 

It should be emphasized that the elastic constants do not 
enter into this matter, which evidently is a phenomenon 
characteristic of the plastic condition. 

When ir/3 is not much larger than p 0 b / E 4 R, the square of 
the velocity of separation has the value 

vf _ 512 ttR s E 32 ttER 2 / M /. 64ttR 2 po\ 

2 IT W + 3M\* V 47rR/>V ; 

but when »*/3 is much larger, the last term in brackets 
approximates to unity, and we are left with the rule that 
eV is a linear function of v : 

eV = av—b. 

Moreover, at such speeds a?/l = 5*02 for all spheres. 
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la fig. 7 are plotted Raman’s experimental results, using 
as ordinate and v as abscissa. The tendency to linearity 
at high speeds is noteworthy as confirming the theory. The 
ratios a*/b are, however, in no case 5*02, but always smaller. 
This we should anticipate if r J /3 is not much greater than 
pf/ E 4 R. It is impossible finally to decide this point, since 
no data are available regarding the spheres nsed in Raman’s 
experiments. 

Concluding Obsebvations. 

The assumption, fundamental to this theory, that the 
pressure is constant over the plastic circle is equivalent to 


Fig. 7- 



saying that the material of which that circle is composed, 
acts like a liquid. It must, moreover, behave like a very 
mobile liquid, for any differences of pressure have to be 
equalized in about 10~ 4 sec. under a pressure of a thousand 
atmospheres. It is almost inconceivable at first sight that 
the large viscous forces which must enter do not appear to 
have any marked final influence. That plastic material is 
actually moved seems more likely, in so far as a pronounced 
rim always surrounds the plastic circle as though material 
had been exuded. The key to the difficulty of Shis motion, 
and probably to that of the viscous resistances produced, 
appears to be the very small quantity of matter to be 
transported and the large pressure gradients available. 

Phil. Mag. S. 7. Vol. 9. No. 58. April 1930. 2 S 
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A gradient as large as 10 8 dynes per cm.* per cm. from the 
centre of the plastic circle outwards would only mean 
a variation of about 1 per cent, in the value of the normal 
pressure po across this circle. The viscous effect would only 
tend to increase such a gradient, which, it appears, is never 
raised sufficiently high to interfere seriously with the 
constancy of the normal pressure p 0 . 

Finally, it is worth remarking that collision experiments 
are among the few in the domain of elasticity into which 
time-effects, such as the elastic after-effect, fatigue, etc., do 
not enter to any appreciable extent. It is no doubt partly 
due to this fact that a simple explanation such as that given 
in this theory is possible, while the interpretation of experi¬ 
ment, so complex in other elastic problems, becomes in this 
case much easier. 

During the development of this theory I have had the 
benefit of Prof. Lees’s criticism, and have pleasure in recording 
my thanks. 


LVII. Some Phenomena of the Contact of Solids. 

By William Stone *. 

T HE publication of a paper f by G. A. Tomlinson on 
“ Molecular Cohesion ” has recalled to my memory 
some experiments on this subject which I made in 1922, and 
an account of which I gave in a lecture (unpublished) before 
the Royal Society of Victoria, Australia, in August, 1923. 
The experiments were similar to Mr. Tomlinson’s but had 
a considerably wider scope and, in certain respects, led 
to c onc l urions different from his. 

The object of the experiments was to secure preliminary 
data for an experimental study of “ solid friction.” It 
was hoped that light might be thrown on the questions of 
when and under what conditions contact of solids takes 
place, and of the nature and magnitude of the forces 
acting between bodies in, or nearly in, contact—forces 
over which the experimenter has no control. 

* Communicated by Sir J. J. Thomson, O.M., F.I5.S. 
t Phil. Mag. vi. p. 696 (1928). 
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The principle of the method of experiment is illustrated 
in fig. 1. 

By moving the head attached to the micrometer, the 
suspended bead could be deflected, if there were adhesion 
between the beads, and the amount of deflexion measured. 
Consequently, the force tending to separate the beads 
could be directly estimated. For certain experiments, the 
bead apparatus was mounted in a chamber at the top of a 
specially designed electroscope as illustrated in fig. 2 and 
described later. 

In the main series of experiments, the bodies tested for 
adhesion were small glass beads, one or two millimetres 


Fijr. 1. 



in diameter. The beads were specially made by the 
following process. 

Glass rod was thoroughly washed, and drawn out after 
fighting over a good Bunsen flame. The fibre so drawn 
out was cut, and the two ends so formed were fused into 
beads to constitute one pair. The beads were formed in a 
ama.ll blue gas flame, the oxidizing part being used. The 
burner consisted of glass tube drawn into a capillary 
and mounted horizontally, so that the glass fibre could be 
held approximately vertical and in the flame from the 
horizontal gas jet. 


2 S 2 
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Hie fibre remote from the beads was held in steel 
tweezers, the points of which had just been made red hot. 
The fibre was then cut the desired length, and a small 
hook was formed on its free end if this was required to 
suspend the bead. 


Fig. 2. 



Section through axis of Electroscope. 


The beads made in this way were assumed to be clean. 
As soon as each bead was made, it was placed in the 
apparatus in which it was to be tested. 

Many different kinds of glass were used. Speaking 
generally, one type of glass gave the same results as 
another but there were one or two remarkable exceptions 
(page 619). 
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Adhesion in a Natural Atmosphere. 

The earlier experiments were made in the natural 
atmosphere of the room. In this case, heads of each of the 
kinds of glass employed adhered when newly made; but 
lead glass beads only adhered feebly and, in a few cases, 
not at all. 

Beads which had been contaminated by handling, or by 
being left exposed on the table, usually would not adhere 
when brought into contact. If, however, these beads were 
breathed on while they were in contact, strong adhesion 
at once took place, of the same order of magnitude and as 
lasting as that obtained with beads newly formed. If the 
beads were then forcibly separated, they would seldom 
adhere again until they had onoe more been breathed 
upon, or cleaned by heating or otherwise. Contaminated 
beads, after being made red hot, behaved like those 
freshly made. Clean beads, also, adhered after being 
breathed on in contact. Separation did not take place 
even though a force of from 6 to 10 per cent, of their 
weight tended to cause them to do so. 

Any of the beads, whether (a) clean or (6) contaminated 
and breathed on, could be made to slide one over the 
surface of the other although acted on by a force tending 
to separate them. In most cases, as soon as the motion 
started the beads slid over each other in a manner which 
suggested that their surfaces were lubricated and that 
they were held together as by a force of mutual 
attraction. The force tending to separate them was 
about two-thirds of that which a first test showed would 
separate them. 

Adhering beads which have been newly formed, and 
contaminated beads which have been breathed on when in 
contact, will continue to adhere for several days if they are 
protected from draughts of air by a suitable glass shade, 
even though the force tending to separate them is from 
50 per oent. to 75 per cent, of that which will separate 
them. 

In fine, freshly made beads (whether breathed on or not, 
while in contact) or contaminated beads that have been 
breathed on while in contact adhere, and forces of at 
least 10 per oent. of their weight are required to separate 
them. 

They will sustain forces of one half to three-quarters 
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oi this amount for indefinitely long periods—several days, 
at all events. 

In looking for possible explanations of the phenomena 
observed, the following points were kept in view:— 

(а) true adhesion of nncontaminated glass with glass; 

(б) surface tension of a film of water or other liquid 
between the beads; 

(c) general electrification of the beads, or local electrifi¬ 
cation at or near the area of contact; 

(d) adhesion due to contaminating matter not removable 
from the glass by recognized methods of cleaning. 

(e) gravitational forces. 

A simple calculation will show that the forces found to 
exist far exceed the gravitational force of attraction, so 
that this force can only play a negligible part. 

With respect to surface tension, an attempt was made 
to drive off any adsorbed liquid film between the beads 
by the application of heat from a gas flame. It was 
expected that this would also remove electrification except 
from the area of contact and possibly that immediately 
adjacent to it. 

In one set of tests, newly formed soft German soda glass 
beads were mounted and brought into contact. The 
areas of contact were then subjected to tension as usual 
by moving the micrometer. A very small gas flame (the 
gas issuing from a capillary gas jet), from 2 to 3 mm. high, 
was then placed about 3 cm. from the glass beads and 
vertically below them and was kept there until it was 
judged that the beads had attained a steady temperature. 
No visible effect was produced. 

The gas jet and flame were then raised in short steps at 
intervals of about 16 seconds, without any visible effect, 
until finally the faint colour of sodium flame appeared 
above the beads. The flame was kept in this position 
until the beads attained a dull red heat, whereupon instead 
of separating they drew together and ultimately fused 
into a solid mass (fig. 3). 

Exactly similar effects were obtained with beads 
which had been contaminated and breathed upon. 

Many pairs of beads (from soft German soda glam) 
were tested in this manner : always with the same results* 
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It had been anticipated that gases or vapours would 
be evolved at the surfaces of contact of the beads which 
had been breathed on and that the beads would then 
separate. This expectation was in no case realized. 

Beads of certain kinds of glass did not fuse in the way 
just described until they had been breathed on and then 
heated more quickly. 

Beads of other kinds of glass, again, did not draw 
together. Fine necks formed between them, which 
drew out and finally fused. 

It must be borne in mind that, at the comparatively 
high temperatures of fusion, we are no longer dealing 
with solid bodies, but with highly viscous fluids. 


Fig. 8. 



As regards electrification, attempts were made to 
remove possible electrical charges from the beads by 
passing a Bunsen flame over them and over the glass 
fibres still attached to them, before bringing them into 
contact. The beads were then brought into contact and 
the flame was again passed over them. After this treat¬ 
ment, the phenomena were the same as those already 
described. 

The beads and fibres were then breathed on whilst 
separated, and the fibres were earthed. Again no change 
of behaviour was observed. A gold leaf electroscope 
was instantly discharged when a simila r piece of glass 
fibre. 10 to 15 cm. long, was breathed on and quickly 
brought into contact with the plate of the instrument. 





616 Mr. W. Stone on some 

When dried with a gentle heat, these fibres would only 
cause a very slow fall of the gold leaf. 

Adhesion in an Atmosphere Artificially Dried. 

It seemed desirable that more elaborate experiments 
should be made with a view to throwing light on 

(i.) the part possibly played by water in some form ; 

(ii.) the electrical state of the beads. 

As regards (i.), the researches of Langmuir and others 
have clearly demonstrated the very great, indeed the 
almost insuperable difficulty of removing all water 
molecules from the surface of glass. It seemed therefore 
desirable that all possible precautions should be taken 
to ensure that the bead surfaces were as dry as they could 
be made. 

At the same time, it was important to have facilities 
for testing the electrical state of the beads while the 
experiments were going on. 

Both of these objects were secured with the help 
of the specially constructed piece of apparatus shown in 
fig. 2, comprising a chamber through which dry air could 
be passed and an electroscope by which a bead suspended 
in the chamber could be tested for electrification at 
any moment. 

The suspended bead could be raised or lowered between 
limit stops by means of a balanced arm not attached to the 
electroscope. The horizontally mounted bead could be 
moved by means of a micrometer supported on an 
independent pillar. The air inlet, earthing plunger, 
sliding charging contact, and zero adjustment, are shown 
in the figure. The gold leaf was about 1*5 cm. long and 
not quite 1 mm. in width. 

The deflexions of the gold leaf and distances between 
the two beads were measured by means of microscopes 
independently mounted. 

The observation chamber had two opposite circular 
windows glazed with selected microscope cover-glass. 

When the suspended bead was being tested for electri¬ 
fication the horizontal bead was drawn back by means of 
the micrometer screw and the suspended bead was lowered 
almost to the bottom of the cup attached to the conductor 
from which the gold leaf is suspended. 
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To charge the electroscope, the cap covering the 
“ charging contact ” was removed, and the contact wire 
pressed into contact with the inner chamber. The 
“ earthing contact ” was also pressed in. The charge 
was given from a rubbed rod of glass or ebonite until the 
desired initial deflexion of the gold leaf was produced. 
The “ charging contact ” was then drawn back by means 
of the small hook on it, the cap put on to protect the 
instrument from induction disturbances, and the “ earthing 
contact ” withdrawn. 

The insulation by amber was fairly good. The fall 
of the gold leaf due to leakage was tested after the experi¬ 
ments herein referred to were ter min ated. At the end 
of three months the deflexion of the gold leaf was about 
50 per cent, of its value at the commencement of the test. 

A great many experiments were made with glass beads 
in the observation chamber above this electroscope. 
The effects looked for were:— 

(i) attraction at a distance ; 

(ii) adhesion; 

(in) electrification of the suspended bead. 

In all cases the chamber enclosing the gold leaf was 
positively charged. 

The radius of swing of the suspended bead was about 
2-2 cm. 

The capacity of the electroscope was about 4 cm. 

The electroscope was roughly calibrated by using a 
brass sphere of 0-177 cm. radius suspended by a cocoon 
silk fibre. It was charged by bringing it into contact with 
the end of a fine wire connected to the + terminal of a 
few dry cells. The terminal P.D. of the battery was 
determined with an ordinary commercial voltmeter. The 
brass sphere was then put in the place of the suspended 
glass bead and lowered into the electroscope. Care 
was taken to keep other conductors at a considerable 
distance from the brass sphere when charging it. 

The observations, in particular the deflexions of the 
gold leaf and the distance between the nearest points of 
tire two beads after separation, were recorded in scale- 
divisions of the eyepiece micrometers used, and could of 
course be reduced to absolute measure. It is unnecessary 
to give the actual figures here. 
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The current of air. through the chamber could be 
increased or decreased at will. The air on its way to the 
chamber was bubbled through sulphuric acid, mainly 
to enable its rate oi flow to be checked, and then through 
two glass tubes, the first completely filled with freshly 
prepared calcium chloride for a length of 75 cm.; the 
second completely'filled with phosphorus pentoxide for a 
length of 9 cm. 

When taking the attraction at a distance, a scale- 
division line was made just to touch the suspended bead. 
This bead was then watched carefully and the horizontal 
bead was advanced to it. A movement of the suspended 
bead of 0-2 of a scale-division could easily be detected, 
corresponding to a movement of 0 003 mm., or a force of 
about 0-00014 of the weight of the bead. The largest 
suspended bead referred to in this paper was 1-72 mm. in 
diameter; taking the density of glass as 2-5, the weight 
of the bead is 0-00666 gram, and the horizontal component 
of the force 6-00000093 gram for a deflexion of 0-2 of a 
scale-division. 

The general procedure with this apparatus was first, 
before the dry air was turned on, to bring the bead attached 
to the micrometer into contact with the suspended bead. 
Adhesion then regularly took place. Next-, the dry air 
was turned on. When the beads had been exposed to the 
action of the dry air for some time, the micrometer bead 
could be brought up to the suspended one and drawn 
away again without any sign of adhesion. This condition 
of no adhesion could be steadily maintained so long as the 
current of dry air was kept going. When the dry air was 
turned off again, the beads at once began to show adhesion 
when , brought together and the distance to which the 
suspended bead could be drawn over without losing 
contact with the other increased rapidly. It reached 
its normal value in a few minutes. 

At times, a pair of adhering beads were drawn over by 
the micrometer so as to produce a force tending to separate 
them. The dry air was then turned on. The dry air 
caused the silk suspending loop to contract and draw the 
suspended bead over the surface of the other. These 
movements took place for pome time in steps, but usually 
did not cause the beads to separate. 

While watching the behaviour of the beads in the 
observation chamber, one had the distinct impression that 
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adhesion only occurred when there wee something on the 
beads—say an electric charge or a water film—which could 
be removed or at least changed by the action of dry air. 

Subsidiary experiments on the conductivity of water 
films, adsorbed on rods made from the same samples of 
glass as the beads, showed clearly that the free water on 
their surfaces is quickly removed by the action of dry air 
around them. On the other hand, no evidence of the 
electrification of soft German soda glass beads was detected 
at any time during the conduct of the experiments. 

The absence of attraction at a distance, of adhesion in 
very dry air, and of any deflexion of the gold leaf of the 
electroscope, all strongly suggest that water, in some 
form, exercises an important influence on the adhesive 
properties of glass with glass. 

It may be noted, however, that beads made from 
Jena combustion tubing showed phenomena differing 
widely from those observed with beads of the other samples 
of glass experimented with. These beads, when first put 
into the observation chamber, showed strong adhesion, 
and, after the first separation, strong electrification. 
When the beads were then exposed to the air of the room 
and the test repeated, they were found to be completely 
discharged, but they soon acquired a small charge of the 
opposite sign from before. After turning on dry air, the 
electrification of the suspended bead again changed sign, 
and it continued to increase with each contact between 
the beads. 

No Adhesion Between Beads Immersed in Water. 

A few experiments were made with glass beads immersed 
in water. 

The beads were mounted in a vertical tube with a 
flat glass window'. The tube and contents were mounted 
on a tilting table such as is used for testing level tubes. 

By altering the tilt, the suspended bead was made to 
press against the other bead and was left in this position 
for some time. The tilting table was then brought 
very slowly to its zero position, and then a little further— 
far enough, if the bead were free, to cause a separation of a 
few hundredths of a millimetre. 

In every case the beads separated, but in some cases 
intervals up to half an hour elapsed before light could be 
seen between the beads with the aid of a microscope. 
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Absence of Mechanical Injury to Surfaces. 

Many beads were subjected to careful microscopical 
examination with a view to ascertaining whether they had 
received mechanical injury such as has been described by 
Hardy and others. 

So long as (he only force pressing them together was their 
mutual adhesion, not one oase of injury to the surfaces 
which had been in contact was detected. 

Many of these beads, after their first examination, 
were again caused to slide over each other, this time with 
some added force applied by hand. In these cases, 
tearing of the surfaces usually took place and the 
appearanoe of the damage, as seen by the microscope, 
was in all respects similar to that described by Hardy and 
recently by Tomlinson. 


Summary. 

The conclusions to which these experiments seem to 
point are these :— 

(1) In the case of glass, adhesion is due to the presence 
of water molecules entangled in the surface layer of the 
glass. That the adhesion is due to water molecules seems 
proved by the fact that, in air which was artificially 
maintained in as dry a condition as possible, the adhesion 
phenomena practically disappeared. 

(2) If water molecules once become entangled in the 
surface, they are difficult to remove. They can be 
removed by a current of dry air, so long as the beads are 
separate, but if the water molecules are entangled in the 
region of contact between two glass beads that are touching, 
it is extremely difficult to get rid of them by any of the 
ordinary means of drying, so that adhesion shows itself 
and persists—even though the beads be heated until they 
fuse together. 

(3) The phenomenon of adhesion may or may not be 
accompanied by electrical effects. In the case of German 
soft soda glass it is not; in the case of Jena combustion 
glass, it is. 

(4) There is no adhesion between beads immersed 
entirely in water. 

(5) Surfaces of contact are not injured so long as the 
only forces acting are those of natural adhesion. 
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LVm. On the Probability Method in the New Statistics. 
By S. Chandrasekhar *. 

(1) Introduction. 

P ROBLEMS in statistical mechanics can in general be 
treated by two methods. One is the method of the 
kinetics of collisions and the establishment of a H-theorem; 
the other is the method of counting the complexions. 
Both these methods have been incorporated into the 
quantum statistics f. 

Reoently, however, a new method has been developed— 
“a geometrical weight method”—by W. S. Kimball 
This method has many advantages over the two previous 
methods, and it seems, therefore, useful to generalize 
Kimball’s treatment to include the new statistics. 

The basis of this new treatment is the definition of a 
quantity called the range, and its equivalence with the 
statistical weight. Pot ordinary space the dimensional 
range is the volume occupied by the gas. This may be 

analysed by taking the reciprocal of the density which is 

71 

a measure of the weight or the probability of the volume 
state of this particle. On the classical theory, if there areN 
mass points, all of them are equally likely to be in this 

volume, so that N times - is the weight. By similar 

reasoning, the range of a mass point at a particular place 
in the velocity space is the reciprocal of the number of 
particles included in unit length of the velocity space 
there. Likewise the momentum range per mass point 
is uniquely defined throughout the momentum space. 
The action range per unit particle is similarly defined as 
the product of the range per particle in the volume-space 
and the range per particle in the momentum space. 

(2) The Statistical Distribution Function. 

We consider, as usual, an assembly of N mass points 
which may be subjected to any exterior field of force, but 

* Communioaiad by R. H. Fowler, F.R.S. 

f L. W. NorcOieim, Proc. Phys. Soc. A, cxix, p. 689 (1928) | S. 
Chandrasekhar, Phys. Rev. (to appear shortly); E. Fermi, Zsits. fur 
Pkynkj x»vi. p. 902 (1926); L. Brillouin, Ann. de Phys. vii. p. 815 
(1927). 

J W. S. Kimball, Jour. Phya. Chem. xxxiii. p. 1558 (1929). 
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interact with each other only at very small distances. 
Hie state oi such an assembly is given in the usual maimer 
by a distribution function, 

which gives the number of particles in every infinitesimal 
range dx dy dz dg dy d£ of the given phase-space, so 
normalized that 

j/4n=N,..(i) 

■where Afl= thj dz dl- drji{%. 

It follows, therefore, that the six-dimensional range is 
given by 

• • • • ( 2 ) 


which is the number of mass points in unit range in the 
volume element M2. The reciprocal of the above gives 
the distance there is in the phase-space between successive 
particles. 

1 


r — — =r t+1 —r ; . 

I), 5, 5 , 1), f) 


(3) 


If there are N mass points in the classical theory, all are 
equally likely to be in the range in question, independent 
of the number already in it, and therefore the probability 
that one of them will be in the specified range is N times (3). 
Hence the weight per particle is 
* N 

W- - =~z ....(4) 


On the other hand, the essential feature of the Fermi- 
Dirac statistics is the impossibility of more than one 
particle occupying one and the same phase-element 
(according to Pauli’s exclusion principle). If, therefore, 
the cell is already occupied, then the weight for that 
particular phase-element is zero. When, however, the 
space is not densely packed, there is correspondingly only a. 
reduction. The simplest possible extra-factor is therefore 



■where A is the number of quantum cells in the phase- 


* The weight mould then reduce to zero when A=/, iu accord with 
Pauli's principle. 
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space (for the ordinary translational motion A is, of course, 
equal to (m*gfhZ)). We have in this ease 


\ x _ 

L A ! “ 


L /r \ 

10= - ,7-=-«r-• . • • (5) 

/(■VA 1?. 

In the Einstein-Bo8e statistics the weight should be 
increased!, and one has therefore 


r 1 Z'bv.Q '} A 

* A. 

/(■r. //, r. f, n, K) 



With these expression (5) and (6), instead of (4) which 
Kimball uses, the new statistical formulae could be 
derived. Thus the weight that measured the probability 
that a particle will be in the ith range, corresponding to 
(5) and (6), is 



(7) 


It may be necessary to distinguish between the A’s, for 
their masses may be different. In the case of non¬ 
degenerate systems throughout the phase-space //.A« 1, 
and we return to the classical theory. We have for the 
total weight, therefore. 



We will now introduce a new function g instead of /, 
defined by the relation 

.w 

which implies no loss of generality, since the g is a single¬ 
valued function of /. Hence 


W 


Ns 


if 1 lh 


as' 


( 10 ) 


Now we can apply the Lagrange method for conditional 
maxima forming the function 

F =» \Y -t-AE, ...... (11) 


•where A is arbitrary. 
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Taking the partial derivatives for the 3N independent- 
velocity variables, 


(jF TXT ^ \ 

Sg=- w jf t lo «?' +x "f- 

we easily get from these relations 

9 m B'jWW, . . . 

B' and C' being independent of the velocities, 
therefore, that 

A 

J tfW+’i'+PijB + l' ‘ ’ ' 


. . ( 12 ) 

. . (13) 
If follows, 

. . (14) 


*. e., the well-known Einstein or Fermi formula. 

The same result can be obtained if we consider (3) and 
express W explicitly as a product of the successive 
differences of the v’s. In the classical theory (Kimball, 
he. cit., eq. (32) we have 

W=N s n (*-*_,).(15) 

issl 


On the other hand, in the quantum theory we have 

W«N*n(l±j0(*-t*-i). . . . (16) 

If we apply, as before, the Lagrange method for 
conditional maxima, we get 




1± ± «,-i)(t> l+ i ± v,) 


=26. (17) 


If we introduce the approximations 

(1 ±/i/A,)(l ±/<+i/A i+1 )=(1 ±fi/Ai). . (18 a) 
and fa ~ «i-i)(r.+i— p»)= (n)’. . . . . (18 b) 

we get the same distribution formulae as before. 


Summary. 

The recently developed geometrical statistical weight 
theory (Kimball) has been generalized to include the 
quantum statistics. 
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LIX. The Behaviour of Electrons in Magnetic Fields. By 
V. A. Bailey, M.A., D.Phil. (Oxon .), Associate Professor 
of Physics, University of Sydney*. 


1. TN a recent communication + it has been shown how to 
JL determine the divergence of a stream of electrons 
which moves in a gas simultaneously under the actions of 
parallel electric and magnetic forces. The principle estab¬ 
lished may be illustrated by the diagram. 

The stream entering at the opening Sj diverges^ as it 
approaches the electrode 2, on account of the diffusion of 
the electrons, and only A certain fraction R of this stream 



passes through the opening S 2 . If Z is the electric force, 
H the magnetic force, c the distance between the electrodes 
1 and 2, k the mean energy of agitation of the electrons in 
terms of that of a molecule at 15° C., and W is the mean 
velocity of the stream in the direction of Z, then the 
fraction R is a function R(?) of the ratio £=Zi rjkc where 
<r= 1 + (HW/Z)*. 

Observations on electrons in hydrogen were found to be in 
oomplete agreement with this principle, so it was applied to 
the determination of the velocity W in this gas and gave 
values which are the same as those obtained in 1921 by 
means of Townsend's well-known method. 

* Communicated by the Author, 
t See p. 560 of the present number. 

Phil. Mag. S. 7. Vol. 9. No. 58. April 1930. 
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Four other simple methods of applying this principle are 
given below. The first three are of particular interest, for, 
unlike the one already published, they do not require that 
the function R(£) be known. The values of W obtained by 
means of the different methods are all in good agreement. 

2. Second Method. 

The ratio R is measured with a known set of values of 
the electric force Z, the gas-pressure p and the spacing c ; 
under these conditions f has the value £, = Z/kc. Then 
Z and p are diminished by the same factor n (which may 
have any convenient value), the magnetic force H is applied, 
and the ratio R is again determined ; the corresponding 
value of f is £, = Z ofnkc. The force H is adjusted to make 
the value R equal to that in the first set of conditions ; this 
is equivalent to making equal to Hence <r = n, and so 

W-gv'im .(1) 

3. Third Method. 

With this the first set of conditions is the same as in the 
method just described, and may be represented by Z, p, and c; 
therefore fi —Z/£e. The second set is that represented * by 
Z, P, nc , and H, for which t n = Zarlknc. The value of H is 
adjusted as before, which is equivalent to making equal 
to fj and leads again to the relation (1). 

The following table gives an actual example of its appli¬ 
cation to electrons in hydrogen :— 

Z (volts/cm.), p (mm.). c (cm.). H (e.m.u.). R. 

20 4 2 0 -375 

20 4 4 698 -375 

Since « as 2 the value of W obtained by means of (1) is 
on v 10 8 _ 

* 98 4^2-1, i. e. 28*6 x 10 5 cm./sec. 

The value obtained previously by means of Townsend’s 
method is 25*5 x 10®. 

4. Fourth Method. 

The first set of conditions for this is again represented by 
Z, p, and c, for which = Z jkc. The second set is repre¬ 
sented by Z In, p/n, nc, and H ; therefore £„ — Zo/n^kc. If 

* i. e. the only changes are an increase of the distance between the 
electrodes 1 and 2, and the application of the magnetic field. 
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H be adjusted as before, then for this value is equal to fi* 
Hence a = n 2 , and so 

W = h\/ 1- 7 ?- • • * • • (2) 

Its application to electrons in hydrogen is shown in the 
following table, where n = 2 :— 

Z (Tolfcs/cin.). p (mm.). c (cm.). H (e.tn.u.). B. 

20 4 2 0 375 

10 2 4 626 *375 

Therefore 

w - 2 ^ -~ ~ 27 ' 6 x 105 cm -/ sec -’ 

which is in agreement with the valne 25 # 5 x 10 5 referred to 
above. 

This method is of special interest, for it can be established 
without neglecting any term in the complete differential 
equation * for the density of the electrons at a point, and 
because it is also suitable when negative ions are present if 
the instrument + with two successive chambers be used. 

With this instrument the quantity a = R(Z/ic)«“ CMJ is 
measured, where a is the probability that an electron becomes 
attached to a molecule per centimetre of its motion in the 
direction of Z. If the first set of conditions 

Z, p, c, gives a = Re"**, 

and the second set 

P , nc, H gives a Hk = 

?i it 

then a H h = a when the value of H is such that a = n 2 . 

For the second set H,,* depends on the differential equation 

b s <? _ 41 / z, r _ ’A&s, 

B** ~ \ninc/dr «VBr* 

\v,.ich is the same as that determining R, namely, 

b»*“ Uc/Br w 

and the boundary conditions are the same too. Also 

* Number (2) in the communication cited, 
f V. A. Bailev and 1. D. McGee, Phil. Mag. p. 1076 (Dec. 1928). 

2 T 2 
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*fp depends on Z/p alone, so *„nc = etc, and therefore 
On* = a. The value of H is adjusted until this condition is 
satisfied, and then W may be calculated by means of the 
formula (2). 

5. Fifth Method . 

Under the two sets of conditions required for the third 
method, let the corresponding quantities a and be 
measured. By adjustment of H, the value of On* may 
be made equal to ae~' u * n ~ 1 ', whose value is known if that of 
a has already been determined. Therefore,. 

a = n, and so W may be determined by means of 
equation (1). 


LX. The Nature of Friction. By Prof. P. E. Shaw, 
M.A., jD.Sc., University College, Nottingham*. 

I. 

T RIBOELECTRICITY and friction are two aspects of 
the same event: the rupture of the combination 
between atoms of solid surfaces. In friction we deal with 
the energetics; in triboelectricity with the electric charges 
caught on each of the surfaces in the act of rupture. The 
residual charges observed are greatest when different 
insulators have been in contact, but it has been shown f that 
charges, though smaller than these, arise when identical 
insulators part company; and this is also the case for 
identical metals provided they are parted at great speed j. 
We can express these relations in symbols. It has been 
established that rate of charging varies as the work done in 
rubbing §, so 

do dw 
dt~ a ' dt 

* Communicated by the Author, 
t Proc. Phys. Soc. xxxix. p, 449 ( 1927 ). 
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m 


q = charge, 
to sb work, 

a — constant, specific for the materials used. 
Similarly for leakage, 


dq' _ ,dw 
dt dt 


• Q. 


q'— leakage and re-combination, 
b = leakage constant, depending on charge, 
Q * accumulated charge ; 
bnt 

dQ as dq—dq' = (a— bQ)dto. 

Hence 


Q 


a 

b 


(1 


Taking the three cases mentioned above. For nnlike 
insulators, a is large, b small, therefore Q is large. For 
like insulators, a is small, b is small, Q is moderate. For 
like metals, a is small, b is large, Q is immeasurably small, 
unless by speedy separation of the surfaces b is made 
ineffective. 

In the cases of like insulators and like metals a is small, 
not because the total electron flow is small, but because, for 
materials almost identical in nature, the flow each way across 
the interface is almost equal. 

According to these views, friction is in all cases due to 
the breaking of electric attachments, and is directly pro¬ 
portional to the electric separation (if the flow ot electrons 
both ways across the interface be added together) plus any 
work performed in surface strain. 

We assume that when atoms meet, they invariably combine 
(unless they happen to be inert gases). This generalization 
is based on various facts: 

(a) Adsorption. Here condensed vapour is strongly 
attached to the solid surface. 

(b) The seizing of truly parallel clean surfaces when 
wrung together ( e.g ., Johansson gauges). More convincing 
even than the seizing is the fact that after repeated wringing 
the surfaces are tom up, and their * truth ’ ruined. In like 
manner many metals, initially smooth, become very rough 
when rubbed dry in vacuo. 
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(e) The cohesion invariably found between solid particles 
crystallizing from solution or emerging from fusion. 

(d) Triboelectric charges. Whatever the solids used, 
such charges arise, as shown above, when separation occurs, 
and they denote combination of the surfaces before they 
separate. It is not implied that combination at cold contact 
of solids is as complete as, say, after fusion. Atoms of solid 
surfaces, being held by their neighbours, are not as free to 
form polar attachments as when in a fluid state. But there 
seems justification for the belief that solid combination does 
occur in kind, if not in full degree. The principle that 
solids invariably combine when brought into intimate contact 
may seem contrary to experience. For instance, such 
ordinary processes as hand-shaking or walking would be 
supremely difficult if great force were needed to break solid 
bonds when the hands separate, or the foot is raised from the 
ground. But, fortunately, the usual surface conditions in 
the cases cited are those described in impact (Section IV. of 
this paper) where dry surfaces of elastic solids are specified. 
If one surface were covered with an inelastic, plastic 
substance like pitch, cohesion on a large scale without 
repulsion would occur, and separation of the surfaces would 
become difficult. The strength of attachment of a solid for 
pitch, atom for atom, is small but the immense number of 
atoms which can combine, one substance being plastic, makes 
the total strength of attachment considerable. 

II. 

Three surface effects specially concern us in connexion 
with friction:— 

A. Repulsion, the direct reaction to pressure normal to 

the surface. 

B. Cohesion of the surfaces whilst under pressure, as 

displayed in sliding friction. 

C. Cohesion of the surfaces, when under tension, as in 

rolling friction and the rebound of impact. 

The relation of B to C is obscure. We might expect the 
interface strength to be very different according as (in B) 
the normal stress between the surfaces is a pressure in some 
cases thousands of atmospheres; or as (in C) it is a tension, 
presumably of the order of the tenacity of the material, say, 
a thousand atmospheres, if expressed as an inverse pressure. 
The strength of cohesion in each case is due to some unknown 
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disposition oE the electric and magnetic fields of the atoms, 
bat this disposition mast be very different for compression 
and for tension. 

Employing Hertz’s equations of deformation (see Prescott’s 
‘Applied Elasticity,’ p. 632) and considering the case of 
a sphere touching a plane, 




2ttE 


(I-) 


where 




d, 


_3W 1 — (t 2 
0 27ra ’ E ! 


• (II.) 

• (HI) 


a — radius o£ the circular area of contact between 
sphere and plane, 

r = any radius in this circle < a, 

9t = radius of the sphere, 

E = Young’s modulus, 

a = Poisson’s ratio, 

p = pressure at any point in the circle of contact, 
d 0 — displacement at the centre of circle, 

W a= force between the sphere and plane. 

By the law of friction 

W = R = -T. 

Where 


R = aggregate repulsion of all atoms bearing on one 
another at the interface of sphere and plane. 

T = aggregate cohesion of these combined atoms to 
resist shear. 

R = I p'ltrrdr, 

./« 



where p = vp, 
9-VT', 
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where 

p == pressure per unit area at any radius r in the 
circular area o£ contact as given by (II.), 

g = cohesion strength per unit area at any radius, 

v «number of atoms per unit area bearing on one 
another across the area o£ contact, 

p = repulsion per atom! 
t = cohesion per atom, to resist shear 
/ o 1 I 0 

W = I vp.27rrrfr = - | vr2wrdr, * v IV.) 

clearly v has the same values throughout on both sides of 
the equation, and we can apply the law of friction to the 
limiting case when only one atom of each surface is in 
contact, then 


1 



t. e., the ratio of t to p is constant throughout the area of 
contact. 

From equations (I.) and (IV.), <r, 01 and E being constant, 

1 0 

\ vpiirr .rfr oc W oc a 3 , 

• a 

.*. vp tto} oc a®, 

ypocaoc W 1/3 . 

Thus, if W increases 8-fold, radios of area increases 2-fold, 
area 4-fold, and vp 2-fold, v and p increase together until 
the limiting pressure p max., sustainable by the material is 
reached. The solid structure then gives way at the centre 
of pressure. Permanent strain ensues and both the law of 
friction and Hertz’s equations fail. 

It is convenient to distinguish between permanent super¬ 
ficial- and permanent body-strain. All actual solid surfaces 
are rough compared with atomic dimensions. Even polished 
surfaces (whose roughness is of the order of a wave-length 
of light) on coming into contact meet at their outstanding 

E rotuberances. As these contact areas are small, the pressure 
etween them is great, and this causes a flattening of the 
protuberances until sufficient actual contact area is developed 
to provide total repulsion equal to the external applied force. 
The superficial strain thus produced extends to a small depth, 
say of the order of a wave-length. 
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III. 

Certain reactions between solid surfaces, as in impact, 
eliding and rolling friction, polishing, filing, and grinding 
are highly complex. They all bring into action on the 
surface atoms such large forces as to produce rapture and 
ionisation; some of them, the last three, go further and 
exceed the body elastic limit. Each of the two reacting 
surfaces being free, has its own electrostatic and magnetic 
fields more complicated than in the body of the solid, where, 
at least in the single crystals, simplicity reigns. If further 
the surfaces are in contact with an atmosphere, adsorbed 
films and solid contamination add more factors to the equation 
of state. But at least we can minimize the last troubles 
by experimenting in vacuo with dry solids. We shall 
suppose in what follows that the reacting surfaces are dry, 
i. e., free of even residual films. 

IY. 

Before dealing with friction consider a simpler effect, 
impact, and suppose a sphere to be approaching a plane at 
normal incidence. To take the sequence of events in order: 

(1) The first contact is between two atoms one on each 
face; these combine with loss of energy and heat is 
•developed, as in the familiar case of the surface combination 
known as adsorption. 

(2) The two combined atoms at the interface are now at 
atomic distance apart and are in equilibrium ; but with the 
onward motion of the sphere they are forced together. 

Repulsion between them—due presumably to electrostatic 
separation and/or electromagnetic rotation—grows as the 
centres of the atoms approach one another, and work, most 
of it reversible, is performed by the oncoming sphere in 
building up this repulsion. 

In the end, the distance between the sphere and the plane 
reaches its lower limit, by which time other pairs of atoms 
have met and undergone similar combination followed by 
repulsion. The sphere has now momentarily come to rest 
and the contact area has attained its maximum as at PPP, 
fig. 1. The pressure developed is maximum at 0 and falls 
to zero at the edge PPP, according to equation (II.). 

Consider fig. 2 where abscissae and ordinates stand respect¬ 
ively for radii of the interface and force between opposed 
faces. 
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There is an annular zone between radii a f and a in which 
atoms are combined, but are separated by more than atomic 
distance. In this zone attraction occurs across the interface, 
but for radii less than a ' atoms are within atomic distance 
and repel one another. The pressure W is sustained by the 
algebraical sum of the total attraction A, and total repulsion R, 
i. e. 9 by the difference between the two shaded areas. 

,\ W = R-A. 

The existence of the zone of attraction is undoubted 
when the surfaces are separating, and the area of contact 
diminishing; we assume its presence prior to this separation, 
though this is not essential to the argument. The annular 
space is negligibly small compared with the whole area 7 ra\ 
except when this area, or the curvature of the sphere, is 
small, so that equations (I.) and (II.), which take no account 

F5g. 1. Fig. 2. 


A 

0 

R 


of such a zone, may for present purposes be considered 
valid. It is in accordance with these views that the seizing 
of surfaces only occurs when their curvatures are equal and 
opposite so that they ‘fit*—flat surfaces of course being 
only a special case of this. In all such cases the attraction 
zone is relatively large, and in such an example as that 
quoted by Gr. A. Tomlinson * for lead, the attraction zone 
occupies the whole contact area when the pressure is 
negative. 

(3) When the sphere rebounds from rest on the plane y 
the atoms in contact across the interface are torn apart, the 
peeling process occurring at the extreme outer edge of the 
annular zone, where by supposition the atoms are at more 
than atomic distance apart. 




* Phil. Mag., June Suppl., 1929, p.-936. 
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The work required to break these bonds is done by the 
potential energy accumulated in the spring of the lattice 
structure. 

When the rebounding sphere is nearly free of the plane 
and the contact area reduced to small dimensions, all the 
remaining pairs of atoms are in attraction. To break these 
remaining bonds absorbs energy from the sphere. 

Jn the meeting and separation of the two surfaces in 
impact, there are losses due to various irreversible processes; 

(1) During the meeting, on account of permanent dis¬ 
placement of atoms in the solid structure, and the combination 
of surface atoms; (2) during separation on account of the 
breaking of bonds still remaining when all the repulsion 
energy nas been spent in the rebound. 

The coefficient of restitution measured in impact experi¬ 
ments reveals these energy losses which, for instance, are 
small for steel and great for lead. 


V. 

Now consider sliding friction. Begin with the sphere at 
rest on the plane under its own weight W, and the contact 
area as shown in fig. 1. On applying force to draw the 
sphere, without rotation, over the plane, the first effect, is to 
strain the bonds attaching the interface atoms. The bonds 
have a measurable elastic limit as shown experimentally by 
Rankin *. No rupture occurs for forces less than a critical 
value. When, however, sufficient tangential force T, is 
applied, all the bonds formed across the interface are broken 
and sliding occurs. Amonton’s law 

T, = /iW, 

gives the relation of the stresses to the coefficient. As 
sliding proceeds the bonds are continually broken and 
remade and, since kinetic and statical friction are equal, 
the total number of bonds, N, remains a statistical constant. 

VI. 

Next consider the case of rolling friction and imagine the 
sphere as before, resting on the plane under its own weight 
before friction commences. The law of rolling friction is 

T r = \W, 

where Tr is the force applied to the centre of the sphere to 
* Phil. Maar., Oct. 1926. 
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roll it without slip (ignoring for the moment the 0. Reynolds 
slip); X * coefficient of rolling friction. 

Imagine the force gradually applied. What first happens, 
as Tomlinson* showed, is that for small angular displace¬ 
ment of the sphere there is an elastic limit (within which 
the bonds are strained bnt hold fast). When this angle is 
exceeded the bonds give way not, as with sliding, over the 
whole area of contact, but only on the extreme periphery of 
the attraction zone in the wake of the rolling sphere, and 
corresponding new bonds form on the extreme edge in front. 
All the other bonds are affected but not broken as the motion 
commences, those in front of the centre of the interface 
being relaxed, and those behind strained. It is thus clear 
that the force required to move the sphere unit distance is 
less for rolling than for sliding iD proportion to the bonds 
broken in the two cases. 

We can look at it another way and consider the forces 
required to break a single bond (1) by rolling and, (2) by 
sliding. As the sphere rolls each atom as it rises from 
contact in the wake of the sphere traces out a cycloid. 

Let the contact point move from A to 0 while the contact 
atom rises from A to P. 


Let S = movement oE the centre (! ■= OP, 
r — radius of the sphere, 

6 = angle moved. 

s 

= -, for small angles, 

PN — r(l—cost?), 


as 6 is small, 


cos 8 =1 — =1 

If 


PN = 


S* 

2r- 


_S 2 

2r*‘ 


Let the distance between atoms = d, and let kd — distance 
the bonds stretch before breaking ; if PN = kd. 


*= V*2 kdr. 

Thus the centre of the sphere moves distance ^2kdr before 
single rupture occurs. 

Now suppose the sphere to slide, and let the distance for 
rupture in sliding be Id. The values of k and l may be very 

* Loc. cit. 
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different; for in rolling, atoms are strained across empty 
space; whereas in sliding the atom of the sphere in moving 
from one atom on the plane never moves far from other 
atoms. Besides, rupture occurs, in rolling, when the atomic 
bonds are in tension, whereas they are, in sliding, pressed 
together with average forces of large amount. 

Since the coefficients X and p, are inversely proportional 
to the distances required for rupture in the two cases, 

X_ Id _ . AT 

fi~~ V 2kdr~~ v 2 kr‘ 

Patting d = 2*8 x 10 " 8 for steel, making r= 1 cm., and 
noting that k, l are of the order one. 

- is of the order 10~ 4 . 


Fig. 3. 



Tomlinson * finds the ratio to be *5 x 10~ 4 for an experi¬ 
ment on steel. So the results by different methods are in 
sufficiently close agreement. 

The supposition that breaking-tension in rolling equals 
the breaking shear-stress in sliding is conjectural. The 
reasoning is employed merely to compare rolling and sliding 
friction on the basis that both kinds are due to the breaking 
of solid bonds. 

YII. 

The laws of friction employed above can have only limited 
application. The law of sliding friction cannot apply when 
either surface has extremely large curvature as, for instance, 
when a sharp tool is drawn over a plane ; for then flow of 
the material occurs in the body of the solid, and if the law 

* Loc. cit. p. 916. 
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of friction were applied /t would approach infinity. Again, 
the law breaks down when the sum of the curvatures of the 
two surfaces is very small. Th us, as already mentioned, when 
two approximately flat surfaces bear hard on one another, 
and the pressure is then removed, seizure occurs and 
H becomes infinite. 

So far as we know, no severe experimental test of the law 
of sliding friction between dry solids has ever been made. 
Tomlinson, working on metals in the air*, has obtainod 
■a most interesting relation between the coefficient of friction 
and the elastic constants. In his law 

ft = C.(»a + « b ) 2 '*, 

the bracket term involves compressibility and rigidity of the 
two solids in friction ; C is a constant, varying 15—25 per 
•cent, from its mean. Considering the uncertainty in many 
of the elastic constants this is good agreement, especially as 
readings in friction never attain high percentage constancy, 
and some of the irregularities in C may be due to this cause. 
Friction of solid surfaces is a rough-and-tumble affair 
depending on “catch-as-catch-can ” contact of rough surfaces, 
and cannot be expected to have the constancy of such 
properties as, say, weight or rigidity. 

Considering the complex relation between the pressure 
-and area of contact of the two reacting bodies, the law 
of friction, as generally understood, is remarkably simple, 
and would seem to justify the simple conclusions reached 
above. 


Summary. 

It has already, been shown that the parting of solid surfaces 
invariably gives rise to electric separation, even when the 
two materials used are identical insulators or identical metals. 

Thence it is assumed that what happens in all cases of 
solid contact is that: solid combination takes place when 
•contact occurs : charging of both surfaces occurs when they 
separate. In friction, the work done is the equivalent of 
the work performed in total electric separation, plus any 
work performed in deformation of the surface structure. 

The strength of attachment of two atoms (as shown in 
their resistance to shearing stress) and their mutual repulsion 
-at any point of the area of contact, both vary throughout the 
area, but their ratio is constant. The ratio between the 


* Loc. cit. 
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distances which the combined atoms separate before parting 
company in the two cases of sliding and rolling friction 
respectively, is estimated by the force required for separation 
in the two cases. The law of friction is limited in application; 
it becomes invalid for extreme curvatures as well as for 
extreme loading. 


LXI. A Skew Double-Slider-Crank Mechanism. By P. 
CORMAO, M.Sc., F.R.C.Sc.I., University College, Dublin*. 

T HE double-slider-crank mechanism STST—the plane 
mechanism of four pieces, with each piece carrying 
the elements of a sliding and a turning pair—is met with 
occasionally in machinery. It derives from the quadric 
crank-chain by making the links a, b, c, d of infinite length, 
but such that a and b have a finite difference ej, while c and d 
have a finite difference A special case occurs when e 2 is 
zero. Here one of the sliding axes is parallel to the line 
joining the centres of the two turning pairs. A second 
special case occurs when d is made equal to e 2 . Now the 
line joining the centres of the turning pairs always remains 
equally inclined to the two sliding axes. As noted by 
Hearson f, in this case the mechanism has a dead centre 
position. In the dead centre position—that is, when the 
sliding axes are parallel—the chain is not closed, it becoming 
then simply a sliding pair. It is important to note that the 
normal reactions on the sliders in the neighbourhood of 
the dead centre position may be very great. 

The existence of a skew form of the double-slider-crank 
chain does not appear to have been previously noticed. In 
the skew chain the axes of the two turning pairs are parallel, 
the sliding axes make equal fixed angles with the turning 
axes, and they are equally inclined to the plane containing 
the turning axes. A plan of the chain is shown in the 
figure. 

The links are numbered 1,2,3,4, the sliding pairs being 
14 and 23 and the turning pairs 12 and 34. If piece 1 be 
fixed, 2 will rotate about centre 12, sweeping out a cone of 
revolution, base angle a. Piece 3 maintains contact with 
this cone, while it may slide in the direction of the generator 
with which it is at the instant in contact. The locus of the 

* Communicated by tbe Author, 
t Proc. Roy. Soc. A, dxxxvii. p. 28 (1896). 
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centre 34 ia therefore the hyperboloid of revolation which 
is swept out by a generator through 34 drawn parallel to 
slide 3. Let slide 1 be an element of the second generation 
of this hyperboloid of revolation. Slide 1 will then com¬ 
pletely constrain the path of centre 34, and will thus 
constrain the motion of piece 3. 

The relation between the linear velocity v of the sliding 
pairs and the angular velocity o> of the turning pairs is 

v = sec *. sec* ^9. 

The skew mechanism has neither dead-centre nor change- 
point positions, and the normal reactions on the sliders have 



always finite values. An exception, however, must be made 
of the particular case in which the sliding axes are perpen¬ 
dicular to the turning axes, the chain then becoming the 
special form of the plane double-slider-crank in which 
the sliding axes deviate by equal angles from the line 
through the centres of the turning pairs, a form which has 
been noted above. 

The skew double-slider-crank chain derives from Bennett’s * 
skew parallelogram chain by passing two alternate vertices 
of the skew isogram to infinity. It may thus be classified 
as a special case of the skew isogram. 

As the four pieces are similarly placed in the chain, the 
four possible inversions result in the same mechanism. 

* Proe. Load. Math. Soc. xiii. p. 161 (1914). 
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LXII. On the Scattering and Diffraction of Cathode-Bays. 
By Paul White, B.A, (Cantab.), Carnegie Teaching 
Fellow in the University of Aberdeen *. 

1. Introduction. 

W HEN a narrow pencil of electrons falls upon a thin 
sheet of amorphous material, its individual members 
suffer various deflexions by the atoms through which they 
pass, and the pencil as a whole is scattered. If it then falls 
normally on a photographic plate placed a short distance 
away from the scattering material, the blackening pro¬ 
duced on development wfll be a maximum in the centre 
where the whole pencil would have fallen if no'matter had 
been in its path, and with increasing distance from the 
centre will fall off symmetrically on all sides. 

Recently, however, G. P. Thomson and Reidf have 
shown that if the film through which the electrons pass is 
microcrystalline, there may appear superimposed on this 
distribution of electrons other electrons, scattered in an 
alternative manner, their angles of deviation having, not 
the continuous range of values present in the previous 
case, but a number of discrete values. These are recorded 
on the photographic plate as rings concentric with the 
central spot produced by the former set of electrons. 

We can describe the effect quantitatively by plotting 
against the distance r, measured from the centre of 
symmetry of the photograph, the number of electrons per 
unit area falling on the plate at that distance r and thus 
obtaining what may be called an electron-distribution 
curve. It has long been known that when the scattering 
material is amorphous, the curve has the general form 
given by Gauss’s Error Law (fig. la) for suitable incident 
velocities of the electrons and sufficiently great film- 
thicknesses. No experiments have hitherto been made to 
determine the curve when the scattering material is 
microcrystalline, but it is clear that the general form in this 
case will be that shown in fig. 16, in which each pair of 
symmetrically-disposed small maxima corresponds to one 
ring on the photographic plate, that is, to one discrete 
value of the angle of deviation. 

* Communicated by Prof. G. P. Thomson. 

t G. P. Thomson and A. Reid, ‘ Nature,’ exix. p. 880 (1827); G. P. 
Thomson, Proc. Roy. Soc. cxvii. p. 600 (1827). 

Phil. Mag . S. 7. Vol. 9. No. 58. April 1930. 2 U 
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The former type of scattering has been subjected to 
numerous investigations, and the results can be fairly 
completely described in terms of classical mechanics *. 
It is only possible to give an account of the phenomenon 
discovered by Thomson and Reid in terms of wave- 
mechanics. In the one case the electron is regarded as a 
charged particle deflected by the electrostatic attraction 
of an atomic nucleus or of several atomic nuclei succes¬ 
sively ; in the other it is considered as a train of de Broglie 
waves diffracted by the atoms and hence reflected by 
suitable net-planes in the minute crystals of the scattering 
material as are the X-rays in a Debye-Scherrer powder 
experiment. 

While the radii of the rings have been critically 
compared with the wave-length relations suggested by 


I<’ig. 1 a. Pig. 1 b. 



General form, of electron distribution curve for amorphous and micro¬ 
crystalline materials respectively: strictly diagrammatic. 

wave-mechanics, the subject of intensities has been 
hitherto practically untouched. In particular no data 
have previously been given for the relative numbers of 
electrons occurring in the central spot and in the rings. 

The aim of the present work was to determine electron- 
distribution curves experimentally, and hence to deduce 
the relative numbers of electrons falling in the central 
spot, in one of the rings or in the continuous background. 
Since the visibility of rings depends on their sharpness 
of resolution and high intensity relative to the background, 
a knowledge of the factors governing these quantities will 
enable us to arrange the most favourable conditions for 
observing rings in difficult cases. 

* W. Both®, Zt. f. Tbyt. iv. p. 300, v. p, 68 (1821), Compare 
Geiger and Scheel’s ‘ Handbuch der Phyiik,* xxir. (article by Botha), 

pp. 18-18. 
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2. Experimental Method. 

A photographic method was used, and the number of 
electrons per unit area falling in the neighbourhood of any 
point was deduced from the optical density of the image 
there. The mode of obtaining the photographs was 
exactly that used by Thomson and Reid (Joe. tit.). A 
very fem pencil of cathode rays emerged from a discharge- 
tube through a cylindrical channel in the anode 6 cm. 
long and 0-0115 cm. in radius. The high-tension supply 
to the tube was derived from an induction coil with 
mercury-interrupter, rectifying valve, and Leyden jars, 
and was of the order of 30 kilovolts. G. P. Thomson has 
shown that electron-beams so obtained are very nearly 
homogeneous and have a velocity very nearly correspond¬ 
ing to the whole fall of potential across the tube as 
measured by a pair of spark-balls in parallel with it. 

The pencil of cathode-rays was scattered by a film of 
gold of the order of 10" 6 cm. thick, placed close to the exit- 
aperture of the channel in the anode, and fell normally 
upon a photographic plate placed 32-7 cm. from the gold. 

Paget process plates were used and developed in 
hydroquinone until the optical density was judged suitable 
for photometry. 

Exposures varied from a few seconds to several minutes. 
The camera was fitted with a device for moving the plate 
rapidly (under gravity) without letting the vacuum down; 
by this means two exposures were made immediately 
after one another on each plate under rigorously identical 
conditions, except that their durations, which were mea¬ 
sured, were in the ratio of about one to three. By this 
device it is possible to convert densities of the images to 
terms of relative numbers of electrons incident per unit 
area, in spite of the fact that very little is known of the 
photographic characteristics of plates for electrons of 
these velocities. (See below, pp. 645, 646.) 

The optical densities of the images were measured with a 
microphotometer of the Iindemann type at a series of 
points lying on a line through the centre of the figure. 
The microphotometer was by the Cambridge Instrument 
Company. 

3. Thickness of Gold Films. 

The films were prepared by sputtering gold upon a skin 
of cellulose acetate and dissolving the latter away with 

2U 2 
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aeetone in the maimer recommended by Jolyot and de¬ 
veloped by Thomson* for this type of work. 

Their thicknesses (order of 10"* om.) were found in the 
following way from their opacities. 

It can easily be shown that when a parallel beam of 
light of wave-length A cm. in air falls normally upon a 
thin plane-parallel sheet of absorbing material of thick¬ 
ness t cm. and complex refractive index, n+ik, the ratio 
of the transmitted to the incident intensity is equal to 


/ 4 irkt 

16 (n s -f V) eX P( 

) 

(» + l)>+f I _ 3rcos(2o + #)ex ^ 

r 2 exp| 

f ~ kt\ 


where r is the reflexion-coefficient of the substance in bulk 


(for intensities), and is equal to 


(«-«*+** 
(n+l)* + P’ 


tan a= 


2k 

w*+P—1 


and 



All these constants have been measured by Hagen and 
Rubens t for thin films of gold for a large range of wave¬ 
lengths, and we can accordingly deduce the thickness if 
the opacity is known. In order to do so rigorously we 
should need to use monochromatic light; but this is 
inconvenient experimentally, and by a fortunate accident 
turns out to be unnecessary in the case of gold. 

For a considerable range of wave-lengths to be admissible 
in the light used, it is sufficient that the opacity should be 
Sensibly the same throughout the range; for otherwise a 
system of weighting the wave-lengths would be necessary 
in working out the results, and in practice would be quite 
impossible to perform. Now, the photometer used for 
finding the opacities of the gold films (as also of the plates) 
acts by means of a potassium photo-cell. Accordingly 
the effective wave-lengths lie between the photo-electric 
threshold of potassium and the limit of transparency of 
the glass of the lenses etc.; the largest part of the 
response of the instrument must be caused by radiation 


* Proc. Roy. Soc. cxxv. p. 862 (1929). 

+ Hagen and Rubens, Verb, d, Deut. Phys. Ges. iv. p. 66 (1902). 
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well within these wave-length limits, say, between 3750 A.U, 
and 5000 A.U. By calculating from Hagen and Rubens’s 
data tbe opacity of agold film 100 A.U. thick for a number 
of wave-lengths, it can be shown that there is only a small 
variation in the range in question. We are accordingly 
able to employ white light with the same simplicity as 
monochromatic light, and to calculate opacities from the 
data for a mean wave-length. 

In fig. 2 the optical density so found is plotted against 
thickness of gold. 

The following values were assumed:— 


A=4500 A.U., »—1*53, 

r=0-34, Jfe=l-73 

Fig. 2. 



Optical density of films of gold as a function of thickness. 

A small error enters on account of the convergence of the 
beam falling on the film in this photometer. It would be 
very tedious to evaluate a correction for this accurately, 
but a rough estimate shows that it is only of the order 
of 1 or 2 per cent., which is less than the macroscopic 
variation in thickness in a single film. 

4. Measurement of Plates. 

By means of the microphotometer mentioned above the 
distribution of optical density along a line through the 
centre of each image was measured, and these readings 
were plotted as in fig. 3, a and 6. 

In order to convert these readings to terms of numbers 
of electrons incident per unit area, it is necessary to correct 
far the characteristics of the photographic plate. Un¬ 
fortunately, very little is known with certainty about the 
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behaviour of plates for electrons of these velocities. The 
following procedure, however, enables us to determine the 
characteristic curve directly and individually for each plate, 
and for exactly the electron-speed and conditions of 
development used in each case. It assumes only that the 
Reciprocity Law holds for electrons of these velocities; 
that is, that the time of exposure necessary to produce a 
given blackening of the plate is inversely proportional to 
the intensity of the electron-beam. This is known to be 
so from the work of Bothe *. 

This method, which may be called the method of dupli¬ 
cate exposures, is capable of wide application where the 
photographic characteristics are unknown but the 
Reciprocity Law holds. Two exposures whose durations 
were in a known ratio were made on each plate, and both 
images were measured on the photometer and optical 


Fig. 3. 




Construction of characteristic curve c (density against log of exposure) 
from a pair of photometer curves a and 6. 

density plotted against position as in fig. 3, a and b, where 
the ratio of times is one to three. Now, if two points A, B 
are found, one on each curve, at equal distances from their 
respective central ordinates, they correspond to points 
on the plate where the intensities of election-illumination 
were the same, since the conditions are the same for the 
two exposures, but the durations of illumination were in 
the ratio 3:1. The ordinates A, B must therefore be the 
ordinates (optical densities) of two points A', B' on a 
characteristic curve (fig. 3, c) whose distance apart in 
abscissa (logarithm of total exposure) is log 10 3. Since the 
zero of abscissa has no absolute significance in fig. 3, c, we 
can plot B' at once and A' from it. In the same way we 
can obtain an indefinite number of pairs of points (A", 
B") whose ordinates and the difference of whose abscissae 

* W. Bothe Ze.f. Phys. viii. p. 248 (1922); xiii. p. 106 (1923). 
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are known. It is necessary to choose the absolute value of 
their abscissae so that one smooth curve can be passed 
through all the points. This is easily secured after one or 
two trials, and actually the result depends hardly at all 
on the judgment of the draughtsman, as an unskilful choice 
of the point A" is revealed at once by the awkward position 
which results for B*. 

When the characteristic curve has been drawn, the 
curves of fig. 3, a and b, can at once be replotted in terms of 
relative intensities of electron-illumination (c/. fig. 4, 
which is a composite curve, discussed in next paragraph). 


Fig. 4. 



Except for a multiplicative constant, the curves for the 
two exposures should give the same result, and in practice 
the discrepancy is less than the error of the individual 
points. 

It would.be possible to obtain a characteristic curve 
directly by making a number of exposures of known 
durations and measuring the density of the central spot 
in each case. The present method, however, enables the 
exposures to be completed rapidly, and so reduces the 


discharge-tube. It also avoids the necessity for measuring 
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accurately many small intervals of time, and leads to the 
correction of each point on fig. 3 by data derived from 
itself and similarly disposed points, and hence avoids 
uncertainty due to local exhaustion of the developer at 
dense points. 

6. The Curves of Elecimn-Intensity. 

The results obtained after correction for the photographic 
characteristics of the plates in the manner described above 
(§4) are plotted in fig. 4, in which ordinates are numbers of 
electrons falling per unit area, and abscissae either dis¬ 
tances along the plate (r) or angles of deviation by the 
film. Owing to the large range of ordinates involved, 
it was not possible to obtain the whole curve from one pair 
of exposures, and it was necessary to compile it from the 
results of a series of plates taken with the same electron- 
velocity and the same gold film (not merely with another 
film of the same measured thickness). The sections into 
which fig. 4 is divided are chosen for convenience in 
drawing, and do not correspond in any way to the parts 
measured on single plates. 

Each curve consists of a central maximum and subsi¬ 
diary maxima in symmetrically-disposed pairs, each pair 
corresponding to one ring on the plate : for the sake of 
clarity, only the maxima on one side of the centre are 
shown in the figure. The central portion agrees closely 

ar- 

with the form given by Gauss’s Error Function, e~<“, 
within a distance of about 2 mm. on each side. Further 
out, the experimental ordinates are greater than the 
Gaussian. The dashed line of fig. 4 is a prolongation 
of the best-fitting Gaussian curve. The chain-dotted 
lines are interpolations beneath the subsidiary maxima, 
and divide the part of the area of the curve attributed 
to rings (which is also very closely of Gaussian form, where 
resolved) from that attributed to background. 

Plates were obtained corresponding to energies between 
20,000 volts and 48,000 volts and thicknesses of gold 
between 110 xlO~* cm. and 250x10-* cm. The rings 
were not prominent for the lower voltages, and the slowest 
electrons for which it was profitable to photometer their 
traces were of 30,000 volts. 

It may be said at once that the general scale of inten¬ 
sities of the rings is governed, in so far as it depends upon 
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the film,not only by the mean thickness,but also by some 
further unidentified factor or factors, two films of the 
same optical density give the same ratio between the 
intensities of various rings (for electrons of the same speed), 
but, in general, different ratios between the intensities 
of central spot, rings, and background *. As the nature 
of these other factors defining the properties of any 
individual film is obscure, no profitable investigation of 
the dependence upon film-thickness of the proportion of' 
electrons appearing in the rings could be made; further 
work on this point is proceeding. Moreover, the data are 
only strictly comparable among themselves when drawn 
from a series of plates obtained with one and the same 
film . The films are eventually punctured by the electron 
beam and rendered useless. If this occurs before a whole 
series of satisfactory plates has been taken, the work 
already done on the particular film is rendered of little 
value except to confirm the general trend of results given 
by a more permanent film. Most of the data quoted in 
this paper have been corroborated in a general way by 
such fragmentary results. 


6. Compensation of Instrumental Effects. 

The curves obtained after correcting for the non¬ 
linearity of the photographic law certainly give the 
relative number of electrons per unit area falling in the 
neighbourhood of any point; but before any useful data 
of general significance can be drawn from them, it is 
necessary to compensate them for several effects which 
give rise to spurious broadening of the central spot and loss 
of resolution of the rings. Even in the absence of a gold 
film the trace obtained on the plate is not a geometrical 
point, but has a finite size, due to:— 

(a) Unite breadth and cross-firing of the initial beam of 
electrons; 

(b) their mutual repulsion while pasting down the 
camera; 

(c) scattering by residual gas in the camera; 

(d) scattering and irradiation in the sensitized layer of 
the plate. 


* Cf. Rupp, Ann. der Phys, i. p. 778 (1929'. 
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All these agencies affect equally well the trace obtained 
in the presence of a gold film, and it is necessary to estimate 
their total effect and to correct the results embodied in 
fig. 4 for it as follows. The total effect can be found 
experimentally by exposing a plate without inserting a 
gold film. In fig. 5 is shown the curve so obtained (smooth 
curve) with electrons of 30 kilovolts, and also the curve 
calculated for the effect (a) only (broken line). It appears 
that this geometrical effect is capable of explaining nearly 
all the finite size of the observed trace, and as it is inde¬ 
pendent of the voltage of the electrons, it is possible to 


Fig. 5. 



finite breadth of unscattered beam. Full line: experimental. Broken 
line: geometrical effect only. The slight asymmetry in the 
experimental curve is probably due to a minute currature of the 
channel in the anode. 


consider as constant the size of the trace in the absence of 
gold, at least for the moderate ranges of voltage involved. 

The problem of compensating for this parasitic broaden¬ 
ing of the image, that is, of deducing from the curves of 
figs. 4 and 5 a curve corresponding to an ideally narrow 
initial beam, is dealt with in an Appendix. The solution 
will clearly be a curve in which the individual features axe 
sharper than in fig. 4, but in which the relativeaxeas of the 
various parts are unchanged. In the Appendix it is shown 
that it is legitimate to consider the several sections 
independently with the following results (the experimental 
curve of fig. 5 being taken to be Gaussian):— 
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(1) The central maximum remains of Gaussian form, 
its square-parameter- being reduced from its experimental 
value (measured from fig. 4) by the square-parameter of 
the spurious broadening curve (measured from fig. 6, 
smooth curve). 

(2) The maxima corresponding to rings also remain 
Gaussian, and are reduced in breadth in the same way 
(but retain their distance from the centre to a first 
approximation). 

(3) The background to these subsidiary maxima, since 
its form cannot be represented analytically in any simple 
way, could only be treated numerically and at great 
labour. However, in the remoter parts of the field its 
ordinate only varies slightly in a distance equal to the 
whole breadth of the curve of fig. 5, and here the parasitic 
effects can simply be neglected, 

7. J Results. The Central Maximum. 

The discussion of results falls naturally into three 
parts: the form of the central maximum with the general 
background; the form of the rings; and the relation 
between the magnitudes of the different parts of the 
curve. 

Since the central maximum was always nearly Gaussian 
in form: 

the results can be conveniently tabulated by giving 
values of the parameter a, which serves as a measure of 
the breadth of the peak and is referred to here as the 
“ half-breadth.” The quantity o a is the “ square- 
parameter ” of the last paragraph. The half-breadth was 
estimated in two ways from the curves, cq being 
calculated from the measured area and height of the 
hump in the curve (Area-rHeight— v v .a^), and a* 
being obtained by halving the distance between the 

points at which the curve fell to - of its ma x i mum height. 

The close agreement between a l and o 2 serves to confirm 
that the form of the curve is Gaussian. 

In Table I. the experimental half-breadths are given for 
those sets of conditions for which a full range of plates 
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was obtained. The column headed A gives the values of the 
half-breadths obtained by correctingJor the finite size of 
the initial beam; we may call this quantity the “ true 
half-breadth.” The column headed 8 gives the latter 
expressed as angle of deflexion by the film. 

The quantity K tabulated in the last column is defined 
as 

A (in mm.) x Energy (in eleotron-K.V.). 

Film-thickness (in A.U.). 

This quantity is calculated for the purpose of comparison 
with the classical theory of scattering. It is not unreason¬ 
able to suppose in the first place that the electrons which 
appear in the central maximum have been scattered in the 
ordinary way by collision with the gold atoms of the film. 

Table I. 

Half-breadth of Central Maximum. 


Voltage. 

Film 

thickness. 



A. 

a 

K. 

30 K.V. 

0 

1-00 mm. 

1*04 mm. 

0 

0 

— 

30 „ 

140 A.U. 

1-31 „ 

1-29 „ 

0-80 mm. 

0M40 

2*03 

30 „ 

250 

1-59 „ 

1-57 „ 

1*18 „ 

0°-207 

2*24 

45 „ 

140 „ 

MS 

M6 „ 

0-51 „ 

0°-090 

1*94 


and to test this we compare K with the value predicted 
by theory. The calculated half-breadth depends some¬ 
what on the radial distribution assumed for the electrons 
about the gold nucleus. Bothe (loc. fit.) has given a 
formula founded on a uniform volume distribution of 
electrons through a sphere, which leads to a value 470 for 
K, as against 2 from the present work. We should 
expect such an assumption to lead to prediction of a 
somewhat excessive amount of scattering, as we now know 
that the electron-density in an atom increases rapidly as 
the nucleus is approached, and the screening of the nuclear 
field is therefore actually greater than given by uniform 
distribution. The change in K produced by such a 
modification of the theory (< e.g . by assuming Thomas’s 
data * for the atomic field) is however not large ; indeed, 
the theory without modification agrees very satisfactorily 
with the only other measures of multiple scattering of 

• L. H. Thomas, I’roo. Camb. Phil. Soc. xxiii. p. 642 (1927/. 
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electrons available—those of Crowther * for jS-rays of 600 
K.V. We are therefore led to tbe conclusionthat the 
electrons forming the central spot have not been scattered 
in accordance with classical theory. The half-breadth 
calculated for electrons of 30 K.V. and films of 10~*em. 
is of the order of 10 cm. as against 1 mm. here observed. 

Two explanations of the presence of these unexpectedly 
lightly-scattered electrons are possible. It is not unlikely 
that the effect is in part due to submicroscopic non¬ 
uniformity of the film. Minute areas may be excep¬ 
tionally thin, and there may actually be holes through 
which electrons can pass almost unscattered. It is 
however possible that the central maximum constitutes 
an interference maximum of zero order. This view is 
further examined below (§9). In practice both effects 
probably occur, but it is impossible to distinguish electrons 
which appear in the central spot after having passed 
through holes from those which passed through the full 
thickness but remained unscattered. The films were 
examined carefully under a high magnification, and only 
such as showed uniformity of opacity and complete absence 
of holes were used. Since, however, their mean thickness 
corresponded to only about 40 atom layers (80 if face¬ 
centring atoms are counted separately), it is very 
probable that gaps are present which, if they are of width 
of the same order as the thickness of the film, will not be 
visible under the microscope. The method of preparation 
by sputtering would certainly lead us to expect con¬ 
siderable irregularities; moreover, in the case of rolled 
films (,)„ mm. thick), which are presumably much more 
compact than sputtered films, Evans and Bannister f 
have been led to assume the presence of cracks emerging 
to the surface and having a width “a few 0 times the 
diameter of an iodine molecule,” i. e. say 10-20 A.U. 

Although it has been shown that some electrons escape 
the scattering process, others must also occur which have 
been scattered to the full extent required by the classical 
theory. These we should expect to be distributed 
according to a Gaussian law with half-breadth of the order 
of 10 cm. (20°). Unfortunately, the angles subtended by 
the plate at the gold film in the present apparatus are too 

• J. A. Crewtlier, Proc. Roy. Soc. Ixxxiv. p. 226 (1910). 

t U. R. Evaue and L, C. Bannister, Proc. Roy. Soc. cxxv. p. 870 
(1929). 
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small to observe any but the inner portions of such a 
distribution, i. e. up to about 3 cm. (6°) from the centre. 
Over a region of this size the incidence of fully-scattered 
electrons should thus be practically uniform, and we 
cannot distinguish the blackening of the plate caused by 
these electrons from the continuous background (if any) 
formed by parasitic causes such as X-rays generated in 
the film. In order to form an estimate of the way in which 
the continuous background varies at greater distances from 
tiie centre, and thus to gain some idea of what fraction of 
its intensity is due to extraneous causes, exposures were 
made with a bar-magnet fixed near the camera in a plane 
midway between the film and the plate. The field was 
sufficient to deflect the central spot several centimetres. 
There appeared to be a residual effect of appreciable 
magnitude, but very much smaller than the effect due to 
electrons (order of one-twentieth of the background 
intensity near the centre). The electronic effect varied 
with the distance from the centre in a way somewhat 


•different from that required by the function exp 



falling more rapidly in the inner parts and less rapidly in 
the outer parts. This is in accordance with what is to be 
•expected when the film is not of uniform thickness (a 
number of component Gaussian curves of different breadth 
giving an aggregate curve of this general form) and when 
multiple scattering gives place to plural scattering. 


8. The Bings. 

Maxima corresponding to reflexions from the following 
planes were dealt with: 


(111), (200), (220), (311), (222), (331), (420), 

but of these the fourth could not be resolved from the 
fifth, nor the sixth from the seventh. In each case the 
rings appear resolved to the eye, which is peculiarly 
sensitive to gradients of blackening (especially when 
arranged in a recognizable geometrical form), but the 
photometric traces were hopelessly entangled. The first 
■and second also overlapped considerably, but by replotting 
on a large scale it was possible to apportion the area of the 
curve between them tolerably accurately. 

In Table II. are given the results from a very complete 
series of plates which were measured in detail. All data 
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c 

referring to film-thickness 140 A.U. were obtained freon 
the same film, and are thus comparable inter se. The 
areas under the maxima (not including background), 
the heights of the maxima from the background level, and 
' the magnitudes of the background under each ring are 
given in arbitrary units, the latter two being to the same 


Table n. 

Dimensions of Rings. 


Plane. 

Area. 

Height. 

Back¬ 

ground. 

N. flj# 




30,000 volts; thickness 250 A.U. 


Ill 

11-9 

7*2 

.jl 

10*1 

23*3 A 0*93 mm. 0*84 mm. 

200 

41 

2*9 

9*4 

8*2 0*80 „ 

0 75 „ 

220 

3-7 

2*4 

7*4 

10*5 0*91 „ 

0*87 „ 

311 1 
222 f 

4*7 

2*4 

6*6 

16*0 


3311 
420 r 

1*7 

0*95 

5*2 

7*4 




45,000 volts; thickness 140 A.U. 


111 

4*4 

2*9 

-*- 

7*0 

7-6 0-86 

0*90 

200 

1*4 

1*0 

5*9 

2*8 0*78 

0*80 

220 

1*5 

0*8 

4*2 

4*2 1*06 

1*02 

3111 

222/ 

3*0? 

1*0 

3*4 

10*2? 


331) 
420 > 

1*25 

0*5 

2 0 

5*4 




30,000 volts; thickness 140 A.U. 


111 

7*2 

r■ 

3*8 

11*0 

12*5 1*07 

1*05 

200 

2*1 

1*5 

9*2 

4*2 0*80 

0*79 

220 

0*8 

0*45 

5*9 

2*3 1*10 

1-00 

3111 

222/ 

1*45 

0*75 

4*7 

4*9 


3311 

420/ 

This ring very weak. 




scale, and the first to this scale multiplied by millimetres. 
The quantities a v o 2 are, as before, the parameters of the 
Gaussian curve to which the profile of each ring approxi¬ 
mates and serve, as before, as a measure of the breadth of 
the trace; N is the relative number of particles falling into 
each ring, and is proportional to the product of the area 
under the maximum and the radius of the ring in question. 
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Hie most st riking feature of this table is the approximate 
constancy of the half-breadth of the rings. The extreme 
variation in a is only 35 per cent, for a simultaneous 
change of 50 per cent, in the energy of the rays and 80 
per cent, in the thickness of the foils. A very curious 
result appears, however, when the mean value of a 
(0-90 mm.) is oompared with the half-breadth of the 
central spots given in Table I. Not only do all the 
central maxima have greater half-breadths than any of the 
rings, but also the unscattered beam shows a greater value 
than the majority of the rings; that is, these rings are 
narrower than the minimum breadth admissible on geo¬ 
metrical grounds. It might therefore be supposed that the 
half-breadths of the subsidiary maxima are being 
systematically underestimated. The only way in which 
this can occur seems to be that the background has been 
interpolated too high everywhere. The displacement of 
the chain-dotted lines in fig. 4, necessary to give the 
narrowest ring the minimum geometrical breadth only is, 
however, about 10 per cent, of the background-ordinate, 
and must be applied everywhere if the background 
is to be represented by a smooth curve. This implies 
that no rings whatever are resolved, and gives a very 
awkward and improbable form to the profile of each. The 
anomalous sharpness of these traces appears, therefore, to be 
an objective phenomenon. We may conclude that if it 
were not masked by the finite breadth of the initial beam, 
the resolving power of the gold film would be very high. 

9. General Magnitudes. Discussion. 

In order to find the total (relative) number of electrons 
falling within given limits of distance from the centre, 
the number of electrons per unit area at each distance 
must be multiplied by that distance and the product 
integrated. Fig. 6 is obtained from fig. 4 by multiplying 
each ordinate by the corresponding abscissa, and therefore 
areas in the figure so formed are proportional to total 
numbers of electrons. The broken curves have the same 
significance as before. The areas of the various portions 
of the figure are given in arbitrary units in Table HI. for 
the case of film-thickness 140 xlO -8 cm. and electrons of 
30 kilovolts. 

The entry for “ background within 2 cm. erf centre ” 
refers to a much larger area on the plate than any entry 
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above it, and it is accordingly the only one on which the 
spurious contribution due to X-rays etc. has any appreci¬ 
able effect. Although the magnitude of the necessary 
correction is not known exactly, it is certainly not large 
(cf. end of §7). 

The radius 2 cm. within which the background is 
measured has no real significance. This figure is simply 


Fig. 6. 



Table III. 


Region. 


Central maximum . 

Ring (111) . 

9$ ( 200 ) . 

„ ( 220 ) . 

„ (311+222). 

Background within 2 cm. of 
centre ...... 

Total background . 


Relative number of electrons. 


60 

71 

24 

1-3 

2*7 

180 

Order of 300 


quoted as an indication of the magnitude of the effect 
involved, because the whole background cannot be 
accurately measured on the present apparatus. The only 
data available for the intensity further out are those 
obtained by shifting the electron pattern to the side of the 
plate by means of a magnet (§ 7). This process certainly 
Phil. Mag. S. 7. Vol. 9. No. 58. April 1930. 2 X 
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introduces errors,but serves to give us the order ofmagni- 
tude of the total effect (order of 300 units). 

' We have shown that the films are not uniform in thick¬ 
ness. For this reason it is impossible to obtain all the 
information we hoped for from these data, and the experi¬ 
ment must be regarded as a preliminary one. If we 
knew that all electrons passed through the same thickness 
of gold, we could work out from the intensities of rings 
and background the relative proportion of elastic and 
inelastic scattering. Unfortunately, when the films are 
not uniform, the rings are mainly due to those electrons 
that have passed through the thinner parts of the film, 
while the background is derived from all parts. We 
cannot draw any conclusions from the relative intensities 
until we know more about the variations of the film. 

It might at first appear that no rings ought to be 
expected at all, since the conditions for multiple scattering 
are satisfied in the region in question for films severed 
times thinner than the average thickness of those used in 
these experiments. On the other hand, even when 
multiple scattering occurs, there will be a finite probability 
that a particle will emerge having made only one serious 
collision. When this collision is elastic such particles 
appear as rings. It would be very difficult to calculate the 
chance that a particle should experience one collision 
violent enough to deflect it to form part of a ring system, 
and no other sufficiently serious to throw it out again; but 
a rough estimate based on Lennard-Jones and Woods’s* 
data for the distribution of electron-density in a lattice 
of heavy atoms indicates that the probability is very small 
indeed. On the other hand, the fact that rings are experi¬ 
mentally observed shows that it cannot be negligible in the 
conditions occurring in these experiments. The electrons 
forming rings must have passed through the thickness of 
gold, and cannot have been reflected from planes of atoms 
formin g the walls of cracks in the films, since the rings 
have those radii which are calculated for the case in which 
refraction of the train of de Broglie waves on entering the 
metal is not considered, and the angle of incidence must 
therefore have been considerable. 

If the conditions axe such that an appreciable number of 
electrons make one serious collision only (deflexion of 1° 

* J. E. Leonard- Jones and H. J. Woods, Proc. Bov. Soc. cxx. p. 727 
<1928). 
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or mare, Bay), and that one, moreover, elastic.there must 
be also an appreciable number which have made no serious 
collision at all. The wave-trains corresponding to electrons 
which have not been scattered, or which have been elasti¬ 
cally scattered through very small angles, will be in phase, 
and will therefore interfere constructively to form part 
of the central spot. For slightly larger angles of scattering 
the phase agreement will be imperfect, and the intensity 
accordingly less. The central spot will therefore have a 
finite breadth which corresponds to the finite breadth of 
the spectrum of zero order in diffraction theory. 

It would be interesting to know what fraction of the 
total number of incident electrons thus penetrates practi¬ 
cally unscattered. But the present results will give us 
only an approximate estimate, as we do not know with 
certainty the total magnitude of background, nor to what 
extent the incident beam passes through holes in the film. 
In order to form an accurate estimate of this ratio, an 
apparatus is now under construction in which the angle 
subtended by the photographic plate at the gold film is 
very much larger than in the present apparatus, and in 
which the film can be swung out of the path of the beam 
without letting down the vacuum. It will, therefore, be 
possible in successive exposures to measure the un¬ 
scattered beam and the whole of the scattered beam, 
and thus to obtain this ratio accurately. 

Summary. 

The angular distribution of electrons of about 30 K.V., 
after scattering by sputtered films of gold about 200 A.U. 
thick, has been found by measuring with a photometer 
photographs of the type obtained by Thomson and Reid. 
A method is described for calculating from the photo¬ 
graphic densities the number of electrons falling upon 
unit area, even when the photographic characteristics 
are unknown. The relative intensities and profile of the 
rings, central spot, and general background have been 
measured. The profile of the rings is inexplicably sharp. 
The central spot is probably due partly to electrons which 
have passed through holes in the film, and partly to 
electrons which have passed through the thickness of the 
film but have remained unscattered although the conditions 
for multiple scattering are in this case satisfied. The 
general background is due to electrons which me scattered 
either inelastically or more than once. 

2X2 
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I am glad to have this opportunity of expressing my 
gratitude to Prof. G. P. Thomson for his vary stimulating 
advice and discussion during the progress of this work. 


If y—g{r) represents the number of electrons falling per 
unit area at a distance r from the centre of symmetry of 
the figure, when the instrumental causes of finite breadth 
alone act (cf. fig. 5), y—f{r) the required distribution 
corresponding to infinitely narrow initial beam, and 
y=F(r) the resultant effect which is experimentally 
determined (fig. 4), it is easy to see that the three functions 
are related by the equation: 


F(R) 


-jrr 


/( \Zr 2 +R 2 —2Rr cos d).y(r) . rdddr. 


Since this is linear in F and/, the subdivision of the area 
under F(r) into sections for separate consideration, as 
carried out in § 5, is justified. 

Moreover, if / and g are Gaussian functions each sym¬ 
metrical about the origin and of parameters a, b respec¬ 
tively, we have : 


p(R)= JX esp (- 


r*+R 8 —2Rr cos d\ 

- 5 -)'*!> 


(-8 


rdddr 


C* t r ! + R* f*\ A 2tt /RW . 

=J,“n— s —j-i-Ldi Ai?-)” 1 ' 


iraW ( R ! \ 

a*+6* eX ^ ’ a 2 +b 2 )’ 


and the curve of fig. 6 is Gaussian with parameter \fa* +b*. 
This is the case of section (1) of § 5. 

The integral correspondi n g to section (2) of §5 runs: 

P" / t^+R 2 —2Rrcos0 (r—p)\ ... 

J.J„ ,ip (-?- 

where pis the radius of the ring in question. This cannot 
be evaluated in finite terms. If, however, the radius p 
is large compared with the breadths a and b, as is always 
the case in practice, we may neglect the curvature and 
write the integral: 
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which equals 

ira % b ( (p- m # / )*\ 

v'a 5 T6* eXP ' a % + l>* / 

again of Gaussian form with parameter Va 2 +6*. 

If / is a constant, the double integral is no longer a 
function of R, and F is a constant also. 


LXIII. Hydrogen and Helium Lines as Standards of Wave¬ 
length. By W. G. Penney, A.R.C.S.* 


I N connexion with the use of the lines of the Lyman series 
of hydrogen as standards of wave-length in the far 
ultra-violet, the question was raised by Professor A. Fowler 
as to the correct theoretical expression for their wave- 
number. From the theory it is known that these lines 
actually are doublets, but the resolving power of spectro¬ 
scopic apparatus in the region of 1000 A.U. is at present 
insufficient to reveal this fine structure, which is further 
obscured by the comparative breadth of the lines themselves. 
In the absence of any detailed information regarding this 
breadth, one may consider the measurements to refer to 
the centre of gravity of the two components in each line, 
and the wave-number of this may be computed since the 
theory furnishes us with the wave-numbers and the relative 
intensities of the individual components. The same remark 
applies to the lines of the Balmer series in spectrograms 
where they are unresolved, and to the lines in the spectrum 
of He + which correspond to the Lyman and Balmer lines. 

On the following page are given diagrams showing the 
origin of the various component lines in the two series. 
Disregarding at first the electron spin, the level with 
principal quantum number n consists of n component levels 
distinguished by the azimuthal quantum number Z, which 
takes the values 0, 1, ... (»— 1). ' Taking the spin into 
account, each level l splits up into two component levels 
with total quantum numbery=Z + «|, excepting the level Z=0, 
which remains single and has the value These new 

levels, however, coincide again in pairs, which are bracketed 
together in the diagrams, excepting the level with the largest 
value of j. The new levels have energy values given, 
according to Dirac, Darwin, and Gordon f, by the original 


* Communicated by Prof. S. Chapman, F.R.S. 
t P. A. M. Dirac, Proc* Roy. Soc. A, cxvii. p. 610 (1928); C. G. 
Darwin, Proc. Roy. Soc. A, cxviii. p. 654 (1928); W. Gordon, Zeit.f 9 
Phys . xlviii. p. 11 (1928). 
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fine structure formula of Sommerfeld, referring to an atom 
with nuclear charge Z and a single electron, 

. --^[x + ^-D]. • ■ » 

in whiohhighcr powers of the small quantity 
«*=5*31xl0- 8 


nave been neglected, while R denotes the Rydberg constant,,- 
c, tiie velocity of light, and h Planck’s constant. The com¬ 
ponent lines are subject to the selection rales 
Alss+l, A/=0 or +1 



LVMAN BALMER 


The lines of the Lyman series are thus seen to consist of two, 
and those of the Balmer series of five, components, since C 
coincides in wave-number with E, and D with G. The 
relative intensities are, according to the theory *, given by 
tiie following proportions: 

A: B=1:2.(2) 

, * M. V. Sugiura, Zoum. de Phye. viii, p. 8 (1927); Scient. Papers of 
the Inst, of Phye. and Chem. Res. Tokyo, No. 198 (1929); W. Gordon, 
Am. d. Phye. ii. p, 1081 (1927). 
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for the components of the Lyman lines, and 

f8 32 I 2 32 96 

U* + 3(n*—4)J ! 3(n*-l) : 15 (b*-4) 5 5(a*~4) W 


for the components of the Balmer lines. 

The ware-number of the centre ef gravity of the various 
lines may then be calculated by means of the equation 


p— 


2 gm 

X*’ 


(±> 


where the v, are the wave-numbers of the components and 
the gi proportional to their intensities. "With the help of 
equations (1) to (4) there results for the wave-number ot' the 
Lyman lines 


-™(i-s<) +M Ki ■£*+&)• • < 5 > 


and for the Balmer lines 


y=Z 2 R 


/I l\ «/ 137n 4 —384a 1 +240 

\4”W \192(5b*—4) (3b*—4) 

109» 4 —284n*+160 3 \ 

15n®(5» 2 —4) (3n*-4) + 4n 4 /' 


( 6 ) 


The value of the Rydberg constant R has been very accu¬ 
rately determined, both for H and He + , by Houston * with 
the help of interferometric measurements of the individual 
components of the first two lines in the Balmer, and the first 
line of the Fowler series respectively. He finds 

R h =105677-76+0*02, 

R Se =109722-40+0-02 

with his own estimate of error. Using equations (5) and (6) 
and the values given for R and «?, the frequencies of the 
centre of gravity of the first three lines in the Lyman series 
and the first six lines in the Balmer series of H, as well as 
those of the corresponding lines in the spectrum of He + , have 
been computed. The results are compiled in the Tables. 

The calculated values of the centre of gravity of the lines 
considered here agree within the experimental error with 
the empirical ones determined by Curtis and Lyman f for 


• W. V. Houston, Phys. Rev. xxr. p. 608 (1927). 
t See A.. Fowler, * Report on Series in Line Spectra. 
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H and He + , but excepting the Balmer lines of H these 
latter are not accurate enough to show if the correction of 
the unresolved lines for their fine structure improves the 
agreement or not. Work is now in progress in Professor 
Fowler’s laboratory with the object of increasing the pre¬ 
cision of wave-length determinations in the ultra-violet, 
which will necessitate taking the correction into account 
for these other lines as well. 


Hydrogen. 


Lyman. 

Balmer. 

JL 

r- 




—v 

>w 

\ac" 

■ V • 

! fac* 

*vac* 

*air* 

8225957 

1215-664 

| 15233-232 

6564*595 

6562*785 

97492*71 

1025718 

20564-819 

4862*673 

4861*319 

102824*31 

972-533 

23032-584 

4341*675 

4340*459 



24373 097 

4102*885 

4101*731 



25181-386 

j 

3971*187 

3970*068 



25705-995 

3890*143 

3889045 



Helium + . 



v vac* 

-' W | 

V 

vac 

\ac* 


3291871 

303-779 | 

60960*24 

1640*413 


390146*0 

256-314 ! 

82295*62 

1215*131 


411481*6 

243024 j 

92170*88 

108'.*941 



1 

1 

97535*22 

1025*271 



1 

100769*75 

992*361 



1 

102869*07 

972*109 



I should like to express my thanks to Dr. K. de L. Kronig 
for many helpful suggestions. 

Imperial College of Science, 

South Kensington, S, W. 7. 

January 30,1930. 


Corrector 9 sNote .—There appeared in ‘Nature/ cxxv.p. 233 
(1930), measurements by Edlen and Erieson on the lines of 
Li ++ , Be +++ corresponding to the Balmer and Lyman series 
of H, bnt again these are not accurate enough to show if the 
correction for fine structure improves the agreement or not. 
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LXIV. The Space-Group of the Alkaline Sulphates, By 
Professor A. Ogg, Physics Department, University oj 
Cape Torn, *. 


M Y conclusion f that the space-group of the alkaline 
sulphates is V*16 has been confirmed $ by W. Taylor 
and T. Boyer. Since, however, F. P. Groeder assigns § some 
of these sulphates to the space-group Y*13 it is necessary to 
reconsider the evidence. Dr. A. E. H. Tutton in a recent 
paper || considers that the balance of the evidence is in favour 
of Vjl6. It can easily be shown that in order to satisfy the 
symmetry of the group V*13, (be conditions of the X-ray 
spacings of the group Y*13 are that 

(i.) planes of the type (h k l) have their spacings halved 
if (h + k) is odd ; 

(ii.) planes of the type (h ko) have their spacings halved 
if (h+k) is odd ; 

(iii.) all other planes have normal spacings. 

Since the selection of the axes relative to the elements of 
symmetry is arbitrary, we can say from the above conditions 
that two of the pinakoid spacings must be halved, while one 
must be normal. According to the experimental evidence, 
all the pinakoid spacings are halved. The space-gronp V*13 
is therefore untenable. The space-group Y*16 is the only 
group which satisfies the spacings of the X-ray reflexions. 

Dr. Tutton has compared U the dimensions of the crystal 
unit obtained by Ogg and Hopwood in the first investiga¬ 
tions** witli those ft of Taylor and Boyer and finds a’ 
maximum difference of half a per cent. It is interesting to 
compare the experimental data with the dimensions calcu¬ 
lated from fundamental physical constants and TuttonV 
values of the densities and axial ratios. 

The volume of the unit is given by 


V= o Jc= 


nM.e 

pcF’ 


• Communicated by the Author. 

t Proc. Roy. Soc. S. Africa, July 1927 (‘ Nature,’ cxx. p. 408,19271: 
Phil. Mag. v. p. 354 <1928). 

t Mem. and Proc. Manchester Lit. and Phil. Soc. lxxiLp. 125 (1928). 
§ Proc. Nat. Acad, of Sci. of TJ.S.A. xiii. p. 793 (1927) and xiv. 
p. 766 (1928). 

j| Phil. Mag. viii. no. 49, p. 196 (1929). 

•}[ Loe.cit. 

** Phil. Mag. xxxii. p. 618 (1916). 

+t Loc. cit. 
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where ahc are the sides of the unit, n the somber of 
molecules per crystal unit=4, M the molecular weight, 
e the charge on an electron = (4-774 + 0*005)10 -M e s.u., 
p the density, c the velocity of light=(2*99796 + 0*00004) 
10 10 cm./sec., P the Faraday= (9648*9+0*7) e.m.u. 

A comparison of the calculated dimensions with the 
published experimental results shows that the results of 
W. Taylor and T. Boyer are in closest agreement with the 
calculated values, the maximum difference being 0*2 per cent. 

The following table shows how close the agreement is for 
the two salts investigated by them :— 


Table I. 


Crystal. 

Calculated dimensions. j 

Observed 

dimensions. 

Volume 

10- 34 o.c. 

Axes 

10~ 8 cm. 

(Taylor and Boyer) 
Axes 10-* cm. 



(a 5-757 


k^o 4 . 

431*52 

\ b 10-05B ! 




[c 7457 | 




f a 5*984 


Bb 2 S0 4 . 

487*50 

\ b 10*458 

! 



l e 7-827 

i 

; 


[a 5*976 

5*98 

(NH^SO,... 

492*28 

{ b 10*608 

10*62 



[c 7 764 

7*78 

' 


f a 6*248 

6*24 

G^SO, . 

562*94 

\ b 10*937 

10*92 



1 e 8*237 

; 8*22 

i 


Table II. 


| Distances between Atomic Centres. 


From sulphates 

i (Ogg)- 

Sum of atomic radii 
(Pauling). 

K-0 . | 

2-71 A. 

< 

Cl 

Bb-0. 

i 

2-89 

2*88 

Cs-0. 

[ 3-10 

3-09 
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Another point of interest is that the shortest distance * 
between the centres of the metals and oxygen in the structure 
given by me is in agreement with the sum of the atomic 
radii calculated by Pauling from the conception of wave 
mechanics. 

University of Cape Town, 

October 19*29. 

Nate by Dr. A. E. H. Tutton, F.R.S* Cambridge. 

The further evidence now presented by Prof. Ogg, from 
his latest measurements, renders it clear that the space- 
group of the alkali sulphates is undoubtedly V» 16. More¬ 
over, in bis paper read on July 25th at the 1929 Meeting of 
the British Association at Cape Town, when the writer of 
this note was present, Prof. Ogg gave the following as his 
latest and most accurate X-ray measurements of the absolute 
lengths in Angstrom units (10' 8 cm.) of the orthorhombic 
unit-cell-edges. 



a. 

! ft. 

i <?. 

k 2 so 4 . 

5*76 

• 1005 

7*46 

Bb,SO, .: 

5*97 

10*43 

7*81 

(NH 4 ) 2 S0 4 ...' 

5*97 

10*60 

7*76 

Cs 2 S0 4 .. 

6*24 

20*93 

! 8*23 


Toe values for all tour salts are remarkably close to tne 
calculated values given in his present Table I.j and the 
values for the ammonium and csesium salts are equally close 
to, practically identical with, those of Taylor and Boyer. 
The greatest difference anywhere is only 0*02 (0*2 per cent.). 
Also it may be pointed out that the distances between the 
atomic centres of the nearest metallic and oxygen atoms 
given in his Table II. are further confirmed by the very 
similar values which have been published by Wasastjerna 
from optical data, and by V. M. Goldschmidt for co-ordina¬ 
tion number. [6]. 

These highly satisfactory later results confirm and yet 
more fully emphasise the conclusions published by the writer 
in his communication to this Magazine in August 1929 on 
the “ Significance of X-Ray Analysis of Alkali Sulphates" t* 


• * Phil. 


354 (1928). 
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LXV. Critical Stresses for Tubular Struts. 

To the Editors of the .Philosophical Magazine , 
Gentlemek,— 

R EGARDING Professor Andrew Robertson’s letter in 
your February issue concerning my paper on “Oritioal 
Stresses for Tnbnlar Stmts,” I should like to say that no 
reference to practical applications is made in the paper 
because it is solely concerned with the interpretation ol a 
mathematical equation. 

I should also like to correct a few errors which appear 
on p. 1065 of the paper. Near the top of the page “The 
minimum value of this ” should read “ The minimum value 
of p.” Immediately following equation (11), “where 

1 1 $ 77 $ 

A= g — 2 —g—| ” is omitted ; and lower down the page, 
“For instance if wi=2” should read “For instance if &=2.” 


The College of Technology, 
Manchester. 
February 12, 1930. 


Yours faithfully, 

H. Carrington. 


LXV I. Notices respecting New Books 

Source Books in the History of the Sciences . A Source Book in 
Mathematics. By David Eugene Smith, Ph.D., LL.D., 
Professor Emeritus in Teachers College, Columbia University, 
New York City. (London: McGraw-Hill Publishing Co. 
Price 25s. net.) 


^HE publishers of this series of Source Books aim at present- 
A ing the most significant passages from the work of the leading 
scientists of the last three or four centuries. With such a wealth 


of material accumulating a demand for selected sources necessarily 
arises. This series, indeed, breaks new ground, and puts together 
in an accessible form carefully selected material which in due 
course will cover the leading Physical and Biological Sciences. 

The general editor, Professor G. D, Walcott, of Brooklyn, 
N.Y., began to organize the Advisory Board in 1924, and to 
Professor D. E. Smith was allotted the task of carrying out the 
general idea in the field of Mathematics. 

The material in his volume covers the 4 j centuries closing with 
the year 1900. Over such a wide field the task of selection has 
necessarily presented many difficulties. 

The field of Number starts at the logical beginning of the subject, 
and extends to even such a modern development as Noxnography. 

The field of Algebra is interpreted to cover Equations Symbolism, 
and Series, the early method of solving the cubic and biquadratic 
equations and numerical equations of higher degree and so on. 
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To the person interested in statistics the special section devoted 
to Probability is most welcome. 

The field of Geometry ranges from the contributions from such 
16th century writers as Fermat, Desargues, Pascal and Descartes, 
to a few of those who, in the 19th century, revived the study of 
the subject and developed various forms of modern geometry. 

The fields of Calculus, Function Theory, Quaternions, and 
the rest of mathematics presented a formidable task, but some 
attention has been paid to each domain. 

The student of the history of mathematics will welcome this 
book with avidity. Its standard of scholarship is high, and there 
is evidence that the difficult decisions which have at many points 
confronted the organizers of this work have been made with 
wisdom and the greatest of care. 

The Great Mathematicians . By H. W. Tursotll, M.A., Begius 

Professor of Mathematics in the University of St. Andrews. 

(London: Methuen & Co., Ltd. Price 3s. 6d. net. 1929.) 

This little book will be sure of a warm welcome from all those 
who are interested not only in the subject matter of Mathematics, 
but also in its history. The inevitable drawback that mathe¬ 
matical study is saturated with technicalities from beginning to 
end, often means in practice that the student has little time or 
opportunity to study its history. 

In this little book Professor Turnbuli has been specially 
concerned with revealing something of the spirit of Mathematics, 
without unduly burdening the reader with intricate symbolism. 

In view of the new significance of Mathematics as the basis of 
all sciences, such a task is well worth performing. The student 
not only of Mathematics, but also of Physics, Chemistry, and 
Bio-Chemistry, and, indeed, of any of the precise sciences will find 
the information it contains valuable and stimulating. 

Professor Turnbull should be congratulated on his success in 
showing how a mathematician thinks, and how his imagination, 
as well as his reason, leads him to new aspects of the truth. 

Logic for Use. By F. C. S. Schiller, Fellow of Corpus Christi 

College, Oxford, Fellow of the British Academy. (London: 

Bell & Sons, Ltd., 1929. Price 16s. net.) 

In this book Dr. Schiller outlines the new logic which system¬ 
atically scraps the cardinal notions of the traditional logic—formal 
validity, absolute truth, logical necessity, absolute certainty, and 
all-inclusiveness—and replaces them by real truth, progressive 
knowledge, purposive connexion, probability,and relevant selection. 

How far he has been successful in this task will be an open 
question. That there is room for such a work is undeniable. 

The book is, of course, a sequel to the author’s 4 Formal Logic.’ 
Most of it was actually delivered in a course of special lectures 
in the University of California in 1929. It has, in fact, been 
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planned as much for the student of the sciences as for those to 
whom the study of logic has been a traditional occupation. 

The author is of the opinion that the study of modern logic, 
while still in its infancy, will be capable, possibly in the course of 
a few centuries, of developing into a body of knowledge. 

With the author's Hope and belief that this subject ought to 
be progressive like the sciences, one cannot but have sympathy, 
but it would be difficult to see in the present work a suitable 
foundation for such a body of knowledge. 

The work is marred by the author's habit of tilting at windmills, 
which cannot but repulse the student who, even if he has not 
suffered from the alleged drawback of an Oxford education, will 
be more concerned to try to find a logic useful to him in his 
scientific work than to study the inter-relations of the author's 
views, at once iconoclastic and vague, and the traditional idea of 
logic, which, as all the world knows, belongs not to the laboratory, 
bnt to the study thick with the dust of the ages. 

As a part of a general education in the art of thinking, the 
student with sufficient time and the necessary drive may be 
recommended to give this book a cursory reading. 

Hanclbuch der Experimental Physik . Herausgegeben von W. Wien 
und F. Harms. Band 8, erster teil, geb. B.M. 65. Band 9, 
erster teil, geb. B.M. 44.60. (Akademische Terlagsgesellschaft, 
m.b.H., Leipzig.) 

In the first of these volumes—Energie und Warmeinhalt—the 
editor. Prof. A. Eucken, has given a comprehensive survey of 
the experimental researches in this special branch of physics; 
so far as it is possible to keep pace with the rapid progress which 
has been made in recent years, this book provides a very complete 
and up-to-date summary of results, especially the experimental 
methods of thermometry and calorimetry and the experimental 
determination of specific heats of solids, liquids, and gases. 
A large amount of information is brought together on the 
measurement of heats of solution, dilution and combustion. 
Although the experimental aspect of the subject has been 
emphasized, the theoretical investigations of Debye and others 
have not been omitted. 

The four sections of the second volume are devoted to the 
subjects of tbe production and measurement of high and low 
temperatures, the liquefaction of gases, the conduction and 
radiation of heat. Prof. Wien, the chief editor of this encylo- 
pasdic handbook, and Dr. Muller were responsible for the section 
on radiation. Soon after the completion of this work Prof. Wien 
died, and this volume may be regarded as a worthy memorial of 
one of the greatest research workers in physical science. His 
contributions to the theory of black body radiation, as £et out in 
his two laws, the displacement law and the energy distribution 
formula, were of capital importance, and showed tbe way to 
the complete solution of this problem. A beautiful portrait of 
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Frol; Wien forms the frontispiece of this volume. . Extensive 
indexes of authors and subjects and numerous references to 
original papers are given in both volumes: in printing, binding, 
and illustration a very high standard has been reached. Toe 
editors and publishers deserve the highest commendation for their 
enterprise in providing these valuable boohs of reference for 
workers in this branch of physics. 

Jjtgom de MScanique BationeUe, Tome deuxieme. Par Psahijois 
Bouht. (Paris: librairie Scientifique. Albert Blanchard, 
3 et 3 bis, Place de la Sorbonne. 1929. Prix 90 frs.) 

The first volume of this work was published five years ago and 
provided an introductory course to the study of statics, dynamics, 
potential and the theory of linear vectorial functions. The 
application of these functions to the problems of moments of 
inertia and the dynamics of solid bodies generally is made in the 
second volume, which is devoted to the study of the dynamics of 
a point and of systems. The author gives a detailed account 
of vibrations and resonance, especially the vibrations of strings 
and rods, the torsional vibrations of shafts, etc., phenomena 
which are of increasing importance in both mechanical and 
physical science. The theory of vibratory movements is completed 
by the application of the Lagrange equations to the study of small 
movements about a position of stable and unstable equilibrium. 
The notion of the gyroscopic couple is introduced, based upon 
a paper contributed by the author to L'Erwignement mathe- 
matique about fifteen years ago. A clear and interesting 
treatment is also given of topics which are indispensable for the 
effective study of recent developments in mathematical physics. 
The importance of laboratory practice and manipulation in the 
study of theoretical mechanics are recognized by the attention 
given to the experimental measurement of moments of inertia, 
of vibrations, damped and undamped, and gyroscopic couples. 
A valuable feature of the book is the inclusion of numerous 
exercises given at the end of the chapters, some of them with 
fully worked-out solutions. 


LXVII. Proceedings of Learned Societies. 
GEOLOGICAL SOCIETY, 

[Continued from p. 328.] 

November 20th, 1929.—Prof. J. W. Gregory, LL.D., I) .Sc., 
FJLS., President, in the Chair. 

‘The Upper Estuarine Series of Northamptonshire and Northern 
Oxfordshire.’ By Beeby Thompson, F.G.S., F.C.S. 

In Northamptonshire, between the Lincolnshire Limestone and 
the Gnat Oolite Limestone in north-eastern parts of the county. 
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and between, the Northampton Sand (or the Lower Estuarine 
Beds) and the Great Oolite Limestone in all other parts of the 
county, occurs a series of variable beds, largely variegated clays 
containing abundance of vegetable matter of probably freshwater 
origin, interspersed with brackish-water beds and with distinctly 
marine beds. To this aggregate J. W. Judd, in 1867, gave the 
name ‘Upper Estuarine Series’, which he then thought repre¬ 
sented the Stonesfield Slate or Lower Zone of the Great Oolite of 
the more south-westerly parts of England, Oxfordshire partic ular ly. 

An addition to Judd’s general description was made by the 
Author in 1909 (‘ Water-Supply of Bedfordshire & Northampton¬ 
shire ’) in the introduction of ‘Upper Estuarine Limes tone’, 
commonly a water-bearing bed in the midst of the series, and now 
generally recognized. This bed actually divided the series into 
three parts, a division retained in this paper, but to which is added 
much additional information, palasontological and other, about 
each pari 

In Northern Oxfordshire, between certain Inferior Oolite Lime¬ 
stones or White Sands (the time-equivalents of the Lincolnshire 
Limestone?), or Ferruginous Sands (the equivalents of the 
Variable Beds of the Northampton Sand or even of the Ironstone 
Series) below, and the Great Oolite Limestone above; occurs a 
series of beds which in various parts physically, and in others 
palaeontologically, agree, as does the complete set in sequential 
position, with the Upper Estuarine Series of Northamptonshire. 
It is an important object of Part I of this paper to show how the 
Northamptonshire and Oxfordshire sections on this geological 
horizon may be more definitely correlated. 

A type-section of the Upper Estuarine Beds of Northampton¬ 
shire is given with extended explanation. A comparison of 
Northamptonshire and Northern Oxfordshire sequences, as given by 
the Author, M. Odling, and E. Walford, is made, in an attempt to 
show the approximate equivalence of the Upper Estuarine Lime¬ 
stone of Northamptonshire with the Chipping Norton Series of 
Oxfordshire, making allowances for much more variability in 
character of the series in Oxfordshire than in Northamptonshire, 
and particularly, in places, the extension of marine beds into the 
lower part. 

Part II includes a large number of illustrative sections for 
Northamptonshire, in which it is shown how the extended classifi¬ 
cation of beds can be used for identifying unconformities due to 
earth-movements developed at different times. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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LXVIII. An Analysis of the Spectrum of Hg II. 

By W. M. Hicks, F.R.S.* 

ff\HE present paper was very largely written up when, 
X by the kindness of Dr. Paschen, the author became 
acquainted with his communication to the Berlin 
Academy f in which he had discussed the Hgii spectrum on 
the basis of a new set of observations on the spectrum 
produced by his method of the hollow cathode, which is 
peculiarly suitable for this purpose. Our two results are 
quite different, but not mutually exclusive (saving a few 
allocations) except in one crucial point. While we have 
both taken the accepted 35104 as Sj 2 2, we have given to 
the pj2 term in this values differing by 1363. Both cannot 
be correct, unless we accept the incredible supposition that 
the same frequency can be caused by transitions between 
different pairs of levels. Paschen’s allocations march well 
with those for Zn ii and Cdii given by von Salis $, and at a 
first glance seem to hold well together. At the same time 
those of my discussion seemed to me also to hold together, 
and they had led to the recognition of a new class of facts, 
possible but only occurring in rich spectra, indeed ex¬ 
plaining to some extent why a spectrum like that of mer¬ 
cury is so rich in lines. A special examination of Paschen’s 

* Communicated by the Author, 
t Sits. Ber. j oretus. Akad. 82,1,28. 
j Ann. der Pkj/s. 76, 145, 25. 

Phil. May. 8. 7. Vol. 9. No. 59. Suppl. May 1930. 2 Y 
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results therefore seemed called for, with special reference 
to the contradiction above referred to. The result has 
been to lead me to the conviction that the line n =36104 
does not belong to his S(2. m) system. I give the result 
of my discussion as Part II. of this paper. The natural 
procedure would have been to make it Part I., but many 
points of the argument could not have been followed with¬ 
out a previous knowledge of the result of my own analysis. 
It is needless to say that the general arrangement of his 
allocations (Pm excepted) is little affected. 

My analysis has shown that the lowest p 2 * level is 
multiple. In other words, that to one P^m), S 1 (2.m), 
D a (2.m)several P 2 , S 2 , D 2 lines appear. It has not been 
possible to decide whether there is one particular p 2 , with, 
so to say, accidentals, or whether there are a definite 
number of equal normality. That must be left for a more 
complete analysis than is possible in a preliminary paper. 
But the more probably occupied p 2 levels appear to be 
restricted to four. The result of this multiplicity is to 
produce a number of different doublet separations. As 
the d terms depend ultimately on the lowest d 2 term, 
which itself is determinable in terms of these p displace¬ 
ments, it would follow that if the various p 2 were equally 
normal, we should find a corresponding number of inde¬ 
pendent D series. I have made a preliminary test for 
these, and believe I have found definite evidence for 
their existence; but it will, be sufficient here to give the 
evidence for one only, with corresponding F and G series. 
The general argument is given in the text, but the details, 
many of very great interest, are given in the notes to the 
different series tables. 

The mercury spectrum shows evidence of the presence 
of the satelloidal effect, although it is not so striking and 
conclusive as in copper. The evidence is given in § 8, which 
may be read, perhaps with advantage, before the general 
discussion. 

* Throughout, Rydberg’s notation is used. This is based directly on 
observed relations, as all notations should be. To base a general notation 
on a theory current at a special instant seems subject to two serious 
objections:' (1) a constant change with theory most exasperating to 
future readers; (2) it lays too much stress on the correspondence of the 
last-made hypothesis to reality. As a fact, although not so originally 
intended, Rydberg’s subscripts may be regarded as giving the order in 
which the different levels—such as p\, flip ,—are met with as we pass 
from outside into the nucleus. 
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I have recently f suggested that when the energy of a 
transition has been transmitted to the nucleus, the latter 
would emit it as a radiation of frequency given by E=n&v, 
in which n is not restricted to unity, as is usually supposed. 
I had originally intended to merely illustrate this by giving 
such examples as might have been noted in Hgii as a 
mere list of raw material for future consideration. But so 
many were found, and they threw so much light on the 
cause of the non-appearance of certain lines, especially in 
Sjm, that I have discussed them in the notes to the various 
series as they arose. A * is attached to each line showing 
this effect. They are collected also in a single table at the 
end of Part I. 


Pabt I. 

References are concisely referred to by three successive numbers. 
Thus 21,105, 28 denote vol. 21, p. 105, year .1928. 

W.N.=wave number. 0. E. =observation error. 0—C dk means 
excess of observed wave-length over a calculated value. 

Unless expressly uoted, X or n to three' decimal places are by Stiles, and 
in li.A given in italics, by Eder and Valenta; also below X=1760by 
Carroll. E. V.=Eder and Valenta. E. H.= Exner and Haschek. 
K. R.=Kayser and Runge. Stk.=Stark. Ly.=Lyman. S.= Stiles. 
B1.=L. and E. Bloch. D.=D^jardin. Cd.ssCardaun. C.=Carroll. 
P.=Pascben. McL.= McLennan. W. = Wiedmann. 

Series lines p‘2—em, p3 — sm, etc., are written S(2.»i), S(3. m), etc. 
Shifts produced in a term by a one-oua displacement are indicated by a 
thick minus. Thus p t 2— is change in the value of p{2 by one oun. 

1. The elements of group II. show very close correlation 
between the corresponding series lines in the neutral and 
singly ionized spectra. This fact is of considerable assis¬ 
tance in arriving at the constitution of the unknown Hg ii 
series. In particular we find— 

1. In all cases the first separation of the doublet is a 
little less than twice the first separation of the 
triplet. 

2. The denominators of p/1 and p^2 in each sub-group 
are very closely in the same ratio 

In the Zn-subgroup these ratios for doublet and triplet 
for Zri, Cd, Eu are 1*312, 1*306, 1*32. For Hg we should 
then expect a ratio close to 1*32. The first separation of 

t “ The Nucleus as Radiator,” Phil. Mag. 8,108, 29. 

% PhU. Mag. 44,351, 22. 

2 Y 2 
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the triplet in neutral Hg is =4630*6. We expect then a 
doublet separation a little less than 9261. The denomina¬ 
tor of Pt’l, or 40141 is 1*65296. This multiplied by 1*32 
should then be of the order of the denominator of j>i*2. 
The result, 4R/(2*1819) 8 =92156, should then be within a 
few hundreds of the true p x *2, i.e., the limit of the S x * 
series. 

In his memoir of 1890, Rydberg suggested as analogues 
of the doublets he had found in Zn and Cd the lines 
(W.N. in modem measures) 

2 , 35104*16 9829*28 44933*4 

3 , 39412*27 - 

< 

The 39412 is now known to be a definite neutral line, but 
the first set have ever since been accepted as the repre¬ 
sentatives of S 2 2. Indeed, we can take 35104 quite 
definitely as S^, for not only is it in complete step with 
that of the other elements, but Runge* and Paschen have 
found a Zeeman pattern for it supporting this allocation. 
Many other instances of the 9829 separation occur in the 
spectrum; but although the observed region has since been 
much extended, no one has yet succeeded in arranging 
other pairs in S or D series. Carroll, who has pushed the 
observed region down to A=740, has proposed certain 
allocations. He says that he had been unable to make 
any progress on that basis. When writing my critical 
studies of spectra many years ago, I came to the same 
conclusion, and tried, in place of it, another very common 
separation of 9333 which also is much closer to the expected 
value, but again in vain. Carroll has used another 
separation value of 9122, also very common. 

Let us start from the given datum of S-^ =35104, and 
examine the spectral data at about 9260 ahead. We 
find a bunch of very strong lines in Dejaordin’s Class E x . 
They are reproduced here with some weaker ones for later 
use. The measures of Cardaun are used where available. 
The separations from 35104 are given in thick type, 
followed by ordinal numbers for reference. Of the 
numbers following the W.N., the first gives the intensity 
according to D^jardin, the second according to Cardaun, 
and the third, in roman numerals, gives D6jardin’s 


* Astro. J. 15, 233,02. 
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classification E x ... according to the increasing intensify 
of the excitation at which they first appear. 


69 

905117 

1 

44155*33 

0 - iii? 

X 2264*03 


56*44 

2 

160*60 

5, 2 n i 

63*76 

69* 

8659 

3 

190*75 

7, 3, i 

62*215 

671 

912188 

4 

m-04 

7, 3« i 

60*41 

71 

926889 5 
9333*41 (’>6 

373*05 

7, 3 n i 

52*92 

361041610»,8«,i 71* 

71*94 

7 

476*10 

2n ~ i 

47*70 

71* 

943872 

8 

542*88 

7 - ii 

4433 

72* 

950708 

9 

611*24 

On - i 

40*89 

72} 

806 

10 

684*8 

0 - i? 

37*2 

73} 

9724*11 

11 

828*27 

5 - i 

3004 

74 

5791 

12 

862*07 

1 *- ii 

28*36 

74* 

982928 

13 

mu io, 3» i 

* 24 82 

75 

9903*31 

14 

46000*6 

0 - i 

21*5 


(*) This separation has not been observed from 35104. But it is her© 
inserted as it will be found to be one of the most important in the series 
relations. Ho. 4 shows it back, thus 34892 26 9333*78 44226 04. 


Confine attention first to the lines observed by Cardaun, 
shown in italics. They are all of the same character, and, 
there is nothing to show which is definitely S 2 2, except 
that the separation 9829 leads to a line which Dejardin 
shows as much more intense than the others. Can it be 
that they all belong to S 2 2? In other words, are there a 
set of independent p z terms ? If so, since all separations 
depend on multiple oun displacements, they must all be 
collaterals of one another. Now if we compare the 
separations to Dejardin’s strong lines, but taking 1 in 
place of 2, omitting 5, and including 9333, their successive 
differences are 35, 35, 211, 105, 286, 105. All these are 
multiples of 35, again strongly suggesting displacement. 
This can roughly be tested at once, since the value of p x 
is known so closely, and p z should be about 9300 ahead, or 
equal to about 101400. A rough calculation shows that 
one-oun displacement shifts 30*5 in p x and 35*5 in p t . 
Now it is quite easy to find such a value of p v near 92156, 
that a suitable multiple oun displacement will produce a 
separation of given value, say 9086*59. But it will not 
produce all the others correctly unless they are actually 
such a set of mutual collaterals. As a fact we do find this. 
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We get such a set by taking p x =92024-56. To allow for 
O.E. in the separations take this + f as the true p v Then 

p x 2 =92024-56+£=4R/{2-183432 -11-863 
Ratio p 2 , p s denominators=1-321. 
also 8=1450-090* ±-009, 8 1 =362-522, 

The separations as calculated are as follows, the oun 
multiple displacements being written on the right in 
terms of 8 and the observed values below with O —C dX in 
( )• 

1. 905141 +-1&0{, 69 6. 933341+-155?, p 13. 982974+164 5, y 

SI-17 (-01) 29-28 (023) 

3. 9086-59+-1521, m 8. 9439-45+1581, 71# (5) 926280+1551, 7ft 

86-59 (0) (38-72) (-03) 

4. 912180+-154 1, a li. 9723 08+1625, 73J 

21-38 (-004) 24-11 (--05) 

The deductions according to the above method are 
exact within about -02, and if the supposition is real, the 
values obtained must agree with the observed separations 
within their O.E. Any error in S x 2 will affect all the 
separations by the same amount, and can be met by a 
suitable value of £. Of the others, five are by Cardaun, 
with small possible errors. Taking his estimates, the O.E. 
in W. N. may be of the order -2 in (2), -13 in (3), -39 in (4), 
•39 in (5), -40 in (13). Lines (8), (11) are by E. H., and 
should be subject to errors of about ±2. It is thus seen 
that 9086-59 is by far the most reliable. All the separa¬ 
tions are within their respective O.E., but the 9829 is 
closer to the maximum error than to be expected. It is 
•46 larger, and can be explained later by a satelloid effect 
y=‘ 45, but Paschen’s two readings give 9829-50 (dA=-01). 
If, then, the lines involved are what they appear, viz., 
displaced S a , the limit p t 2 can only differ from 92024-56 by 
a very small amount depending only on the O.E. in 
Sj =35104. This makes 

s2 —Pi2 -Sj 2 =56920-18 =4R/{ 2-776246 } 2 , 
giving a value of the denominator in close march with 

* The value given in my ‘ Analysis ’ was 1460-180+-100. The above 
has been redetermined from recent more accurate measures. 
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those of the other elements of this group. A further 
scrutiny of the lines in the S 2 region shows the existence 
of other separations to weak lines satisfying similar 
displacement conditions within O.E. They are Nos. 
7, 9, 10, 12, 14 in the list above, due respectively to dis¬ 
placements of 71J, 72£, 72}, 74, 758. 

Nos. 2,5 do not conform, although they would appear to 
belong to the system. The relation of 2 to 1 appears to be 
of a “ satelloidal ” nature, and is discussed under that 
head in § 8. No. 5 may be of a similar nature, but another 
possible explanation, which would remove the line 44373 
from any connexion with the S series, should not be 
omitted here. In a linkage map containing 35104 we 
find the mesh: 

* 3510416 9268 68 4437303 

912188 91215 

44223 04 9268 5 534W5 (J.y.) 

This means that either 9121, 9268 act as links or we have 
to deal with a new term t with lines p x — s2, p z —s'2, 
Pi Ps ~l- this case it is easily seen that t =47649-34 
=4 x 11912-13, whilst Rydberg’s table shows that 11912 is 
due to a denominator 3-033. As we shall see later that 
these various separations do as a fact enter also as 6-links, 
also that the separation 9262 has a considerable occurrence, 
and as the character of 44373 is the same as that of the 
other S 2 lines, we shall assume provisionally that it is 
actually related to the S series. The question of the 
reality of the relationship may at present be left open, as 
it has little bearing on the general dependence of the 
p 2 on several independent displacements in p v 

The question however arises, is there one normal p 8 
with a normal J depending on a definite oun multiple, 
the others being merely collaterals of this, or are some or 
all independent and different p 2 ? The question does not 
affect their values, and actually they are quantitatively 
collaterals. But it has important bearings on the pro¬ 
perties of other terms—especially the d —and on the 
numbers of the p-links a, 6, c, d, e. If there is one 
normal p 2 we should expect one set of p-links and one 
set of d terms (or at most two). If they are all independent, 
we should expect sets of p-links for each and corre¬ 
sponding d sets for each, with consequent great complexity. 
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We shall, however, not discuss these general links in this 
paper, and shall postpone the other case until we deal with 
the D series later. 

Granting the real existence of these various p 2 levels, one 
important inference can be drawn. A reference to the 
intensities given in the list shows that those of the different 
S 2 are comparable with that of S l5 that is, that the total 
intensities of all the S 2 lines together must very largely 
exceed that of S x . In other words, the occupancy by an 
electron of the outer p t 2 level must have a much smaller 
probability than the occupancy of the lower congery of 
p 2 2. We shall get some evidence later, however, to 
indicate that this is only apparently so, and is due to the 
energy of fall in any case being radiated according to the 
law E =2hv or 3Av instead of hv. Indeed the majority of 
the S x lines show this effect. 

Having definitely settled the S 2 2 line and the various 
S 2 , the next step in the analysis of the spectrum is to 
examine it systematically for the existence of the p 
separations. This has been done for 9121, 9333, 9829, or 
a, fi, y. The result is to show the presence of an over¬ 
whelmingly large number throughout the whole spectrum, 
and especially to show that, besides entering as doublet 
separations of S and D lines, they occur also as links. This 
is shown by the existence of sequences of links. Moreover, 
the unexpected result definitely appears that these ionized 
links are attached to neutral lines as well as to ionized ones. 
It is sufficient to mention this here, the evidence is given 
below (§ 9). But it is important to state one result. If p t 
receives an oun displacement, a given A induces the same 
displacement in p 2 , but the shifts produced are different, 
and the corresponding doublet separation is changed. 
If in any case these changed separations occur—especially 
if several are present—it is clear evidence that the p 
has been subject to the corresponding displacement (see, 
e. g., notes to Si). The values are found at once from the 
difference between the oun shift on p t which is 30*557 and 
those on p 2 . The latter can be determined from Table I., 
where differences of successive p 2 give the oun shift. 
The change in separation in all cases is of the order 5. 

2. The mantissa for m— 3 must be slightly larger than 
for m—2, and produce a pair with a doublet separation. 
The only line satisfying this condition in Carroll’s list, and 
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associated with doublet separations, is n —61580. Adopt¬ 
ing this as S x 3, we calculate from it and S x 2 the formula 

sm =4R /{m +*835827 — 119166/m}*. 

The combination s2 —«3 =26473-90 is observed at 
1, 26473*742 ; 3776*259 A.U. 

Extrapolating for m— 1 we should expect a mantissa 
somewhat smaller than the calculated value, which 
gives S X 1 = —54700 ±. We find near two sets of strong 
lines which are equivalent to (±8 1 )S 1 (+8 1 ) requiring 
S x =—57495*30. Although this has been wholly disrupted, 
there are two for S 2 with separations respectively of 9121, 
9722 ( a, 73£S) within O.E. (see specially the notes to Si). 
Although this line is not directly observed in hv emission, 
it is very exactly so in 3hv and possibly 2hv. Also the 
corresponding S(3.1) = —P(1.3) is seen, as well as a line 
linked to it by the e neutral link, and the combination 
si —s2. Thus 


i X 57495*30:= 19165-10 

obs. 1 i 

19185*044 

possibly X ..•=28747*85 

obs. l t 

28745*11 W. a=*3 

—57495*30+20812-06( =«)=36883*24 

obs. li 

36883-271 

nl- 32=92590*48 

obs. 4, 

92584+, d \= *16 on 


1080-1 


Against this choice of S x it may be objected that it is 
out of step with the march of the corresponding series in 
Zn, Cd, Eu, although its mantissa is roughly in step. But 
no other seems acceptable. Carroll has allocated —60609*7 
9120 6 —51489*06, which at first sight seems admissible. 
But it is still more out of step, and, moreover, they seem 
quite possibly linked in series with the neutral line D a8 8 5 
(see Ex. I. in § 9). Also the intensities are in the ratio 
30:50 instead of the normal ratio of 2:1. A. T. Williams 
(‘Nature,’ 124, 985, 29) states that 51489 is the true 
“raie ultime ” and not 54063, usually taken as S'l. 

In addition to the series p2 —sm =S(2. m) we find also 
corresponding p3 —sm =S(3. m) and p4 —sm =S(4. m). We 
shall see later that P x 3 is 14116*93, so that S(3.m) must 
be a parallel'series at a distance —14116*93—35104*16= 
—49221*09. In all these sets the S x exhibit collaterals, 
often symmetrical, i. e., ± the same displacement, whilst 
there are numerous observed lines for different S 2 . Indeed, 
in several eases the collateral displacements in the same 
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order in the three series are similar (see notes to.Table HI.). 
Whilst direct observations in S^.to) are wanting for 
»»=4 and beyond, the corresponding are observed in 
Sj(3.to) for m =4, 9, 10, 11 and in Si (4 .to) for to= 11. 
Also 5, 6, 7, 8 are disrupted into observed lines. For 
more complete discussion see the lists of S series below 
and the notes appended thereto, which will repay careful 
attention. 

The apparent instability of the Si lines may be illus¬ 
trated thus. Consider an electron in an outer s orbit, say 
above «3. Of those falling into the lowest p level (p2) 
they either all avoid the p 1 and take, instead of p x , dis¬ 
placed p x orbits, or the energy of transition is emitted as 
2&v or 3 hv. Of those falling into the p3 levels, some may 
stop in p x Z, but a large number choose displaced p x 3. 
When, however, the outer s orbit is further out, the chance 
of falling to the p x 3 is larger, i.e., the line is observed. 
In the great majority of cases an electron must have 
originally occupied a displaced s orbit when it falls into a 
displaced p ls and in several the displacement in each orbit 
is the same *. 

As a further test of the correct allocations in S x and 
also as a test for the presence of neutral links to ionized 
lines, the e . S(2. to) have been investigated. The neutral 
e link is 20612*06. The result is given in Table IV. which 
shows a parallel set to S2.2, repeating its general features, 
with satelloid indications to be expected in linkages. 

3. In the discussion of the data for the various S 8 lines 
separations due to all possible displacements between 
698 and 768 were sought for (for the actual values of v see 
Table I.). The result is to show that the actual p 2 2 are 
restricted to a few only. The number of occurrences in 
the S 2 (2 . to) are as follows :— 

69. i. i 70. i. §. f. 71. i. i f. 72. 

236 2 0111 1 1 1 ? 2 0 

72*. *. f. 73. i, l f. 74. i. *. J 75. 

2 0 4 0 1 0 5 1 1 5 0 1|? 


* If we adopt the view as to the source of emission given in a recent 
paper (Phil. Mag. 8,108, 29) we are led to the conclusion that the con¬ 
figuration of the nucleus of heavy atoms like Hg is not a constant 
one, and that each modification causes resonance at slightly different 
frequencies. 
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Some of the examples may be coincidences, but the 
numeration quite definitely points to four p 2 with 
separations due to 69f( a), 72§, 73f, 74j(y) as being, if the 
expression may be used, more normal than the others. 
In other words, the probabilities of these four levels being 
occupied are about equal, and much greater than that tor 
the others. With rising orders of pm the displacements 
decrease in all this group, and this is indicated in Hg by a 
consideration of those observed in S(3. wi),S(4.m)andP(m), 
which, besides showing a general drift to lower multiples, 
also include examples between 68f to 67. It was not until 
writing up the paper that this effect was noted. A further 
search for lower multiples in S(3. m), S(4. m), and (Pm) for 
m>3 is desirable. 


The P 2 Series. 

4. The true P series si —pm will lie in the far ultra¬ 
violet, m=2 excepted, but we should expect also to find 
representatives of s2 —pm, where s2 =p 1 2 —S^ =56920*18. 
We start with p 1 2=92024*56=4R/{2*183432) 2 . For p x 3 
we expect a mantissa somewhat greater. The nearest 
possible line is at 14116*93, which requires p x 3 =42803*25 
and denominator 3*201495. Since si=149519*64, the 
P(1. m) series is 149519*64-56920 18=92599*46 ahead of 
P(2. m). The corresponding P 2 (1.3) should therefore be at 
106716*10, and we find it at 106712 ±5, the ±5 referring 
to equally probable values without O.E. As we shall see 
immediately, P 2 lines are also observed. This agreement 
therefore not only supports the allocation of 14116, but 
also the allocation for S 19 with its value for si. 

The p 2 3 separations will depend on displacements of 
the same order of magnitude as those of p2, and we should 
expect to find here also the same kind of instability in the 
p 2 3 term as in p % 2, extending even, in analogy with the 
other elements of the group, to lower oun multiples with 
increasing order. The values have been calculated both 
for pZ and p4, and are given in Table I. A reference to 
Table V. will show that we get three representatives of 
P 2 (1.3) in the ultra-violet and four of P 2 (2.3) in the red, 
the latter by McLennan and Shover, only measured to 
1 A.U. 

Since for m=4 the mantissa is slightly larger than in 
m=3, the line 32169 fits in for P x 4. With this we get a 
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line for P a 4, whose measures by Stiles and by Cardaun differ 
by dn =2-40 (? satelloid effect). Their mean is separated 
1196*48 from P x , whilst 67|8 shifts 1196*86, the same 
within O.E., and coresponding to an equal one in P3. No 
corresponding P{1.4) at 124768 is seen. These two alloca¬ 
tions for tn= 3, 4 give the series formula. The series are 
also supported by indications of the parallel P(3 . m) for 
in =6, 7, 8 and also by p—p combinations. 

The D 2 Series . 

5. Any predetermination of the D series must depend 
on the fact that the mantissa of the extreme satellite term 
of lowest order is an exact multiple of A, i. e., of the dis¬ 
placement which produces the p doublet. To apply this 
rule with exactness requires a knowledge of the exact 
values of the D-limit (p x ), of R, and of A . The whole 
question is discussed in some detail in Chap. IX of my 
‘Analysis of Spectra.’ It is sufficient here to say that 
with a good p x 2 and A, as we have in the present case, 
and using the incorrect* R=109678*6 (Rydberg’s value 
in I.A), the mantissa thus found is, as a rule, for neutral 
doublets at least, less than an exact multiple by a small 
quantity of the order 100. 

In our present discussion we have the complication of 
the existence of a set of values of A, without any indica¬ 
tion as to which is the normal one, if a single normal one 
really exists. Judging from the intensities of the S a 2 2 
lines, the A producing y or 9829 would appear the normal 
one; judging from the rule that the doublet separation is 
always close to 2v x of the preceding triplet series, that 
producing a or 9122 would appear the normal. On the 
other hand it is possible that several act as independent 
normal A, producing independent D and F series. If 
so, we shall find in the spectrum a large number of terms 
whose denominators differ by oun multiples, and it may be 

* In all data requiring the use of R, I have used this value, so as to 
get a uniform system between data for elements obtained at varying 
dates. The uniformity is necessary when dealing with displacements, 
and,the slight difference from its true value has no appreciable effect 
on the results. The verification of the multiple A law for the extreme 
D satellite requires, however, for its exactness the use of the true R, 
which are slightly different for p and d terms. The error in W. N. at 
most only amounts to a few units, and is immaterial for the present 
purpose of identification of observed lines. 
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difficult in all cases to determine to which system of A 
or of d 1} d 2 terms they are to be ascribed. We should then 
make tests with the three a, j8, y values in succession. 
This has been done with some interesting results. It will 
be sufficient here to confine the discussion to the case of a 
only. 

A glance at the data for the other elements of thi« 
group will show that we must expect a lowest order of m a*l, 
a mantissa of about *8 with a satellite displacement of about 
9£8. Accepting this, and applying the above rules, we 
expect for d 2 l a denominator 1 +8 A, and a displacement 
for d x of about 9f8 =13776. Here, putting in decimal 

P° mts> 8 A =-806250, 8 A +9| 8 =-820026. 

Calculation then at once produces D ia l, and D n l at linen 
precisely observed in the spectrum. They are: 

8ii —4246390 202812 2i -4043578 

(we anticipate by stating that corresponding F with d—d 
combinations are also found). The denominators of these 
lines are 

D 12 1-806130=1+8 A —120 
•013774 =9Jd-2. 

D u 1-819904 

For the corresponding D 22 lines see Table VI. The only 
peculiarity is the large intensity of the D 12 and its 
E2. This may be due to the fact that the 1)1 are negative 
lines, so that the transition is not from d to p2,but p2 toil, 
in which the electron from p2 would have its more probable 
final level in si rather than in dl. 

The D 1X 2 must have a denominator somewhat less than 
2-8199, and there must be a D 12 showing the oun multiple 
displacement. This gives the second set in the list with a 
satellite separation 501*12 due to 8|S. The series formula 
is then calculated from m— 1,2. For the discussion of the 
succeeding lines see the lists and notes below. T he re is 
also a related D(3. m) series as well as a considerable 
number of dl —dm and d2 —dm combinations. 

The probability of transitions from upper d levels,^) to 
upper p is seen to be abnormally low. In D(2. m), D ls . 
lines are seen from m=l to 5, but D X1 (3, 4, 5) are not 
observed. They are present in the parallel D(3. m) for 
m=4, 5, where m=3 lies in the ultra-red region. In this. 
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series also we find representatives of D la for m—1, 8. It 
is noticeable that the order m—6 appears to be totally 
disrupted in both D(2.6), D(3.6) as well as in S6. 

The F* Series . 

. 6. The constitution of the / term is not so definitely 
known as that of the d. The evidence, so far as it goes, 
tends to show that it is closely analogous to d, and that its 
extreme satellite term of lowest order is close to a multiple 
of A, and that this multiple is higher than that for the d. 
We shall employ this to get at least approximation to the 
position of the lower F lines. The series depending on d x 
for its limits will lie in the ultra-violet, but we should also 
expect to find a corresponding series with the same fra 
and limits depending on d2. We will make a first attempt 
with denominator 2 +9 A. 

Here 2+9 A =2*907032. The respective limits are 

d x l,d 2 l 132460 12+2028-12 
d x 2, d z 2 55330-09+ 502-02 

The F x (l. m) andF x (2. m) are thus separated by 77130*03. 
The above considerations show that we should expect 
F 12 (1.2) somewhat less than 80520, and another 2028 
ahead. We find such, as well as F3, at 

F2 1», 80153-9 2028*9 1, 82182-3 dk =-01 on two lines 

F3 1, 10348s 2032 I, 1055'o elk-01 „ 

with denominators 2-896105, 3-892030. 

Both separations are within O.E. of these high wave 
numbers, and the intensities really indicate strong lines. 
In general, F lines have much closer satellites than the D. 
In this sub-group ZnF shows none, CdF indicates a very 
close one by its diminished doublet separation, EuF gives 
a quite definite one, due to 11 ouns. We should then 
-expect, also, satellites in Hg, i.e. F u larger than F ia , and 
should not be surprised, in accordance with the abnormal 
■complexity we have found in this element, to find several. 

For F(1.3) there is a possible F n with a satellite separa¬ 
tion of 107. Displacements of 20S ls 198 1} would produce 
separations of 107-62, 102-26 respectively. 

The F(2 . m) being 77130-03 below F(1. m) places the 
F(2.3) about 26368 ±. This clearly settles the F ia , F n 
.at the observed 

I, 26375-42 102-26 1, 26177-68, 
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giving the exact 198, separation. These are good measures 
and enable us to reconstitute to the same exactness the 
F(1.3) lines. Also the F(1. m) lines give a /*2—/ a 3 com¬ 
bination about 23344 ± which we find at 23348*221. 
This, then, further provides a similar correction for F(1.2). 
The directly observed separation for F(1.3) is, however, 
107—the 208 x —although it may be 102 within O.E. There 
are, then, two possible cases, viz., 208 x or 198 x in F(1.3) 
with 198 x only in F(2.3), for the persistence of satellite 
separations in parallel series, although usual, is not 
without exception. The values thus corrected are, then. 



(107). 


d\. 

102. 

d\. 

F.,2. 

. 80151-87 


-•03 

...157*23 

-06 

. 

..... 82180*0 

2028*12 

— *04 

...185*35 

-04 

F,j3. 

. 10350009 


-02 

...505*45 

-07 

F„3. 

607*71 

107 62 

•02 

...60771 10226 

*02 

F 22 3. 

. 10552821 

202812 

-02 

...533*57 

•03 


The 102 arrangement is sustained by a 3Av effect, 
3x26719*0=80157 

It remains to determine the satellites or the F u for 
F 12 (1.2). which are important as giving separations for the 
G series. Three possible lines, marked a,b,c in Table VII., 
for F(1.2) are present, with observed separations from 
F 12 of 122*2, 186*7, 296*6. The oun multiples give the 
following:— 

9*,ilU7‘68; 10? ,=13375; 14^=182*80 ; 235, =299*84 

As the observed A are given to *1 or dn= 6*5, the test 
holds for all within O.E., and none are excluded on this 
basis. It may be noted that if we take the separations 
on the corrected F x2 above, those on the 102 basis agree 
closely with 98 x , 148 x . Again, this basis is sustained for 
a =182 by a 2Av effect, and for 299 by 4Av (Table VII 
b, c). 

2 x 40171*44 =80342*88 dA=*09 

4 x 20114*50 =80458*0 dA=—06 

For further details as to the series and // c ombinations, 
see the F list and notes below. ’ 

It may be noted that as 117*68 is 182*16 behind 299*84 
the four lines in F x (1.2) may be regarded as two inde^ 
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pendent sets of one satellite, each with the same oun 
displacement. Thus 

F„ 80157-23 aF lt 274-91 

6F U 340-03 182-80 cF n 467-07 18218 

of which one may belong to the a system and the other to 
an independent one. 


The 6 Series. 

7. With fj2, fjZ as the limits of the 6 series, G(2. m)will 
be in the visible spectrum and G(3 .m) for orders > 6. 
Any determination of the G(2. m) is rendered difficult by 
the complexity of the /2 satellites and the actual presence 
in the spectrum of numerous separations of these/2 values, 
and of d 1 d i sets. The allocation given in the list must be 
roughly correct, but the whole region shows such evidence 
of li nking s with d,f separations and displacements that the 
exact details may have to be modified with further know¬ 
ledge. The discussion will be taken on the list as it stands, 
and afterwards some examples of complexities will be 
taken in illustration. This is important as evidence of 
complexities actually existing in the spectrum. It will 
then be best to begin with G(3. m) and look for / 13 — g & , 
/ 2 3 i. e.. separations about 102-26. In the region for 
m= 6, 7, 8 we find the sets reproduced as raw material 
after Table VIH. Here the figures in brackets denote the 
denominators as given by Rydberg’s tables. An inspection 
shows at once that a regular series is indicated by those 
marked A and by those alone. The good measures for 
m =7, 8 are taken for the formula. 

Satettoids. 

8. The occurrence of wave-number differences amongst 
S2 and other lines between the measures of apparently 
the same line by two observers, greater than their O.E., 
has been already noted. Their appearance suggests the 
existence of an effect similar to that exhibited in copper, 
which for convenience I called the satelloidal effect. In 
Copper * we find a very-considerable number of examples 
of strong lines accompanied by numerous close companions,, 


* Phil. Mag. 2,196,26. 
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neither true satellites nor analogues of the very close sets 
in complex lines. These are such that their separations 
from the main line are always multiples of a constant *57 
(or *54). If a similar effect is found to exist in mercury 
we must conclude that we are in the presence of a general 
constructional law of spectra. Its discussion is therefore 
of more importance than for the analysis of the mercury 
spectrum alone. Examples of the effect so noted—without 
any special examination of the whole spectrum—are given 
in the following table. The first thirteen deal with 
measures by different observers, differences, therefore, 
ostensibly due to different excitations. They are chiefly 
between Cardaun and Stiles, both very reliable, and show¬ 
ing differences depending on 2*7. 


C., D., P., S., Ly. denote, respectively, Cardaun, Dejardin, 
Paschen, Stiles, Lyman. 


1. S. 27711-377 
P. 16-61 

S. 23-186 

*2. C. 30626-20 
S. 28-900 

3. S. 30971 5 *8 

O. 73-96 

4. 0. 31648-46 

S. 61-316 

5. C. 33919-24 

S. 22-003 

6. 0.3310416 

S. 06162 

7. 8. 35616-731 

P. 2211 

8. C. 36089-49 


5x2761 

270 

240 

286 

276 

200 

2x269 


S. 92-230 274 

9. D. 3874 H9 
P. 4705 2x2-78 

10. C. 4011212 


8. 14894 

11. D. 44156-33 

C. 60-60 
P. 6294 

D. 68-52 j 


277 

3x273 


12.0.44226 04 i 

1). 27-60 | 2'93 

P. 28-973' 

13. C, 44373-050 > \ 

D. 75-02 | 2-76 

P. 75-8130)1 

14. 1*. 22034*79 

P. 37-61 282 

15. P. 30133-45 

P. 36-36 291 

16. C. 31920-28 


: 21. S. 29827-86 

S. 32-422 10x456 

22. P. 33268-64 

P. 7407 12x452 

23. P. 25356-870) 

P. 5914 5x454 

24. S. 24742-604 

P. 43-04 -45 

25. C. 3765118 

S. 51-637 -46 

26. S 38803-383 


C. 25-731 2x2725 C. 03-895 -51 

17. C. 33687-579 27. S. 41410-261 

C. 88-351 1 .... o. 12-12 4x 465 

0. 91-111 / 28. C. 41523-71 


18. 0.35229-84 


s. 

26827 

7X445 

0. 40-65 

4x2702 

.9. 0.44933-44 

19. C. 40023-65 


D. 

34*45 


C. 39-51 

5x2732 

P. 

35*66 

5x444 

20. C. 25092"883 O) 

30. D. 5349081 

C. 93-349 

-466 

Ly. 

94’8( l 


C. 93-834 

-485 

P. 

97-62W 

15x-454 

C- 94-307 

•473 1 




(0 (*) These sets are separated respectively by «, vis,9121-8,9121*80. 
< 3 ) P gives • single line equal the mean. 

W S gives... 56-863; ... 59138. sep, 2-275=5x'455. 


Phil. Mag. S. 7. Vol. 9. No 59. Sup pi May 1930. 2 Z 
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It might be objected that these were due to some 
systematic differences, but in general these observers 
agree very closely, and in the above those of Stiles are 
sometimes in defect and sometimes in excess of those of 
others. Examples 14 ... 19 deal with pairs by the same 
observer. Here the duplicity is evident, and the observed 
separations will be more exact, as free from those errors. 
These first two groups refer to a separation about 2*74. 
The satelloidal effect, however, may be due to a still 
smaller constant of which 2*7 is a multiple, and this is 
indicated by Ex. 20 , containing four close, equally-spaced 
lines by Cardaun at a mean separation of *47, whilst 
2 *7 =6 x *45. Runge and Paschen give here three close com¬ 
panions separated by *473, - 432 or mean ==*453. The last 
eleven examples depend on this smaller value. Multiples 
of this are also indicated in companions in Ex. 1 , 11 , 12 , 

13, 17. The existence of the effect must therefore be 
regarded as established by the large number of consonant, 
examples found. This being accepted, Ex. 3, 6 should not 
be included, as differing from the 2*7 by more than the 
O.E. The most reliable values should be those deduced 
from Cardaun’s readings, viz., 2*725(2), *76(1), *702(4), 
*732(5), the figures in brackets denoting weights. The 
weighted mean is 2*726. Ex. 11 by D. gives 2*730(3); 

14, 15 by P. give 2*82(1), 2*91(1). For the smaller values 
we similarly find *475(3). *456(10), *452(12), *454(5), *45, 
•46, *51, *465(4), *445(7), *444(5): 454(15) weighted mean 
3 /= 4547 whilst 6x4547=2*726. The agreement of the 
two sets is remarkable. Other examples will be found in 
the examples of linkages given below. The relation 
between the lines 1 and 2 in the list in § 1 is clearly of a 
satelloidal nature. The calculated separation for 698 is 
9051*41, which is 5*03 behind the strong line of 2 . This 
is due to lly= 5 * 00 . 

From analogy with the effect as found in copper we 
should then expect: 

( 1 ) That a line which is affected thereby must be one 
which contains p2 as one of its terms, although in the 
present state of our knowledge, the presence of higher 
orders of p should not be excluded absolutely. 


* Astro. J. 15, 233,0*2. 
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(2) That true link-values frequently occur between one 
line and a satelloid of another, which satelloid, however, is 
not necessarily itself observed. With good measures, if an 
approximate link differs little from a true one by a 
multiple of y—-4547 it should be taken, provisionally at 
least, as a true link thus modified. There are large 
numbers of these cases, some of which are noted in the 
next section, and also in the notes to the tables. 

Littles* 

9. In examining the whole spectrum for separations 
differing by a few units from a, j3, y an exceedingly large 
number of such cases was found. Evidence was obtained 
that they occur also as links. This is completely in 
accordance with the fact that the v separations of p terms 
also serve as b links. The complete analysis of the whole 
spectrum would require the discussion of the linkage 
systems for all the recognized link values. This would be 
a big undertaking with such a rich spectrum as that of 
mercury, with its possibly complex sets of links, and is not 
necessary for the isolation of the normal neutral or ionized 
series, but some attention should be paid to the b links, if 
only to distinguish them from the equal doublet v 
separations. 

An important new fact emerges, viz., that ionized 
links are attachable to neutral lines, as well as neutral 
links to ionized lines. Some illustrations of the first 
statement are given below, whilst support for the second is 
given by the very complete set e. S hn, where e is the neutral 
e =20612-06. In the simple excitation of a neutral line 
an electron is raised to a higher level (say) i pm. In a 
more complicated excitation a second electron (that 
which would act for an ionized line if the first were expelled) 
may be raised to its corresponding iip x 2,and then both fall 
to their corresponding i s and ii p s 2 levels. It is possible 
that the value of the iip a level may be slightly affected by 
the presence of the far out i pm, thus modifying slightly 
the observed link value. If this is so we may have at our 
disposal a means of studying directly the interatomic 
actions of electrons. 

All links yet recognized are calculable from series 
constants (the lowest p, s , d terms and the v separation). 
Their appearance in any case, the b =v link excepted, there - 

2 Z 2 
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fore definitely denotes a linkage. The separations now to 
be considered are all, on our initial supposition, either v 
separations or b links. There is nothing, then, to distin¬ 
guish an individual case as between the doublet separation 
of two bi-tenn lines or a link. But one distinguishing 
feature of linkages is that sets of successive links occur, a 
phenomenon which cannot happen with a normal series 
separation. Moreover, when the individual links appear 
slightly modified, the modifications in a complete chain 
often annul one another, and the sum of the observed is 
equal to the sum of the corresponding normal links. In 
any case a long set of such close link values amongst lines 
which are not crowded together will indicate their link 
nature. The number of such sets in this spectrum is 
surprisingly great. I give here a few illustrations taken 
almost at random, but sufficient to show that these 
a, p, y separations can appear as links. The numbers in 
brackets after a wave number give the separations from 
the next lines in the spectrum before and after, and serve 
as indicators of the degree of crowding in the region of the 
line. 

A. 

t, 26621-89 (8,20) 91201 2 i 35742 (36,76) 91201 1 m 44862 07 (34.72). 


The third line is (74S)S 2 2, with a separation -70 (dA=03) 
too small. The middle one has only been observed by 
B!., but it serves to indicate the double linkage. If the 
third is the corrected (748)S 2 2. the link sum is 2 *9120-45 
=2«—270, with the large satelloid value 2-72. 


B. 

liii 21511-164(7,40) 

Si 30628-900(130,60) 911774 

4i 39752-755(34,11) 23 855 

Oil 48873-48(109,24) 2073 

1 57998-9+1-7 (86,100) 254 


C. 


s,-> 

35104 16 


S a 2 

4493344 

9828-29 

4 

54760 4(194, 72) 

270 

3 

64591-1 (67,113) 

307 

2 

74421-4 (39,78) 

303 


B. The last line is by Ly., and the ± 1*7 refers to equally 
probable values. As they stand, the sum of the separations 
is 4 x 9121-93. Correcting the last line to ... 8-48(dA=-01 
on 1724-2) makes the sum exactly 4a. No j? or y links are 
found to these lines. 

C. This is a chain continuing the S,2 and yS 2 2, with the 
same separation.. As in Ex. B, in the complete chain the 
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modifications are annulled, and the total separation is 
4 x 9829*31. With the high W. N. the O.E. are considerable, 
and the 9829*3 is not necessarily exact. But the individual 
lines are well isolated from others, and the agreement is 
sufficiently close to establish the fact that 9829 behaves 
also as a link. The first is a genuine v or exact y—y-f *06; 
the last three are b links. The multiple 4y requires the 
last line to be 1*44 greater, or <fA= — 02 on A =1343*7. 

D (four sets). 


( The 98 in the 9829 and the intensities are omitted.) 


10004 


10591 


10802 


14193 


19826*7 

22*7 

i 20420 4 

294 

i 30635*96 

339 

ii 24022*18 

29*1 

29654*5 

278 

30247*32 

269 

ii 30466 0 

30 

33851*7 

29*6 

39487*44 

329 

i 40082*21 

3439 

40291*24 

252 



149318*76 

3132 







24*60 









Mean... 9828 69 - 3015 983040 982970 9829*35 

The sets all start from ultra-red lines, the first three by 
McL. and the last by W. The lowest line in the first, by 
P. andD., show the satelloidal effect 5*84, 13y=5*91. A 
satelloid —4 y on D’s would give a mean value 9829*70 or 
y—*03. In the second the deviations in the mean from 
the normal camiot be met by O.E. on the first line. But 
the whole, with Ex. C., are sufficient to show that 9829 
behaves as a link as well as a doublet separation. 

E (two sets). 

3 10802(38,47) 1 13210*2(72,24) 

1 20134*2(10,14) 9332*2 1 22548*34(8,11) 9332*1 

4 ii 29489*25 (34,12) 35*0 2# 31880*68 (89,9) 32*34 

3A 38803*8951 (23,22) Cd. 34*64 2 ii 41212-.12 (57,21) 31*84 

*883 f S. 3413 0i 51040*98(26,53) 9828*46 

933363- 46 

These involve the j8 separation. The first set starts 
from the same line as in Ex. D, 3, the last being the arc 
line Sj®4, the two measures by Cd., S. respectively. The 
S. measure gives the exact mean j9, but the Cd. as S g ® 
gives the exact v 2 , v g in S®4. 
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F. 

2 28688-864(15.20) 911715 ) f 9122 26 - r 'i 44828-27 (/3f) S s > 2 

8i 26375-26 a6,17) 9330 74 [ 2, 35106-0051 9331'88 0 i 45037-88 (17,38) 

1 25876-847(38.21) 982916 ) ' 9827-85 1(45538-86(30.17) 

Several interesting points arise with these lines. 

(а) The series inequality 9829-16+9122-26= a+y+-08. 

(б) 44828 is (73fS)Sa2 and 26375 is F 12 2 (2.3), and the 

two cannot come in the same chain. S. gives 
two close lines 26376-818 and . 79-027 separated 
bv 2-209. 

(c) Also another pair by S. 25876-847, . 73-094, separated 

by 3-75=8y+-ll. 

(d) The presence of the p2 being assured by S2, these 

separations can be written. 

a—lOy—10 a+y 

0—6y+0 (2-72) 0-1-53 ? 

y—y—’06 y—4y-f0 

G. 

This is a linkage map on a more considerable scale. 

It doubtless contains some false— i. e., chance—links, but 
it affords very definite evidence for ionized links attached 
to neutral lines. It also illustrates an arrangement of 
frequent occurrence whose interpretation may be of 
importance. 

We get direct evidence of the satelloidal effect in the 
lines at c5, c8, di, dl from the recent measures of 
Paschen. At di P.’s measure 48695-216 is separated from 
D.’s by 4-54, or an exact lOy. We note, also, that the 
links to these are 9120-87 = a—2y—02 and 9827-57 
=y—2y—26. We must accept the first, but the second 
is more doubtful with a succeeding 9836-84 =y+16y —08. 

At c5 P. gives a line 2-22 behind it with 5y=2-27. At 
<?7, c8, P.’s values are 5-86=13y—05 and -97=2y+-06 
behind those of D. Here, also, the attached links are 
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a. 21419-2 ; 21127 3.-ft. 29529-81 ; 29258-261; 30247-41.- 

c. 87884-02 ; 38380-24; 38866*65 ; 3908615; 89578-89 ; 39789-34; 

30998-09; 40208-92.- tl. 47713-14; 48699-76 ; 48912-7 ; 49122-49; 

49324-60. 
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9326*58 =fi —6*84 with 15y =6*82 and 9115*68= a-6* 15 
with 13y- -5*9l. of which the first at least may be accepted 
as possible. 

The line at c5 is quite definitely D n 3 13. As we have 
seen, it is also linked by a to a 2ysatelloid of D.’s 
48699*76 at di. The 9333*8 is /? within the O.E. of the 
line 48912*7 (d5). In other words, we find two ionized 
links to the neutral D n 8 . The 9331*48 back is /? —4 y —12. 
The 65 is an arc line only observed by K. R. and E. V. with 
the considerable possible error of 1*8. It has been allo¬ 
cated by P. to a combination p^l —p 8 *2, in which, I think, 
his Pg 8 2 may be doubtful. If his allocation is correct, 
9331 must be a chance coincidence; if the link is real, 
P~iy, bl is /J.D n 3 (13), and not the pp combination. 
The back lines from it are y, a within the O.E. of the lines 
at a4, a6. 

The line 38380*24 at c2 is p x 3 1 —p x 3 7 with the exact 
a back to 63. Also the two links to dl, 9332*90' and 
9829*12, are /J—52, y—55, thus forming a parallel 
inequality, and definitely giving cl as y. (PiP^ or c3) ./J. 
The set, however, cannot be linked to D n 13, and one at 
least of the defective 9826*87, 9827*5 to C5, d5 will be 
false. This is indicated in the map by [ ], 9826*87 is 

/I—2*80, with the big satelloid 2*72. 

Lastly, we note the curious appearance of alternate 
— a, +/J links successively from di downwards. If di 
be written X, the linking means that the other lines 
depend on a.X, a.X./?, 2a.X./J, 2a.X.2/?,...4a.X.3/1. 
But the arrangement may be interpreted in another way, 
as sets of lines differing by an amount close to 213. To 
illustrate, suppose for the moment c5, di were Pi~t, 
p%—t. The lines in the map would be constituted by 
successive displacements in the t term of the same amount. 
Here such displacements would be positive, and the 
succeeding shifts would show decreasing amounts, as, 
indeed, the figures in the map indicate. This appearance 
of large numbers of separations in special regions near 
those of d or / satellites is quite common in general, and 
indicates that normal D or F lines are in the neighbourhood. 
In the present case this explanation is not tenable, for 
cB is certainly an arc line, and almost certainly is D n 3 13. 
To produce a shift of 210 in the d x (13) would require a 
displacement of the denominator from 13*9 to 17*8, and is 
quite out of the question. 
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B. 

a. 


2. 0, 13528 


4. 2,' 13028-5 

Here again at bl we find a satefioidal indication. 
S. gives three lines, all of class E3, and E.V. two. 

1 iii 22644 255 1, 226391 

1 iii 49-733 5478 12y= 5-456 1, 42-2 81 

1 iii 60-268 10535 23^=1040 

All the links are normal except those on c2, which is 
D 22 8 2. These may be written j3-f-2 y —09 and oc+y-f'13, 
but if the satefioidal effect is really present it must be 
due to the p2 present in the links themselves. 13528 has 
been allocated by Paschen to Gi 2 (4.9). We get a parallel 
inequality from 61 to cl, c2, viz. 

9830-6-9334-24 =y-p+-10. 

Thus, putting D 22 3 2=D, 

cl=/?.D. y+-10 , dl=jS.D. a.y+0 . 

This whole set is a very clear example of linkage to a 
neutral line by ionized links. 

I. 

1 91210 2 9334-62 D s ,»5 983057 10 912064 8 93301 0 
D >a a 5 911962 0 983084 10 

The numbers in the line places are intensities. 

D as 5 =41658-49, D 22 5 =41664-74. 

The lines in the fifth column are 60609-7 by C. and 60615-6 
by Ly., and are both of similar intensity. At first sight 
they might be taken as measures of the same line, but they 
differ by more than their average amount. The arrange¬ 
ment shows that one is linked to the main D 22 5 and the 


b. e. d. 

1 iii 2264973 9830 6 2 iii 32480 3 91217 0 A 416024) 

91217 933424 

' 5A 31983-97 V 2 
93335 912241 

2 i 22861-56 

9833*0 
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other to the satellite D M 5, in each case by series inequalities, 
viz.:— 

9830-87 +9120-64 =y+ a— 26 dX=0 

9119-62 +9830-84=y+«-1 d\=-02 

Also 9121-0 +9334*62 —a-j-B 4-*4 dA=-06 

or the first chain as a whole =2a+jS+Y+-l with all 
modifications annulled. d5- =-3776, so that the link 
modifications can be accounted for by displacements in the 
<26 terms. Thus 9119-62 is a — 2-21, and 68 x shifts 2-26; 
9120-64= a—1-20, and 38 t shifts 1-13. The agreement is 
thus very close withinO.E., but, unfortunately, the evidence 
cannot be considered decisive, since the oun shifts on <26 
are so small and the O.E. on the higher wave numbers 
are so large. Moreover, all our preconceptions, although 
dangerous guides, go against such strong lines being really 
linked to lines of order m—5. The importance of this 
discussion lies in the fact that 60609, 51489 (the fourth and 
fifth in the first row) have been allocated by Carroll to 
—S*l, an allocation accepted by Paschen. 






j. 





a. 


b. 


r. 


d,. 

1. 

2. 

1 

91214 


983262 

4 ii 

9120 96 | 

I 

1 i 

3. 

4 

9330 9 


912471 


9828-77 J 


4. 



I 

r 98283 



5. 



5 \ 

91213 

i J 



6. 




19333 6 

i» 




Col. a. (9186-1; 8976 6) McL.- b. 18307456; 17603 9.- e. 28139-978; 

27432173; 26725-195 ; 26938 5.- d. 37260 94. Th« number* in line 

positions are intensities. 

This is given to illustrate a similar arrangement with a 
S3 line. It can be seen that where the links are not 
normal they can be made so by satelloidal considerations. 
Stark gives a line 7-4 less than c3. This is possibly due 
to an oun displacement in s2, since s2 - =7-04. 

I add a few further indications excerpted from larger 
maps, illustrating ionized links to neutral series lines. 

(1) 9333 34 D n »4 9121-69 (3 iii) | 912127 S**3 

D ss *3 9121-89 (Hi) (1) 19829-76 (1) 

(21) 9829 7 SjM 

D4=35659'49; 1)3=37672-32; 83=34548-85; S4=40571 17. 
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The foregoing examples afford indisputable evidence that 
the a, /?, y separations appear as links, and, moreover, as 
links attachable to neutral lines as well as to ionized. 
The examples given are a sample only of the very large 
mass of data at disposal. The attachment to neutral 
lines shows also that they cannot enter there as displace¬ 
ments in a bi-term line, and thus directly supports the 
supposition of § 1 that their origin is due to independent 
p 2 + terms. 


Table I. 


The p 2 separations, from p\ (2, 3, 4). 
p {2 = 92024*56; p $ — = 30*557. 


s. 

p-1 

j) 3 . 

P 4 * 

67 


2721-08 

1183*12 

68 


63*67 

1201*44 

69 

9051*41 

2806*29 

1975 

69 * 

86-59 

16*95 

24*33 

69 * 

9121*80 « 

27*62 

28*91 

69 j 

57*03 

38*28 

33-50 

70 

92-26 

48-94 

3808 

70 * 

9227*51 

59*63 

42*67 

70 * 

62*80 

70-32 

47*25 

70 $ 

9809 

81*01 

51-84 

71 

9333 41 (3 

91*70 

56*42 

71 * 

68-73 

2902*38 

6102 

711 

9404*08 

13*08 

65-62 

71 $ 

39*45 

23*79 

70*23 

72 

74*84 

34*51 

74*81 

72 * 

9510*30 

45*21 

79*42 

72 * 

45*65 

55*92 

84*02 

72 $ 

81*11 

66*66 

88*61 

73 

9616*58 

77*40 

93*21 

73 * 

52*06 

88*12 

98*81 

734 

87*56 

98*84 

1302*42 

73 $ 

9723*08 

3009*57 

07*02 

74 

58*61 

20*31 

11*63 

74 * 

94*17 

31*04 

16*24 

74 * 

9829*74 y 

41*77 

20*85 

74 $ 

65*31 

52*50 

25*47 

75 

9900*90 

63*24 

30-09 
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Table II. 

’ S s (2 .*). 

92024-56 -4E/{ m + '835829—*119166/m> 2 . 

- =30-557 ; p 3 i- = 35*18(688) to35*56(748). 


J7»— j 

63*26 

n. 

v. d\. 

1* [- 

■57495-30]« 

li - 

■48371-96 9123 34 06 • 

* Oii - 

■47772-65 

722-65 -02 73| 

14*865 

2.* 10 i 

35104-16 


Oiii 

44155-33 905117 01 69 

* 71 

190*755 

086 59 o m 

7 i 

226*04 

121-88 0 . 

? 7 i 

373*05 

268-89 ? 

7 ii 

542*88 

4387 2 03 711 

?? Oi 

611-24 

507-08 ‘IS 72* 

Oi 

684*8 

580 6 03 72J 

5 i 

828*27 

72411 - 05 73| 

1 ii 

862-07 

757 91 03 74 

10 i 

933-44 

829 28 y y 

? 0i 

45000*6 

8964 --2 75 

5*8147 



3.* 1 

61578*06 


4 

70671*4 

9091 - 3 «- 09 «9i 

1 

70005 

121-99 00 . 

2 

7140786 

829-80 -00 r 

2*865 

4.* 3w 

[73030*73] 

9416-3 -18 71| 

? 3» 

82447-0 

3 

877*5 

846 8 -2 7 

1-616 

b. 

[79036-66] 

* In 

88090*2 

90535 - 02 69 

1# 

160*1 

1234 --02 * 

1 

292*4 

255-7 -09 70J 

* 0 

550'4 

513-7 --03 721 

1 

6*21*1 

584-4 —"02 72| 

0 

754*8 

718-1 06 73f 

* 2 

865*2 

8286 01 T 


in- L 

n. 

i*. d y- 

m, 

1*0045 

6. * 

1 

[82580-94] 

91734-7 91538 -04 69| 

0 

9540 

3731 -.05 714 

•665 

7. 

0 

[84848-02] 

93967-3 

9119-3 03 « 

1 

94437-6 

589 6 -08 72| 

1 

509-0 

6610 ;08 784 

0 

562-6 

714-6 09 73J 

•453 

8. * 

1 

[80385-98] 

95483-6 

9097*7 -1 69 i 

2 

96182-05 

79607 -01 744 

* 1 

237-1 

85i-2P>--2 r 

*336 
9. * 

* 2 

[87477-28] 

966464 

91691 - 13 69J 

In 

777-3 

300 0 -02 70S 

1 

918-0 

440-7 -01 71| 

10. 

2 

[88279-67] 

97503-9 

9224-2 03 704 

11. [88882-86] 

3»? 98020 0W 91351 -‘18 * 

1 

212-5 

327 6 06 (3 

0? 

483-4 

598 5 -17 72J 

11 

- 6 W 734*4 -*12 73| 


( l ) Disrupted to (+^) Si( + i,). 

« Estimated fromC.’s 8, =61580-1, the saw obeerrer. 
ties are 5, abs. 9,2. 

» Or74i«,a=’15. < 4 > Is probably P*(1.7). 


* See nAf list. 


Pasohen’e intensi- 
(») lsP 3 (l.b). 
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2. 2847-88Cd.; 2264-03D.; (...62-215; ...6041; ...52-92) Cd.; ...44-40 
E.H.; (...40-89; ...37-2; ...30-4; ...28-36) D.; ...24.82Cd.; ...21-5D.- 

8. 1623 955 P.; 14150; (...14-427 ; 00406) P.-4.1212-9; ...06-6.- 

5. 1135‘2; ...34-3; ...326; ...29-3; ...28-4; ...267; ...253.-6. 1090-1; 

...87-5.-7. 1064-2; ...58-9; ...57-5.-8. 1047-3; ...39(595 P.; 39-1.- 

9. 1037-4; ...33-3; ...31'8.-10. 10256.-11. 1020-2; ...18-2; ...154; 

...14-0 

Combinations. 

*1—s2 4, 1080-1 92584 

s2—s3 1, 3776-259 26473742 

Notes. 

The oun shift® are given in the table. The limit p x 
is determined as explained in the text. The formula is 
determined from this and m =2, 3. 

m—1. The extrapolated value of the denominator for 
«i=lis 1-716663, and we should expect a value slightly 
less, or si -p2 about 57400 ±. We find here the sets:— 


Ly. (5 5746B-4 63'1 8 57529-5 

C. 1 58-1 4 27-5 

98294; . 211 93397;-37-9 

I).... 0 4763698 iii? 0» 48189-64 ii ? 


The mean of Ly and C. for the first gives .. 62-2, with 
doublet separation 9825-2. They suggest at first sight 
(-hSi) Si; but since here the W.N. is si — p2 (not p2— si) 
this would require the (-fSi)jS separation on the right 
and (—8i)y on the left, whilst the opposite is clearly 
indicated. The difficulty is explained by the fact that 
si— is 63-26. The conditions are then met by the double 
displacement ( A. Si)/( §j) shifting 63-26—30*56=32-70, 
or 65-40 for the two. We then get not only the observed 
separation of the two sets, but also the 9333-41+4*70 
= 9338-20 and 9829-74—5-02=9824*72 in their proper 
positions. We can then calculate the true from the 
more accurately measured {-S l )Sj(-S 1 ) =-48189*64. 
Thus 

{—S 1 )S 1 (—S x ) = -48189-64 -9338*20=-57527*84. 
Also Pi{ ~h) =92024*34 +30*61 =92054*95; 

whence s/(-Sy) = 149582*79 =4R/{ 1*712577 J * 

si =4R/{ 1*712577 +362}*=149519*64 
Sil =-57495*30. 
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While this is not seen, two corresponding S 2 1 lines are, 
viz.:—those in the table. We have here a very striking 
example of a normal line wholly disrupted into a very 
common arrangement of equal—like or unlike—displace¬ 
ments on both terms. The above value of S x is .subject 
to the same O.E. as that of 48189. The value of (8 1 )S 1 f8 1 ) 
calculated from this S x is 57462-45, practically the mean of 
Ly. and C., whilst (8 1 )S 2 (8 1 ) is ( )S X ( )—9824-72 
=47637-73. The measure by D. is -75 less, or dA=04 
between his two lines. 

Although S x is wholly disrupted, we find a line linked 
to it by the neutral e =20612-06, viz., 1 i, 36883-271 
separated from it by 20612-03, practically the exact e i. 
The corresponding si—p 1 3=P 1 (1.3) is also found. We 
get, also, a very striking illustration of the general relation 
E =nhv for n =3 in the observed line 

li 19165 044 or ^--05. 

Also for S 2 

1, 2 x 24098-9E.V. =48197*8 92975 (70)Jo *=-01 

m— 2. The following collaterals are'found, comparing 
Stiles with Stiles {35106-16):— 


v'-oVS,^,) =35751-58 
(^(-SJ,) =36(45-88 
? (—«)S,(2<J,) =35258-12 
Cd. (—35j)S,(33,)=35240-44 


Otw. 

...54-233 -6y+07 3 2848 774 

...47-739—4y—-05 2i ...52415 

...257-451 +y--22 1 ...35-448 

...240-65 | ...36-80 


Further, if the 2 Jiv effect is admitted, the additional 
S 2 lines come in:— 


1 4510 5 Stk. 

2 X 22164*8 ±1 

=44$29*6±2 

92254 

*2 

70* 

2 in 4506*704 

2x ...82964 

= ...365 928 

926177 

*1 

70i 

1 iii 4499 8 K. V. 

2 X... 217*5 ± *5 

= ...435*0x1 

933084 

*25 

71 


m=s 3. The far more accurate measures of P. have been 
inserted. Bl. gives two collaterals, 1,61512-0, 1,61648-5, 
shifted 68 on either side of S l5 whilst 28 1 /—S 1 shifts 
6M2-{-5-81=66-93. They are then ( =2S 1 )S 1 3 (hf 8 1 ). 
Also, if 2ftv be admitted, 


2 x85669-186 Cd. =71338-37 976031 -07 74 
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<m— 4 . The calculated S t shows two very doubtful S 2 , 
and is itself disrupted; the corresponding line in 8(3.4) is 
visible. It is emitted as A3v, 2 hv however, viz. 3 x 24343*34; 
3 x36525. 

1 1367-2 731422=(-(t)S l (-J) <ZX=--01 

On the 2 hv basis 


2ii 2433 87 D. 

2x4107437= 

82148*74 

91180 

1 

a 

1 iii 2424-46 D. 

2x41233-78= 

...467*50 

94368 

*08 

71f 

0 2421-35 D. 

2 X... 286-73= 

...573*46 

95427 

*09 

72§ 

li 2417101). 

2 X... 358-29= 

...71658 

9685-8 

*05 

73J 


The first, 41074, is also S»(3.9). 

wi=5. The following collaterals are noted :— 

In, 1264-7 79070-1 (-S 1 )S 1 (-j-8 x ) dA=--07 

In, 63-7 79132-7 (-38 1 )S 1 (38 1 ) dA= -00 

In, 64-1 78982-0 (28 1 )S 1 (2S 1 ) dA = — 05 

The so — are now, and beyond m =5, comparable with O.E 
Those given here may therefore err bv one oun on sm 
Ail the S 2 are successive lines in C.’s list. 

m—-6. This even order seems to show no collaterals 
except, possibly, —8) =82454-84. An observed 

82447-0 may be a merge of this and S 2 4. 

m— 7. Doubtful collateral 

(_8)S X ( -8) =84961-8dA = —14. 

m =8. The O—C values may be partly due to formula 
errors. If the true S x be that suggested by 2 x 43194-63, 
the formula error is 3-32, dX ——03 and the separations 
are then more closely met. 

On 2Av basis 

Oii D. 2x47755-07=9551014 91242 -05 « 

m=9. 

Obs, 

(<ii)S l (a i )“8T447*00 ...50*8 a = -*05 
(2a)S 1 (2a)=872aj*50 ...37*2 =—*02 

With these high orders the S and D lines come close 
together. There are several other near possible collaterals, 
but they may be related to D9. 
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Table III. 


S(3,m). 

p,2—^3=49221-09; ^3—=9-6708. 

1, 2. See P(U), P(2.3). 

5-8147 


3. 

[12356-97] 



1 

15376-89 

301992 

•11 74 

2*865 




4. 1 

23808-5 
[ 7-98] 


-*09 

? 1 

26573-232 

2765-25 

—*2 68 

1 

613-0 

8050 

*18 69 

2ii 

624-3 

8164 

*08 69* 

2A 

656782 

83880 

— 07 69f 

1 

677-606 

86962 

*09 70* 

3ii 

806-584 

99860 

*03 73* 

* 1 

829-4 

3021-4 

-1 74 

1*616 




5* 

[29816-27- 

••7] 


* 1 

32772-23 

2955 96 

-•02 72* 

* 3ii 

825-16 

300889 

*06 73| 

4 

900-46 

08419 

*03 76* 

2 

922-23 

10596 

*00 76 

1004 



6. * 

[33360+] 



1 

36123-0 

2763 

0 68 


•665 

7. [36627-06—-13] 

3ii 38457-30 2830 24 - 17 « 
Oii 500-20 87319 - 20 70 j 

Oii 51805 89100 '05 ji 


453 

8. [37164-89] 

Oil 39908 2743 --05 674 

Oii 981-39 81650 *02 69* 

1 iii 40207-95 304306 -09 y 
2ii 237-24 072 35 09 7?4 
•336 


S(4.»n). 

p t 3—?i4=18052-33; p,4- =4-2625. 
2. See P(2.4). 

-[5695] 

[5755] 


5. [11763-3] 

3 13029 12657 0 714 


G. 

1 i 

[15307*2] 

16500 

11928 

-•2 674 

2ii 

535 

227-8 

-•4 a 

li 

573 

265-8 

■07 7H 

2 ii 

593 

2858 

•6 724 

2 i 

615 

307 8 

•8 73j| 

7. 

3 i 

[17574*60] 

18803-47 

122887 

00 * 

4i 

821*5 

246 9 

-•09 704 

1 i 

834*3 

259 7 

-•4 71* 

2i 

8810 

3077 

•2 734 

? 1 i 

903 3 

328-7 

■7 75 

a 

o 

[19112*50] 

20328*6 

12160 

-■2 CPJ 

1 

415*2 

1302-6 

•05 73* 

2ui 

420-4 

3078 

•2 734 

2 ii 

443-067 

33050 

10 75 
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Table III. (coni.). 



S(3 

I. w»). 



S(4,m). 


9. 

[38256*19] 



9. 

[20203*86] 



lii 

38258*91 

2-72=6? 

*0 

2 

214192 

1215-3 

-•02 68| 

2ii 

41074*37 

281818 

-*07 69± 

1 

442*1 

2383 

-•02 70 

2ii 

212*52 

956’33 

- 02 72* 

?'2ni 

445*714 

24185 

•17 70i 

liii 

233*78 

977-59 

*00 73 

1 

483*9 

2800 

--1 72i; 

0 

286*73 

303054 

*03 74* 

liii 

21511*164 

307-30 

-06 73J 

10. 

[39058*58] 



10. 

[21006*25] 



lii 

60*40 

1-81=4? 

—*12 

liii 

226*4 

220-2 

--1 69 

lii 

780*35 

272179 

-*06 67 

liii 

2n7*563 

25131 

—10 70i 

4i 

41825*44 

766-86 

-1*8 68 

2 ii 

266 818 

26057 

-•10 71i 

Oi 

847*33 

78875 

-•21 68* 

1 iii 

312*716 

30647 

--1 73§ 

Oii 

861*5 

8030 

*l 69 





Oi 

871*69 

81311 

*2 69* 





lii 

949*87 

89129 

*02 ff 





Oi 

42039 

9804 

*2 73 





11. Oi 

3966321 


•03 

11. 2ni 

21610*4 


•1 

li 

42532*01 

2868-80 

*08 70* 

2 iii 

22811-222 1200-8 

•1 68 

(4)1 

620-85 

95764 

-*09 72| 

2i 

861-561 

2511 

■1 70| 

3i 

693*84 

303063 

*02 74* 

1 

87i:-5 

2691 

•2 71f 


8(3. m). 3. 6301-47 P.-4 . 4190-1 ; 3762-122; ...56-6 ; ...55-0 Stk.; 

...51-737; ...47-401; ...41-7; ...29-399; ...26S. -5. 8150-58 K. B.; 

...45-56 P. ; ...88-09 K. R. ; ...36-68 E. H.- 6. 8767-6. - 7. 2.59951 ; 

(...96-61; ...95-41.-8. 2505; ...00-41; 2493-23) D.; ...86-32 P.; 

... 84-51.— 9. 2612-99 : 243387; ...25-71; ...2446; ...2125.- 

10.2559-37; 2392-74) D.; ...9016 St. ; (...88-91; ...881; ...87-52; 

...83 07; ...78) D.-11. (252047 ; 235043; ...45-55: ...41-54) D. 

S(4. m). 5. 7673 W. -6.(6059; ...46; ...32; ...25; ...17) Bl.- 

7. 5316-87 W.; ...117; ...08-0; 53947 ; ...S87. -8. 4917-9; 4397-1 W.; 

...95-8 ; ...95-45 W.- 9.4667-5; ...63-6 W.; ...61'635; ...536 W".; 

...47462.-10 .4499-8; ...98-0; ..91-603; ...89732; ...80496.-11« 

4636-2; 4382-580; ...72-930; ...696. 


Notes. 

m—2. II the separation is the correct 3020-21, the 
correct S], should be -29 less and=12356-68. Instead of 
this are found two lines on either side displaced (±5j)S 
(±28!), shift =9-67+11-63 =21-30. Thus 

Ob?. 

(3,) S ,(-2« t )=12835-38 ...86 1,8104 

(-W(2^i)“ .77-98 : ...77 2,8077 

In S(2.3) were found (±28^ S^+Sx). 

Phil. May. S. 7. Tol. 9. No. 59. Suppl. May 1930. 3 A 
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m=4. The value deduced from S(2.4) is 23809-64. 
This gives exact v with the 26673. The observed is 
23808-5. The value in [ J used as S, is the value deduced 
from the accurate measure of the collateral (2S 1 )/(— 6$,) 
given below. All these are within O.E. of S(2.4). In the 
neighbourhood are found 


Calc. 

Obs. 


= 23771*45 

...71*452 

1 4205*546 

= 23798-31 

...98*9 

1 ...00*5 

8 1 =[23807*98] 

...08*5 


(-2^)Si(-2^ 1 ) = 23821-59 

...21*646 

21! 4196*684 

(-3^3) = 23848*45 

...48*367 

li ...91*982 


23771, 23821 are mutually displaced by ($)/(—$). In 
S(2.4) we found (—&)/(—8). The agreement in these 
very accurate measures, with such large oun shifts, is 
remarkably close. 26646 or (69f )S 2 is given by Bl. as an arc 
line. But Steinhausen gives it as enhanced. Also 
E.V. and E.H. give it intensity 4 in the spark to Stiles’s 2 
in the arc. 


m= 5. The S t is taken -7 larger than that deduced 
from S(2.5). The following collaterals have been noted 


Obs. 

(-JjJBjft) =29827-56 ...27 S6 D„(3.5) 1 335161 

(—26,)S 1 (—23,)=298S2-38 ...32-42 liii 3351-098 

.They are No. 22 in the satelloid list. 


S(3. m). 

m=6. 

This even order, as in S(3.6), gives no 
observed line, no evident collaterals, and 
few 8 2 . 

ws=s7. 

Obs. 

...16*73 

(-*)/<*) = ...68*40 ...69*186 Cd., 

but they are No. 8 in the satelloid list. 
P. gives 35622*11,5*38 larger. It may be 
2$ on <7, shifts 5*32. 


8(4. m). 


The S. t are a set of fire successive lines 
observed by Bl. alone. 


The first 8* by W. (A=5316*87) is 
marked “ i w on the supposition that it is the 
same as 6317*2 by Bl., which is doubtful. 
The last four are a successive set by E. V. 

Obs. 

(22)/($)=17543*16 ...43*03 P. 
W/0= .. 63*29 ...52*5 E. ?. 
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S(3.m) (cmt.)' 

m=8. 

Collaterals show that [SJ should be 
about *23 Jess. Thus 

Ob* 

(-W-Sy =37202*43 ...02*426 
=37149*40 ...49*48 D. 
(10$i)/(—ll£ l )=37129*15 ...29*33 D. 

The last is (2^)/((—2^.) on the second, 
but see £(3.8). 

7»=9. 

The calc. S t differs from the obs. by 2*72 
or the persistent satelloid 6y. The sep¬ 
arations are taken from [ ). With the 
observed line 

Obs. 

(M,)/(—32,)=38228'89 ...29 D. 

m = 10. 


ms.11. 

The intensity for the 72 $ ie that for it 
and a near line combined. 


S(4.m) (cont.). 


Collaterals. 


vug. 

(«,WSJ,) =19101-11 ...01-6 E.T. 
mmd ”19088-35 ...88-1 Stk. 
(-6«,)/(-8fy=...18677 ...367 Sti. 


The last S a has reliable measure* and 
corrects [8 t ] by *28, and this simul¬ 
taneously alters the dk for the others to 
0,0, *23, — *09,00. This excludes the 70$. 

(-5c\)/(-53 1 )=20223*51 (or *79) 

Obs. ...23*81.?. 


If [SJ be taken *50 less the three 
reliably measured lines give separations 
respectively with d\=*00, —'01, -*01 
but E. V.’s require -'2. 


The two reliable measures for the 
68, 70f lines differ by 50*34 compared 
with 1251*84 -1201*44=50*40. Accepting 
them as true, S a corrects E. V.’s g by 
—*68 (dXa'14). Also reduces that for 71f 
to *1. 


Table of Observed Collaterals in Oun Multiples. 

m. S(2.m). S(3. in). S(4.m). 

1 . ±1/±1 

2. -1/+1 ; +J/+2 
-3/3 ; -4/2 


3. 

±2/+l 

±l/+2 


4. 

-4/-4 





1/0 ; -3/4 


5. 

”1/1 ; 2/2 
—3/3 

-1/1 ; -2/—2 

... 

6. 

*/-* 

... 

• ... 

7. 

—4/—4 

-4/4 ; 1/-1 

8/4 ; 5/0 

8. 

... 

-4/-2 

8/-0 ; 10/-1J 

a/3 ; ±6/±8 

9. 

1/1 i 8/8 

3/-3 

3 A 2 

—5/-5 
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«. 1 . 


Table IV.— e . S*(2 . m). 

e * 20612 * 06 . 

d\. 


% 


1 

-277953 

9088 0 -18 69i 

3 

71407*86 

9439-0 

•01 

71* 

2y2 

725185 

168-09 '01 69J 

1 

653-8 

6850 

*05 

73} 

1 

688*3 ’ 

I96 0 - 36 70 

7. 

[64236*0] 




1 

617*2 

2661 -* 70i 

0 

73399*9 

9163-9 

•12 

69} 

3 

514*350 

36892 -4)1 711 

2 

458*71 

222-7 

-05 701 

iy 8ii 

477*259 

40601 4X) 711 

2 

501-3 

2653 

*04 

70i 

1 

052*3 

8310 -'2 r 


674-55 

4385 

*01 

71} 


[14492-10] 


7 1 

74060-30 

8243 

-09 

7 


% 

— 3 y 

*y 


1 245450 9052 9 -*« 69 

48 fill-783 9119-68 03 « 

3 649-180 157 08 -00 691 

1 24001-339 509184 --02 721 

1 005-7 5136 -3 721 

1 112-735 618 67 -02 73 

2ii 145-566 65348 01 731 

1 147-635 655-53 -02 731 

1 178-463 68636 02 73J 

48 252537 76044 -00 74 


3. Oiii 40968-66 


-04 


0 

3 

3 
1 

4 
U 
3 

1 

1 


[65773-92] 

72-2 

74861-5 

895-1 

928-8 

75142-8 

386-4 

568-6 

[66865-22] 
76132-5 
266 0 


■04 

9089 3 -05 «91 
122-9 -01 « 
156 6 00 69§ 
3706 -03 711 
614-2 04 73 
896-4 -08 75 

9267-3 07 704 
400-8 -05 711 


lii 

50478-29 9509 63 

•02 72} 


2 

593*1 

7279 

*08 73} 

-7# 2 ni 

* 617-53 

64887 

-00 73} 


1 

799*0 

9339 

*04 

751 

—2y 2n 

690-65 

722-00 

0 73} 











10. 


[67667-61] 





[52418-67] 




4 

69-52 


•04 



# 

9830 

0 y 

i 

0 

77077*2 

94077 

•03 

711 


# [58424-60] 



i 

i 

) 


106*9 

437 4 

•04 

71| 

0 

67444*5 

9019*4 

mm 

* 

» 

0 

220*1 

550-6 

•08 

721 

2 

755*3 

3307 

-06 /j 

1 

i 

0 

4293 

7598 

*02 

74 

1 

870-2 

445-6 

•1 71} 

! 






2 

68150-0 

725-4 

-05 73} 







3 

222*1 

7975 

•07 74} 








* See nhv list. 

1,2710-454; 8598-8 Stk.; 3605-804; ...10-7\ ... f00 Sit; ...83-435 

...38-340- ...95-6. -2. Ifilfi'l Stk.; ...3SD85;...27'290;4196-684; ...65-264 

„M8\ 46-024; ...40-385; .. 40-182; ...34-750; -22-121.—3. (2440 15 

1080*40' ..74*95; ...72-10) D.-5. 1482-7; ...75 9; 78 - 4[; ...67-35 McL. 

...65-8.—6.1400-406 P.; 1395-6.-7. 1362-4;...61307P.;-60-52MeL. 

...67-321P.; ...50*251 P.—8.1520-4; 13358; ...35-2; ...84-6; ...30-8 

...26-5; ...23.8.-—*9.1318-6; ...11-2; ...05*6; ...02-1.-10. 1477-770 P. 

1297-8; ...96-9; ...95-4; ...91-6.-11.1291-5. 




Amlysit of the Spectrum of Hg II. 709 

As in the S(2 .m) lines all contain the j>2 teem, the 
presence of satelloids may be not unexpected. It has been 
found that in On linkages exact link values frequently 
go to main-line satelloids, so that a similar effect should 
be looked for here. This can only be tested where we have 
very accurate measures. Where these have been found, 
the suggested y multiples axe entered in the first column 
(m) and the residual errors in the dX column. 

Notes. 

»i=3. 40968-0 is calculated from C.’s 61580. H we 
use P.’s 61578-06, giving 40966-00, the observed d \=-15 is 
probably > O.E. This would seem to establish C.’s as a 
real value, satelloidal 2-71 to P.’s. 

As 2Av with exact v, without satelloids 

1, 2 (25310-274+-08) 50620-70 9652 04 -01 73J 

m =4. No representatives for e . Sj or e. S 8 have been 
noted. But we do find it.S} and e.S^.tt. I find the 
neutral u link, calculated from a possible si (an allocation 
not published), and tested on a long list of neutral lines, 
to be 14819-4. With this 

Obfc 

«. S l (4)=73030-75-«=58211-3 ...06 (Ly.) 

«. 8,(4). #=52418-67+#=67338-1 ...401 dX=--04 

As a possible 2ft v effect 

2 x31124'47=(62248*94) gives 98301 r «A= 00 

A=2, 3211*98 P. 2 iii 3212 0 Bl 

m =5. The 72|S line, 1467-35, is McL.’s measure 
(C=...7-5). This also shows 9334-4 forwards. McL. 
allocates this to a doubly ionized line iii d 3 p®. 

2Aj.2i29210-9+l-4)-e.S l 5 <2A=-1 

TO =6. 71407 is also S, 2 3. 

m— 8. For the first S s there is a 2Av representative 
which gives nearly an exaot v, viz., 2 i, 2 x 37428-9= 
74857-8 • 9085-6. 

m =9. The first separation 9267-3 may be a repre¬ 
sentative of the 9268-7 appearing with the Sj2 list in §1. 
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Table Y.—P J m. 



*1=149519-64. 


*1-=63-26. 



*2= 56920-18. 

92599-46. 

OO 

H 

l 

<3 



*3* 30444-3. 

26475-9. 

*3-= 5-8147. 



pi(m)=* 4R/{m-t- ’236030— 

■103608/m}*. 



h- 

m. I. «. 

v. d\. 





P(l.m). 


P(2 .to). 



2. nee 81. 


«ee — S2. 



9-6708. 






3. 1 * 106712±5 [...16] 

1 

14116-93 

0 


* 0 103928 

2784 0 

68J 1 

11394 2723 


67 

1 864 

2848 0 

70 1 

11363 2754 


67} 

2 605 

3107 0 

76 1 

11319 2798 


68} 



1 

11077 3040 


7 

4*2625. 






4* * [124768] 


li 

32169-257 

0 




1 

30971-558 i U96-79 

0 

67} 



i 

73-96 1 



2*2435. 






5. [133384] 


li 

49784-65 

*6 




0 

1485 6361 

-*03 

69 



# li 

096-52 688 13 

*1 

7 

P(3 

. to). 





1*3936. 






6. 1 i 19101*6 

•3 

1 ii 

45550-671 8 



*2ni 18741*4 

360-2 0 

66£ Oii 

606 / + 



3 712*3 

389-3 o 

71| * Oii 

230-83 375-21 

0 

69} 

3i 6997 

401-9 0 

74 0 

103-00 387-671 o 

71} 

In 678*4 

423 2 - 2 

77J 




*8445. 






7. 3 22034*79 

•09 

* On i 

48482-911 



2ii 21794*6 

2402 -08 

a # Oi 

521-50 J 



3 780*84 

253-95 -02 

73$ 0 iii 

279-70 24180 

*01 

70} 


•5718. 

8. 3ii 23941-770] 

1 983-644; 

In 798-9 P 

P(1.»). 3. 937-1; 962-2 ; 962-8 ; 965-2. 

P(2.«). 3. 7081-96 St.; (8774; ...98; ...88-32 ; 9025) McL._ 

4. 3107-859; 3327-840; ...7-590d.-6. (245M6; ...904); ...93-23)D._ 

8.2194-67; ...92; 2210-19; ...13-51) D.-7.(2061-92; ...60-28- 

...70-60) D. 

P(3.«X 6. 5ZS3-8; SS84S-, ...42-6 P.; ...52-4.-7. 4637-01 P ■ 

4587‘1 ; ...89-91 P.-8. 4175-628; ...68-337; tfOO-S. 
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Notes. 

m=3.—In P(2.3) the correct v are 2721*03 ; 53*06 ; 
96*65 ; 304167. The last three P 2 have similar linkages, 
viz.:— 

98281 1 20905-1 

1, 11077 9121*3 lii 20198*32 
93305 1 iii 20407*52 

98294 1 iii 21148-01 
11319 9124 2» 20443-07 

9331 1 iii 20650-43 

In P(1.3) there is also a possible 2 hv representative 
2x51040-00 iii D=103889 0 2836r <ft=04. 

wi=4. There is a long set of successive lines, only 
observed by Bl., and all of class E2, which fit in forvarious 
P 2 lines:— 


1 . 

i 

32437 

30820*1 

1349-2 

1 

76o 

2. 

i 

43-9 

8439 

25-4 

0 

74| 

3. 

i 

39-4 

mo 

08-3 

-•13 

73j 

4. 

i 

38-5 

869*6 

12997 

—*2 

73J 

5. 

2 

353 

900*1 

69*2 

•1 

71| 

6. 

2 

30*7 

9441 

252 

-1 

691 

7. 

i 

25-9 

990*2 

11791 

-06 

66f 

a 

1 

24-0 

31008*4 

600 

—‘07 

651 


with, possibly, a few others of larger multiples. The class 
iii points to the supposition that these are not normal 
lines, but accidentals formed by the high excitation. 
Many show similar links. Thus 1, +9123-1; 2, +91218; 
-9122 0; 3, +9121, -9823*9; 4, -9828*0 ; 5, -9829*4; 
7, -9121*2, +9828*1. 

The following collateral coincidences may be noted:— 

Ob?. 

<23 1 )P(1.4X-«)=124624-5 1 ...22-1 

(3)P(2.4)( -3,) = 32105-54 1 iii ...05-8 Bl. 

(a^PO-UX -a,) = 32150-13 3 iii ...49-2Bl. 


91208 3 iii 30025-9 BL 

f- 

9826*6! 933202 I 
912282 1 2953034 

11363 9122-7 lii 20485-7 
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m«5» The formula P 1 (2.6) is 40724-58. Denoting 
this by (P). 


[?](—^i)=40786-61=X 

Oba. 

li ... 4-66 D. 


—•©6 

(2^,)X(-2^)= 61-40 

Oiii ...51-4 D. 

ik 

0 

{-25,)X(« l )=40817-68 

Oii ...18-29 D. 

d\ 

04 

-3f 1 )X{-? 1 )= 27-942 

2ii ...27-96 D. 


0 


* 3, 2x20048-2 B.V.=P,. 


40784 has a curious linkage set, viz.. 


1 ii 40784-65 ( 933137 

6 ii 50116-02 

* 2, 2x 25059-006, exact £. 

▼ 9832-88 { 

6 41286-73 933080 

^ 2»i 50617-53 

t 

I 

* 3, 2 x253089 E. V. 

f 9126 22 


Oii 41491-31 1 9330 80 

Oi 50821-79 


I 9830 48 j 

1 ii 41988-81 9332 8 

4i 51321-79 

* 1, 2x25660-733 

. 9122 8 

t 


0 42199 f 


m=6. The formula value for P (2.6) is 45578-90, which 
is the mean of the two bracketed lines in the list. These 
are separated by 55-3 *. A displacement S/S shifts 59-46 
-4*01=65-45. They therefore suggest ( ±2£ 1 )/( ±2^). 
Taking the reliable measure 45550-67 as (2£ 1 )P(2S 1 ) gives 
P—45578-39, which reproduces the formula value (dA=-02), 
but no P s lines corresponding to this have been noted. 
45163 is an arc line and D 33 3 8 ; and is probably a 
noincidence. 

* 2iii 2x 22615-5=P s 6. 

The P(3.m) now come into view. The calculated Pi 
i* 45578-39-26475-90=19102-49, obs. by E.V... 1-6. 

»i=7. Again we find the formula value of 48509-14 
disrupted into two, viz., 

Ob*. 

(2* 1 )P(J)=48482-78 ...82-91 

(-o' t )P(-33 I =...B21'47 ...21-60 

with two 2hv. * 2x2424l-07=P,; 2x24261‘843=P,. 
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The calculated {or P(3*7) is 22035*24, lea* which we find 
three close lines. 


1 iii 22032-698 St. 2*00 3, ...4 79 P. 282 2, ...7.61 P. 

which appear satelloidally connected. The a separation 
for p7 is 239*78 and p t 7 — =*8805. 


m—8. The formula value for P(3.8), 23957*82, is not 
observed, but two near lines on either size fit as 
collaterals:— 

Obs. 


<3d l )P(2i 1 )=23941 , 5 ...41*770 

<-3)P(3)= ...83*3 ...83*044 


These are very reliable measures with separation —41*874. 
The two sets of displacements give (23*359 +2*287)+ 
(17*444—1*143) *41*847, or dA=*005 on two lines, a 
remarkably close agreement. The 23798 may be a P a 
representative to an intermediate line. The doublet 
separations corresponding to 698, 748 are 160*76, 172*65. 


pp Combinations. 

In these tables wave numbers in the same horizontal 
line refer to the same p( 2); in the same column to various 
p t 3 orp a 4; thus 55302 is ap £ —yp3, ap, etc., denoting the 
p t depending on the 69J8 displacement,etc. To save space, 
however, a given column is not confined to the same p t . 
Over each wave number are placed (1) the separation from 
the corresponding p2 on the left, (2) the displacement 
involved as a multiple of 8, and (3) the O—E dX. The A are 
given below, each column in order. Examples for the 
(69£)p 2 2 are also given. It will be noticed that no 
Pj 2 —ppn are observed. 

Pi "Pi- 


P'*-P\ 4 

1214 5 68J 

01 


^2(67273*42] 

2, 66058*9 


— 

908659 

1217*2 69 

•06 

1273*7 72 *02 

(69Je)[76360*0l] 

4, 75142*8 <0 


1, 75086*3 (*) 

91219 

1252*5 70f 

0i 

1309*0 74 *04 

njp,[76395*30] 

4, 75142*8 0) 


1, 75086*3<*> 

93334 

1220 4 69 

*01 


%[77606*8] 

9833*5 ( 06) 

2«, 75386*4 



yp 3 2, 77106*9 

— 


— 


1296*9; 1618*8, 1330*8, ...1326*6; 1331*8, 


0), ( a > Necessarily closely the same. Also (1) is t . 8 a *8. 
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The letter has e 2hv representative, but it probably belongs to eome other allocation. 
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Table VI.—D*; (8A a ). 

92024*34 p 1 2- =30*557 

42803*25 p,3-=9*6708 Sep.=49221*09 

24750*92 #4-=4*2625 „ =18052*33 

<7 1 m=4E/{«i4*811818+*008086/»»} ! . 


T 

m. ‘ 

B. V. 

dX. 








D(2.m). 





D(3. m). 



62768; i a -=83*99. 








1. Sii 

1 -42463*90 

0 



[-91684] 




2 i 

1-40435*78 202812 

0 

9i 

In 

-89645 

2038 



In 

—33200*14 926376 

*08 

70* 






14*246; 

^—=14-439. 








2. li 

f 36192*88 

0 


3 

[ -13028*21 




4ii 

1 694*5 50163 

0 

8i 

1 

l -(12526*55) 

501-66 



li 

45533*86 9340 98 

18 + 7-57 

1 

-10296 

2732-2 

*5 

671 

4i 

63*2*36 9439*48 

0 

7ii 

2 

’10084 

2944-2 

*8 

72* 

Oi 

46029*85 9863*07 

r+7-24 

3 

r -9784*9 

27416 

*7 

67| 






! -9664*8 

2861-7 

*2 

TO* 





6 1 

1 -9631*1 

2892-4 

*7 


5-7807; =5-795. 








a i r 

61648-5 

0 



[ [12427*41] 




1 

[6187318 224*7 

0 

9* 


1 [12652*09] 

2246 



i 

70700-85 9051-5 

•00 

69 

2 

15330*54 

290313 

-*3 

714 

0 

736-4 90879 

•02 

691 






2 

71407-86 9759-3 

*02 

74 






D 3l 0 

057-2 90840 

-*05 

60i 






2*851 









4. 0 f 

72987-4 



3 j 

f 23768*32 




l 

[73092-22] 104-8 

-•02 

9i 

1 1 

L 23870*5 

102-2 

*1 

9 

1 

82182-8 9195'4 

*04 

70 

1 

26703*64 

293532 

-10 72 

4 

822504 92630 

*003 

704 

lii 

712*69 

294437 

-*11 72* 





1 

767*83 

2999-51 

-11 734 

1*6226 









5. i» r 

78982-7 



Sii j 

2976423 




1 

[79043*10] 60*4 

0 

91 

1 1 

. 29827*86 

63-63 

4)3 

91 

0 

88778-4 9795-7 

*02 

74 

liii 

32527’8# 

2783-7 

0 

68 





liii 

549*0 

2784-8 

0 

684 





2iii 

654*3 

2890*1 

*1 

fi 





3i 

70960 

29454 

0 

721 

1*0657 









6. r 

[82534-86] 



| 

[33313*77] 




# i 

[ -73-22] [38-30] 


»J 

t 

[ 52*13] 

* 



l 

91650-6 91157 

*07 

a 

3i 

36195*35 

283158 

-*04 70f 

*■ 




1 

365*15 

304138 

*02 

7 
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Table VI.— D s ; (8A.) (cent.). 

•6969 D(4. »t). 


7. 

/ [17639-1] 
l[ 564-4] 




7. 

li 

2ii 

([35591-89] 
l 61673 

38323-04 273165 

—*04 

•00 

m 





Si 

472-99 2881-60 

—•04 

70} 






2i 

601-62 3010-24 

-06 

73} 






li 

631-47 3040 08 

-1 

y 





V 

|3ii 

326-98 3710-25 

•01 

66} 





Uii 

51805 2901-32 

*07 

71} 

•4648 









8. [19097-15] 




8. 

Si 

37149-48 



1 i 101-6 






[ 58-49] 401 

01 

9 

20236 -4 - 

1169-3 

0 

66* 


li 

39965-73 28162? 

*04 

69} 

2i 348-9 

1251-7 

1)3 

70} 


li 

99809 2848 61 

•02 

70 

li 390-609 

129346 

D6 

73 


li 

4009652 2947 04 

•00 

72} 






Oii 

191-68 304214 

-•03 

r 


D(2.«). 1.2354-216; 2472-31D.; SOU-17 K. -2.(2762-25; ...24-5)E.H.; 

(2195-48; ...90-74; ...71-82) D.-3. 16221 BL; 1414-427 P.; ...13-7; 

...00-416 P.; ...09-3.—4. 13701; 1216 8; ...15-8.-5. 1266-1; 1126-4.- 

6. 10911. 

D(3. m). 1. 1115-5.-2. 7673 McL.; 794466 P.; (9710; 9914; 10217; 

10344; 10377)McL.-3. 652M3P.— 4. 4206100; 4126-2 Stk.; 3743747; 

...42-480; ...34-770.-5.3358-775; ...5161St.; (3073 4; ...71-4; ...61'5)B1.; 

...53-32 P.-6. 1761-971; ...49-83 P. -7. 2806-844; 2608-618; (2598-45; 

...89-79; ...87-79 ; 2608-35 ; 2595-41) D.-8. (2691-03; ...01-39) D.; 

2499-366; (...93-23; ...88-58 ; 87-33) D. . t 

D(4.»»). 8. 5m-8; 49SS-0-, .. m-, ...02-853. 

m=l (see text). The neutral e linked line to the 
corrected D u (3-1)=—89667 is found. Thus 

Obs. 

-89657+20612=69045 ...46-5 2, 1448-3 

The xD 2 should be at 33342-10. It is just possible this 
may be indicated by £1. A, 1 i 5994, 16678, dX=2 as 2Av. 

m= 2. For D ia S. gives a value 2-46 larger. The 
measures of £. H. are inserted because they give the exact 
value of y, 9439-49 and also a satellite separation which 
is due to an exact oun multiple 8§8 within O.E. calc. 
<r=502-03, dA=-03. The first and third v are 17y=7-70 
and l%=7-25 in excess, and are entered only as suggest* 
mg the presence of the satelloidal effect. 
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In Hie D(3.2) the three last entered as D 21 are too strong. 
They are probably only coincidences. m=2,3 are in the 
infra-red, with only few observations, and none in the 
spark spectrum. Little weight, therefore, can be given 
to these allocations. 

tn— 3. No line is observed for the calculated D n , but 
the calc. (61873) gives an exact 9§8 displacement with 
<r =224-78. Also d x 2, <23 combinations sustain the alloca¬ 
tions with a 2 hi representative. Although D X1 is not seen, 
the forbidden D 21 is. The vanishing of D u suggests that 
it been disrupted into collaterals. One such is 
given by Bl. at 1, 1617-5, 61820-0 which is (8 1 )D 11 (— 8), 
dX— -005. For intensity comparison with the others, the 
intensity of 70700 is given as 1, that of Bl., instead of 9 by 
P., as his excitation was more comparable. In the original 
allocation the measures of Bl. and Ly 14 1 4'4 and 1400 - 4 , 
were used giving separations 9052-8, 9760-8. It is st riking 
to see how, with Paschen’s good measures, the practically 
exact values 905141, 9758*61 result. But they are also 
equally good S a (2.3) with 9121-99, 9829-80. 

m— 4. In D(3.4) the D 12 calculated from D(2.4) is 
2-00 too small, possibly the error is in the latter. If the 
observed is a one oun collateral (shift =2-85), it should be 
•85 larger {df— —1) when the three D 2 separations from 
the accurately measured lines all become exact. 

The 2 hi basis affords two extra D s , viz., 

2x41212-52 D 2iii=8242504 9437*6 *0*2 71| 

2 X 41373-80 J) li =82747 72 97603 *0*2 74 

m—5. The satellite separation for 9J3 is 60 09. 

The D 1S (3.5) calculated from D(2.5) is 2-62 too large. 
He observed gives the exact D 2 separations shown, but 
Hie calculated 29761-61 gives also close values with the 
following:— 

Bl. 1 iii 3059-6 32674 5 2912*9 0 711 

„ liii 53-7 fV-1 2976*1 *1 73 

P. Oil 45-56 ( 2516 3063*55 -*04 74| 

The satellite separation of 63-63 is an extra 2$i displace¬ 
ment on the D(2.5) value, i. e., it is due to 9§8. 
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There is a line near D n at 1, iii 29832-42, whilst Cd. gives 
a angle line at the mean of these two. The separation 
is 4*58, and is possibly a satelloidal lOy with Cd. at 5y. 

* 2 X 16263-79=32527-58—D g j. 

ta= 6. The non-observed D u (2.6) is sustained by a 
2Av effect. 

2x41286-73 D., 0. =82573-46 

7.—The formula value for D u is 35616-23, obs. 
...6*73. 


dd Combinations. 

Obs. 

<ys-d s 3 [26463-1] ...52-31 1, 3927-81 i\-’l 

d x 2-d£ [24964-6] ...58-85 3ii 4006-27 <ft-12 

d x 2-d x S [25779-19] ...80-5 1, 39703 dK-2 

No <72—£(4,5). 


dl~d2. 

Obs. 

<7,-4 [76628-06] ...34-2* 1, l!S04-9 a=--09 

i x -d x [77130-29] (±^[V(±2,c) 

The o. awed d x d 2 shows an exact 2 hi effect, viz., 
2x38317, 2609 D. 

There is no direct obs. for 77130, but two exact 
collaterals are found. 

(+a i )/(28 1 ) shifts 52-77-28-49=24-28. Thus 

Obs. 

(«,)[] (23,) =77106-01* ...06-9 2, 1290-9 

(-*i) [ 1 (-«,)= ...54-57 * ...54-5 0, 1296-1 

lie mean of the two is the exact d x d v The first shows 
a 2 h* effect and the second a 3 hv, viz.:— 

2x3855519 1 iii 12592-911). <7X='l on d\d x 

3x25718999 1, 3887-079 d\=- 02 „ 

If both these are real relations they must give within 
their O.E. lines which differ by an exact 2 x(8 1 )./(2Si), or 
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48*66. With O.E. dX r dX s , their W.N. are less by 14*86 dX lt 
6*60 dX 2 . The difference is therefore 

(... 57*0 -19*8 dX s ) -(. .. 10*38 -29*7 dX) 

=46*6 +29*7 dXj, - 19*8dA*. 

Thus 29*7 dA x -19*6 dX a =2. 

As dA 1 =*l, dX a — —05 would produce 4, we may consider 
the condition met. 

Ob*. 

d,-d 3 [78656*78] (±3 a )/(TM,) 

No direct obs., but the two collaterals named are found. 
8,/- 35, shifts 53*99+3 x 14*439=97*30. Thus 

Obs. 

(£,) [ ] (—3i5 1 )=78559*48 « ...560*8 0,1272*9 JX--02 

(-«,) [ ] (S3,) =78754*08 ...75*2*6 4, 1269*8 <ft-*04 

The first shows both 2Av, and 3Av effects, viz.:— 

2 X (39279*4 ± 8) ii 2545*1 D. rfX=*01 on dd 
3x 26187*199 1. 3817*571 .. -1 -. 

Here, if both are real, they must give the same value 
within O.E. Hence. 

... 58*8 -15*4 dX x =--...61*60 -6*85 dX a 

or —15*4 dX x +*6*85 dX z =2*8 

With <ZA 8 =*05 this requires dX a — —16, and the con¬ 
nexion is perhaps just possible. 


dl-dZ. 

We get only displaced representatives for each possible 
combination. As, however, the oun shift on the dZ is 
about 6, which corresponds to dA=*06 on these high wave 
numbers, we can have no certainty within about one oun 
on dZ. In the following list the calculated d —d are in [ ], 

Obs. 

d x -d t (e,) [102084*3] (5,)= 102037*3 * ...041 1, 9b0*0 

<-«»)[ ] (i)=lu2113*9 ...114 4,979*3 

d l -d l (-a,) [102309] (-35,)= 102344 ...344 7, 977*1 

d„-d 3 (;:<$,) [104112] (23,)=104016*1 ...015 1,961*4 

d 3 ~d 3 (-5,) [104337] (-a»)= 101385*3* ...384 4, 958*0 



Oi 195857, 2 x51040-98 =102081-96 givea d x -i t 
li 2878-243, 3 x84798-693=104881-08 gives 


Table VTI.-F 1 ; (9A«). 

<^1=132460*12. <t= 2028-12. <*i-= 52-768; ^ a —=53*986. 
<ij2 = 55330*09. <r=502-02. ^- = 14*246; d 3 - = 14-439. 

^3=30151-2. <r= 224*6. <^-=5*734 ; d t -=5-795. 

/ s m=4R/{m+-887110+-015588m}*. 


P(l.»<). 

/ s —=13"093; »/ s -=13*048: f x 

2. 2 1# * 80153-9 

a 1 2761 1222 

F u 6 l * 340-6 1867 

c 1» * 450-5 2966 

1 82182-8 20289 

/,-=5-365; / s -=4-396. 

3. 1 103498 

2 605 107 

1 105530 2032 


/-=2-718. 
4 


F(3 .m). 

/•_=1-554. 

5. liii 17515-3 (25178-5) 

2ii 17732-788 2175 

/-=•97-2. 

6. liii 209107 (26178-2) 

3 21136-6 225 9 

/-=747. 

7. liii 23104-091 (23178*29) 

1 23228-2 2241 

[24600] 


F(2. j»). 

=13-024; ef- =12-983. 

\ 9e, gives 117*68 

! 10c, 13075 

j 14J, 18280 

' 2Sa, 29984 


1 

26375-42 


0 

1 

477*683 

102-26 

i9i. 

1 

[877-61]? 

50219 


1 

980*22 

50254 


4 i 

(36952*74) 



5i 

992*23 

(3951) 

0 

3 ii 

(37459-32) 

(50660) 


1 ii? 

494*02 

50180 



3i 

42693-84 


-•51 

4 i 

(733-48) 

(39-64) 


5 i 

43194 63 

5008 


(toi 

461114; 

[...087771 

1 

li 

(148*40) 

(38+) 


li 

612*48 

501 


Oiii 

48379-7 

[...81*53] 

-09 

Oiii 

49778*67 

[...77-83] 

•03 


8. 
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The values of F(1.2), F(1.3), corrected as explained in 
the text, are :— 

(107) (102) 

80151-87 ...157-23 <»>* 

269-55 ...274-91 

334-67 ...84003 W* 

451-71 ...457-07 (')* 

82180-0 ...185-55 

(i) These are sustained by 2hv affects:— 

3x26719*0 =80157 In 3741-7 d\ = +0 

2 x40171*44=80342*88 1 ii 2488*58 D. „ =-*09 

4 X20114 4 50=80458*0 1, 4970S0W . „ =-'06 

F(l.m). 2. 1247*6; ...45*7; ...44*7; ...430; ...16*8.-3. 966 2; 

...65*2; ...47*6. 

F(2. m). 3. 3790-4 ; ...75*697; 24*000; ...05368.- 4 . 2705*358; 

...02*470 ; 2668*77 D.; ...66*30D.-5. (2341*54; ...39*37; ...14*39)D.- 

6. (2168; ..66*24; ...44*67) D,-7. 2070*60 D.-8. 2008*55 D. 

F(3.m). 5. 5707 7 Bl.; 5637*710.--6. 4™1'0 S fck.; ..,29-9. - 

7. 4327*025; ..MO. 

Notes. 

m =3. The line 26375 is given by both W. and Bl. as an 
arc line. E.V., however, give it as a spark line of intensity 

8. and Steinhausen definitely states it is enhanced. The 
F 22 is not observed, but the value entered in [ ] is derived 
from 26845-239 as F a2 ( —6B 1 ). There is evidence of 
considerable disturbance in this region. In succeeding 
orders there seems to be disruption into a normal set 
(Class Ej and displaced from the calculated values), and 
another shifted about 39. In the table these are placed 
in (—). The formula is calculated from 26375 and 36992 
as F 12 (2.m) for «i=3, 4. The calculated values for 
m—5, 6, 7, 8 are 42685-09, 46087-77, 48281-53, 49777-83. 

m =4. As they stand in the table, the four lines appear 
at first sight to form an excellent F type, with the last as a 
forbidden F 21 . The apparent satellite separation of 39-51, 
however, does not satisfy the oun multiple rule—148 1; 
158 x require 38-05, 40-76—and especially it occurs in 
succeeding orders. They must, if admitted as F, therefore 
be due to a parallel series with displaced d2. Here 38 x on 
dj2 shifts 42-73. F l2 calculated from the formula based 
on F(1.2), F(1.3) is 36983 so close as to support 36992. 
There would seem to be no satellite. 

Phil. Mag. S. 7. Vol. 9. No. 59. Suppl. May 1930. 3 B 


(107) (102) 

103500-09 103505-45 

...607-7t ...607-71 

105528-21 105533-57 
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m —7, 8. The ff combinations seem to support the 
calculated values, as do also the F(3. m) distinctly. 

m= 5. The direct 224*6 in F(3.m) does not appear. 
But it appears back to 1 iii, 17290*809. This, if not a 
coincidence, must be a linkage effect; in other words, 
a case where an eleotron falls from f5 to d x 3 and another 
raised from 3 to d x 3 either simultaneously or before the 
emission takes place. 


ff Combinations. 


/,2-/ s 3 

23348*221 

3 ii 

4282*781 

b A2-A3 

23164*630 

3 

4315*713 


23332*8 

3 ii 

4284*6 P. 

« s / a 2-(107)A3 

23325*56 

1 

4285 942 . 

c/ 1 2-/ 1 3 

23151*3 

1 

mss 


33851*7 

In 

mss 


39552*90 

1 iii 

2527*50 D. 

^2-/6 

42938*99 

in 

2328*17 D. 

A2-./7 

45075*04 

Oii 

2217*83 D* 

A2-/8 

46574*92 

iii 

2146*40 


Table VIII.-G. 


^2=52120-09. c/,2=52003-05. /,3=28852-59. 
i/i—=13-024 ; / s - = 13-093 ; cA- = 12*980 ; A-=5*3G5 ; 

/ 2 —=5"395. 


g t m =4R/{ m + ‘933582 + *102144/m} s . 


5092. 


3 . 


1 

2 


G2 - m -{c 


23267-501 
23150-46 J 


G3. m. 


24147635 

330*580 182-94 


2*608. 

1 34290*6 

( 173*55) 

[ 188*5 ) 
li 360*1 
G al 1 iii 484 ±« 




(23267*6)-, 
(231505) ‘** 

15(23150) 1 

188± 

296± 


[11023*0] 

11038±1 15 

[11125*2] (108-2) 


1*519. 

5. 2i 39619*36 (23150*46) [16468*90] 

( 802*64) 18388 li 16578±2 


104±2 
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Table VIII.— 

G. (contJ). 



*947. 




6. 

1 ii 42938*99 (23149*2) 

li 

19789*8 



1 i 55*04 16*05 

2 i 

803*1 

133 


— 

0 

893*737 

102-9 


*633. 




7. 


2 

21907*99 




2 ii 

i ? 913*1 

51 



1 

22012*5 

104-5 


*444. 




8. 


1 i 

23371*211 




2 

473*7 

102-5 


*323. 




9. 


2 

24425*1 




1 

527*776 

1027 

10 . 

• 

bt 

35196*0 




1 

303*515 

1075 


G(2. m). 3. M0-1S-2 W.; ...08-899.-4. 2915 5 ; ...25-385; ...095 Bl. 

2899Bl.-5. 2523-26D.; ...11-64 D.-tt. 2328-17D; ...27-30D. 

G(3.;»). 4. 9057McL.-5. 6032Bl.-6. 50518; ... 48 - 4 . ; 25-563.- 

7. 4563-27 P.; ...C2 3; -8. 4277569; ...59-0. -9. 40931 ; 

...75-864.-10. 39C7-9 ; 3950-906. 


Notes. 

m— 3. The observed should be somewhat larger than 
the extrapolated value of 24134. The line given satisfies 
this, but it is one of a complicated set of collaterals, 

to — 4 . The calculated G 12 (2.4) are cG—34163-9. 6G= 
34281-6. These should be the observed 34290 and a line 
covered by the neutral S^. 34173. The G(3.4) are in a 
little observed region, and the G n (2.4) in the list is very 
doubtful. Taking it as corresponding to G n (3.4), it 
gives a forbidden G 22 of class iii. 

w—5. (16477-07; 16579-31) for G(3.5). The second 
settles the observed G 2 , and the unobserved G lg gives the 
exactly observed G(2.5); but G 2 (2.5) is covered by the 
neutral D n 8 (17). 

to — 6 . [19771-53.] The obs. are 18-3 ahead of the 

calculated, which is excessive for an order one less than that 
of the formulae standards. Again they are in a compli¬ 
cated complex of related lines (see below). 

to _7, 8.— These are taken as standards for the formula. 

3 B 2 
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Raw Material for 6(3, 6, 7, 8). 

7, 8. 

2iii 28291-49 (S*88) 


6 . 

4i 19747-6 (6-94) 

Si 8491 101*5 

li 19789-8 (6-957)1 

0 892-74 102-9 

In 19808-6 (9-966) 

2ii 911*6 103*0 

2u 12921-5 (7-01) 

lii 20025-95 1044 


1# 21887-0 (7-91) 

2»i 940-0 1030 

2 21907-99 (7-95) A 

1 22012-5 1045 

1 in 21988-547 (7-995) 

1 22093-3 1048 


1* 394-72 103-33 

1 23325-55 (8-91) 

3» 42805 102-50 

li 23371-211 (8-94)A 

2 473-7 102-5 

3ii 23441-970 (9-05) 

1 545-0 1030 


A denotes the lines taken as representatives of G. 
The figures in ( ) give the denominators of gm. . 

m— 6. In this column not only does 19789 show a cf 
separation to G(3.6), but we also find 

1» 19808-6 (23269-1) li 43077-74 

2 ii 19911-6 5 43194 63 117 

This gives the bf separation within dn— 1-6 or dA=-4 on 
E. V.’s excessive measure, and perhaps the difference 
23269 is a near coincidence. The set would fit, however, 
in the G(6) scheme as G u , with a satellite separation of 
18-8 (20^=18-94), in which case 19911 would be a for¬ 
bidden G 21 , and the class ii would be explained. The 
corresponding G 12 and G 22 in the G(2.6) or 43059, 43241 
have not been observed. The set would appear to fit in 
better in the following schemes, in which case 43077 is not 
a G(2.6) line. The two observed 19808 and 19789 are 
separated 38,19 from the calculated G 12 6. The values of 
/i3— and g t — being respectively 5-365, -947, (—SSJ/ffix) 
shifts 18-9. In fact, if the calculated value be taken as 
G x 6, the whole set in this column may be represented in 
a collateral scheme as given below, in which the first 
column gives the collateral notation, the second the 
calculated W. N., and the last the observed with O—C dX 
values. In forming this it must be remembered that an 
oun displacement in the limits f t , f t alters the doublet 
separation by. -03. The calculated G 12 6=19771-53 re¬ 
quires correction for formula error, and this is obtained 
from the very accurate observed 19892-737. The 
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separation 102*35 corrects 19789-8 to ... 90-39. This as 
(-SSJGKSfij) gives G as 19771-46 or 0--Cd»=—09 t 
dA=-02. 



19747*48 


4i 19747-6 


-•02 


849*59 

10211 

3i 198491 

1015 

•1 

G,6 

ri9771*46T 






L 87372J 

10226 




(-«»>/(«,) 

19790*39 


li 19789-8 


*1 


892*74 

10235 

0 892-737 

1029 

0 

(-WMW,) 

19809*32 


1» 19808-6 


•1 


91176 

10244 

2ii 19911-6 

1030 

-02 

(-23)G a (6a,) 

19922*74 


2ii 19921-5 


*2 


20025*73 

10299 

1 ii 20025-952 

1044 

-*1 


The last line is directly calculated, and differs from the 
second of the reliable measures by dn—-2 2. This in¬ 
volves the O.E. of the other as well, say -10 or<ZA=-02 
on each. It is noticeable how the displacements on the 
g term are all multiples of 38j, and on the / with the 
exception of the first. 

m=7. In this set are observed two apparent bf, G(2.m) 
—G(3.m) separations 23267-50, viz.:— 

21837 0 23868-9 1 i 45105 95 
21988-54 ...G5-4S Oi 4525397 

The first is the bf separation within O.E., but the 
measures in the second do not admit this, at least directly. 
In the first it means that 21837 must contain the term 
6/j3 unaltered. Then the W.N. differs from 21908 (G7), 
too much to be explained on a satellite basis. If, then, the 
bf relation is real, the two lines must be related on a 
linkage basis. Their separation 71 suggests the difference 
of two p-links. In that case we should expect to find the 
singly-linked line. We find such at 31167-0, with a 
parallel inequality due to a 68 x displacement due to j3 and 
the (7048) link 9262-80. The scheme is given thus, with 
l standing for this link and additional linked line. 

G 21907-99 

926280 G.l G(—6ij).i 

(31170-79) 379 (6S,=3-80). 1, ...67-0 

933379 912045 

fi.Gt.l 21837-0 <&=08 


2 1 40291-24 Q(-2S x ).a.l 
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m=S. The only bf relation fa a very exact one on the 

first.— 

23291-491 m7-S8 Oiii 46558-87 

both class iii lines, which excludes the set from being a 
normal G. Its close bf (dX =-04) settles that it belongs to 
the system without any displacement on the f t 3 limit. 
This whole region fa a very puzzling one, being crowded 
with lines related by chains of 183.300 separations, showing, 
therefore, the presence of /(2) terms, unless these /(2) 
separations also act as links, a supposition not to be 
pedantically set aside. 


Table IX. 

The nhv sets. 

In S 2 &e. lines the values corrected for the exact v sepa¬ 
ration are placed in ( ). The dn corrections in observed to 
meet these are placed after the wave number, and the last 
column gives the 0—C d\. on these observed lines. 


8,1 

57495-80 

8,1 

47772-65 (-22) 

8,2 

35104-16 

8,2 

44190-755 

8,3 

61578-06 

8,4 

73030-73 

8,4 

82877-5 (60-40) 

8,5 

88550-4(47-0) 


8,5 

88865-2(6-3) 

8,6 

82580-94 

8,8 

86385-98 

8,8 

96237 (51-3) 

8,9 

87477-28 

8,9 

96646-4(32-4) 

8,11 

98212-5(8-3) 

S,(3.4) 

26828-81 

8,(3.5) 

32772-23 
32825-16 (-84) 


3(19165-044 + -05) 
2(28745-11 +2-5) 
2 (23885-238 + -87) 
2(17552-5 - -4) 

2 (22093-3 + 2-05) 

2 (30789-7 + -7) 

3 (24343-341 + -23) 

2(36525 - -9) 

2 (41438-2 + -55) 

4 (22136-3 + -4) 

3(29516-289 - -6) 
2(44273 +-5) 

4 (22217-50) - -9) 
3(27528-2 -1-2) 

2(43194-62 -1-63) 
4 (24060-6 +2-2) 

4 (21869-0 + -32) 

2 (43739 030)- -39) 
2(48316-10 + -1) 

3 (32737-7 +1-7) 

2(13414 + -4) 

2 (16386 + 0) 

2 (16416 -3-0) 


li 5216*384 

*01 

1 847800 W. 

*3 

1 4185*511 

*14 

1 56957 

-*i 

1 4525’! 

*4? 

3 iii 3246*9 Bl. 

—*08 

2 4106*745 

*04 

Iii 2737Bl. 

-*7 

Oii 24125 D. 

*03 

4 4576-4 

*08 

3i 3386*991 

-•07 

0 2258 D. 

*02 

1 iii 4499'8 

—*2 

1 8681-7 Stk. 

-1 

5i 2314*39 D. 

-09 

In 4155-1 

*4 

1 iii 4571-5 

*06 

0 2285*58 D. 

-•02 

Oii 2069*04 D. 

0 

liii 3053*7 Bl. 

•17 

2 7453 W. 

*2 

2i 6101 Bl 

0 

2i 6090Bl 

1 
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Table IX. (i mt .). 



8,(3.6) 

33360(39-3; 

2(16678 +1-6) 

li 5994 Bl. 

*5 

«.S,3 

[5062072] 

2 (23310-274 + -08) 

1 3949-851 

•01 

e.SjO 

58424-60 

2(29210-9 4-1-4) 

1 34225 Stk. 

•1 - 

Pid-3) 

106716 

3 (35577 -5) 

lii 2310 Bl. 

*4 

P s (1.3) 

103928(31-1) 

2(51963-17 4-2-4) 

Oiii 1923-81 

•08 

P.(l.4) 

124768 

5(24953-846 - -24) 

3ii 4006-270 

-’04 

P,(2.5) 

40096-52 

2(21048-2 4--05) 

3 4986-7 

•01 

§ 

40784-65.0 

2(25059-006 4- -02) 

2 3989-457 

0 

i 

50617-53- 

2(25308-9 - -13) 

3 3950-2 

—'04 

1 

61321-79 

2 (25660-733 4- -16) 

1 3895-254 

•02 

Pj(2.6) 

45230-83 

2(22615-5 - -08) 

2iii 4430-6 

-•01 

P»(M) 

48482-91 

2 (24241-07(04- -38) 

l 4124-071 Cd. 

•06 

p2 lP 3 

55674-9 

2(27837-507 - 03) 

2)i 3591-255 

0 

D 2 (3.5) 

32527-8 

2(16263-79 4--11) 

3 6146-93 P. 

03 

D„(2.6) 

82573-22 

2(4l2SG-73< 3 )- -11) 

0 2421-35 

OO 

d\ii 

76634-2 

2(38317 4- -1) 

0 2609 B. 

0 

t 

77106-9 

2(38535-19 -1-7) 

liii 2592-91 D. 

-•1 

t 

77154-5 

3 (25718-999 - 13) 

1 3887-079 

-02 

t 

78559-48 

3 (26187 199 - -70) 

1 3817571 

-15?? 



2(39279-4 4- -35} 

lii 2545-1 D. 

02 

d\i'i 

102084-3 

2(51040-98 4-1-17) 

Oi 1958-57 D. 

-04 

t 

104385 

3(34793-693 4-1-3) 

1 2873-243 

•1 

F„(1.2) 

80157-23 

3 (26719-0 4- -03) 

1» 3741-7 

OO 

i.F(1.2) 

80340-03 

2(40171-44 -1-83) 

lii 2488-58D. 

-•08 

*F(1.2) 

80457-07 

4(20114-50 - -24) 

1 4970-50 W. 

-•06 


ihv lines to unobserved series lines. 


S a l 

2 (24098-9 - -25) 

48197 30 9298 09 

70| 1 4148-6 

-04 

8,2 

2(22164-8 +1-03) 

41331-67 922751 

70J 1 4510-5 Stk. 

•2 


2(22182-964 + -52) 

44336-96 9262 80 

70| 2iii 4507-704 

•1 


2(22217-50) +1-3) 

44437-6 9333-41 

3 1 iii 44998 

•25 

8,3 

2(35069-186 - -85) 

71336-67 975861 

74 3 2802-716 Cd, 

-•06 

8,4 

2(41074-37 +1-9) 

82152-53 912180 

a 2 ii 2433-87 D. 

•1 


2(41233-78 +1-31) 

8247018 9439 45 

71| liii 2424-46D. 

08 


2 (41286*73 <*>+H6) 

82576-38 954565 

72J 0 2421-35 D. 

•08 


2(41358-29 + -85) 

82718-29 9687 56 

73i l 2417-16 D. 

*05 

8,8 

2(47755-07 -MS) 

95507-88 912180 

a Oii 2093-351). 

-05 

«.S,4 

2(31124-47 - -30) 

62248-34 9829 67 

7 2iii 3211-98 

-03 


§ Of linked. See notes to P(2.5). 
t Of collaterals, See notes to the dd table. 
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Table IX. (cont.). 


«.S„8 

2 (37428-9 

+ 1-35) 

74860-57 

908659 

69* 

3i 2670-94 D. 

*1 

p s a.3) 

2(51910-0 

-H4) 

103877-72 

283828 

69§ 

Oiii 1924-7 D. 

-*04 


2(41212-52( 5 >+ -9) 

82426-85 

943945 

71| 

2ii 2425-61 D. 

*05 


2(41373*86 

- *85) 

8274601 

9758-61 

74 

li £416-251). 

-*05 


0) This is S a 5 10 with d\=: - *12, larger than here, but 8 a 3 10 is definitely here. 
The JS.9 possibly occurs especially as JS X 9 does, but it is overlaid by this 
definitely arc line. 

( 2 ) Observed by S. t but not by Bl., and so is not classified, but Od, gives it as 
seen in the arc, and not in the spark. 

(*) This is also |S 3 (2.4) for an observed S 2 , and also is a SJ3.9), but the 
latter’s separation value (74{$) is exceptional The $D U must be accepted at 
least. 

( 4 ) iS 2 {5) with y and } unobs., S 2 2 with /3. The observed line is actually 
the mean of these two, and may be a merge. 

< 3 ) Is also a S 2 (3.9). 

Perhaps the most remarkable fact emerging is that while 
a small proportion of the numerous S. lines occur, all the 
S, examples from m—\ to 9, with the only exceptions of 
tn—5, 7, are seen, even in the cases where Si themselves are 
wanting. This systematic effect points to the relations 
as being real, and not mere coincidences. 

It is clear from the nature of the emission that no nhv 
line can show a link connexion, unless the original line is 
connected with an B-fold chain of the same link. For this 
reason I have tested each of the lines in the above list. 
My hand-list of wave numbers is a maze showing link 
connexions from the vast majority of the lines. Yet it is 
remarkable how all the above, with few exceptions, show 
none. This seems a clear indication that they are of a 
special nature. I do not discuss the exceptions here, but 
there are two which are specially important as having been 
used as evidence for establishment of relations in the 
mercury spectrum. They are two, viz., the 3Av for S,1 
and F 12 (1.2). In the former 19165 shows a possible back 
« link to 10044. This is explained by the fact that 10044 
is itself also a 3Av for the emission Av=30133-45. Thus 

8,1 912334 8,1 912571 39246-25 911280 3013345=3x10044-46 
a4-3y+*18 «+%—i8 a—20y+*09 

obs.: ...44 2,9953 

The total separation is 3*— 8y+-09=3 (9120*68). 

XnF(l-2), 26719-0 shows a back y link=9289-0 to 16890, 
li 5919 Bl. Here again 16890 appears as a 3Av to an 
observed line. Thus 

3iii 1972-72 50674 74=3 (16890+1-58) d\=-3 on 5919 
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Part n. 

Relation to Allocations by Paschm. 

The line n =35104 has been taken, both in Part I. and by 
Paschen, as S x 2 in the two systems of allocations. In 
other words, 

35104 =92034 -s2 =90661 -as2, 

where, to avoid confusion, as stands for Pasehen’s s-term. 
These cannot both subsist. Either there must be some 
error in one of the p2 lmits, or the line cannot belong to 
both systems. The 92034 is quite definite if the assump¬ 
tions which form the basis of Part I. are sustained. They 
stand or fall together. The 90661 depends on the connexion 
between series p2 —tm and p3 —tin, in which the second 
is sufficiently numerous to give the value p3, and only an 
allocation for one common order in gives a relation between 
p2 and p3. Either, then, this relation must be defective, 
and give an erroneous value of p t 2, or the line cannot 
belong to both series. This is the question which it is 
proposed to discuss in this Part II. Paschen’s P and S 
allocations are collected together into two tables given 
at the end. 

1. Taking the three lines for m— 3, 4, 5, in Paschen’s 
P, z (2.m) sets, we get the formula 

n =55925-33 -4R/{m +• 180792 +-434404/m} s 

The limit («2) is 360 larger than that given by Paschen, 
but the possible error in its value must be much less than 
this, if the set forms a real series. With this limit and the 
P x (2.3)=16257 there results p x 3 =39668. The S{3.*») 
series gives, using m =4, 5, 6 a limit p l 3=39297-76, which 
practically agrees with Paschen’s value. These two values 
for pj3 differ too much to be ascribable to formulae errors, 
and seem to point to some error in allocation of at least 
one of the two sets or to the presence of collaterals. 

With s2 =65925 the p x 2 term determined from S 1 (2-2) 
=35106 is 91031-47 +£. To produce a separation of 
9121-88-fdv in this requires a displacement of 

102335 + 10-498dv -1-609| =70£8+104 -flOdv - l-68f 

No possible values of dv or £ can make this satisfy ffe 
nun law; nor can the succeeding pjZ, ... be met by oun 
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multiples without excessive and arbitrary changes in the 
limit. If, however, the value of p,3 be taken from the 
above S(3.oc) —39297*76, the p x 2 deduced in a similar way 
is 90661, and this exactly obeys the oun law, The dis¬ 
placement is 

102957 +10-507 dv- 1-625 £ 

= 71 {1450*099 + •148di/-*013£} = 713. 

But again none of the higher order separations can be met. 
Expresting them in terms of order of magnitude, i. e., of 
nearest oun multiple, we find, with the limit s2 —55925, 

9122 3673 ( 3424 )* 853 262 199 

7045 9915 (935) 57|5 415 3745 

* See below. 

The 99J (lOOf on the 90661 limit) is a far larger multiple 
than in any known case. These multiples show in some 
cases a steady rise with increasing order, or more generally 
a steady fall from the first one, but I know of no example 
in which there is a rise followed by a fall. The rapid fall 
here, however, is analogous to those in Zn ii and Cd ii as 
allocated by von Salis. 

The i/./m term in the formula is positive, contrary to 
the usual rule for p terms, and, moreover, is very large. 
Indeed it is small and negative in the Zn ii, Cd ii. We should 
hardly expect, then, to get very accurate extrapolation for 
m—2, and only roughly near ones for m —6, 7, 8. The 
extrapolated values for these latter are 44706*42, 47562*69, 
49456*21. These suggest the sets added to the P list of 
44709,47584,49466, which agree within formula errors with 
the corresponding P 1 (3.m) observed lines as allocated by 
Paschen (see the table, wherein additional lines are added, 
denoted by.f. In extrapolation to lower orders changes 
in the mantissa indicated by a formula seem to be exag¬ 
gerated in the observed. Here we then expect for m—2 
a denominator somewhat greater, or a term p2 somewhat 
less than the extrapolated value, here [76292*86], which 
gives a negative value for P(2.2), i.e .,'it gives p x 2 —s2 
=20367*53. We find near this two pairs: 

2i 4913-0 20348-9 [7*43] ( 4316 ) li 4902853 20390-609 

9120-3 912199 

4ii 3392-397 29469-252 1 3387-414 29512-602 

These sets, both giving the proper 9121 separations, are 
clearly related to the P(2.2) of this series—either as both 
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collaterals of the normal P(2.2) or one as P(2.2) and the 
otter a collateral. We note 

(1) Any displacement can only occur on the si term, 

otherwise the doublet separations would be 
largely altered. If the 20348 be corrected from 
the good measure 29469-252—9121-80=20347*45, 
the separation from the second is 43-16. The 
si —=14-476, so that 3S X shifts 43-43, and 
explains their relative displacement. 

(2) The extrapolated p x 2 =76292-86 is in better step 

with those for Zn and Cd. Thus 

Zn 97892, Cd 89750, Eu ?, Hg 76292. 

(3) The displacement on 76292 to produce 9120-80 

is 90i-60 — 2-45|. A value of £=25 on a 
formula extrapolation is not excessive, so that 
the value of pi =76317 is in step with the other 
elements, and obeys the oun law, although with a 
very excessive multiple. 

2. The —P x (2.2) or S x 2 then belonging to this series 
cannot be 35104. It would appear that the formula, in 
spite of its abnormal form, fits a regular series of some 
nature. The positive, value of a /m suggests that, if a real 
series, it refers to a d, d. Also the limit may be written 
as 4R/{ 2-800829 } 2 , with a mantissa 8x100104, again 
suggesting a dl term analogous to those discussed in 
Part I. Indeed, it is possible to make additions to the set 
as given by Paschen to give it the appearance of a 
dd series with a d'2 separation of 3423 ±; or we may 
arrange new lines in which this separation replaces 3673. 
The first case is illustrated by additional lines in the P 
list in ( ). On this supposition 62 1 in the limit produces 
a separation 3424-6. The second is illustrated by addi¬ 
tional lines, also in ( ), in the S list. On this supposition 

a displacement of 938 is required to produce 3423-74 in the 
p3 term. The march of the new- separations is now superior 
to that of 3673, but still remains anomalous. We may add 
that 3673 occurs also in connexion with P x (1.2) or 60607, 
and quite out of place. The corresponding line is due to 
Ly., and to determine a satisfactory measure we use both of 
his measures. They are 

9, 60615 3667 2, 56948 
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But both arrangements seem to be rather examples of 
the danger of trusting equal separations as necessarily 
referring to bi-term lines, especially in very rich spectre 
where numerous links occur. I believe I have shown *, for 
instance, that such trust vitiates the arrangement of 
terms in the spectrum of copper as given by both Shenstone 
and Sommer. In the present case it may be noted, in 
illustration, that 3673—3424=249-7x35-7, which sug¬ 
gests that the two values differ by the difference of two p 2 
terms (or links) due to wSj and (m+7)S 1 . Also the 
neutral c link is 5481-07 and 9157-03 (69f8)-c=3675-97. 

3. We may further criticise the “ P(2,m)” lines from 
another quarter. They are all closely associated with the 
a, j8, y separations, but whether as links or as themselves 
containing p-fi terms is not at once evident. The latter 
would definitely exclude the set as being a P(2.m) series. 
If we complete the a, j8, y maps, we find the lines associated 
with near lines showing the satelloidal effect. We have 
learnt in the case of copper that such lines include the p 
term, and possibly only the lowest p term. Again, then, 
we have a doubt suggested that the series in question is 
not a P(2.»i). It will be sufficient to illustrate this by 
giving the results for one only, viz., the “ P(2.3),” in which 
the P x —16257—has itself a near line separated from it by 


6-79 with 15y=6-805. 

The lines adduced are all successive. 
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ll 

982853 

l 1 iii 

85-534 12586 

j 28 y- 11 
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(*) This is neutral 1)1(4). Here it must be chance coincidence. 


* See specially Phil. Mag. 4,1207-9, 1929. 
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1 o 

I 1 

701*92 P. 
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%=14-516 
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L li 

13*671 

11*75 

%=11-796 

i 
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21907*99 P. 



1268362 932938<’> 1 

l 2 n iii ? 

13*1 E.V. 

51 

lly= 4-99 
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• 
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35 

7 y= 3-18 

983573 

l 1 iii 

19*354 

111 14*6 

$ 

II 

s 

(y+%+12) 






(') If the line is corrected by lty-fO to 21912*98. 

It will be been that these near lines show separations all 
very close multiples of the satelloid constant y. Whether 
individual examples are real cases or not the general 
consensus of the whole is in striking support of the 
existence of this effect in connexion with the lines linked 
to these P(2.3). The appearance of these a, 0, y may of 
course be due to a concurrence of three links on the same 
line, but the most natural conclusion to draw is that they 
occur because the original lines 16257 contain the p 1 2 
term, and the others the respective p 2 2 corresponding to 
a, jS, y. If so, we should further expect to find fines 
corresponding to other p 2 fines. An inspection gives the 
results for 16257-00,... 63-79 indicated in the following 
list, in which the first two columns give all the successive 
h multiples and the corresponding true separations. The 
details for 12583 are omitted, but the existence of the effect 
here is indicated by attaching a t to the value in the 
second column. A * indicates that the same separation 
occurs in the S(2. m) allocation of Part I. 

The corrections to be applied to the observed separations 
to make them equal to the standard v in the second column 
are indicated on the left of the observed W.N. The 
figures in thick type on the right are for use later. 

The greatest deviation entered is that for 69J8, but is 
accepted, as the observed difference 2-74 is the persistent 
satelloid 2-72 effect. The others are met by small 
y-multiples with great exactness, as indicated on the fists. 
That forjS or 718 must be excluded, since it is an arc fine 
(BL), and, indeed, is D 1 4—or, if it is covered by this, it 
affords no evidence for our purpose. But including it, 
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a first glance shows a tendency for the representatives to 
appear in sets of three successive v with that for 748 
absent. For this, however, a line 2, 26012-313, giving 
9755-31, with defect 3-30, might possibly be accepted, 
since 7# =3-176. This table seems to give decisive 
evidence that these lines contain the p 1 2 term, and 
further, that as the separations are all forward, p x 2 must 
enter as a positive term. In that case, if a bi-term line, 
i. e., as Pi2— t, the f-terrn in 16257 would be 

92024-34 -16257-00 =75767-34 =4R/{2-406300} 2 , 

quite out of step with known terms in other elements of 
this group. If it is linked with S x 2 or 35104-16, the 
linkage value must be -18847-16. The same link attached 
to my allocation of Sj3 =61580-1 should show a line at 
42733-0, and this is found at 4 i, 42733-362. The same 
linkage also is found with the extrapolated value for m= 2 
in the suggested completion of Paschen’s “ P(2 m)>” viz., 


342312 


r 23771‘452 

29469-25 

20348-33 


1884940 0»ii 42620-85 
1884695 4i 48316-10 


These repetitions give support for the reality of the 
linkage origin of 18847. The value is closely met by the 
sum of two p 2 links—thus 9051-414-9794*17=18845-58. 
The lines given in the above list would represent the 
intermediate one linked lines. The separations from 35104 
are given by the figures in thick type on the right 
(9 omitted). It must be noted, however, that on this 
basis only one pair can serve to mute 35104 and 16257, 
and the other separations shown in the list can be attached 
to one of the two lines only. This double linkage is 
clearly seen to be near that entered in italics, the links 
being for it, and the two next: 

9086-59-6# - -02+9758-61 +10# +06 

= (69j) + (74)+4#+-04, 

9120-03+ 9727-13=*-4#+-04+(73f 3) + 9#—-03 

=# + (73£)+5#+-01, 

9192-26 +y+-04 + 9652*06 + 5# + -08 

«(70) + (73i)+6#+-12. 
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From the nature of the case, near values of v must give 
closely similar results, so that it is not possible to definitely 
settle which gives the true double linkage. We shall 
provisionally accept the second of these, not only because 
it shows the smallest error (•01), but because it involves the 
two separations a and (73J B) which occur in §3 of Part I 
as of most frequent occurrence. A consideration of the 
other separations shows that nearly all the other cases are 
linked to 16257, and not 35104, but it is here omitted as of 
little interest for the present purpose. We seem, then, 
driven to the conclusion that the proposed P(2.m) lines 
are really of the form p x 2 ~tm, with linkage effects added. 

4. Passing now to the proposed P(l.m) sets, 111969 is 
given as Pi(1.3). It is separated 95712 from 16257 or 
“ P(2.3).” If these allocations be accepted, this is the 
value of si — s2, which again is sustained by the fact that 
the S2 —Si =sl —s2 has the same value, and there is no 
doubt but that S(2) is at least one real Sj2 line of Hg. If 
however, the doubt as to 16257 being P(2-3) is justified, it 
would follow that the allied 111968 set do not belong to 
P(1.3), and that si —s2 is not 95712. It would then foSow 
that 60607 is also not P(1.2). But the double appearance 
of 95712 as 


S(2.2) 4-60607*6=95713*7 

and 111968-6—16257-00=95711-6 

can scarcely be a coincidence, but must indicate a relation 
with the S2 lines, either some change from a s2 term to 
some other, or this combined with a linkage. It may be 
significant that 95711-6—92034-6=3677-0close to Paschen 's 
3673-3. Also 60609 seems to show the same 3673 separa¬ 
tion as the P(1.3) (see above). To these considerations 
may be added the following. 

(1) The example I in the link discussion of §9 shows that 

the 60609 has a very exact series inequalitv with 
D 28 ’5. 

(2) Although the intensities of 60607, 51484 are large, 

they make P x much less intense than P a instead 
of twice as great, the normal value. This large 
discrepancy can scarcely be due to extra absorp¬ 
tion of the Pj by the vapour. It must however 
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be confessed that the observed absorption of 
51484 by ionized vapour supports its allocation 
as depending on one of the lowest levels. On 
the other hand, the statement by Williams 
referred to in § 2, that it is a “ raie ultimo ’* 
would definitely relate it to the neutral atom. 


(3) K Paschen’s relations of the S. P lines be accepted, 
si =151268, p 1 2=90661 > 9, and the denominators 
of the lines are as follows :— 


p- 

60707 2-201003 

1J1068 3-341140 

4*322842 


-60707 1*702068 

35106 2*810129 

60807 3*833442 


The change in mantissa* between the lower two levels 
in both seems excessive, and in 2-201003 is in the wrong 
direction. Accepting 60707 as Pi of this system, the 
latter abnormality seems to me fatal against 90661 being 
p^, i.e., against 35106, from which it is deduced, as being 
S2 of the same system. Also the sm formula determined 
from m—4, 5, 6 is of quite normal form and has a small 
a/m term, so that the calculated s2 should only have a 
small error. The formula gives s2 =55077-73, with 
resulting -S(3.2)=P(2.3)=15780, instead of 16257, and 
not sustaining 90661 as p t 2, or accepting 90661 as p t 2, 
it gives S2 =35583. The latter as an extrapolated value 
to m =2 agrees very satisfactorily with the observed very 
strong line 10, 35514-43, only observed by Paschen. He 
has taken this to be sl — d } + where is a d term 
analogous to that of the well-known A =5105 =p 1 — d + in 
the spectrum of copper. But it, as Paschen himself has 
pointed out, is forbidden on two counts, as being a transi¬ 
tion from d to s and from j =3 to j =1. Forbidden lines 
have a way of existing in spite of legislation laid down for 
them, but it is hard to accept that they can be of such high 
intensity as Paschen has found for them. Also he has 
allocated 25093-6 to an analogue of the Cu line A =5105 
as dj* —pi2. But in Cu this line is a single line of great 
sharpness, whereas, as we have seen in the No. 20 in 
the satelloid list of Part I. Cardaun has given it complex 
with four companions, and Bunge and Paschen in 1902 
gave it as triple. The Zeeman pattern is diffuse, probably 
Phil. Mag. S. 7. Vol. 9. No. 59. Suppl. May 1930 3 C 
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owing to the superposition of the companions. Paschen 
seems to accept the allocation of this 5105 as a —D X1 + 
to the 6782, 5700 as —D 22 + , —D 12 + . But the characters 
of the two sets are completely different, and I have 
attempted* to show that this supposition cannot be 
sustained. 

5. Paschen has noted a relation between three lines to 
which he has given the allocations shown herewith:— 

60607-6 -25093-6 =35514 

si —pi 2 ~(d x + —p x 2) =sl —d 1 + 

If, however, 35514, as suggested above, is the S2 of his 
system (say) ap x 2 —cts2, 25093 must be cus2 —t and 60607 
apj2—t. The extrapolated gw2 =55077 -\-dn would then 
give 

*=29984 +dn =4R/{3-825130 -63-8 dn}K 

To compare with this denominator we have those of 
Paschen’s d3 =3-839 and the s3, d3 of Part I., viz., 
3-7961, 3-8161. In analogy with the 26473 as s2 —s3 of 
Part I., it would seem natural to give to it the similar 
allocation here of as2—as 3 and to 60607 that of ap2 —as3. 

6. The foregoing discussion is a criticism of that part 
only of Paschen’s allocations which involve the lowest p x 
term. Indeed a part of it is based on the acceptance of the 
p3 sm series as correct. It seems definitely to show that 
35104 does not come into the scheme as the p x 2—s2 of 
that system. The p3 —dm set also extrapolate to a p2 —d2, 
which is not that allocated by Carroll and by Paschen 
if p x 2 is 90660. Also the separation 560 corresponds to a 
displacement of about 3|3, and is thus much less than in 
the other elements of this group instead of larger. At the 
same time in themselves they look a good D set, and it 
cannot be said that they are definitely not. If they 
are sustained, the 43935 must be removed from the 
Sg2 list of Part I.—9829-28 becomes p x 2—p a 2+s2 —d x 
=s 2 —9121-80, and 9829-67 is the link p 2 (74£S) —p v 
The general argument of Part I. is not affected. We must 
await the determination of its Zeeman pattern. 


* Phil. Mag. 4,1163-5,1927. 
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P®. 

55925*33-4R/{m + *180792 + -434404/m}*. 
s2 -=14*476. 
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342423 
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23060-31 


25796-5 
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49466-87 [56-21] + 






li 

(40048*08) 

31488 


1 Pascheu’s OT=r7 is 
2 21701*92 
1 21542*65 159*27 


If H413 is correctly allocated to P(3.5), it gives $2—s3=25701, but those 
for ot= 6, 7, 8 suggest 25798—and then, also, 35106 is not in this series. 


8 2 . 

90661*92, Pl 2- =29*881; p*2 -=34*502. 
39297*76,^3-= 8*527; Pi 3- = 9*750. 
«m=4R/{m+*862651—080901/m} s . 
SOT—. S(2.m). 

1. 30 -60607-58 

50i -51484-89 912269 

14-476 

2. 50 i 35106*14 

101 44228*979 9122 84 


3 C 2 
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W. N. in () and + added by W. M. H. 


Notes. 

m as 3. The extrapolated formula for P(3.3) gives 
S(3.3) < 9478*55, 13151*87. Wiedemann has observed 
2, 7606, 13144 +*8, with which might possibly go 
Mcfjennan’s 2, 10567, 9461*6 sep. 3690±1. Paschen’s 
allocation of [9445] depends on this 3673, which, if the 
reasoning in the text is accepted, is a doubtful p3 doublet. 

January 1930. 
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LXIX. The Scattering of Sound - Wattes by small Elastic 
Spheres. By K. F. HERZFELD *. 

T HE scattering of sound-waves by small spheres has been 
investigated by Lord Rayleigh t, but only in the case 
in which the sphere is either liquid or perfectly rigid. 
In this paper the investigation shall be extended to a solid 
sphere with finite elastic constants. The first attempt 
showed a curious difficulty which will be explained first. 

The general method to solve such a problem consists in 
solving separately the equations of motion inside the sphere 
and in the surrounding liquid. These solutions appear in 
the form of a progressing series of zonal harmonics, the 
coefficients of which are functions of the radius vector, and 
are furthermore multiplied by an indeterminate coefficient. 
These numerical coefficients are then determined with the 
help of the surface conditions, considering the factors of 
each zonal harmonic separately. 

In the case of a liquid sphere in another liquid we have 
one longitudinal wave inside the sphere and one scattered 
longitudinal wave outside of it (apart from the incident 
wave, the coefficients of which are known). Accordingly, 
we have for each zonal harmonic two unknown coefficients 
which have to be determined by two surface conditions. 
As such the equality of normal displacements on both sides 
of the surface, and the equality of normal pressures on both 
sides of the surface, are chosen, while no account is taken of 
tangential movement. This latter is justified by the neglect 
of internal friction. It then turns out that for a small 
sphere the relative order of magnitude of subsequent 
coefficients decreases proportionally to PRo 2 , where R« is the 
radius of the sphere and k is the propagation constant 
(2ir divided by the wave-length). The two first coefficients 
are an exception in so far as they are of the same order of 
magnitude, both proportional to Bo* or to the volume of the 
sphere. 

The same holds true for a rigid sphere t where the two 
* Communicated by the Author. 

t Lord Rayleigh, * Theory of Sound,’ ii. 2nd ed. p. 242 (London, 
1696); * Collected Papers,’ i. p. 189. See also H. Lamb, * Hydro¬ 
dynamics,’ 5th ed. p. 486 (Cambridge, 1924). 

1 The efiect of a rigid sphere in a viscous medium has been calculated 
by Sewell, Phil. Trans. A, ccx. p. 289 (1910). See also Lamb, ‘ Hydro¬ 
dynamics,' 5th ed. p. 621. 
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unknown coefficients are the velocity of the sphere as a 
whole and the coefficient of the scattered wave. The surface 
conditions and the statement in respect to the order of magni¬ 
tude of the coefficients are the same as for a liquid sphere. 
But if we want now to treat a solid sphere with unite elastic 
constant, we have one more unknown coefficient, namely 
inside the sphere the coefficients of the longitudinal and of 
the transversal waves, and outside the coefficient of the 
longitudinal wave in the liquid; accordingly we need three 
surface conditions. If we select then, as was attempted 
first, the two conditions mentioned before, namely the two 
recurring to the normal velocity and stress, and in addition 
the condition of equality of tangeniial stress on both sides 
of the surface, it is possible to solve the equations formally ; 
but it turns out that now the second coefficient is no longer 
of the same order of magnitude of the first one, but subject 
to the general rule mentioned above, namely smaller by a 
factor PB 0 *. 

It was thought that this difficulty, namely that a general 
elastic sphere should give a result different from the one 
common to both a liquid and a rigid sphere, was due to 
a wrong extrapolation (wrong way of passing to the limit), 
and accordingly it was decided to solve the problem for the 
quite general case of an elastic sphere in a fluid of moderate 
viscosity giving now four unknown coefficients, namely the 
ones for longitudinal and transversal waves in the sphere 
as well as longitudinal and transverse waves in the liquid, 
and correspondingly four surface conditions, namely for the 
normal velocities, the normal pressures, the tangential 
velocities, and the tangential stresses. It is then found 
that the difficulty disappears, and if the extrapolation to a 
non-viscous fluid is performed now, one gets a result in 
agreement with the cases of the fluid and of the rigid 
sphere. 


The Equations of Motion and their Integration. 

The equations of motion of an elastic sphere are given in 
Love *. Their integration was given by Chree +, who 
discussed also the free vibrations of such spheres. If we 


* A.. E. H. Love, ‘Treatise on Elasticity/ 3rd ed. Chap. xii. 
(.Cambridge, 1920). 

f H. Lamb, Lond. Math. Soc. Proc. vol. xiii. pp. 51, 189 (1882); 
C. Chree, Camb. Phil. Trans, vol. xiv. p. 50 (1886), vol. xvi. p. 14 
(1898). 
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call v the velocity, we can write the equation of motion in 
general in the following form: 

—v= ^grad div v+ (At)— grad div v). . (1) 

We get this equation from the usnal equation of motion 
whichinvolves the displacement instead of the velocity by 
assuming the displacement to be proportional to e 2 ** 1 and 
differentiating the whole equation partially in respect to t. 
Designating the density of the solid by p x and the elastic 
constants by Xi and /*j in the same sense as Love does, 
and k 3 have the following meanings : 

*- faV sr?fc.< 2 > 

V=4wV^ ? .(2') 

Mi 

and k 3 are the propagation constants of the longitudinal 
(compressional) and transversal (shearing) wave. To integrate 
equation (1) we proceed following Love and Lamb in the 
following manner :—We divide the velocity into two parts, 
v=v'+v l> . The first part will be due entirely to sources 
and sinks and will have a velocity potential fa: 

fa — — yjTS^iv v, »'=- grad-fj, . . (3) 

Afa + h 2 fa=0; .(4) 

the other part will have no divergence, but is rotatory. We 
simplify the procedure employed in the books mentioned 
above by using a method common in electrodynamics *. 
We introduce a vector II 3 which is analogous to a Hertz 
vector in electrodynamics. Owing to the fact that we 
assume symmetry around the 2 -axis (the axis of propagation 
of the plane exciting waves), we get great simplification. 
Step by step the reasoning is as follows: From div t)"=0 
it follows for (1) 

A»" + £3V'=0, or — rot rott/ f +l* 8 V'=0. 

We then write to guarantee the disappearance of div t?" : 

v"— rot rot rll 8 .(5) 

The symmetry is insured if we assume the vector II* to have 
only ab r-co'mponent (We are going to designate from now 

* P. P. Debye, Ann. d. Phys. vol. xxx. p. 57 (1909). 
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on this component simply by ITj), and not to depend on the 
geographical length <j>. It follows, then, 


An,+*,*n*=o, 



Ml ..bn, 

^sinfldfl d*’ 



.. ' (r > 

If we now introduce polar coordinates into our Laplacian, 
and assume again independence of everything from the 
geographical length, the general solution of the equations 
{4) and (6) has the form 

2«»^^P»(co S 0),.(8) 

n vkr 

where Z a+ i/ 2 {kr) is a general cylindrical harmonic of order 
$1+1/2 and argument kr> k being either k x or As the 
only cylindrical functions which remain finite at the origin 
are the Bessel functions J, we have to choose them for the 
inside of the sphere. We introduce the abbreviation 

w =\/ f , -^~. • • • • <»> 

and write then our solution 


i|r!=2 A„I n (i 1 r) P B (cos 0), .... (10) 

Il 3 =2 BJ n (V)P R (cos 0) .(11) 

In the liquid we can write the equation of motion according 
to Lamb * quite similar to (1), 

—grad dive + i (At)—grad dive). . (12) 

In this equation k t and are again the propagation 
constants of the longitudinal and transversal wave in the 
liquid. They are determined by the constants of the liquid 
in a similar manner as (2) and (2'), namely 


***=4wV 


Pi 

Xz+kinviit 


• • (13) 


k{=2irv— .(13') 

t/tj 


* H. Lamb, ‘ Hydrodynamics,’ 5th ed. pp. 547,611 (Cambridge, 1924). 
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Here />* is the density of the liquid, ^ the compressibility, 

and (if the. coefficient of internal friction. The only dif¬ 
ference compared with ( 2 ) and (2') is the appearance of 
2irvi(if instead of (if. This makes both propagation constants 
complex, but, as shown by Lamb *, the imaginary part in k * 
is very small for example, for water, while we have for k t 


k 


■= s/tirv^Jif- (1-t), . 

v 4 (if 


(13") 


and accordingly a very heavy absorption for the transversal 
waves. 

The solution of equation ( 12 ) proceeds in a quite analogous 
way to the solution of ( 1 ). We write v=v'+v". v' is 
determined by the divergence of v and has a velocity 
potential 

A^rj+£j 2 f,=0,.(14) 

»'=— grades,.(15) 

while v" is the rotatory part deducible from a vector II 4 , for 
which we get 

An 4 +vru=o,.(16) 


tv"=. 


1JL d : n oBn* 

r sin 0 d 6 d 0 ’ 


tl _ 


1 y 


0 *n 4 >. 


(17) 

rd 0 §r v '“ 4 '.( 17 ') 

The solution of (14) and (16) will again be of the form ( 8 ); 
but now we have not to select the Bessel function J, as the 
origin is outside of the region considered, but we have to 
use the second of the so-called Hankel functions f fl, which, 
at large distance, corresponds to spherical waves travelling 
outwards. In the case of the transversal waves these will be 
heavily damped J. We introduce again an abbreviation 
analogous to (9): 

V?• • • ■ < 18 ) 


h n (x) 


2 Va- 

and have the solutions of (14) and 16): 

yfr 3 — 2CJt n (k*r)Pn(cos0), . 
n 4 = 2 D B A»(^ 4 r) P„(cos 0). . 


(19) 

( 20 ) 


* Log. cit. 

t Bee, for example, ‘ H. Bateman, ‘ Wave-Motion,’ Cambridge, p. 37 
<1915). 

1 See H. Lamb, ‘ Hydrodynamics,’ p. 586. 
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We will assume later that hl&o will be small compared 
with unity. Accordingly it will be useful to give the power 
development for the two first functions (9) and (18): 


IoW = 1- f + 


120 


T / \ * «* , 

li(^) “ 3 “ 30 + 840 " 


•••) 


and 




ho(x) = * ~ = ' +1“ |* + —» 


• • • (9') 

• • .(9"> 

. . .(18') 



The impinging plane wave has finally a velocity potential 

yfr e = = e-**™ 9 = 2 ( - t) n (2„+1)I» {k 3 r)V n (cos 6). 

... ( 21 ) 


The Surface Conditions. 

The normal pressure in the solid is given in Love's book *. 
We can introduce the velocity instead of the displacement 
by dividing through by 2mv. We find then 


\x 


^ w di ” + 


2/t, Bvr = M-2gi di 
2iriv "dr 2mv 



= 2mW P' { + /^ I + + 

B 1 


BVi 

B^ 

l B 


+ ^=~^sin^ 
Or r smo qo 


Bn s 


)} 




l/2^ + lJ_ B^B . 

r Br r’sinW Mn V Yl 


■ * ’^rninff'dd B# 

Here repeated use has been made of (4). 


)}• 


( 22 ) 


See Love, ‘ Elasticity,’ p. 284. 
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In the liquid the tensions are given in Lamb’s book on 
p. 602. To eliminate the pressnre p, we make use of the 
following formula:— 

— — _ I * 2 dp __ Aig i. 

” 2mv dt 2iriv p t dt 2mv lyv ’ 

It then turns out that the normal tension prr takes the same 
form as in the solid (22), with the exception already noted 
in (13') that 2mvpi takes the place of /*j. Accordingly 
we can write after the same transformations which were 
performed in (22) 

p„ = —2mvpi | + yjr e + ji 0 BtyH-ifc) 


+ 


1 1 d 


r^sin#^ 


sm 


a d(ir 2 +fe) 

d0 


dll d 

dr r sin 0^0 



. . . (23) 


The surface condition as to the normal pressures consists in 
putting (22) equal to (23). 

The tangential stress in the solid is expressed in terms of 


the displacement, instead of which we can introduce 


Then the tangential stress takes the form 


£i (dvr . d t’A 
2 mv \ d# dr r } 

_Pi_d [ d± i 
2‘mv'dff \ dr 


+ r 2 


d^±t 
dr r 2 


v 

2mv' 


= — 2 


lid 
rsin0d0 
d 


sm 


a dn 3 «d_ 1 drllsl 

d# d rr 2 dr J 


f r <L(±i) 

2nivd0\ d r\rj 
dr r V 


1 + 


jfc 8 V 


, i i d . a dn t \ 
r sin0d0 SU1 d0 J 
. . . (24) 


The same formula is valid for this liquid, except for the 
replacement of p.\ by 2mvpi. The surface condition then 
takes the form 
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Finally, we have the condition of equal radial velocity 


at i i a ■ ,an,_ a(t-i-t )_i i a . , 

Br rsin^dfi d# dr rsintfd# B0 

• • 

and equal tangential velocity 


Bn* 

B* 

(26) 


1 B , , 1 B l 
^ai?* 4 


. . . (27) 

We introduce now tlie development (10), (11), (19), (20), 
(21), make use o£ the differential equation of the zonal 
harmonics 

imtf^ sin ^5^ PM = ~ n(n+1 ) P "’ 

and eqnal the coefficients of each zonal harmonic. We find 
then, for the surface conditions, if a dash denotes differentia¬ 
tion in respect to the argument, 

+*•+«*£*£* 


+(-.)•(!»+l)[(l- 


Pi W A «S d k(V) 
p 2 k t * AnV dr r 

pi r d 


+ * fc £ wW ]. 


(23') 


+B I [l {rUk ‘ r) >-(»("+d - ^) Lw] 

= c -''*[ y r 3 ] 4D -[|:^(*‘ r » 


+ ( —* 
except for n*0. 


**»+« ’’zScT 1 )’ ■ 


(«■) 
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=i,CA'(V)-n(« + l)DA™ 

+ (—*)*( 2n+l)i,T,'(iir), . . . (26') 

=CA.(M-D„~[^„(^r)] 

+ (-0“(2n + l)I»(V), • • (27') 

except for n=0. In all these formulas there has to be sub¬ 
stituted r=Ro, the radius of the sphere. As the coefficients 
of the development (21) are all of the same order of magni¬ 
tude, while for AR 0 <^1 the relative order of magnitude of 
two consecutive functions I„ and I n+ j is proportional to 
the relative order of magnitude of two subsequent functions 

li n and h n+x is proportional to The statement made 

on p. 740 concerning the relative order of magnitude of 
consecutive coefficients can easily be verified, except in the 
case n=0 in relation to n= 1. 


The Coefficients of the Scattered Ware. 

In the evaluation of the equations (25') to (27') we shall 
limit ourselves for the sake of simplicity to small spheres so 
that PRo* will be neglected in comparison with unity. This 
means that for spheres of diameter 0*1 mm. radius and a 
frequency of 300 kilocycles (about 5 mm. wave-lengths) 
we make an error of about 1 per cent. An exception will be 
made for & 4 Ito> as this might not be small for high frequencies 
in water. On account of the complex character of k 4 we 
will keep 

1M. e !M. 

e -ihTio— e - Vs ® 0-1 Vs ® 0 


without making a Taylor development. We then find 
for n=0 


4V 




& t Ro 


=s —h 


+ 

C 0 * 


(i-ji?)- • • < 23 "> 
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Therefore 


Pj Vi . 4 V/. _ pj V\ 

.Wp, V 3V\ P, V/ 


Q 


Furthermore, we get for n=l 

Pi A 

Ps 


3 ' 


Pj V\ 

• • 


1 3 V\ 

pi v; 



( 28 ) 


r^^-jQ-ngw 

_ Ci* i\ oV 12 -i 

'wrT r wJ 

_ 12tP v-^ fi+^Ro i~| v\ 

W L VRc 2 3J A 3 V 1 5 V/’ 


V Pi A V^O* | V Pl p ] imi 

vS A 'T 5 - + vs 


(23"’; 


3D,£e _liA i 3D 3 

- ~ t*RT (1 + tW ” fi W) + 3l ^? L ’ 


* s O» 

W 


15 
(25'") 


-~2i AS. - 2t (1 + i* 4 R«) 

«_3 t i /I VRq 2 \ 
d A *\3 ~T0~)’ ' 


(26'") 


“ VS ?( 1 + ~V~ ) + {Tgj«“*‘ s "[l + *.%’] 

-3.*,R„(|-^). . . (27"') 


On the right-hand side of (23'") and (25"') we had to go 
to the next higher power in the development of h t , and on 
the left-hand side of (26") and (26'") to the next higher 
power in the development of Ij on account of ifc*R 0 * in the 
denominator, so that the resultant formulas will be accurate 
-within the limit stated on p. 749. 



a 8 %* 
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Subtracting (27"') from (26"') we find 

.WWi.. V«1. \ 

where higher powers in Mt 0 are necessary for the solution of 
(23'") and (25" / ). Introducing this equation into (23'") 
and (25'") leads to 

F AW Pl ,4 /*,* _ Pl *,«\1 4 t, B, /V _ M_ C, , 
Fj 3t Lp 2 5 W p 2 hVJ 15 k, t \V p 2 / * 2 % s A ’ 

. , . (23"") 

. h%(h s .Zpi\ _5 Cj 

*, 3t w p* V/ h 3c U 4 2 2 p 2 ; 2 VBo*- 

... (25"") 

These, when subtracted, give 

h El ?? £} — 3 _??_ _ 1 

k, 3c pi “ k, 3c p 2 k/Ro 3 ’ 

while the lowest order in (26'") can be written 

h Aj {,F 


9 _2 ti 1 __ i 

*2 3* '"i 2 3* _ 


This finally leads to the solution 

o,=w^f. 


(29) 


. (W) 

with an accuracy sufficient for the calculation of the scattered 
wave. This is then given by 


^i 


PsF 8 ,, 

?o, F s 3VFa Pikfle-**' 


kfRo 3 pi i 2 


4/V _P?FF 

W p, **v 


. BmP' e 
3 pi 


Pik - 2 

k. 


(i-j-lcosS. (30) 
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LXX. Propagation of Sound in Suspensions. 

Bp K. F. Heezfeld * * * § . 

Introduction. 

T HE development of the sonic interferometer by Hubbard 
and Loomis f has made possible a very precise measure¬ 
ment of the velocity oE sound in liquids, and this can be used 
to calculate with high accuracy the compressibility of liquids. 
The measurement of the compressibility of solids, on the 
other hand, which is of great importance for our knowledge 
of the molecular forces, needs quite an elaborate experi¬ 
mental equipment J. It would be oE great advantage if the 
same method (sonic interferometer with piezo-electric quartz 
as source) could be used. It was therefore thought possible 
to measure the velocity o£ sound in suspensions of small 
particles, the compressibility of which should be investigated, 
in a liquid for which the velocity of sound could be deter¬ 
mined separately. 

In fact, it had been observed previously that the pitch of 
a liquid column changes when a granular deposit is stirred 
up §, but no quantitative theory existed. In giving here 
the theory, we do not distinguish between adiabatic and 
isothermal compression. In solids the difference is small. 
Furthermore, we neglect any influence of a change in tem¬ 
perature which might occur in the suspension through 
conduction from the liquid which, compressed adiabatically, 
will undergo small periodic temperature changes. 

We will assume that the particles are small spheres, and 
we will treat them as isotropic solids, assuming that this will 
be a fair average of the effect of the random orientation of 
anisotropic particles. 

There are two methods to calculate the velocity of propa¬ 
gation as influenced by obstacles. We will first describe 
one which best gives the physical meaning, but is only 
suited for a first approximation, and then proceed with a 
method necessary for higher approximations, but less clear. 

* Communicated by tbe Author. 

f J. C. Hubbard and A. L. Loomis, Phil. Map. v. p. 1177 (1928); 
A. L. Loomis and J. C. Hubbard, Journ. Amer. Opt. Soc. xvii. p. 295 
(1928). 

1 See, for example, T. W. Richards, Carnegie Inst. Wash. No. 76, 
1907: E. Madelung und R. Fuchs, Ann. d. Pht/s. lxv. p. 289 (1921). 

§ Unpublished observation of J. C. Hubbard. 
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Calculation of the Velocity in Suspensions. 

First Approximation. 

The idea of this method is due to Lord Rayleigh *, and 
consists in the following:— 

If a plane wave (the primary wave) falls on a small object, 
this object will emit a scattered wave which, at large dis¬ 
tances, will die out. If we have now a layer of thickness dz 
containing N of the obstacles per cub. cm., and extending to 
infinity in a plane at right angles to the direction of propa¬ 
gation of the primary beam (^-direction), the scattered 
waves from all these obstacles will compound at a large 
distance from the layer to two plane waves of the same 
frequency as the primary wave, one going in the opposite 
direction (reflected wave from the layer), the other going 
in the same direction as the primary beam. The latter, 
together with the primary wave, will give a resultant wave, 
which will have a phase difference proportional to dz com¬ 
pared with the primary wave. This will amount to the same 
thing as if the primary wave had a different velocity of 
propagation in the layer dz. 

In the case of the first approximation, with which we are 
dealing now, we can describe the motion in the liquid by a 
velocity potential so that the velocity is given by 

t’= — grad \jr .(32) 

The primary wave will have a velocity potential equal to 

2iriv (t~£) 

1 .(33) 


We write now the velocity potential of the plane wave 
compounded from the scattered waves : 


yjt' 


= Atdze 



(34) 


We want the resultant wave, the velocity potential of which 
will be equal to ijr 0 -4-yfr', equivalent to a wave which has had 
a different velocity V in the layer dz, and which, therefore, 
has a velocity potential 


Sarir 

■^r—e 






V, 

V 



• Lord Ravleigh, Phil. Mag. (5) xlvii. p. 375 (1809); ‘Collected 
Papers,’ ir. p/397. See also K. F. Ilerzfeld, Zeit. f. Phys. xxiii. p. 341 
(1924).' 

Phil. Mag. S. 7. Vol. 9. No. 59. Suppl. May 1930. 3 D 





754 


Mr. K. F. Herzfeld on Ihe 


where \= ~ is the wave-length. 


From this it follows 



y ~2 tt 


. . (35) 


In our particular case the velocity potential of a wave 
scattered by a fluid sphere of density pi and compressibility 
Kj in a liquid of density p 3 and compre°«ibility K 2 is * (R 0 
radius of the sphere): 


We have to integrate this over an infinite surface in the 
xif plane. The first part of our expression gives directly a 
plane wave (containing z only in the form 2). The next 
member gives, besides a plane wave, additional terms with 
powers of z in the denominator, which therefore die out at 
great distances. If we introduce the abbreviation 


£ = N 


47rRo 3 

~~3 


which gives the fraction of space filled by the particles, we 
find then from equation (35) 


v-y*_ 

v 


ft /K,—K 2 
2\ K: 


+3 


01 ~P2 

/>2 + 2/£>l 



If we compare this with the result which we should get, in a 
uniform medium having a compressibility K s + £(Ki—K 2 ) 
and a uniform density pi+P(pi—pa), namely 


T 2 \ K 2 


Pi- 


— Ps\ 

P r 


(37') 


we see that the first member is identical, while the second 
ugrees only if the difference in density is small. 

In the preceding calculation we have used only the first 
member in the series which gives the scattered wave. 


(B \ 2 

compared with 


unity. In this case only the total volume /9 enters, not the 
yadius explicitly. We are going to use the same approxi¬ 
mation for solid spheres, and may hope that then the formula 
will be applicable also if the particles are not exactly 


* Lord Rayleigh, ‘Theory of Sound,’ 2nd ed, ii. p.284 (London, 1896). 
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spheres, as only the total volume of the suspended material 
matters. 

Furthermore, we have taken into account only uniform 
expansions of this sphere and motions of the sphere as 
a whole, but neglected all shearing and frictional effects. 
As explained in the preceding paper, we have to proceed in 
a different manner for a solid sphere. The introduction of 
(30) and (30') oE the preceding paper, instead of (36) into (35) 
then leads to the following formula for the propagation of a 
sound-wave through a suspension of solid spheres 


V*-V_ / 8fp s A,* 1 

V 2 Pl V 4 kf 

3* s 2 



• (38) 


Here, only the longitudinal waves have been taken into 
account, as the transversal waves in the liquid die out so 
rapidly that they do not contribute to the wave-front of the 
secondary wave at a great distance. The absorption of 
energy, for which they are responsible, is taken care of in 
the imaginary parts of the longitudinal waves, the amplitudes 
of which are influenced by the presence of the transversal 
waves in the surface condition. In formula (38) only the 
real parts of the amplitudes of the longitudinal waves have 


been 


taken in, and 



kf 

V 


have been neglected 


compared with unity. 

Furthermore, the mutual influence that the suspended 
particles have on each other has been neglected in the 
calculation for both liquid and solid suspension. One part 
of this influence could easily be taken into account* namely 
the influence of the reflected wave on preceding layers. 


V—V. . Y 3 —Y 2 

This would substitute for —y—- the expression - 8 

corresponding in optics to the change from n—1 to 


2v/ 

n*—1 


But we have, besides, to consider the analogy of the Lorenz- 
Lorentz force in optics, and to do this a more complicated 
method is necessary. 

IE we now introduce the values of V and Jcf from (2) and 
(2') t introduce the cubical compressibility of the solid 


kj + §/*!) 


* P. P. Ewald, Physica, iv. p. 284 (1924). 
3 D 2 



756 Mr. K. F. Herzfeld on the 


and finally substitute for its value (13), neglecting as 
before the imaginary part, the expression appearing in the 
bracket of (38) becomes 

Pik 1 _ \ 2 1 _ X 8 _ 

pjr 2*, 4 kj? \j + 2/X( 4 fa + 

3 V 3 Xj + 2fa 


and (38) takes the form 

y 8 -V_/9/K r 

V ~ 2 \ K 2 

which is identical with (37'). 


+ pl ' 


■Pi 


pa 


), . . (38') 


Eicald’s Method. 


Outline of the Method. 


To make the rather complicated calculation which will 
follow a little more clear, we give first an example of 
Ewald’s method * in the simplest case. Assume that we 
have a medium filled with N oscillators per cu. cm. These 
oscillators shall give a scattered wave of the simplest type 
(spherical symmetry,as in the case of an expanding sphere). 
We put the velocity potential of the scattered wave equal to 


• if the velocity potential of the primary wave has the ampli¬ 
tude fa In this formula k 0 means the “propagation 


constant” = where \ 2 is the wave-length in the empty 


medium (without oscillators). 

We now want to set up a state of motion in which the 
oscillators oscillate at a given frequency, and the phase of 
the oscillators proceeds in the form of a plane wave along 
the direction z. We call the propagation constant of this 


oscillator phase k= 


2tr 
X ’ 


where X would 


then he the wave¬ 


length of the oscillator phase, or the wave-length of the 
gross disturbance, or the quantity which we should measure 
as wave-length in the medium filled with oscillators. 


* P. P. Ewald, Thesis (Munich, 1912); Ann, d. Phys. xlix.pp. 1,117 
1916). See also a number of papers by L. Natanson in Bull. Acad. 
Sci. Crak. C. G. Darwin, Trans. Camb. Phil. Soc. xxiii. p. 137 (1924). 
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I! we are deep in the medium, the disturbance will be 
made up entirely from the mutual radiation of the oscil¬ 
lators, the primary beam having been lost in surface-layers. 
We kuow, therefore, on the one hand, that the disturbance 
is given by the plane wave which has, at the point z\ the 
velocity potential 

i _ i 2 jt«j 't—kz' 

Y=Yo e 

On the other hand, this must be made up by contributions 
from all oscillators, and therefore be equal to 

f=aNf 0 27r,1,t jir^'^Trr* dr dd 

%/ 

a u j i i'+—ik u r—ntreoa 9 
= 2v Kae 2 '”"-** J ——--2wr* dr dd 

(z=z' + r cos 6). 

This leads to the equation of dispersion 
. _ 4wNa 

defining the propagation constant k and therefore the 
velocity of the resultant wave in agreement with a direct 
calculation by the method mentioned before. 


The Exciting Field. 

To calculate the exciting field on the surface of one 
particle, we have to sum up the contributions of all other 
particles, which we assume uniformly distributed over the 
medium, substituting an integration for the summation. 
The task would be very simple if we could assume the other 
particles to be present everywhere (integration over the 
whole space). Instead, we have to consider that the centre 
of no other particle can be inside a sphere of radius 2R 0 
around the centre of the considered particle. Accordingly 
we have to subtract from the previous integral (which in 
optics is analogous to the electric field) the contributions 
which would come from particles contained in the sphere 
2R 0 (this corresponds in optics to the negative Lorentz- 
Lorenz force, leaving finally after subtraction the exciting 
force). 

In principle these will be contributions to the exciting 
.field from both the longitudinal and the transversal waves ; 
but here, to©, as in the preceding paper, we shall neglect the 
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contributions of the transversal waves. From wbat we have 
just explained, it can be seen that only waves coming from 
a distance farther than 2R 0 2 to the surface of the considered 
sphere (that means waves which will have travelled at least 
the distance R 0 ) will contribute to the exciting field. If we 
now assume that Ar 4 R 0 is large compared with unity, as it will 
be for high-frequency sound-waves in water, and particles 
not much smaller than O'Ol mm., the absorption of the 
transversal waves will be sufficient to make them negligible. 
Accordingly, the exciting field will be calculated from the 
longitudinal waves alone. 

We want first to show that ,it is possible to get the 
exciting velocity from an exciting potential yfr g . We call 
the place where we want to calculate the velocity x, y, z. the 
place of the particle acting as source if, y, f. If we have 
N particles per cm. 3 , the particles in f, dy, d£ give a 
velocity in x, y, z : 

d$dtid£e-K, 

as we have assumed that there is an “oscillator wave” 
proceeding through the medium proportional to e~ ,k ~, giving 
a corresponding phase-factor. In yjr t the argument is 

r = (y-y ) 2 + (z z W> cos 3 = —*■. 

T 

Therefore the resultant velocity is 

„ = . (39) 

= N | ^e~ , ^'>fr 2 d^dy d^. .... (40) 

We then divide yjr e into two parts, yfr e ' being calculated by 
integration over the whole space from which yfr e ", the 
contribution of a sphere of radius 2 Rq around the centre 
of the considered particle, has to be subtracted: 

..... (41) 

In the calculation of yjr e ' we introduce polar coordinates 
R, around the point of observation x, y, z. We write 

g—dfi, _ e —iif g —ik(Z—g) __ g—iktg—tk'RcotQ' 

Here we have made use of the fact that r=R, while 3 (the 
angle r makes with the 2 -axis measured in the place of the 
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particle) is w—0, where ® is i he angle r (or R) makes 
with the 2 -axis in the observation point. (40) then takes 
the form 

f/ = Ne~ d ' J 2v |J *-*««» e WdR sin@ dS. 

In this we introduce (19) and (21), make use of the well- 
known formulas 

| P„P m sin®d® = 0 n*£m, j P„ 2 sin 0 d® = 

and remember that 

P„(cos0) = (—l)”P„(cos©)- 


= Ne- <fe 2C H s»(M) 


We then find 
with * 

«.(*„ fc) = 47Tt“( * I M (AR)/« B (fc 2 R )ll*d U 

•0 


(41) 


= 2t rV I i W r 

^ JlAg 

—/'ti„ j-if j) J w+2(^i^) 

__ L_.»+!» * \ H+i = - -^L( k X 

v / 4 2 A- Ay'—A- 2 4 W A s Ay—A 2 U 2 / 

. . . (42) 

Here lim gd* - **)® has to be neglected, as is the case also in 

J| 

Ewald's work, as otherwise the particular form of the 
outward boundary would {day a r61e (give a diffraction 
pattern). Re-writing (41) we get finally for the first part 
of the exciting field 

. 3/3 kjc /Ay 

~ A 2 r B 0 3 A- 4 - Ay Ln U / 

x S(—t)“*(2»i + l)I m (AR)P m (cos 0). (43) 


* See, for example, P. Scliafheitlin, ‘ Theorie der Besselschen Funk- 
tionen,’ p. 68 (Leipzig, 1908). 
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The calculation of yfr," is much more complicated on account 
of the finiteness of the limits in the integral. If we call, 
as before, f, 17 , f the position of tlie source, x, y, z the point 
at which the potential has to be calculated, .i' 0 , y<>, so the 
centre of the sphere for the surface of which we want to 
calculate the exciting radiation, we have to introduce polar 
coordinates around this centre: 


K l =(£-*o)*+(*7-yo) 2 +(£-*o)*, 

Rcos© = f—,r 0 . 

The expressions r and 6, which appear in the formula (19) 
of yfr s , have, on the other hand, the meaning 

r* = (tf - f) s + (.y -»?) 2 + f) S , 

rcosd = %—z. 

Our task is then the evaluation of 

f ™" ( T I' 2 * f, ,M> ,i„ edeRVK 

=r' 3 Tf^1 2K ’ f' <-*«-'.) [(MM 

lir xv 0 Jo . 0 Jo 

+ C 1 A 1 (V)P/cos 6). ..] R* dE sin Sd& d4>. (44) 

As before, we restrict our calculations to members larger 
than FR 0 2 Accordingly we develop h 0 and the e power. 
Furthermore, we make use of the formula following from 
(180 and (IS") : 

/ tl (Ar) cos* = ?• A.(*r)*|j(-“ 


os ” ' d* 

Accordingly we can re-write (44) in the following manner : 
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In the evaluation of this integral we find integrals of 
the form 


l'2B„ r jt i2s- i 

l l 1 - R" cos" ©R 2 dR sin © d© d<t>. 

Jo Jo Jo r 

We remark that they represent the electrostatical potential 
at a point ayz inside of a sphere of radius 2 R 0 , in which 
there is a positive electric density distributed according to 
R* cos" ©. We therefore solve the Laplace equation 


AY — —•4wR* cos" © 


with the conditions of continuity of V and 


av 

br 


on the surface 
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of the sphere and a vanishing potential at infinity. We get 
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This leads then to the following potential (45) of the 
“ Lorentz-Lorenz force ” :— 
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In this formula the development has been extended jnst to 
the necessary limit. 


The Surface Conditions. 

The surface conditions are exactly the same as in the 
preceding paper, •with the one exception that the normal 
tension due to the exciting field has to he written 
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instead of (23), because ^/satisfies the equation A^r+P^=0 
and not &Tfr+ k s 3 yfr=0 . We then find for the member not 
depending on the angle 3 
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or 
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The elimination of A 0 leads to 



Similarly, we get for the factor of P,(cos©) in close 
analogy to eqnations (23"') to (27"') 
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For the solution we follow closely the procedure of the 
first paper. Subtracting (54) from (53), we get 
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Vfe introduce this into (51) and (52), and get then from 
(52) an equation identical with (25"”), while (51) leads to 
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Subtracting from this ( [25""), we find 
p 2 3 it ov J 

-sc 1 (i-f)-w£(^,-i)(cv-c 1 i), 

which, compared with the lowest order in (54), 

gives the final result 
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Subtracting this from (50), we have on the left side also 

^IV—Ci^> which can be cancelled out on both sides, 

leaving the expression for k 2 as a condition for the solubility 
of the surface conditions 


- it* 

1 Pi V 1 

Lp-v 

p 2 /t s —VJ 
. . . (56) 

V / 

i_pA 


pj 


( 1 _ 4 *£ } 

L? J p,*, 2 3_^ f 

1 -P \ Pi*,*V_* V ( 

(. X 3 £»* ) 


_£_ Ps-Pi / £ 

1 ^ P e ~ Pi P 2 Vic*— 


(p^r +1 > - < 57 > 


3 P2 

We solve this equation for 
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~U~~ " W ' 




Propagation of Sound in Suspensions. 767 

where V s is, as before, the velocity of propagation in the 
pure liquid, and Y the velocity in the suspension. We get 

V 2 2 -V 2 


V 8 


l 2 q Pi— P i \ V 3 p 2 ) 
3 Pi I 


,4V ' 

P*V 3 V 
Pi V i 4 V 
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or, taking into account the transformations which led 
to (38'), 
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Comparing this with (380, we see that (580 is identical 
with (380 if we keep only the lowest power of ft and take into 

account the fact mentioned on p. 755 that is approxi- 

v 

mately ^ - 'y 8 — for small values of V 2 —V. It is curious 

to note that for an equal density of sphere and liquid the 
only effect of taking into account the interaction of the 


particles is the replacement of 


Vo—V 


bv 


Vo 2 -V 2 


, being 


V 2V a 

due to the reflected wave from particles farther ahead 
(p. 755). 

On the other hand, if the compressibilities are equal, (58’) 
can be put into a form which is somewhat similar to the 

statement in optics that the refractivity 


n‘ 


n s +2 


is pro¬ 


portional to the density, namely into the form 

V 2 

§ py~Pi 
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V 8 

V 3 2 


V s 2 : 
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Pi 


This similarity is probably due to the fact that the optical 
wave as well as the acoustical waves • due to density 
differences can be derived from dipole sources. 
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If we transform equation (58') to give an evaluation of 
the compressibility, we find 

Pi~£i 

k x -k 2 v 8 2 -v 2 v, 2 ~JT 

K t - JiV* “Y‘^3 prft * 

3 Pi 

To sum up the accuracy, we have neglected ( . \ 2 

r J ” (wave-lengths/ 

compared with unity. By this restriction «e have accom¬ 
plished that only /S, which represents the fraction of the 
volume filled by the suspended particles, appears. It may be 
hoped, therefore, that our result will also be valid if the form 
of the particles deviates from spheres. Furthermore, if the 
particles are not isotropic, it seems probable that, due to 
the random orientation, they will act like particles of an 
isotropic solid with constants calculated according to Voigt*, 
who gave formulae for the behaviour of a microcrystalline 
substance built from anisotropic grains of random orientation. 

We have neglected the damping of the longitudinal waves 
in the liquid, and the contribution of the transversal waves to 
the exciting field, which is justified for water if the frequency 
is sufficiently high ; but otherwise we have not made any 
assumption about the smallness of $ (the amount of suspended 
material). Finally, we have neglected in the equations of 
motion of the viscous fluid squares of the velocities, which 
means we have assumed that the intensity is small, and we 
have simply spoken of compressibility without specifying the 
difference between isothermal and adiabatic compressibility. 
In a uniform medium the latter should be taken, but here we 
might have heat conduction from the liquid to the solid, and 
as the difference between the two compressibilities is small, 
this will not make any difference. 

Conclusion. 

Formulas for the velocity of sound in a suspension of 
small solid particles have been developed. These can be 
used to calculate the compressibility of the solid materials 
from measurements of the velocity of propagation. Such 
experiments have been started in this laboratory. 

Department of Physics, 

Johns Hopkins University, 

Baltimore, Md. 

* W. Voigt, Gott. Abh. xl. (1887) ; Wied. Ann. d. Plu/s, xxxviii. 
pp. 573 (1889). 
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LXXI. Investigation of the Cataphoresis of small Particles 
in Water. By Dorothy A. Newton, B.8c* 


Introduction. 


I N 1808, Reuss (1) observed the fact that when a porous 
diaphragm separates two parts of a liquid through 
which an electric current is flowing, the liquid flows 
through the membrane sometimes towards the anode, 
but more often towards the cathode. This phenomenon 
was termed electric endosmosis. In 1861, Quinke <2) 
observed the fact that air bubbles in water through which 
an electric current was passing moved towards the anode, 
acting as if negatively charged. The same effect has since 
been observed for liquids and solid drops in water. This 
motion is termed cataphoresis. 

Helmholtz <3) was the first to attempt to give a theo¬ 
retical explanation of endosmosis and cataphoresis. He 
showed that both could be explained, if it was assumed 
that there existed an electrical double layer at the boundary 
of the two substanes. In the case of endosmosis, it is 
assumed that the layer next to the diaphragm is fixed to 
the surface, but the layer within the liquid is free to move, 
so that when a P.D. is maintained between the liquid on 
the two sides of the diaphragm, the mobile part of the 
double layer moves through the pores, dragging with it, 
by viscous drag, the neighbouring liquid. In the case of 
cataphoresis, one layer resides in the surrounding liquid 
and the other on the surface of the particle, causing it to 
act as if it were charged when placed in an electric field. 
The velocity acquired by such a particle was calculated 
by Helmholtz, and is given by 

y _ s'pd 

~ V 


where 


k<rc 
4 irif 


x radial voltage in double layer, 


#=the electric field, 

p ^surface density of charge on the particle, 
d =distance between two layers of electricity. 


* Communicated by Prof. J. A. Crowther, M.A., Sc.D. Thesis pre¬ 
sented for the Degree of M.Sc. in the University of Reading. 
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i] =coefficient of viscosity of the liquid, 
k =specifie inductive capacity, 
a =specific resistance of liquid, 
c =current per unit area. 

According to this formula, V is directly proportional to 
the applied electric field. This has been verified experi¬ 
mentally for air bubbles in water by McTaggart <4) and 
for oil drops in water by Mooney <8> . Also, the velocity of 
the drop should be independent of its size. Alty (7> has 
shown that this is not true for bubbles of air in water. 
He finds that for large air bubbles of diameter 2 mm. the 
velocity is small and the bubbles move as if negatively 
electrified. This velocity steadily increases as the 
diameter decreases, until the latter is reduced to about 
-25 mm., near which size the velocity attains a maximum 
and remains fairly constant until the diameter is about 
-15 mm. For diameters less than this the velocity decreases 
steadily until the bubble disappears. Mooney found that 
for oil drops ranging in diameter from 05 x 10~ 3 cm. to 
4x10” 8 cm., in a field of 10 volts per cm. the velocity 
gradually decreases with the diameter. Hardy (6 ', em¬ 
ploying the U-tube method and working with a colloidal 
solution of globulin, found that his results were in agree¬ 
ment with Helmholtz’s theory over a wide range of 
diameters, but he states that when the diameters were so 
large as to give a milky coloration, the velocity falls off 
as the size increases. 

It thus appears that the theory holds for small colloidal 
particles, but is not adequate for microscopic particles. 

When observations are made on drops or bubbles in 
water in a closed cell, the observed velocity neglecting 
gravity, when an electric field is applied, is due to the 
cataphoretic velocity of the bubble together with the 
endosmotic velocity of the water. On Helmholtz’s theory 
the mobile part of the double layer at the walls of the cell 
moves when an electric field is applied, and as the cell is 
closed there must be a return flow along the axis of the 
tube. In a later part of the paper it is shown how the 
true cataphoretic velocity of a bubble may be determined. 
Both McTaggart and Alty have assumed in their work 
that the effect of endosmosis may be neglected except at a 
small distance from the wall of the cell, and have made 
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observations on bubbles on the axis of the cell and termed 
the observed velocity the cataphoretic velocity of the 
bubble. That their assumption is not correct is shown by 
results given later in this paper. To obtain the true value 
of the cataphoretic velocity, it would be necessary to 


Fig.l. 



subtract from their value the endosmotic velocity of the 
water on the axis of their tube. 

Apparatus. 

In the present investigation experiments were chiefly 
done on oil drops in water. The form of cell used is 
shown in fig. 1. It consists of a glass tube 20 cm. in length 

3 E 2 
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of internal diameter 0*7 cm. with a small piece of platinum 
carrying a platinum wire fused into one end to form the 
lower electrode. The upper electrode consists of a piece 
of platinum hearing a platinum wire passing through a 
rubber cork which fits closely into the upper end of the 
tube. To avoid distortion of the optical image of a bubble 
in the cell due to the curvature of the glass tube, a small 
hole (about 1 mm. in diameter) was bored in the tube at 
the centre, the glass ground flat at this place, and a small 
piece of cover-slip cemented on to the tube to act as a 
window. 

The cell was cemented into a brass tube about 18 cm. 
long, 1 cm. in diameter, fitted with two glass windows 


Fig. 2. 



diametrically opposite in the centre of the tube. The cell 
was so placed that its small cover-slip window was opposite 
one of the windows of the brass tube, as shown in fig. 1. 
The space between the tube and the glass cell was Sled 
with water to maintain a uniform temperature throughout 
the cell. The brass tube was supported in a cubical box, 
pierced with two holes, one in each of two opposite vertical 
sides. The tube was so placed that its windows faced 
these holes, so that light from a lamp passed through one 
to illuminate a bubble inside the cell, and the object-glass 
of a horizontal microscope placed in the other allowed the 
bubble to be viewed. A water cell interposed between the 
cell and the lamp absorbed the heat rays. 

All experiments were made in a dark room, the tempera* 
ture throughout being about 15° C. 
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To apply an electric field across the cell, the electrodes 
were connected through a reversing key and two resistance 
lamps to the 210-volt mains. 

Distances perpendicular to the axis of the microscope 
were measured by means of a scale in the eyepiece. Each 
division of the eyepiece scale corresponds to 2-4 xlO - * 
cm. Distances parallel to the axis of the microscope were 
measured by means of a graduated horizontal scale on the 
microscope. Time measurements were made with a stop 
watch which could be read to ^ sec. 

Theory. 

As has been stated in an earlier part of the paper, the 
observed velocity of a bubble or drop due to the electric 
field in liquid in such a cell as described above, neglecting 
effect of gravity, is composed of the true cataphoretic 
velocity of the drop together with the endosmotic velocity 
of the water in the neighbourhood of the drop. The water 
near the wall of the cell has a velocity parallel to the axis, 
due to the effect of endosmosis. As the cell is a closed one 
this causes a return flow in the central portion of the cell. 
At one point along the radius of the cell the water must be 
stationary, since the water at the axis of the cell is flowing 
in one direction and in the opposite direction at the wall. 
It can be shown that in these circumstances the velocity 
distribution across the cell will be parabolic, except near 
the ends of the cell. 

In fig. 3 let DPBE represent the velocity distribution 
across the cell. 

Let CD —v K , the velocity of the water at the walls, 

AB =v„ the velocity of the water at the centre, 

P be a point on the stationary layer, 

AP=p, 

r=radius of tube. 

Then, since the cell is closed and P the stationary layer, 
the volume DCP=volume PBA. 

Volume DCP= trr 3 v K — |{7rr*(tv-} t' c ) —irp 2 v e \. 

Volume PBA = £ir/> s r e . 

l 2 irp' i v c -='rrr 2 v K —^Trr 3 («* + Vc) + %Trp a v c , 
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Also, since the curve is parabolic, 

_ Ve_ 

r*~v K v c 

=£, using equation (i.). 
r 


Fig. 3. 



Thus the stationary layer is at a distance from the 
axis. v2 


The fact that the distribution of velocity across the tube 
is parabolic is. shown to be experimentally correct by 
velocity curves given in this paper. 

The observed velocity, therefore, of a drop at a distance 


T 

—I from the axis, where r is the radius of the cell, would 


Cataphoresis of small Particles in Water. 775 

be its true cataphoretic velocity, since the endosmotic 
velocity of the water at this point is nil. 

This fact was used in the present investigation to find 
the true cataphoretic velocity of oil drops in water. 

Experimental Determination of Cataphoretic Velocity 
of Oil Drops in Water. 

A mixture of distilled water and a few drops of paraffin 
oil (density -82, viscosity 033) was well shaken in a 
separating funnel and allowed to stand until the larger 
drops of oil had risen. The fine emulsion of oil drops in 
water at the bottom of the vessel was allowed to run into 
the glass cell, the rubber stopper carrying the upper 
electrode was placed in position, and the cell put into the 
wooden box in an upright position with its cover-slip 
window facing the microscope. The apparatus was left 
for a short while to come to a steady temperature. 

The microscope was moved by means of a screw until 
the front wall of the cell was in focus. The reading of the 
horizontal scale was noted. The microscope was then 
moved forward until a drop of a suitable diameter was 
sighted in the centre of the scale. Its velocity was timed 
with the electric field first in one direction and then in the 
other and the reading of the horizontal scale of the 
microscope noted. This was done for a number of drops 
across the tube. As Mooney (6> has shown that for oil 
drops in water the velocity is not independent of the size 
of the drop, throughout the experiments observations have 
been made only on drops of diameter equal to 1 division 
on the eyepiece scale, which equals 2-4 x 10" 3 cm. 

The observed velocity of the drop is due to the sum of 
the effects of gravity and the electric field. To find the 
effect of the electric field, let 

Vj,=velocity due to field, 

Vy =velocity due to gravity, 

Y v =observed velocity of bubble when field is in one 
direction, 

Yp =observed velocity of bubble when field is in other 
direction (all measured in the same sense). 

Then .(Ii.) 
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The velocity of the bubble due to the field was obtained 
by (ii.) from observations of V c and Y p . By this method 
the effect of slow convection currents which may occur in 
the liquid is eliminated. 

A curve was then plotted between Vf and the distance 
of the drop from the front inner wall of the tube. The 
true cataphoretic velocity of the drops of diameter "equal 
to 2-4 x 10“ 3 cm. may be read off from the curve—it is 
the velocity of a drop at the stationary layer, i. e. at a 

v *35 ^ 4 

distance —-- — —_ cm. from the centre of the tube. A 

\/2 V2 

typical curve obtained for oil drops in water of conductivity 
6 x 10 -6 ohm -1 cm. -1 is AB in fig 3. The cataphoretic 
velocity of a bubble is given by the value at A or B on the 
curve—the mean of these two readings is taken as the 
correct value. For the curve AB of fig. 3 it is seen to be 
3-17 x 10~ 3 em./sec. The field across the tube is 10 
volts/em. The cataphoretic velocity of drops in water of 
conductivity 6xl0~® ohm -1 cm.' 1 may therefore be 
expressed as 3-17 xl0~ 4 cm./sec./volt/cm. 

It will be seen from fig. 3 that curve AB is symmetrical 
about the axis, thus showing that the small cover-slip 
window has a negligible effect on the flow of water at a 
small distance from the walls. 

Every curve obtained was of the parabolic form of the 
curve represented in fig. 3, as is required by the theory 
of the cell given above. If, as McTaggart and Alty 
assumed, the effect of endosmosis may be neglected at a 
short distance from the walls, the observed velocity of 
bubbles of the same diameter at all positions across the 
tube, except near the walls, should be the same. This is 
obviously not the case, as may be seen from any of the 
velocity curves given in this paper. It must therefore be 
concluded that the assumption of McTaggart and Alty is 
incorrect, and that from their values of the observed 
velocity of the drops must be subtracted a constant 
depending on experimental conditions, to obtain the cata¬ 
phoretic velocity of the bubbles. 

If V F =the velocity of a drop at the stationary layer, 

V c =the observed velocity of a drop at the centre of 
the tube, 

V w =the observed velocity of a drop at the wall of 
the tube (all measured in the same sense). 
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then, from the theory of the cell, 

y 0 _V,=V,-V w . 

It was found on examination of the curves that this was 
true within the limits of experimental error. 

The value Vc—V F =endosmotic velocity of the water 
at the wall of the cell for the particular experiment. 
Hence the endosmotic velocity of the water under observa¬ 
tion may be found from the velocity curve. An attempt 
was made to obtain very small beads of the same glass as 
the wall of the tube to see if the endosmotic velocity in that 
case was equal and opposite to the cataphoretic velocity, 
as deduced from Helmholtz’s theory. The velocity under 
gravity of the smallest obtainable, however, was too great 
for any observations to be taken, so the comparison could 
not be made. 

Effect of introducing small Traces of Th(NO^i 
into the Water. 

Mooney made one or two observations on oil drops in 
very dilute salt solution, but no very definite results were 
obtained. It was therefore thought worth while to 
investigate further to see whether the addition of salt 
had the same effect on oil drops as McTaggart found it to 
have on air bubbles, i. e. of decreasing the charge to zero 
and ultimately reversing it. 

The conductivity of the water used in the present 
experiments was of the order of 6 x 10~ 6 ohm ~ l cm. -1 . A 
standard solution of 4 x 10 - 4 Normal was made up, and 
from it solutions of concentration 4 x 10' 4 N., 8 x 10" 5 N., 
4 x 10 -5 N., and 4 x 10~ 8 N. were obtained. Observations 
were made on the velocity of oil drops in each of the four 
solutions and in pure water, and velocity curves plotted as 
described above. A solution of salt greater than 4 x 10 - 4 N. 
causes the conductivity of the liquid to become so great 
that bubbles of gas are evolved at the electrodes almost 
immediately the field is applied, and consequently no 
observations could be made. The curves obtained for 
these solutions are given in fig. 3. The line XY represents 
the position of the stationary layer, and the velocity at 
that point is the cataphoretic velocity of the bubbles 
observed. Kg. 4 shows the relationship between the 
cataphoretic velocity and the concentration of salt. It 
will be seen from this curve that the drop behaves as an 
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uncharged particle when the salt concentration id 
3xlO-*N. 

Although the cataphoretic velocity towards the positive 
electrode decreases steadily until for 4 x 10” 4 N. it has a 
negative value, the endosmotic velocity as given by the 
difference between the observed velocity at the .centre of 
the tube and the stationary layer is a little irregular. 
This is possibly owing to the fact that the curves were not 
obtained in order, and thus all traces of the salt may not 


Fig. 4. 



have been removed from the walls after each experiment, 
but it is interesting to note that the addition of salt 
ultimately changes the direction of movement at the walls, 
i. e. the sign of the charge of the mobile part of the double 
layer, in the same way as the sign of the charge on the 
bubble is ultimately reversed. 

No satisfactory explanation has yet been put forward 
of the effect that small traces of salt have on the cata¬ 
phoretic velocity of the drops or bubbles. The phenomenon 
has been found to be true for colloidal solutions, air 
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babbles, and, by this present work, for oil drops in water. 
M is thought that in some manner the ions of the salt 
“"cover ” the ions in the double layer and so neutralize 
the effective charge on the drop. 

Effect of the Conductivity of the Water. 

The conductivity of the water used in the previous 
experiments was about 6 xlO -8 ohm -1 cm. -1 . To obtain 
purer water than this a still similar to the one described 
in a paper by Bourdillon in the * Journal of the Chemical 
Society,’ 1913, was used. The water was collected in a 
hard glass flask fitted with a rubber cork into which a soda- 
lime tube was fitted and a siphon tube, so that the water 
could easily be run out without removing the rubber 


Fig. 5. 



stopper. Observations were made on oil drops in this 
purer water, and the cataphoretic velocity of the drops 
obtained from the velocity curves as described above. 
Experiments were carried out with water of conductivity 
ranging from 1-3 x 10 -6 up to about 8 x 10 -8 ohm -1 cm. -1 . 
A curve was drawn connecting the cataphoretic velocity 
with the conductivity of the water, and is given in fig. 5. 
It will be seen that there is a definite maximum cata¬ 
phoretic velocity at a conductivity of 4 x 10 -8 ohm -1 cm. -1 , 
and that the velocity decreases more rapidly at first 
on the higher conductivity side, but at about 6xl0 -8 
becomes more or less constant at velocity of 3-17 xlO -8 
em./sec. On the lower conductivity side the velocity 
drops quite rapidly until at a conductivity of l-3xl0 -8 
ohm -1 cm. -1 it is 2-5 x 10~ 8 cm./sec. under § of its value 
at 4 x 10 -6 ohm -1 cm. -1 . 
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Alty (7) describes some experiments on air bubbles in 
water of different conductivities. He found that the 
bubbles had a smaller velocity in pure water, conductivity 
about 2 x 10"® ohm' 1 cm. -1 than in distilled water of 
higher conductivity, that the velocity rose to a maximum 
and fell off fairly quickly at first on the higher conductivity 
side. The value he gives of the conductivity water at 
maximum velocity, 8 x 10~* ohm" 1 cm." 1 , is decidedly 
higher than the one obtained in the present experiments. 
The two results, however, cannot easily be compared, as 
thes smallest air bubble used was 1 mm. in diameter and 
the cataphoretic velocity of a drop is not independent of 
its diameter. It does, however, seem to be quite evident 
in both experiments that the velocity rises to a definite 
maximum as the conductivity of the water is varied. 

It was hoped when this set of experiments were com¬ 
menced to obtain very pure water of conductivity about 
0-5x10"® ohm -1 cm. -1 . Bourdillon claims in his paper 
that, from the form of still described, water of conductivity 
as low as • 1 x 10" 6 ohm" ‘cm.' 1 could be obtained. Since 
Beading water is contaminated with chlorine, the boiler 
was filled with filtered rain-water. When, however, the 
conductivity of the water produced was introduced into 
the glass vessel and measured by a reflecting moving coil 
galvanometer, in no case was it less than 1 x 10"® ohm" 1 
cm.' *. It was therefore not possible to discover whether 
the drop in very pure water ultimately had no charge. 

Hardy (6> , working with colloidal solutions of globulin, 
found that the velocity was very much reduced in pure 
water, so that the results obtained in these experiments 
on oil drops in pure water agree with those obtained with 
air bubbles and some colloidal solutions. 


Effect of adding Alcohol to Water. 

To determine whether the addition of alcohol to the water 
affects the cataphoretic velocity of the drops, some 
experiments were made on oil drops in different mixtures 
of water and absolute alcohol. The conductivity of the 
water used was about 5 x 10"® ohm -1 cm.- 1 . Observations 
were made on oil drops in mixtures of 10 per cent., 20 per 

cent.,_100 per cent, alcohol, and the cataphoretic 

velocity of the drop obtained from the curves in the usual 
manner. A curve was then drawn connecting the cata- 
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phonetic velocity with the percentage of water in the 
liquid, and is given in fig. 6. It will be seen that the velocity 
steadily decreases as the percentage of water decreases, 
until, when the percentage of water equals about 48, 
the velocity is reduced to zero and remains zero for 
further reduction in the proportion of water. Velocity 
curves show that the endosmotic velocity of the water 
is also reduced in the same manner. 


Fipr. 6. 
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^ Percentage of alcohol in mixture 

To find if the conductivity of the mixture had any 
bearing on this effect, the conductivity for different 
mixtures as measured by the moving-coil galvanometer was 
plotted against the percentage of water, and the result is 
given in fig. 7. On comparing the two curves, fig. 6 and 
fig. 7, there does not appear to be any obvious connexion 
between the conductivity and the cataphoretic velocity; 
in fact, the conductivity is just rising to a maximum when 
the cataphoretic velocity falls to zero. 

By the theory developed by Helmholtz, embodied in 
ihe equation quoted in the first part of this paper, there 
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should be some relationship between the specific inductive 
capacity of the liquid and the cataphoretic velocity erf a 
drop in the liquid. To test this the values of the specific 
inductive capacity of different mixtures of alcohol and 
water were obtained from the ‘International Critical 
Tables,’ and a curve drawn relating to ratio 

cataphoretic velocit y of the drop 
specific inductive capacity 

to the percentage of water in the mixture. The result is 
given in fig. 8. From this curve the relationship is seen 
to be linear, and may be represented by 


Fig. 8. 



where a and b are constants. 

V =cataphoretic velocity of the bubble, 

K=specific inductive capacity of the mixture, 
x —percentage of water in the mixture. 

It is difficult to see just how the introduction of the 
alcohol into the water reduces the charge on the double 
layer to zero. As in the case of very pure water, we have 
the fact of the velocity being reduced to zero when there 
are still numbers of ions in the liquid. There is no 
indication of any reversal of the sign for further decrease 
in the percentage of water. The velocity remains nil, 
so that the effect does not appear to be similar to that 
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found when small traces of salt are introduced into the 
water, which was accounted for by supposing that the 
ions in the double layer were “ covered ” by ions of the 
opposite sign, and thus the charge is reduced to zero and 
ultimately reversed. 


Effect of other Substances in Water. 

Some very interesting results were obtained when 
experiments were made on substances in water other than 
paraffin oil. The following is a list of different substances 
on which observations were made :— 


Bakelite. 
Aluminium. 
Barium carbonate. 
Copper. 

Starch. 

Zinc oxide. 

Titanic acid. 


Oil of cloves. 
Oil of lavender. 
Soft wax. 
Beeswax. 
Calcspar. 

Resin. 


Where possible the substance was broken up under water 
to avoid the possibility of there being an air film around the 
small particles. In no case was it found that the cata- 
phoretic velocity was towards the negative electrode—all 
substances acted as if negatively charged. It appears 
from this set of experiments that for microscopic particles, 
at least, all suspensions in water act as if negatively 
charged. This is contrary to some results quoted in 
chapter vii. of Burton’s book on ‘ Physical Properties of 
Colloidal Solutions.’ This is probably due to the fact 
that in former experiments on cataphoresis the effect of 
endosmosis does not seem to have been considered. 

It was noticed, on inspecting the results, that the cata- 
phoretic velocity obtained for broken bits of substances 
was always very much less than that outlined for spheres. 
An attempt was therefore made to make observations on 
the same substance in spherical and in broken form. It 
was obviously not possible to do this with many substances 
since the diameter of the spheres to be experimented on 
should be of the order of 2- 4 x 10" 8 cm. To obtain spheres 
of this size it was necessary to experiment with a substance 
which melted at a temperature below 100° C., so that it 
could be shaken up with boiling water into very small 
drops and allowed to cool. It was found that by this 
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method very small spheres of spermaceti, stearin, nap* 
thalene, beeswax, resin, and soft wax could be obtained# 
Small bits of these substances were got by filing them under¬ 
water, and experiments were made on the spherical mi 
broken form of each in water of conductivity about 
4xl0 - ® ohm* 1 cm. -1 . The results are given in the 
following table:— 

Substance. Velocity in spherical form. Velocity in broken form. 


Spermaceti 3-78x 10- 4 cm./sec./volt/cm. 1-71 x 10- 4 cm./see./volt/em. 


Stearin ... 3*05xl(H 4 „ 

„ „ 2-19x10- 4 „ 

99 

»* 

Napthalene 3*78x10- 4 „ 

„ „ 2-3 Xl0- 4 „ 

99 


Beeswax... 3*9 xl0~ 4 „ 

» » o „ 

99 

»* 

Resin . 3*9 Xl0~ 4 „ 

„ „ 2-19 X10- 4 

99 


Glass. 

. 2-08 xlO- 4 

99 

99 


Soft wax... 3-9 X10- 4 cm./sec./volt/cm. 


From the above results it appears that the shape as 
well as the size of the particle have a bearing, in some 
manner, on the cataphoretic velocity, neither of which 
effects is allowed for in the Helmholtz theory. As may 
be seen, the velocity obtained for all spheres have about 
the same value, 3-9 x 10~ 4 cm./sec./volt/cm., the value 
obtained for oil drops in water of conductivity 4x10"® 
ohm -1 cm. -1 . The low result of stearin in spherical form 
may be accounted for by the fact that the spheres were 
not absolutely spherical, but tended to be rather of an 
elliptical shape. Except for beeswax, which apparently 
has no charge when in broken form, all broken particles 
have a velocity of about 2*2x10' 4 cm./ sec./volt./cm. 

It seems from this that the fundamental factor in 
determining the charge of the double layer on a drop or 
particle is the liquid surrounding it and the size and 
shape of the particle. The nature of the composition of 
the particle appears to have little bearing on the charge. 
Alty (7) , working on bubbles of different gases, found that 
the observed velocity was the same irrespective of the 
nature of the gas. If the composition of the drop has little 
or no effect on the charge, it would be expected that all 
particles should have the same sign of charge in the same 
liquid, as was found with all substances on which experi¬ 
ments were made. It thus appears, both from Alty’s 
results and those described here, that if the charge can be 
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explained by ions being adsorbed on the surface, it must 
be assumed that all the ions are contributed by the liquid 
surrounding the drop, and except for its shape and size, the 
nature of the drop is immaterial. 

Effect of X-Rays on small Oil Drops. 

A short lime ago some work was done in this laboratory 
to investigate the effect of X-rays on colloidal particles 
and it was thought worth while to extend the investigations 
to drops visible in a low-power microscope. The method 
first adopted was that of trying to keep an oil drop station¬ 
ary in water by means of the application of a suitable 
electric field; to pass X-rays from a Shearer tube through 
the liquid in the neighbourhood of the drop, and by 
measuring its velocity before and after exposure in a field 
of greater strength to discover the effect, if any, of the 
X-rays on the drop. It was found, owing to slow con¬ 
vection currents in the liquid, which could not be 
eliminated, that it was impossible to keep the drop 
stationary for any length of time, and since, owing to 
endosmotic velocity of the water, it was only possible to 
compare the velocity due to cataphoresis of a bubble at 
different times if the drop was in the same position, it was 
obvious that another method would have to be employed. 

The method finally adopted was that of X-raying the 
emulsion as a whole, and then finding the cataphoretic 
velocity of the drops by the method described earlier. 
A small, cylindrical, hard-glass dish was made to contain 
the emulsion to be exposed, of cross-section equal to that of 
the X-ray beam at a distance of about 1 cm. from the 
aluminium window in the X-ray tube. A little lead plate 
was made to hold it in position. The oil and water were 
shaken up as before and the glass vessel filled with the 
emulsion. A sample of the same emulsion was placed in 
another vessel to act as a standard. The X-ray tube was 
run for a considerable time, up to 2 hours. The current 
through the tube was kept at 3 milliamps., and the high 
potential was of the order of 60,000 volts. After the 
exposure the emulsion was poured into the long glass cell 
used in previous experiments, observations were made on 
drops across the tube, and the cataphoretic velocity ob¬ 
tained as before. The cell was then thoroughly washed 
out, the standard solution poured in, and the cataphoretic 
velocity obtained. 

Phil. Mag. S. 7. Vol. 9. No. 59. Suppl. May 1930. 3 F 
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Although four sets of experiments, as described above, 
were performed on oil drops in water, the times of exposure 
varying from 40 minutes, up to 2 hours, in no case was 
there any indication of the X-rays having had any per¬ 
manent effect on the drops. 

In the work done on colloids in this laboratory, it was 
found that X-rays had no effect on any of the negatively- 
charged particles tried. Oil drops in water act as if they 
were negatively charged. If, therefore, the charge on the 
small microscopic drop is of the same nature as the charge 
on particles in a colloidal solution, the results found in 
these experiments would appear to substantiate those 
obtained earlier. As has been observed earlier in the 
paper, no substance could be found which was positively 
charged in water; thus the positive results obtained with 
X-rays on colloids could not be tested for oil drops. The 
method used here could only detect a permanent effect on 
the particles, and therefore it is uncertain whether or not 
the X-rays have a temporary effect on the drops on which 
experiments were made. 

Summary. 

The chief results of this work are summarized below :— 

(i.) Small traces of Th(NO s ) 4 in water reduce the charge 
on an oil drop and eventually reverse it. Using water of 
conductivity 6 x 10" 6 ohm -1 cm.' 1 , a concentration of 
3 x 10“ 8 N. reduces the charge to nil. 

(ii.) The cataphoretic velocity of an oil drop rises to a 
maximum of 3-9 xlO' 4 cm./sec./volt/cm. for water of 
conductivity 4 x 10“ s ohm -1 cm. -1 . In purer water the 
velocity is much less, falling to 2-6 x 10' 4 cm./sec./volt/cm. 
for water of conductivity 1-3 xlO -4 ohm -1 cm. -1 

(iii.) Addition of alcohol to the water causes the velocity 
to be reduced to zero when 47 per cent, of the mixture is 
water. 

(iv.) The velocity (V) is shown to be related to the 
specific inductive capacity (K) for mixtures of alcohol and 
water by the equation V =K (ax —b), where a and b are 
constants and * the percentage of water in the liquid. 

(v.) All substances tried act as if negatively charged in 
water. 

(vi.) Spherical drops have a much higher cataphoretic 
velocity than broken bits of the same substance. 
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(vii.) Solid and liquid spherical drops of all substances 
tried hare a velocity of 3-9 xlO~ 4 cm./sec./volt/cm. in 
water of 4xl0" 6 ohm -1 cm. =1 conductivity. 

(viii.) X-rays have no permanent effect on the charge of 
oil drops in water. 


(1) Reuss (Wiedemann’s Electricitat). 

(2) Quinke, Pogg. Ann. cxiii p. 613 (1861). 

(3) Helmholtz, Ann. der Phys. vii. p. 337 (1879). 

(4) McTaggart, Phil. Mag. xxvii. (1914). 

(6) Mooney, Physical Review, xxiii. (1924). 

(6) Hardy, Journal of Physiology, xxxiii. (1906). 

(7) Altv, Proc. Roy. Soc. A, cvi. (1924). 

(8) McTaggart, Phil. Mag. xxviii: (1914). 
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Professor Crowther and Dr. Bond for the great interest 
they have shown and the help given in the progress of this 
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LXXU. The Quantum Theory of X-Ray Exposures on 
Photographic Emulsions *. By L. Silberstein and A. P. 
H. Trivelli f. 

[Plate X. ] 

Introduction. 

I N 1922 L. Silberstein (1) proposed the quantum theory of 
light exposure on photographic emulsions, based on 
the assumption that every grain becomes developable with 
every absorbed light quantum. An analogous case is that 
of a-particles. Kinoshita f2> , and still more conclusively 
Th. Svedberg 13 ', have shown that every a-particle hitting 
a silver halide grain of a photographic emulsion makes it 
developable. The sensitivity of the grain is, therefore, 
determined by its projective area, and the probability 

* Communication No. 409 from the Kodak Research Laboratories, 
t Communicated bv the Authors. 
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that a grain (in a one-grain layer) will be made developable 
by exposure to a-particles is given by the equation : 

p = l—e~ na 

where a=the projective area of the grain and %=the 
number of a-particles per unit-area of plate. The only 
difference from Silberstein’s quantum theory in its simplest 
form was that the a-particle was replaced by the light 
dart, light being regarded as discrete in nature, and every 
light dart containing one quantum of energy. When 
using a great range of sizes of large clumps of grains the 
experimental investigations of A. P. H. Trivelli and 
F. L. Righter (4) were, in the beginning, in good agreement 
with the results of the quantum theory. 

Independently of this theory a chemical theory of 
sensitivity had developed, founded by J. M. Eder <5) and 
supported by Luppo-Cramer (6) , Th. Svedberg (7) , and F. F. 
Renwick (8) . According to this, statistical variation of 
sensitivity is inherent, i. e., exists previously to exposure 
to light. It was supposed to be caused by specks or 
nuclei of a substance other than silver bromide. This 
substance was provisionally termed the photocatalyst. 

In 1909 Luppo-Cramer <8) showed that chromic acid could 
desensitize photographic emulsions, and suggested that it 
was due to destruction of ripening nuclei. In a letter to 
the 1 British Journal of Photography’ (9) it was suggested 
by S. E. Sheppard that certain specific desensitizing 
experiments might afford a means of distinguishing a 
pure quantum action from the sensitivity nucleus theory. 
The investigations of E. P. Wightman, A. P. H. Trivelli, 
and S. E. Sheppard (10) on the distribution of sensitivity 
and size of grain in photographic emulsions show that the 
action of a desensitizer, such as chromic acid, must be due 
to the destruction of pre-existing specks or nuclei, which 
are not silver halide, confirming Liippo-Cramer’s investi¬ 
gations. W. Clark (11) and F. C. Toy (12) confirmed the 
results obtained and added new evidence, so that there 
was no doubt of the existence of a sensitivity-promo ting 
substance other than silver bromide distributed in specks 
among the grains. Strong evidence has been advanced 
by S. E. Sheppard <13) that these sensitivity centres or sensi¬ 
tizing specks contain silver sulphide. In the meantime 
it was shown by L. A. Jones and A. L. Schoen <14) that in 
the experiments of A. P. H. Trivelli and F. L. Righter, 
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which L. Silberstein used to test his equation, the number 
of quanta incident at A 470 m p. was about 4*7 x 10 12 per 
cm. 8 . This means that only a small fraction of the grain 
area—between 0-00001 and 0-0001—could be regarded as 
sensitive, if the premise is to be maintained that a grain is 
made developable when hit by a single light dart, absorbing 
one quantum. This opinion and new sets of experimental 
data led L. Silberstein (18) to modify the original formula. 
The simplest modification consists in replacing the 
exponent na by nsa, in which s=the fraction of the area 
of a silver halide grain which is vulnerable, i. e., ready to 
become developable on being hit by a light dart. It was 
considered by L. Silberstein that the main results would 
not be greatly altered if the simple assumption is replaced 
by a more general one. According to this, let the sensitive 
part of the area of a grain, instead of being in a lump, 
consist of a number of separate vulnerable or sensitive 
spots, each of area &>, and distributed haphazardly among 
the individual grains (each of area a). The necessary and 
sufficient condition for a grain to be made developable will 
now be that at least one of its spots should be hit by at 
least one fight dart of sufficiently short wave-length. 

This theory appeared to represent, roughly at least, the 
observed facts. The discrepancies between the theo¬ 
retical results and the experimental findings, viz., the 
number of grains of a given size made developable by a 
given exposure, at that time seemed rather irregular and 
not seriously exceeding the limits of experimental error. 
But after a more detailed scrutiny the deviations of the 
theory from the experiment turned out to be distinctly 
systematic, andF. C. Toy’s criticism* 16 ' was found to be 
materially correct by S. E. Sheppard, A. P. H. Trivelfi, 
and R. P. Loveland* 17 ’. Finally, L. Silberstein< 18) showed 
mathematically that there is no possible form of the 
distribution function /(s) which would give a faithful 
representation of the experimental findings obtained, with 
precision, in these laboratories with the grains of a slow 
process emulsion. 

Evidence for a Quantum Theory of X-Ray Exposures. 

Th. Svedberg, O. H. Schunk, and H. Anderson* 18 ' had 
suggested that developable nuclei were formed only when 
light quanta of sufficient energy struck the grain and were 
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absorbed within a certain minimum area. On the basis 
of Zsigmondy’s (20) investigations about the deposition of 
gold on colloidal gold particles H. J. Vogler and W. Clark (21) 
estimated that about 300 silver atoms are necessary to 
form a developable centre. 

W. Nemst and W. Noddack <22) have given evidence that 
the impact of one a-particle in a grain produces about 
50,000 free silver atoms ; while for one quantum of blue- 
violet light (436-365 m/u. wave-length) not more than one 
atom of silver is set free. W. Meidinger (23) found that 
among certain emulsions the great differences in photo¬ 
graphic sensitivity for white light were much less for 
a-particles. He also showed that the sensitizing and 
desensitizing for light by alkali and acid treatment 
respectively, which he obtained on certain emulsions, were 
absent on exposures to a-particles. He suggested, further, 
that similar relations might be obtained for X-rays as 
being intermediate in energy concentration between light 
and a-partieles. 

That the X-ray latent image is quite different from the 
latent image produced by visible radiation was mentioned 
in 1908 by Liippo-Cramer (24 '. In their studies on 
sensitivity S. E. Sheppard and A. P. H. Trivelli (25) have 
tested in two ways the ratio of quantum energy to sensi¬ 
tivity. First, a photographic emulsion was prepared 
with a relatively inert gelatin and also with gelatin 
sensitized with allyl thio-urea, the grain size distribution 
being the same in the two cases. Sensitometrie com¬ 
parisons were made with these two emulsions both for 
white light and for X-rays. The speed values for white 
light were, respectively, 30 H. and D. and 470 H. and D. 
There was little difference in the relative speeds (computed 
similarly from the inertias) of the emulsions when exposed 
to X-rays. The experiment indicates that no such sensi¬ 
tizing for X-rays is obtained by formation of nuclei 
containing silver sulphide as is obtainable for white light. 
Secondly, the same effect was found with the chromic 
acid treatment. There was a pronounced desensitizing 
effect for blue light, and this was practically negligible for 
X-rays. 'The quantum energies applied at a selected 
mean wave-length were: 

Blue light at about 4000 A.U.: hv= 4-92 x 10~ u , 
X-rayB at 0-275 A.U.: ftv=7-16 xlO -8 . 
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W. Nemst and W. Noddack' 28 ’ computed that an X-ray 
quantum of about 0-5 A.U. liberates about 1000 silver 
atoms in a silver halide grain. This is much more than is 
necessary to produce developability. The Compton effect 
is regarded as strong evidence for the discrete structure 
of X-ray radiation. If, therefore, every absorbed X-ray 
quantum produces a centre of developability independent 
of the sensitivity specks for the blue-violet exposure, the 
original simple form of Silberstein’s quantum theory of 
exposure should hold for X-rays. The experimental 
investigation of this conclusion was supported by two 
other considerations. 

In 1915 Luppo-Cramer 27) discovered evidence of an 
intensification of the latent image by hydrogen peroxide. 
It was found by E. P. Wightman, A. P. H. Trivelli, and 
S. E. Sheppard' 28 ', in the course of a study of the action 
of hydrogen peroxide on photographic plates on which 
the silver halide grains were spread in a single layer, that 
the number of developed grains in unit-area affected by 
light followed by hydrogen peroxide treatment was 
greater than the sum of those developed in unit area which 
were acted on separately by light and hydrogen peroxide. 

This work was followed by an extensive investigation 
of the phenomenon by E. P. Wightman and R. E. Quirk' 29 ', 
and W. C. Bray and R. S. Livingston' 30 ' showed that 
hydrogen peroxide reacts with bromide and hydrogen ions 
to give bromine and water ; the bromine can react with 
more peroxide to give again bromide and hydrogen ions 
and oxygen. Luppo-Cramer' 31 ' had discovered that dilute 
bromine solution causes latent fog on a photographic 
plate. E. P. Wightman' 32 ' found that three minutes’ 
treatment with bromine water, 1: 200,000, caused not only 
slight latent fog but also a fair intensification of the 
latent image. 

All photographic emulsions contain more or less free 
potassium bromide which gives bromine with hydrogen 
peroxide. K. C. D. Hickman' 33 ’ obtained evidence that 
while in bulk bromine reacts with the silver sulphide of the 
sensitizing speck to give silver bromide, sulphuric acid, 
and hydrobromic acid ; on the other hand, when formed 
in limited quantity by the photochemical decomposition 
of silver bromide grains, as in a photographic exposure, it 
may react with silver sulphide in such a way as to give rise 
to metallic silver instead of silver bromide, and, possibly 
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in greater proportion than one silver atom for each silver 
halide pair decomposed. Silver is presumed to be more 
effective than its equivalent of silver sulphide in producing 
developability. It was shown by R. H. Lambert and 
E. P. Wightman <34) that Hickman’s hypothesis was 
thermodynamically plausible. 

It is obvious that if the X-ray latent image is a pure 
silver speck of about 1000 to 2000 silver atoms, there is 
no possibility of an intensification of the X-ray latent 
image by hydrogen peroxide, provided the given reaction 
holds. E. P. Wightman and R. F. Quirk* 351 were able to 
show experimentally with an Eastman speedway and 
with an Eastman process-plate that this prediction was 
correct. 

The other consideration was a plausible explanation of 
the Luther-Uschkoff phenomenon. In 1903 R. Luther 
and W. A. Uschkoff (S6) discovered that the latent image of 
X-rays on photographic plates can be made visible by 
exposing the plate to daylight if the previous X-ray 
exposure is sufficient, but still kept below the limits of 
directly detectable visibility. This phenomenon is ex¬ 
plicable by the combination of the concentration speck 
theory and the quantum theory of X-ray exposure. 

The concentration speck theory, as modified by 
Trivelli (37) , regards the sensitivity speck on the silver 
halide grains as an amicroscopieal Becquerel cell of the 
structure 

Ag J Ag Hal | Ag 2 S. 

B. H. Carroll and D. Hubbard (38) have shown that, in 
addition to silver sulphide in colloidal state, colloidal silver 
may act as a sensitivity speck. It is well known that 
silver against silver in an electrolyte may show a potential 
difference if the constitution of both silver electrodes is 
different. For instance, two pieces from the same silver 
wire show a potential difference if one of these pieces is 
bent and the other left straight. The strain in one of the 
silver electrodes is sufficient to produce a potential 
difference. It is, therefore, quite possible that colloidal 
silver particles introduced on the surface of the silver 
halide grain with the photochemical liberated silver form 
Becquerel cells of the structure 

coll. Ag | Ag Hal | photochem. Ag. 

Instead of colloidal silver it may also be a silver speck 
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formed by an absorbed X-ray quantum, which, after a 
short induction period, may form a Becquerel cell of the 
structure 

X-ray Ag | Ag Hal | daylight Ag. 

It cannot be expected that these cells will produce the 
same powerful concentration action as a silver sulphide 
electrode will, because the potential difference between the 
electrodes will be much smaller. After the exhaustion 
of the concentration action of these specks they act as 
weak spots in the crystal lattice of the silver halide, and 
continue to grow slowly by prolonged daylight exposure. 

We may, therefore, in all probability regard the 
Luther-UschkofE effect as the result of an introduction of 
new sensitivity centres for daylight exposure on the silver 
halide crystals of a photographic emulsion by the absorbed 
X-ray quanta. 

All these considerations together led to a renewed 
investigation of the quantum theory of X-ray exposure 
on photographic emulsions. 

Experimental Details. 

The experimental test of the quantum-theory formula 
requires an investigation of both factors (n and a) of the 
exponent. For the choice of a suitable photographic 
emulsion it must be determined which factor is more 
important—the exposure or the size of the projective 
area of the grain. For one-grain-layer plates the range 
of available exposures is very small for X-rays. With 
fully developed grains X-ray exposures very soon reach 
high contrast values. We used a pure silver bromide 
emulsion, for reasons to be discussed later, with a wide 
range of different grain sizes. The size-frequency curve 
of this emulsion is given in PI. X. fig. 1. The classi¬ 
fication of the larger grains becomes less reliable with 
the applied rule method (39) . The largest grains beyond 
class 20, therefore, were omitted from the investigation. 
The classes were 

Class 1 —0* 1—0'3 y?, 

„ 2=0-3-0-6 ft 2 , 

„ 3=0-6-0-9^, 


Class 20—5-8-6-0 y?, 
giving a sufficient range for testing. 
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Prom this emulsion one-grain-layer plates were made 
Mid exposed to X-rays from a water-cooled Coolidge tube 
running at 85,000 volts, at a distance of 80 cm. between the 
target of the tube and the photographic plate. The ex¬ 
posures were made in strips on the plate in powers of 2 
ratio and the time of every exposure regulated by hand, 
which makes n less reliable. After exposure the plates 
were developed for seven minutes in the following 
developer (4 times diluted): 

Hydroquinone.5*5 grams. 

Sodium sulphite (anhydr.) . . . 50-0 ,, 

Sodium carbonate.50-0 „ 

Potassium bromide.0-02 „ 

Water . . . . .to 1 litre. 

As shown in PI. X. fig. 2, where a photomicrograph of 
one of the exposures at a magnification of 2500x is repro¬ 
duced, this developer develops pure silver bromide grains 
of the same shape and size as the original grain. This 
simplified the method of investigation considerably. In 
previous investigations we had used a method first applied 
by Th. Svedberg <40) , in which the original grains on a 
one-grain-layer plate were first counted and classified. 
Then a plate coated similarly was used for exposure and 
development; the developed grains were removed by 
chromic acid and sulphuric acid, and the remaining grains 
were counted and classified. If narrow classes of grains 
were required this procedure had to be repeated several 
times and the results averaged.. 

The development of pure silver bromide emulsions with 
a hydroquinone developer greatly simplifies this method. 
We are able to determine immediately, on one spot, which 
grains were affected and which remained intact. One 
plate is insufficient, and this eliminates development 
deviations and differences in the distribution of grains on 
the different plates. 

In the photomicrograph PI. X. fig. 1, which shows only 
undeveloped grains, there are a few black grains among the 
undeveloped grains. This is due to their thickness, and a 
distinction between these grains and the developed grains 
can be detected very easily on the negatives. They show 
an internal structure and are not entirely black. 







on the Quantum Theory of X-Ray Exposures. 795 

Three different exposures were investigated. The 
second exposure was twice as great as the first, and the 
third was twice as great as the second. For every exposure 
300 fields at a magnification of 10,000 x were used. From 
a series of ten different exposures these three were micro¬ 
scopically the only useful fields. One of these fields was 
omitted because of the erratic results, which we believe 
to be caused by the influence of some contamination 
(occurring during the setting) of the gelatin of the one- 
grain-layer plate on a spot of that exposure region. 

Treatment of Data. 

If the probability p of a grain of size a being affected by 
the exposure n is 

■p—l — e~ na , 

then the number k of grains actually affected out of a total 
of N grains, all of size a, is 

&=N P ±N (P.D.), 

where (P.D.), the probable deviation, is given by 
(P.D.) = 0-477 V / 2 ^-^ . 

Unless the deviation from the calculated data is more than 
2*5 or 3 times greater than (P.D.) the agreement can be 
considered fairly satisfactory. All observed data falling 
within the limits of the probable deviation can be regarded 
as being in perfect agreement with the theoretical values. 

For the determination of the calculated data we use, 
instead of the size a of the grain, the average size a of 
the class of grains—that is to say, neglecting the small 
correction for the finite width of the classes *, we put 

p — 1 

This gives 

log (l — p) = - n«, 
log (1 — p) = — Mnff, 

————— = Mn= constant=C 
a 

(i. e., constant within an exposure step), where M=0*4343. 

* Formulated in a previous paper. 



796 Dr. L. Silberstein and Mr. A. P. fl. Trivelli 


Discussion of Data. 
It was found as an average for 

Step 4: C^O'0427,* 
„ 3: C s =0*0832. 

Table I. 

Step 4. 
C 4 =0*0422. 


Class. 

d. 

N. 

100 R 

obs. 

h 

1«° N 
calc. 

100 

100 A. 

A 

n 

(P.D.). 

(P.D.)' 


1 . 

0-23 

4182 

0*7 

2*2 

0*6 

1*5 

2*5 

0*014 

2 . 

0*45 

3295 

3 3 

4*3 

1*3 

1*0 

0*8 

•032 

3 . 

0*75 

1821 

5*0 

7*0 

1*8 

2*0 

1*1 

*030 

4 . 

1*05 

1014 

11*2 

9*7 

1*9 

-1*5 

0*8 

•049 

5 . 

1*35 

688 

17*3 

12*3 

2*0 

-5*0 

2*5 

•061 

6 . 

1*65 

532 

15*7 

14-7 

2*6 

-0*4 

03 

— 

7 . 

1*95 

482 

19*5 

17*3 

2*6 

-2*2 

0*8 

*048 

8 . 

2*25 

408 

16-7 

19*7 

3*2 

2*9 

0*9 

— 

9 . 

2*55 

350 

22*0 

21*9 

3*2 

-0*1 

0*03 

*042 

10 . 

2*85 

292 

23*1 

24-2 

3*5 

1*1 

0*3 

*040 

11 . 

3*15 

252 

18-9 

26*4 

4*2 

7*5 

1*8 

— 

12 . 

3*45 

229 

22*3 

28*5 

4 3 

6*2 

1*4 

•032 

13 ... 

3*75 

185 

23 2 

30*5 

4*7 

7*3 

1*6 

*031 

14 . 

4*05 

180 

20*0 

32 5 

5*2 

3 3 

2*4 

— 

15 . 

4*35 

166 

30*8 

34 5 

4*5 

6*3 

1*4 

*037 

16 . 

4*65 

159 

30*8 

36*4 

4*6 

5*5 

1*2 

*034 

17 . 

4*95 

123 

41*3 

38*2 

4*6 

- 3*1 

0*7 

•047 

18 . 

5*25 

128 

44*7 

39*9 

4*4 

- 4*8 

1*1 

•049 

19 . 

5*55 

107 

45*8 

41*7 

4*7 

- 4*1 

0*9 

•048 

20 . 

5*85 

si 

55*6 

43*4 

5*0 

-12*2 

2*4 

*060 


This ratio of C 4 to C 8 represents fairly well the ratio 1:2 
as it should be according to the given exposure times. We 
choose for the calculation of the p-values the average of 
C 4 and |0 # . Thus we take C 4 =0*0422 and C 8 =0-0844. 

In Table I. are given the observed and the calculated 
values for step 4. Delta represents the difference between 


these values, and 


(P.D.) 


expresses how far we may rely on 
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tiie results of the comparison as a support of the theo¬ 
retical considerations. ^ 

In fig. 1 are plotted the observed and calculated — data 

for step 4, "with the calculated probable deviations repre¬ 
sented by vertical strokes. We see that from the twenty 
data fourteen observations are in perfect agreement with 
the theoretical requirements ; two observations are fairly 
well represented, and four observations show deviations 
2'4-2*5 times greater than the probable deviations, and 
are thus still fairly satisfactory. 


Fig. 1. 



In Table II. are given the observed and the calculated 


k 

N 


data of step 3. 


In fig. 2 are plotted these data, with the 


probable deviations. We. see that from the. twenty 
observations ten are in perfect agreement with the theo¬ 
retical requirements, six observations are fairly satisfac¬ 
tory, three observations have deviations which are 2-3, 
2*4, and 2-6 times larger than the probable deviation, 
which means that they are still satisfactory, while only one 
observation is far off the theoretical value. 

This agreement between theory and experiment seems 
close enough to enable us to assert that the quantum 
theory of X-ray exposures on photographic plates holds. 
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The Distribution of the Latent Image . 

There are many evidences for the assumption that the 
latent image produced by visible light on photographic 
emulsions lies practically on the surface of the silver 
halide grains (tt) . 

On the other hand, the absorption of X-rays in a silver 
bromide crystal of a photographic emulsion is negligible. 

Table II. 

Step 3. 

C,=0-0844. 


Class. 

d. 

N. 

k 

100 N 
obs. 

iooi 

calc. 

100 

(P.D.). 

100 A. 

A 

<p-D-r 

c. 

1 . 

0*23 

3379 

4*4 

4*4 

11 

0*0 

0*0 

0*084 

2 . 

0*45 

2621 

7*3 

8*4 

1*3 

1*1 

0*8 

•074 

3 . 

0-75 

1651 

11*8 

13*6 

1*7 

1*8 

M 

*073 

4 . 

105 

1036 

17*8 

18*4 

1*9 

0*6 

0 3 

-081 

5 . 

1*35 

612 

21*9 

23*1 

2*5 

1*2 

0*5 

•079 

6 . 

1-65 

512 

25 5 

27*4 

2*6 

1*9 

0*7 

•077 

7 . 

1-95 

428 

26-7 

31*5 

2-9 

4*8 

1*7 

•069 

8 . 

2 25 

402 

32*3 

35 4 

2*8 

3 1 

1*1 

•075 

9 . 

2*55 

291 

36*2 

39*1 

3 2 

2*9 

0*9 

•077 

10 . 

2*85 

266 

33*7 

42*5 

3*5 

8*8 

2*5 

— 

11 . 

3*15 

252 

42*7 

45*8 

3 2 

3*1 

1*0 

•077 

12 . 

3 45 

221 

42*0 

48*8 

3 5 

6*8 

1*9 

•069 

13 . 

3*75 

201 

48*4 

51 *7 

3 4 

3*3 

1*0 

•077 

14 . 

4*05 

137 

61 *3 

54*5 

3*7 

6*8 

1*8 

*102 

15 ......... 

4*35 

164 

58*4 

57*1 

34 

1*3 

0*4 

*087 

16 . 

4*65 

143 

64*8 

59*5 

3*4 

5 3 

1*6 

*098 

17 . 

4*95 

139 

66*9 

61*8 

34 

5*1 

1*5 

*097 

18 . 

5*25 

122 

82*8 

63*9 

3*2 

18*9 

5*9 

— 

19 . 

5*55 

95 

74*7 

66*0 

3*8 

8*7 

2*3 

*107 

20 . 

5*85 

81 

76*5 

67*9 

4*0 

9*5 

2 4 

•108 


on an ordinary photographic film more than 90 per cent 
of the incident X-ray energy penetrates the emulsion. 

Comparing the development of a one-grain-layer plate 
of a visible-light exposure with one of an X-ray exposure, 
we noticed a difference. Within a few minutes all day¬ 
light-affected grains are developed, and additional develop¬ 
ment gives development fog, which increases much more 
slowly than the number of developed grains. The X-ray 
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affected grains continue to produce developed grains with 
increasing time of development in gradually changing 
rate. This led to the conclusion that we have to regard 
the X-ray latent image as being distributed haphazardly 
through the entire silver halide grain. This explains the 
differences R. Wilsey <42) found in the values of the develop¬ 
ment factor k for daylight and for X-ray exposures. 


Fig. 2. 



1. Evidence is given for the validity of the quantum 
theory of X-ray exposure on photographic emulsions. 

2. An experimental investigation was made, the observed 
data were compared with the calculated values, and 
the principle of the theoretical probable deviation was 
applied. 
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3. It was found that there is a close agreement between 
theory and experiment. 

4. The distribution of the X-ray latent image was 
discussed. 

Our thanks are due to Mr. E. C. Jensen for assisting us 
in the various calculations. 
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LX XIII. Forced Vibrations with combined Viscous and 
Coulomb Damping. By J. P. Den Hartog *. 

I. Introduction. 

rilHE free vibrations of a single degree of freedom system 
JL affected by a constant friction force are determined by 
the pair of equations : 

m&+kx+ F 0 = 0, 

of which the solution for any initial condition is well known. 
When, moreover, a sinusoidal distnrbing force is acting on 
the mass, a steady periodic non-harmonic motion will be set 
up after a sufficient length of time. 

It is evident that in case the friction force is small with 
respect to the disturbing force amplitude, the ensuing motion 
will be continuous, while for large values of the friction force 
a single cycle of the motion may consist of regions of motion 


Kg.l. 



and regions of standstill. In this paper an analytical solu¬ 
tion has been obtained for motions without standstill, i. e. for 
sufficiently small damping t- It is found that this solution 
is valid for such values of the friction and the frequency as 
are ordinarily met in engineering applications. 

II. Only Coulomb Damping. 

The differential equation (of fig. 1) is 

»ni : +£a;+Fo = Pocos . . . (1). 

where the upper ( + ) sign holds for upward motions {£ > 0) 
and the lower (—) sign for st < 0. The quantity 0 is a 
parameter as yet devoid of meaning. Introducing the- 
notations: 

F 0 /k = x/, P 0 j/c = a, kjm = a>„ 2 , 

* Communicated by B. V. Southwell, F.B.S. . 

| An approximate solution, based on a graphical method for values 
«,/„ < 11, including both motions with and without stops, is described 
by W. Eckolt, Zt. f. techn. Phytik, vii. p. 226 (1926). 

Phil. Mag. S. 7. Yol. 9. No. 59. Suppl. May 1930. 3 G 
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the equation for $<0 can be written as 

£+—%/) = aa ) n s cos (tot + <f>). • . . (2) 

In order to obtain a periodic solution for the motion, the 
following boundary conditions are imposed:— 

t = 0, x = #o, cfe =ss 0, 

t = w/g>, a? =5 — & = 0. 

The motion thus defined for the downward half cycle between 
the maxima +#o and — x 0 has to be completed by an upward 
motion which is identical with the previous half except for 
a negative sign. This describes a motion which has the 
same period as the impressed force and therefore can be 
called a forced vibration. It is seen from (2) and (3) that 
represents the u phase-angle ” by which the force leads 
the motion. Since the motion is non-harmonic, it is clear 
that this “ phase-angle ” applies only to the maxima of force 
and motion, and that in general the phase between the zeros 
of force and motion will be different from <f>. 

The general solution of (2) is 

o> n 2 

x =5 C, sin to n t +C 2 cos <D n t + - 2 — — i a cos (o>< + <!>)+ (4) 

Wjj ““ O) 



The four conditions (3) can be satisfied by assigning certain 
values to Cj, C 2 , a? 0 , and <f>. Eliminating C x and C 2 from 
(4) by means of the two first conditions (3), leads to 


x 


x 0 cos <a„t + x/(l — cosco„<) 


+ 


a/S’ 

yS 2 —1 



os cot —cos 0 ) n t } 


where 

Substitution of 
equations: 

where 

A = 


+ sin 


*{ 


sinCDnf 

0 


— si nat 



(4o) 


/3 = o»„/». 

the last two conditions in this gives two 

Aco3^ + Bsin£ + C = 0, a 

Pcos^ + Qsin^+B = 0, J ^ ^ 


£ 2 


-a.^^Ci + cos^ir). 


0 

&-V 


sinySw, 


B =s +a 
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/3 s 


P = + 


au>„ 


yS 2 —1 
0 


.sin fir, 


Q = + + 008 ft*)' 

C = + X 0 {1 + COS/37T) + x r (l — COS @7r), 
R= (ar — .v 0 )<o n sin ^ir. 

From (5) we get 


cos <f> 


BR-CQ . _ CP-AR 

: AQ-PB ; am<p ~ AQ-PB ' 


or, after substitution o£ the values for A etc., 

, x 0 /S*—1 
<K,8 + = 

• j x f /3 2 —3. ySsinySir [ 

T a /3 1 1 + cos /3ir i 

Eliminating <f> and solving for the amplitude x 0 , we have 

Introducing the notations: 


( 6 ) 


( 7 ) 


y = 


■^TZi = m “—a? ~ “ res P oase function,” 


U = — “ damping function,” 

the results (6) and (7) can be written as 


x f U 


_ , fo 1 


sin<f> = —~.y; cos<£= + —. y, . . (6a) 


* 0 =a^Y*-g)*U*.(7a) 

It is seen that the amplitude x 0 is not proportional to the 
impressed force Po( = fl&)- The influence of the damping 
appears in the formula as the ratio of the friction force to 
•the impressed force : Xfja = F 0 /P 0 . 

3 G 2 
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III. Validity of Solution. 

This solution is valid only when 0 during the interval 
0 <t<wja. Substituting (6a) and (7a) into (4a), and 
differentiating, the condition can be transformed to 



or ?>/8*.S, 

Wf 


Amplitudes of vibration with Coulomb damping. 
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where S denotes the maximum value of the bracket during 
that time-interval. For t =0 the bracket is equal to unity, 
and numerical calculations have shown that in quite many 
cases this is also the maximum value. From (7) and (8) we 
deduce 



7 6 5 4 3 2 10 


Damping determining boundary of non-stop motion. 

Fig. 2 shows a graphical representation of these results. 
The dotted line is the boundary (equation (9)), below which 
only motions with stops occur. It is seen that for frictions 
Xfja < 7r/4 the amplitude at resonance becomes infinitely 
large. 

The relation (10) is represented by fig. 3, so that for 
frictions below this line the solutions (6) and (7) are valid 
and motions without stops can exist, while for higher 
frictions this is not the case. Comparing fig. 3 with the 
dotted boundary of fig. 2, it is seen that for even integer 
values of /S(=w„/w) the amplitude of the motion (and the 
phase-angle) are independent of the amount of friction up to 
the limit set by fig. 3. For odd integer values of /3 the 
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smallest friction 'will cause stops in the motion and a con¬ 
siderable decrease in the amplitude. It might be said that 
for odd f3 the friction is “ infinitely efficient ” in reducing 
the amplitude, while for even it is “ infinitely inefficient.” 

Fig. 4 gives the results (6 a) for the phase-angle, showing 
the peculiarity of jumps in the angle at resonance for any 
friction up to ary/«=ir/4. 


\ - Fig. 4. 



IV. Combined Viscous and Coulomb Damping. 

The analysis for this case is quite analogous to the previous 
one. The differential equations are 

m®+A*-f<«t±F 0 = P o cos(erf-i-0), . . (11) 
or for the downward stroke only, 

£+a n \x—Xf)+ — A = aa>„* cos (at+<j>), . (11 a) 

with the boundary conditions (3). 
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Using the abbreviations: 

, .-VgRflr. 

where 

e c = critical damping = 
the general solution of (11a) can be written 


ct 


x = e 2m [Ci cos/>f+ C 2 sinp«] + -sin(ft>t+ e)+#/, (12) 
with 


tan (<j>—e) 


ca> 


k—mw* ft ‘ c, 


_ 2Y c /19 \ 

— ~a~ • T • • • (12<‘) 


Now Gj, C 2 , a? 0 , and <p ate determined so as to satisfy the 
four conditions (3) in exactly the same manner as before, 
though the calculation becomes rather involved. 

The result can be conveniently presented in the following 
form:— 

?=- G (?) + v / ?- H ’(?)’-- • • < 18 > 

sine = — S’H — j cose = q + G , . (14) 


the first of which gives the amplitude directly, while the 
second, in conjunction with (12 a), allows of an easy 
numerical calculation of the phase-angle <f>. 

In these expressions G and H are functions of the viscous 
damping c/c e and of the frequency ft: 


sinh (ftir c/e c ) — 


c/c c 


G = 

H as 


Vl — {cjCoY 


. sin ftir V'l — (c/c „)* 


cosh (ftit cjc t ) +cos ftir V1 — (c/c c ) a 


ft 


sin ftir y/1— (c/c e ) 2 


VI— (c/c„)* * cosh (ftir c/ce) +cos ftir Vl— {cjc e ) s 

. . . (15) 


It is seen that in the absence of Coulomb damping, (13) 
reduces to x Q /a*=l/q, which is the well-known result for 
viscous damping only. Likewise in this case the auxiliary 
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angle e becomes zero, so that the phase (12 a) coincides with 
the well-established theory. 



It is o£ interest to note that for c/c c =0 the G function is 
zero for all values of /3, except /S—1, whfere G tends to 
infini ty. The H function reduces to V for c/c o =«=0. Since 
these two functions play an important role in the numerical 
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'Calculations, they are shown in figs* 5 and 6 for various 
values of <?/c c . 

Fig. 6. 

3 


2 


I 


0 


-I 


-2 


-3 

The numeric®! results of the amplitudes of vibration for 
six values {of c/c e are represented in figs* 7 to 12. The 
condition of validity of the solution, w < 0, becomes 



Graph of the H function. 
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Xq 


’ 2m 


•{(! + ?^)( 1+G > sin ^ 


Xf ~ smmt 

+H^ 2 ^-sinpi — e°s^)| + Hcotgo>t —G 
for 0 < t < ir/a> . 


( 16 ) 


Fig. 7. 
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Amplitudes with mixed damping. 


For t=0 this expression reduces to 


J > -G+2E/3e/c e +/3\l+G), . . (17) 

f • 

which quite often is also the maximum value of (16). In 
fact, for any /3<2 this is the case. Let Si denote the ratio 






Fig. 9. 
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Fig. 10. 









with combined Viscous and Coulomb Damping. 81& 

of the maximum of (16) and (17), which is equal to unity 
for /8<2. Then we have 


*o ^ Sxd—Gr) 

« ~ ? ^H 2 +{S J I+(1-S I )G} J ’ 

< _ 1 _ 

q VH*+{S 1 I+(1-S 1 )G} S ’ 



where 

1 = 2H/3 e /r c + /9=(l+G). 

With these formulae the dotted lines in figs. 7-12 have been 
calculated. 

The phase-angle diagram for c/c e =’l is given in fig. 13. 
Since the amplitudes at resonance are finite, no discontinuity 
in the angle occurs. It is noted that the angle at resonance 
is quite near to 90°, while for other frequencies the phase- 
angle differs considerably from that of amotion with viscous 
damping only. The greatest difference occurs at /5=0 or 
w n —0, which is of importance for engineering applications 
(Lanchester torsional vibration damper). 
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Due to the fact that <p ~ 90° at resonance, the amplitude 
at that point for combined damping can be calculated with a 
fair approximation from an energy consideration. Assuming 
the motion sinusoidal, the work input per cyble by the force 
P 0 sina>;is 

7rPo-r 0 . 

The friction force is F 0 + cx 0 a sin a and its work absorption 
per cycle is 

f T 

(F 0 +ca: 0 o>sin at).vdt = 4F 0 .r 0 + c<ax 0 V. 


Fig. 13. 
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Phase-angles with mixed damping. 


Equating the two, we get 



The difference of this expression with the exact solution 
naturally increases with the amount of damping of either 
kind: for c/c e -=’5 and x/ja—'i it is only 3 per cent. The 
degree of approximation can be visualized from the fact that 
for /9=1, Gr is largo and H small, so that (13) reduces to 
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Moreover, at resonance both l[g and Gr are 


nearly proportional to cjc c i 

At frequencies other than resonance no simple rule for 
the amplitude can be given ; then recourse has to be taken 
to figs. 7 to 12. 


Y. Other Problems to which the Solution applies. 

1. If in fig. 1 no external force be acting on the mass, but 
the upper end of the spring be moved a 0 cos (a>/+^), it can 
be verified that the above solution holds tor the absolute 
motion of the mass, when only a be replaced by a 0 . 

2. If in fig. 1 the rubbing wall be tied to the upper end 
of the spring and this end with the wall be subjected to the 

Fig. 14. 



motion a 0 cos + the above solution holds for the rela¬ 
tive motion between mass and wall, if only a be replaced by 

3. Fig. 14 represents a two-mass system with relative 
damping and a force Pi cos (cot + <f>) acting on the mass M. 
It ean bo shown that all previous results apply to the relative 
motion x—xi—y, if only m be replaced by i»M/(m+M) and 
P 0 by Pi.m/(M + m). The absolute motions of m and M can 
be found to be 

M P, , 4iJ ,l 

m Pi , , ’ 

“ M+m y <o s (M+ m) C0S J 

4. It is evident that all the above problems have torsional 
equivalents when masses are replaced by moments of inertia, 
displacements by angles, etc. 
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5. An electrical problem leading to the same differentia! 
equation is shown in fig. 15. The four rectifiers keep the 
constant battery voltage always directed against the current.- 
The previous results hold if the velocity & be replaced by the 


Fig. 15. 



current t, the mass m by the inductance L, the spring con¬ 
stant h by the inverse capacity 1/0, the viscous friction c 
by the resistance R, the constant friction F 0 by the battery 
voltage Ee, and the force amplitude P 0 by the voltage 
amplitude E 0 . 


VI. Systems with tnany Degrees of Freedom. 

The method outlined above is not restricted to systems 
with a single degree of freedom, but can be successfully 
applied to problems of greater complication. As an example 


Fig. 16. 



let us consider fig. 16. Two simultaneous differential equa¬ 
tions can be written down, conveniently in the variables 
and x\—x t =x r . When only one-half stroke of the motion 
is considered, there will be no ambiguity in the sign of the 
Coulomb damping term. As before, a parameter <j> is written 
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in. the expression for the disturbing force. Since the dif¬ 
ferential equations are linear and of the second order, their 
solution can be written down involving four constants. Let 
the initial conditions be 

t “0 { 9 5 — t Vm . r j (Kf —*0. 

With these conditions the integration constants can be 
eliminated, and the solution appears as a function of four 
parameters— x {0 , £ 10 , r«... and <£—which can be determined 
by four conditions at t—Tt\w, namely 

x j —■ " *x* ] Qj tC i ““ a.’ )0 , Xf"— — Ji imiT .i and ic, 0. 

The solution thus obtained is valid only if 

.x r < 0 for 0 <t < Trim. 

In a similar manner the steady-state solutions for systems of 
any number of degrees of freedom involving both viscous 
and Coulomb damping can be determined. 
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LXXIY. The Psychophysical Law .—I. The Sense of Vision. 
By P. A. Macdonald. M.Sc., Hudson Bay Fellow, and 
John F. Allen, B.A., Research Assistant, Department of 
Physics, University of Manitoba, Winnipeg, Canada *, 

I T has long been known that the physical intensity of a 
sensory stimulus may be increased by an amount so 
small that the increment does not cause a corresponding 
increase in the sensation evoked by the stimulus. De¬ 
noting the physical intensity of the stimulus by I, and the 
small increment by 81, experiment has shown that 81 may 
be increased to a critical value such that a just perceptible 
increase in the sensation results. This value of 81 is 

* Communicated by Prof. Frank Alien. 

Phil. Mag. S. 7. Vol. 9. No. 59. Suppl. May 1930. 3 H 
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known as the differential threshold, and is usually denoted 
by 41. 

The variation of the magnitude of 41 with reference to 
different values of I was first seriously investigated by 
Weber, who concluded that a simple relation existed 
between these quantities, which is expressed by the 
equation 



where c is a constant. 

Extending Weber’s work, an attempt to establish a 
relation between the intensity of a physical stimulus and 
the corresponding sensation evoked was made by Fechner, 
who used Weber’s relation as the basis of his development 
of the subject. 

“Fechner’s Law,” following Parsons’s treatment*, 
states that “ the sensation varies as the logarithm of the 
stimulus, i. e. the sensation changes in arithmetical pro¬ 
portion as the stimulus increases in geometrical proportion. 

“Stated algebraically, if S is the measure of a sensation 
and SS the just appreciable difference, I the measure of the 
stimulus and 81 a small increment, then 

8S=* j (Weber’s law), 

where & is a constant; therefore, on the questionable 
assumption that it is permissible to integrate small finite 
quantities (8s etc.), 



=k log I + k' (Fechner’s law, 

where k' is another constant.” 

Both laws have been subjected to an immense number of 
experimental investigations in the various senses. It is 
only in the sense of vision, however, that the researches 
have reached a high degree of accuracy, the best work, 
by general consent, having been carried out by Kttnig f. 
As Kbnig’s ability and prolonged experience in visual 
measurements preclude the likelihood of errors in his 

* Sir J. H. Parsons , 1 Colour Vision/ 2nd ed. p. 23 
f A. Konigj Physiol. Optik. 1903. 
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measurements, only his work will be considered in this, 
treatment, and taken as typical oi the best experimental 
work and procedure. 

K&nig, keeping his eyes in darkness adaptation, used as a 
stimulus a patch of light viewed through a suitable ocular. 
The upper half of the patch being maintained at a definite 
brightness, I, the intensity of the lower half was varied 
by nicol prisms until it was just perceptibly brighter than 


Table I. 


Kbnig’s Data. 


\ =6700 i . 


\=5050 1. 


I . 

M 

I . 



I 


I ’ 

48950 

•0215 

19610 

•0197 

19680 

•0163 

9819 

•0184 

9844 

•0158 

4920 

•0163 

4912 

*0180 

1965 

*0179 

1967 

*0169 

982 

•0188 

983 

■0172 

490 

•0197 

490 

•0206 

196 

•0222 

196 

-0224 

97-6 

•0250 

971 

•0300 

48-7 

•0258 

48*1 

•0391 

19*4 

•0306 

19*1 

•0465 

9*64 

•0375 

9*35 

•0701 

4-76 

•0513 

4*54 

•101 

1*87 

•0701 

1*66 

•207 

0*920 

*0874 

742 

•347 

0*454 

*100 

*312 

*603 

0*178 

*124 



0-0866 

•154 



0-0408 

•224 



0-0150 

•336 



0-00729 

*372 



0*00339 

*475 


the upper. The difference between the physical in¬ 
tensities of the two patches was then determined by the 
relative rotations of the nicols, and taken as the value of 
the differential threshold JI. The upper half of the field 
was then increased by the numerical value of JI to give 
a new value of I, and the lower increased again until it 
became just perceptibly brighter. In this manner measure¬ 
ments were obtained throughout the whole range of 
intensities available for various monochromatic radiations 
and for white light, two series of which are reproduced in 
Table I. From an inspection of these data it will be seen 
that they are not connected by any linear relationship. 

3 H 2 
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Ill a recent piper by Hecht *, data from various sources 
relating to the Weber and Fechner laws in vision have been 
discussed and the following conclusion reached:— 

“ There is presented a series of data, assembled from 
various sources, which proves that in the visual discrimi¬ 
nation of intensity the threshold difference Al bears no 
constant relation to the intensity I. The evidence shows 

unequivocally that, as the intensity rises, the ratio — 

first decreases and then increases.” 

From the evidence available Parsons f also concludes : 
“ Weber’s law does not hold good for very low or very high 
intensities of stimuli, and is only approximate at best.” 

While Konig’s measurements are probably beyond 
criticism, the interpretation of them as a valid experimental 
examination of the Weber law appears to be unsound for 
the following reasons :— 

In observing the patch of light, one-half being at an 
intensity I and the other at a greater intensity 1+ Al, 
two sensations are evoked by the stimulation of two 
adjoining retinal areas, whereas the Weber law deals with 
but a single sensation at any one time. 

It has been shown by Allen $ that stimulation of a retinal 
area elicits complex neural reactions which modify the 
sensitivity of adjoining areas. The magnitude of the 
inductive reactions varies in some way with the intensity 
and duration of stimulation and with the wave-length of 
the light employed. The unequal stimulation of two ad¬ 
joining areas by the same hues but of different intensities, 
as in Konig’s experiments, causes mutual inductive actions 
which tend to equalize the sensations. Under such 
conditions a value of Al obtained by slowly increasing 
the brightness of one patch cannot accurately represent 

the real differential threshold, and the ratio Q will 

consequently be either too large or too small. It has been 
shown by Allen that the darkness adaptation of the unused 
eye further modifies the sensitivity of the receptors in the 
observing eye. 

* Journ. Gen. Physiol, vii. p. 265 (1924). 

t Loo. ait. p. 23. 

t Journ. Op. Soc. Am, vii. pp. 683,913 (1928): ibid. ix. p. 375 (1924); 
ibid. xiii. p. 383 (1926). 
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One of the outstanding features of the visual mechanism 
is its great amplitude of adaptation, or its ability to respond 
accurately to stimuli varying over a wide range of intensity. 
It might be expected, in order for the process of adaptation 
to operate in the most efficient maimer, that there would 
occur some modifications of the neural reaction processes 
at different ranges of intensity of stimulation. KAnig, 
however, seems to have taken no precautions against the 
danger of concealing such possible modifications. 

Consider, for example, his curve obtained with radiation 

o 

of wave-length 6700 A. There are in it only 16 points, 
representing a very wide range of intensities from the 
least perceptible to the greatest. The extensive graphical 
interpolation necessitated by such widespread points 
would effectively conceal any alterations in the response of 
the receptors except those of the greatest magnitude. 
Such measurements, therefore, should not be interpreted 
as a satisfactory experimental examination of Weber’s 
law. 

Again, much work has been done with white light. 
It has been found by Allen * that each spectral wave¬ 
length is a physiological stimulus with a character peculiar 
to itself, differing, sometimes widely, from that possessed 
by every other hue. Since white light may be composed 
of all wave-lengths in the visible spectrum, and in varying 
amounts depending on the nature of the source, it would 
contain practically an infinite number of physical variables, 
and in consequence would elicit a corresponding complexity 
of sensations. In considering the interpretation of experi¬ 
mental results, it should be borne in mind that the essential 
condition of the scientific method of experimentation is the 
reduction to a minimum of the number of variables observed 
at any one time. 

These criticisms of KOnig’s method may be briefly 
summarised thus:— 

1. Owing to the nature of the apparatus, two distinct 
sensations of different intensities were obtained at the 
same time. This is not the condition required by Fechner’s 
interpretation of Weber’s ratio. 

2. The normal condition of the sensitivity of the retina 
was not maintained because of the presence of inductive 
processes. 

* Journ. Op. Soc. Am. xiii. p. 883 (1926). 
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3. The method ol adding the value of the differential 
threshold to the intensity in order to determine the next 
intensity at which to examine Weber’s ratio, leaves a 
constantly widening gap between successive readings far 
too great for an exacting examination of the law. 

4. The use of white light in examining simple visual 
laws introduces a confusing complexity. 

Experimental Arrangements for a New Examination 
of Weber's Law. 

In the present attempt to examine Weber’s law and to 
avoid the criticisms of KOnig’s method, the arrangement of 
apparatus was similar in principle to the diagram in fig. 1. 


Fig. 1. 



Two incandescent lamps, A and B, operated from a 60- 
cycle alternating current of 110 volts, were the sources 
of radiation. The light was passed by two collimators 
through two refracting edges of the prism C in such a 
manner that radiations of the same wave-length from each 
source were superposed in the focal plane of the Hilger 
shutter eyepiece of the telescope. The actual instrument 
used was the tricolour spectrometer designed by Professor 
Frank Allen *. The intensity of the radiation from each 
source was controlled by pairs of nicol prisms, D and E, 
placed between the sources and the slits of the collimators. 


• Journ. Op. Soc. Am. viii. p. 889 (1924). 
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Between the source B, the corresponding nicol prisms E. 
and the prism C was placed in the path of the light a 
camera shutter F, which was normally kept closed. By 
this arrangement a small patch of light of the desired waver 
length of constant and measured intensity could be ob¬ 
served, and a measured increment of the same colour 
could be added uniformly over the whole of the same 
patch by opening the camera shutter for a brief interval of 
time. Thus by repeated trials the just perceptible incre¬ 
ment could be determined with precision, and without 
employing a second patch of colour as a standard of 
comparison. 

The apparatus was mounted in a room well lighted by 
diffused daylight, both eyes being thus adapted to the 
state in which they are ordinarily used. A definite 
intensity I of the stimulus from the source A was 
obtained by rotating the polarizer of the nicols D. This 
stimulus was received on the right eye for approximately 
2 seconds when the camera shutter was opened. An 
increase of intensity was looked for, since the release of 
the shutter allowed an increment of radiation of intensity 
AI, coming from the source B, to be superposed on the 
intensity]] for a period of one-fifth of a second. A rest 
interval of 3 minutes was then allowed for the eye to 
resume its normal condition, after which the process was 
repeated, the value of the intensity A I being either raised 
or lowered according to whether it had been noticeable or 
not at the previous opening of the shutter. 

When the intensity had been reached at which the 
increment was just perceptible, its magnitude was deter¬ 
mined by measuring the angle between the principal 
planes of the nicols E, the magnitude of the intensity 
I being likewise determined from the other pair of nicols 
D. No attempt was made to determine the absolute value 

JT 

of the Weber ratio -j- ‘ 

Examination of Weber’s law with three different spectral 

o 

colours—red, yellow, and green—of wave-lengths 6678 A., 

5875 A., 5015 A., was made in this manner. 

The measurements are given in Table II. The intensity 
of the stimulus is proportional to sin 2 </>, where <f> is the 
angle between the principal planes of the nicols A, such 
that where </> =0 the nicols transmit no light. Similarly, 
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sin 2 6 determines the intensity of the differential threshold, 
6 being the angle between the principal planes of the 
nicols B. No numerical relation between the intensity 
and the differential thresholds was determined. 

The data are shown graphically in figs. 2, 3, and 4, 
where stimulating intensities are plotted as abscissas and 

Table II. 

Experimental Confirmation of Weber’s Law. 
Intensity =sin 2 <f>. Differential threshold =sin a 9. 


Curve A. Curve B. ■ Curve C. 


\= 

6678 A. 

\ = 

58751. 


50151. 

Sin* <p. 

Sin*f. 

Sin r 

Sin 2 0. 

Sin 5 v. 

Sin 2 0. 

1-0000 

0-3167 

■ 1-0000 

0-1141 

1-0000 

0-4318 

0-9700 

0-3059 

0-9700 

0-1068 

0*9700 

0*4088 

0-8830 

0-2742 

0-8830 

0-0862 

: 0*8830 

0*3580 

0 7550 

0-2240 

0-8078 

0-0677 

0-7550 

0-2820 

0-7114 

0-2073 

: 0-7550 

0-0620 

0-7035 

0-2563 

0*6712 

0-1979 

0*5867 

0*0499 

0-6545 

0-2412 

0-6292 

0-1887 

0-4134 

0-0347 

0-5867 

0-2252 

0*5867 

0-1796 

0-2500 

0-0205 

0*4134 

0-1796 

0-4134 

0-1372 

0-1170 

0-0055 

0-2500 

0-1294 

0-2500 

0-0997 

, 0-0300 

0-0007 

0*1786 

0-1104 

0-2132 

0-0896 

1 


0-1170 

0-0912 

0-1786 

0-0814 

! 

! 


0*0669 

0-0606 

0*1590 

0-0751 

1 


| 0-0300 

0-0380 

0-1464 

0-0691 

1 




0*1313 

0-0606 



I 


0*1170 

0-0513 

i 




0-1006 

0-0403 

1 

! 




0-0904 

0-0369 





0-0688 

0-0288 





00467 

0-0231 





0-0301 

0-0181 

| 


! 


00076 

0-0116 






the corresponding differential thresholds as ordinates. It 
will be seen that the curves obtained are all exact straight 
lines, there being, however, at definite values of the 
intensities abrupt changes in the slope similar to those 
obtained by Allen in his detailed experimental study of 
the Ferry-Porter law. 

Each part of the graph, therefore, conforms to the 
law 



where the constant C has a different value for each part 
of the graph. 
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It is evident from, the curves presented in this communi¬ 
cation that for the visual sense Weber’s law holds exactly 
over all ranges of intensity, there being, however, at 
definite intensities sudden changes in the value of the 
ratio of the differential threshold to the stimulating 
intensity. Previous investigators had been expecting to 
obtain a single constant holding for all ranges of intensity, 
and their failure to recognize the possibility of different 



Intensity 


constants for different ranges of intensity has led to the 
conclusion that Weber’s law was not true. The different 
numerical values for the ratio obtained by various observers 
would be accounted for both on this basis and on an obser¬ 
vation which we have made that the ratio varies with 
the area of the surface examined. 

A more detailed discussion of the results will be deferred 
to later parts of this communication in which experiments 
on other senses will be described. 
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In conclusion the authors desire to emphasize the fact 
that the purpose of this paper is to show that a definite 
algebraic ratio connecting the increment of intensity with 
the intensity of the stimulus does exist. It is not intended 
to be a complete quantitative investigation of the subject, 
for the laboratory facilities were not sufficiently extensive 
to permit the absolute values of the stimuli to be readily 
determined. Indeed, it would seem better to defer such 
measurements until a more detailed examination of the 
conditions underlying the law has been made. 

We desire to express our sincere thanfcs ho Professor 
Fraqk Allen, not only for the use of his laboratory, but for 
much stimulating criticism during the progress of the work. 
We also desire to thank the Hudson’s Bay Company and 
the National Research Council of Canada for the sub¬ 
stantial grants which enabled this work to be undertaken. 


LXXV. The Psychophysical Law. —H. The Sense of 
Audition. By P. A. Macdonald, M.Sc., Hudson Bay 
Fellow, and John F. Allen, B.A., Research Assistant, 
University of Manitoba, Winnipeg, Canada*. 

I N subjecting Weber’s Law to an examination in the 
sense of hearing, the fundamental principle and pre¬ 
cautions followed were similar to those employed in the 
investigation of the same law in vision which was de¬ 
scribed in a previous communication f to this Magazine. 

The source of sound of adjustable intensity and fre¬ 
quency was a Stem tonvariator which was sounded by a 
stream of air previously collected over water in a constant- 
pressure tank. The particular instrument first used was 
that formerly employed by Miss Weinberg and Professor 
Allen in their researches on the critical frequency of 
pulsation of tones $. The frequency chosen by the present 
writers was 180 D.V., which was within the limits of fre¬ 
quency studied by the former investigators. The intensi¬ 
ties used in this part of the present communication were 

* Communicated by Prof. Frank Allen. 

f Macdonald and J. F. Allen, “ The Psychophysical Law.—I. Vision,” 
see Part I. of this paper, p. 817. 

J Phil. Mag. xlvii. pp. 50, 941 (1924). 
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•selected to conform to those which had been assumed, as 
stated by other investigators *, to be proportional to the 
blowing pressure of the air. The weights placed on the 
pressure tank were therefore taken as proportional to the 
intensities of the sound emitted by the tonvariator. 
■Considering the small range of intensities employed, this 
■assumption is probably quite accurately justified. 


Table I. 

Weber’s Law in Audition. Frequency 180 D.V. 


I. 

Log I. 

Al. 

1 

Al * 


Kilograms. 

0*5 

ft>99 

Kilogram. 

0*1575 

6*349' 


10 

0 

0*1825 

5*479 


1*5 

0*176 

0*1975 

5*063 


2*0 

0*301 

0*2075 

4*817 

► C 

2*0 

0*301 

0*2070 

4*831 j 


3*0 

0*477 

0*2220 

4*505 | 


3*5 

0*544 

0*2275 

4*396^ 


1 

0 

0*182 

5*495*' 


3 

0*477 

0*222 

4*505 


5 

0*699 

0*247 

4-049 

>B 

7 

0*845 

0*267 

3*745 

9 

0*954 

0*287 

3*484 


11 

1*041 

0*297 

3*367^ 


2 

0*301 

0*212 

4*717*1 


4 

0-602 

0*237 

4*219 1 


6 

0*778 

0*257 

3*891 | 

!* A 

8 

0*903 

0*277 

3*610 1 

10 

1*000 

0*292 

3*425 


12 

1*079 

0*302 

3*311 J 



A, readings taken Sept. 14th a.m. 

»» *» » »> ? *M. 

C, 9f 9f ,, 15th A.M. 


The experimental procedure was as follows:—After 
listening to the sound for 2 seconds, a small additional 
weight was lowered to the top of the tank by a lever so as 
to increase suddenly the intensity of the sound. By 
repeated trials a value of this weight was found which 
produced a just perceptible increment of intensity. In 
this manner a series of measurements was made, covering 
the selected range of intensities, which are given in Table I. 

♦ Love and Dawson, Phys* Dev. xiv. p, 49 (1919), 
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The values in this table are arranged in three groups, which 
were obtained, as indicated in the table, on three successive 
half-days. Several measurements of three intensities, it 
will be noticed, were found which agree extremely well. 

In fig. 1, all the values of AY, the just perceptible 
increments or differential thresholds, are plotted as. 
ordinates with corresponding values of the intensity I 
as abscissae. The points fall on a single curve which is 
unmistakably concave towards the horizontal axis. It is 
quite evident that these measurements do not even 
remotely conform to Weber’s law, which states that the 

Fig. 1. 


•3 


•2 


01 


0 2 4 6 8 10 !Z 

Weber's Law. The ratio of Al to I is not constant. 

Group C in Table I. are denoted by solid circles. 

,, B ,, ,, ,, circles. 

,» A i, >, », X’s. 

ratio of JI to I is a constant. For, if they did, the graph, 
should be a straight line. The curved form of the graph 
suggested that possibly a logarithmic relation might 
exist between AY and I, and consequently reciprocals of 
AY and values of log I were plotted in fig. 2 as ordinates 
and abscissae respectively. 

The resulting graph is evidently composed of two linear 
parts, the one to the left indicated, however, by only two 
points which represent the lowest intensities. The re¬ 
maining points lie very close to the same straight line, 
though those marked with an x, which represent group 
A of the measurements in Table I., may form a slightly 
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different straight line. The graph is represented by the 
equation 


2i—Plogl+C, 


or, in analogy with Weber’s law, 


Al 
log I 


= 0 


i> 


where ft 2 , C, and C x are constants whose numerical values 
differ for the two parts of the graph. 


Fig - 2 . 



part of the graph. 


Group C in Table I. are denoted by solid circles. 
,, B ,, „ „ circles. 

,, A „ ,, X s. 


As some doubt was entertained whether it was justifiable 
to use the weights on the tank as measures of the intensity 
of the sound, it was decided to re-examine the relationship 
of the two intensities with another tonvariator of higher 
pitch and a greater range of intensities. 

Since with different blowing pressures both the intensity 
and the frequency of the sound alter, it was necessary 
before using the instrument to calibrate both variables as 
functions of the blowing pressure. The two operations 
were carried out simultaneously by using a Rayleigh disk, 
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a device which has so frequently been employed that no 
description of it is necessary here. 

Hie disk having been set approximately in resonance 
with another tonvariator at the frequency of 575 D.V. by 
adjusting the length of the resonance tube in which the 
disk was suspended, the room was vacated by the observer, 
who made further adjustments of the tonvariator from 
the adjoining room by a rod passing through a hole in the 
wall. In the observer’s room was also placed the pressure 
tank, from which air was delivered to the tonvariator 
through a rubber tube. A definite blowing pressure was 
obtained by placing weights on the top of the tank, and the 
frequency of the tonvariator altered until the deflexion of 
the disk was a maximum. The tonvariator was then 
in exact resonance with the disk, the deflexion of which 
was a measure of the intensity I of the sound. The 
deflexion was read in centimetres by a telescope, and in 
no case was it greater than 10°. 

The following procedure was adopted in making a series 
of measurements. A definite weight having been placed 
on the pressure tank, the tonvariator was adjusted to give 
the proper frequency, after which the sound was stopped 
to allow the restoration of the ear to its normal sensitivity. 
The observer then placed his head against a rest in order 
to keep it always in the same position for an observation, 
and, after allowing the tonvariator to sound for approxi¬ 
mately 2 seconds, lowered by a cord a small weight 
to the top of the tank and listened for an increase in the 
intensity of the sound. Observing a rest period of 5 
minutes between successive trials, the small weight was 
altered in magnitude until a value was found that caused a 
just perceptible increase in the intensity of the sound. The 
small weight was then taken as a measure of the magnitude 
of the differential threshold M. The data obtained in 
this manner are given in Table II. and are shown graphi¬ 
cally in fig. 3. 

It will be noticed in the table that the values of the 
intensity I, given by deflexions of the Rayleigh disk, are 
not proportional to the weights in the first column. The 
graph for the calibration of the intensities of the sound in 
centimetres of deflexion when they are plotted against the 
weights on the tank is therefore not a straight but a curved 
line. In the measurements of increments, however, the 
additional weights placed on the pressure tank are used 
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Table II. 

Weber’s Law in Audition, for different States of Aural 
Adaptation. Frequency 575 D.V. 


Normal, A. Depression, B. Enhancement, C. 


w. 

I. 

Log I. 

Al. 

-N 

1 

AT* 

AI. 

1 

Af* 

AI. 

1 

Al * 

Kilo- 

Cm. 


Kilo- 


Kilo- 


Kilo- 


grams. 


gram. 


gram. 


gram. 


4 

1*4 

0*146 

0*205 

4*878 

0*245 

4*082 

0*185 

5*405 

6 

3*0 

0-477 

0*265 

3*774 

0*305 

3*279 

0*235 

4*255 

8 

4*6 

0*653 

0*305 

3*279 

0*355 

2*817 

0*285 

3*509 

12 

7*6 

0*881 

0*395 

2*532 

0*445 

2*247 

0*365 

2*740 

14 

9*2 

0*964 

0*445 

2*247 

0*495 

2*020 

0*405 

2*469 

16 

10*8 

1*033 

0*475 

2*105 

0*525 

1*905 

0*445 

2*247 

20 

13*3 

1*124 

0*525 

1*905 

0*575 

1*739 

0*495 

2*020 

24 

15*1 

1*179 

0*555 

1*802 

0*605 

1*653 

0*515 

1*942 

28 

17*0 

1*230 

0*585 

1*709 

0*635 

1*575 

0*545 

1*835 


Fig. 3. 
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Weber’s Law. The ratio of JI to I is not constant. 


Graph A is for normal sensitivity of the ear. 
„ B „ depressed „ „ 

„ C „ enhanced „ 9f 



m 


on the Psychophysical Law. 

as values of Al, and their reciprocals are also employed 
for the ordinates of the graphs in both figures. This 
procedure does not involve any error either in the graphs 
themselves or in the law deduced from them, for we found 
that portions of the calibration curve may without 
appreciable error be taken as straight lines through an 
amount representing as much as one or even 2 kilograms. 
The additional weights necessary to obtain just percepti¬ 
ble increments of intensity varied from 0-185 to 0-635 
kilogram, and are well inside the limits within which the 
calibration curve may be regarded as linear. Indeed, by 
this method increased precision of measurement is 
secured, for the additional deflexions of the disk by the 
increased weights would be only from about 0-16 to 0- 3 cm., 
quantities so small that errors of observation would be 
relatively large, whereas the additional weights vary 
from 185 to 635 grams, in measuring which no error is 
involved. 

In fig. 3 the values of A I and I are plotted as ordinates 
and abscissae respectively, as in fig. 1, to see whether the 
linear relation expressed by Weber’s law exists between 
them. This graph also clearly shows that the law is not 
true for the sense of hearing. On plotting in fig. 4 the 
reciprocals of the three sets of measurements of Al 
against the values of log I, as in fig. 2, we obtain three 
graphs of unquestionably linear form, each of which con¬ 
sists of two parts represented by the above equations with 
appropriate values of the constants. 

The three converging graphs represent the same number 
of different states of sensitivity or adaptation of the right 
ear of the observer, of which A is for normal, B for de¬ 
pressed, and C for enhanced sensitivity. The conditions 
under which they were obtained are described by one of 
the writers in the following paper in this number ♦. 

From this figure it is evident, in addition, that the new 
form of Weber’s law for the sense of hearing applies not 
only to the normal state of sensitivity of the aural receptors, 
but to the two conditions of adaptation, depression and 
enhancement as well. 

Owing to the importance of Weber’s law and its 
numerous applications, arrangements are now beng made 

* John F. Allen, “The Depression and Enhancement of Auditory 
Sensitivity," p. 834, infra. 

Phil. May. S. 7. Yol. 9. No, 59. Suppl. May 1930. 3 I 
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to continue the investigation with experimental arrange¬ 
ments that will afford a much greater range of intensities, 
hoth high and low, than has been possible with the 
tonvariators. 

Kijr. -!. 
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Webers Law. 


The ratio of -j to loir I is constant in each part. 


Graph A is for normal sensitivity of the ear. 
B „ depressed „ 

„ 0 „ enhanced „ „ 


LXXVI. The Depression and Enhancement of Auditory 
Sensitivity. By John F. Allen, B.A., Research Assist¬ 
ant in Physics , University of Manitoba , Winnipeg *. 


T HE investigations conducted by Prof. Frank Allen and 
his associates on the senses of vision f, touch J, taste §, 
temperature and pain ||, the contraction of muscles f, 


* Communicated by Prof. Prank Allen. 

t Allen, Joura. Op. Soc. Am. vii. pp. 583,913 (1023): ibid. ix. p. 375 
(1924); ibid. xiii. p. 383 (1926). 

| Allen and Hollenberpr, Quart. Journ. Exper. Physiol, xir. p. 351 
(1924). Allen and Weinberg, ibid. xv. p. 377 (1925). 

§ Allen and "Weinberjr, ibid. p. 385 (1925), 

II Allen and Macdonald, ibid. xvi. p. 821 (1927). 

51 Allen and O'Donoghue, ibid, xviii. p. 199 (1927). 
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and the secretion of glandfe * have uniformly shown that 
depression and enhancement of sensitivity or response of 
the organs are produced as two of the results of stimulation, 
the amount and character varying with the intensity of the 
stimulus and the conditions under which it is applied. 
Very weak stimulation of a intensity, as it has been termed, 
depresses the sensitivity of the retina, while more intense 
stimulation of /5, y, etc. intensities enhances it. In the 
sense of taste the actions of weak and strong gustatory 
stimuli are similar to those in vision. In the sense of 
touch, and probably in that of hearing, the reverse is true, 
since weak tactile stimuli enhance and strong depress the 
sensitivity. All these induced effects, which are variously 
due to motor, secretory, or sensory reflex action, occur 
with both ipsilateral and contralateral stimulation. It 
has also been discovered that when the sensitivity of 
receptors, muscles, and glands has been disturbed by stimu¬ 
lation, their normal qpndition is restored by a series of 
neural oscillations of depression and enhancement—that 
is, of the corresponding physiological processes of inhi¬ 
bition and facilitation, during which the response is 
diminished or augmented respectively, according to the 
phase of the oscillation which is predominant when 
subsequent stimulation occurs. 

In studying auditory responses by the method of the 
critical frequency of pulsation or flutter of tones, Miss 
Weinberg and Allen f did not obtain enhanced sensitivity 
of the receptors, though depression was found to occur. 
At that time the oscillatory character of the recovery of 
normal sensitivity had not been recognised, and conse¬ 
quently they were not aware of the very simple method of 
obtaining the anticipated enhancement which is employed 
in the present investigation. 

This new method was developed by Macdonald and the 
writer J for the purpose of testing the validity of Weber’s 
law in the auditory sense, and is analogous to the method 
employed by them for a similar purpose in vision §. 

The source of sound was a Stern tonvariator blown by 
air from a constant-pressure tank. The tonvariator was 

* Allen, ibid. xix. pp. 337, 863 (1929). 
f Phil. Mag. (6) xlvii. pp. 61), 126,141, and 941 (1924). 
j Macdonald and J. F. Allen, “The Psychophysical Law.—II. 
Audition.” Phil. Mw. ix. p. 827 (1930). 

• 5 Macdonald and J. P. Allen, “ The Psychophysical Law.—I. Vision,” 

Phil. Mag. ix. p. 817 (1980). 
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always adjusted to give a pure tone of frequency 575 D.V., 
the intensity of which was measured by the deflexions of a 
Rayleigh disk. The tonvariator and disk were con¬ 
veniently placed in a room by themselves, and the pressure 
tank and observer were in a room adjoining. Through a 
hole in the brick wall the sound came to the observer, 
while by means of a telescope the scale of the disk apparatus 
was read, and the tonvariator maintained in adjustment by 
a long rod. 

In order to obtain depression and enhancement of 
sensitivity of the auditory receptors, a second tonvariator 
was placed in the same room with the observer. This was 
adjusted to the same frequency, 575 D.V., as the ton¬ 
variator with which the measurements were made. 

The Normal Graph. 

The first measurements made vgere for the purpose of 
obtaining a graph for the normal sensitivity of the ear 
which should form the standard with which other graphs for 
different conditions of sensitivity could be compared. The 
method of obtaining the normal graph was described in the 
paper by Macdonald and Allen to which reference has been 
made. Briefly, it consists of a series of measurements for 
the whole range of intensities within the capacity of the 
tonvariator, each of which represents the increment of 
sound which, when added to the intensity of the tone 
previously emitted by the tonvariator, is just perceptible. 
The measurements of the series of just perceptible normal 
increments, or differential thresholds, are given in Table I., 
and are plotted as graph A in fig. 1, with values of the 
logarithms of the intensity as abscissae and reciprocals of 
increments as ordinates. The graph consists of two linear 
parts with an abrupt change of slope, each of which 
conforms to the equation : 

21“ -fc s logI + C, 

where I is the intensity of the tone, or the deflexion in 
centimetres of the Rayleigh disk which is proportional to 
it; AI is the just perceptible increment of intensity, or the 
additional weight in kilograms placed upon the tank to 
give the increased intensity; and l? and C are constants* 
The negative sign indicates the direction of the slope. 
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Table I. 

Enhancement and Depression of Auditory Sensitivity. 
Ipsilateral Stimulation. Frequency 575 D.V. 





Normal, A. 

Depression, B. 

Enhancement, C. 

—A_ 







-N. 

* - 

-N. 

w. 

I. 

Log L 

Al. 

1 

Al - 

AI. 

1 

Al ‘ 

AL 

1 

Al * 

Kilo- 

Cm. 


Kilo¬ 


Kilo¬ 


Kilo¬ 


grams. 


gram. 


gram. 


gram. 


4 

1-4 

0*146 

0*205 

4*878 

0*245 

4*082 

0*185 

5*405 

6 

30 

0*477 

0*265 

3*774 

0*305 

3*279 

0*235 

4*255 

8 

4-5 

0*653 

0*305 

3*279 

0*355 

2*817 

0*285 

3*509 

12 

7*6 

0*881 

0*395 

2*532 

0*445 

2*247 

0*365 

2*740 

14 

9*2 

0*964 

0*445 

2*247 

0*495 

2*020 

0*405 

2*469 

16 

10*8 

1*033 

0*475 

2*105 

0*525 

1*905 

0*445 

2*247 

20 

13*3 

1*124 

0*525 

1*905 

0*575 

1*739 

0-495 

2*020 

24 

15-1 

1*179 

0*555 

1*802 

0*605 

1*653 

0*515 

1*942 

82 

17*0 

1*230 

0*585 

1*709 

0*635 

1*575 

0*545 

1*835 





Fig. 1. 







Aj normal sensitivity; B, depressed sensitivity; C, enhanced sensitivity. 







838 Mr. J. F. Allen on the Depression and 

It will be noticed in the tables, as remarked in a former 
paper on Weber’s law to which reference has been made, 
that the values of the intensity I, given by deflexions of 
the Rayleigh disk, are not proportional to the weights in the 
first column. The graph for the calibration of the intensi¬ 
ties of the sound in centimetres of deflexion when they are 
plotted against the weights on the tank is therefore not a 
straight but a curved line. In the measurements of incre¬ 
ments of intensity, however, the additional weights placed 
on the pressure tank are used as values of AI, and their 
reciprocals are also employed for the ordinates of the 
graphs in both figures. This procedure does not involve 
any error either in the graphs themselves or in the law 
deduced from them, for we found that portions of the 
calibration curve may without appreciable error be taken 
as straight lines through an amount representing as much 
as 1 or even 2 kilograms. The additional weights 
necessary to obtain just perceptible increments of intensity 
varied from 0-185 to ()• 635 kilogram, and are well inside the 
limits within which the calibration curve may be regarded 
as linear. Indeed, by this method increased precision of 
measurement is secured, for the additional deflexions of 
the disk by the increased weights would be only from 
about 0-16 to 0-3 cm., quantities so small that errors of 
observation would be relatively large, whereas the ad¬ 
ditional weights vary from 185 to 635 grams, in measuring 
which no error is introduced. 

The Effect of Ipsilateral Stimulation. 

In order to study the effect of ipsilateral stimulation, 
the second tonvariator mentioned above was placed close 
to the right ear of the observer and timed to exactly the 
same pitch as that of the measuring tonvariator. The 
intensity of the sound emitted by the stimulating ton¬ 
variator was not determined, but it was probably fifteen 
or twenty times as great as that of the measuring 
instrument. 

The experimental procedure was as follows :—First, the 
head was placed in the head-rest and the stimulating 
tonvariator sounded for 1 minute. It was then silenced 
and an increment reading taken immediately with the 
measuring tonvariator. It was found that a greater 
increment of sound-intensity than that which was formerly 
sufficient had to be added before it was distinguishable. 
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After resting for 10 minutes, without additional stimu¬ 
lation, another reading was taken, when it was found that 
a smaller increment than the normal amount could be 
distinguished. A sufficient time was then allowed for the 
ear to recover its normal state of sensitivity, when the 
readings were repeated with a higher intensity. 

The complete series of measurements are given in 
Table I., and are plotted with the normal graph in fig. 1. 
Graph A represents the measurements of just perceptible 
increments when the ear is in its normal condition of 
sensitivity; B represents similar measurements when the 
ear is depressed in sensitivity; and C the corresponding 
measurements when the aural sensitivity is enhanced. 
Each graph consists of two linear parts, which are repre¬ 
sented by the equation given above with appropriate 
changes in the values of the constants. 

These measurements show that immediately following 
somewhat intense stimulation the auditory receptors are 
depressed in sensitivity. The enhancing neural process 
then gradually rises in influence, by means of which the 
receptors recover their normal sensitivity. The process 
does not then cease, but continues its action until the sensi¬ 
tivity becomes much enhanced. The inhibitory process 
then in turn rises to predominance, during which the 
receptors become depressed in sensitivity. In illustration 
of this oscillatory character of the neural reactions, it was 
found that, starting with normal equilibrium, the receptor 
sensitivity immediately after stimulation was depressed; 
in 7 minutes a normal reading was obtained, which indi¬ 
cated the restoration of the normal state ; in 10 minutes 
the reading showed enhancement of sensitivity as indicated 
in fig. 1 ; finally, in 15 minutes, a normal measurement 
was again obtained. No further readings were taken to 
discover whether the oscillatory process subsided at this 
time or again depressed the sensitivity. 

It is thus clear that in the auditory sense, as in other 
sensory, motor, and secretory processes, equilibrium is 
restored by a series of neural oscillations of a pendular 
type with a definite amplitude and periodic time, by 
means of which the receptor sensitivity becomes alternately 
depressed and enhanced. Possibly this behaviour of the 
nervous system may throw some light on the physiological 
nature of the processes of inhibition and facilitation which 
are still involved in deep obscurity. 
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The Effect of Contralateral Stimulation. 

Having obtained depression and enhancement of 
sensitivity by stimulating the right ear, contralateral 
effects were sought by placing the stimulation tonvaxiator, 
with the same frequency and intensity as before, close to 
the left ear while the right was temporarily protected by 
a heavy pad of wool and metal. The left ear was then 
stimulated for the same time, 1 minute, as before, after 
which the right ear was uncovered and an increment 
reading taken with it. This measurement showed depres- 

Table II. 

Enhancement and Depression of Auditory Sensitivity. 

Contralateral Stimulation. Frequency 575 D.V. 


Normal, A. Depression, B, Enhancement, C. 






--N 

1 

Al - 

— 

— — N 

1 

Al* 

--■*- 

- N 

w. 

I. 

Log I. 

Al. 

AI. 

Al. 

1 

AI * 

Kilo¬ 

Cm. 


Kilo- 


Kilo¬ 


Kilo¬ 


grams. 


gram. 


gram. 


gram. 


4 

1*4 

0*146 

0*205 

4*878 

0*225 

4*444 

0*195 

5*128 

6 

3*0 

0*477 

0*265 

3*774 

0-285 

3*509 

0*245 

4*082 

8 

4*5 

0*663 

0*305 

3*279 

0*335 

2*985 

0*295 

3*390 

12 

7*6 

0*881 

0*395 

2*532 

0*425 

2*353 

0*375 

2*667 

14 

9*2 

0*964 

0*445 

2*247 

0*475 

2*105 

0*425 

2*353 

16 

10*8 

1*033 

0*475 

2*105 

0*505 

1*980 

0*455 

2*198 

20 

13*3 

1*124 

0*525 

1*905 

0*545 

1*835 

0*505 

1*980 

24 

15*1 

1*179 

0*555 

1*802 

0*585 

1*709 

0*535 

1*869 

28 

17*0 

1*230 

0*585 

1*709 

0*615 

1*626 

0*565 

1*770 


sion of sensitivity as before, but not in so marked a degree. 
After resting for 10 minutes a second reading was taken 
which showed enhancement of sensitivity, but also to a 
less extent than before. The measurements were similarly 
continued throughout the complete range of intensities. 
The results are plotted in fig. 2, from the data in Table H. 
in comparison with the same normal as before. In this 
figure A is the normal graph, B the graph for contralateral 
depression of sensitivity, and C that for contralateral 
enhancement. In both figures the depression graphs are 
below the normal and the enhancement above, since the 
reciprocals of increments are plotted as ordinates. The 
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contralateral effects are similar to the ipsilateral, except in 
magnitude. The linear parts of the graphs conform to the 
same equations as before, with suitable changes in the 
values of the constants. 

Both groups of graphs in figs. 1 and 2 may also be 
represented by the equation: 


JI 

log I 


= C, 


Ftp. 2. 



A, normal sensitivity; B, depressed sensitivity; C 7 enhanced sensitivity. 


which has been found by Macdonald and the writer * 
to denote the relationship between the just perceptible 
increment of intensity of a sound and the intensity, 
instead of Weber’s law, which does not hold in the sense 
of hearing. The new law is thus verified in normal, 
depressed, and enhanced states of aural sensitivity under 
both ipsilateral and contralateral conditions of stimulation. 

The marked convergence of both groups of graphs 
towards the greater values of the intensities, indicates 
that with high degrees of stimulation there will be no 

* “ The Psychophysical Law.—II. Audition,” Phil. Mag. ix. p<-827 
(1930). 
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distinction between the normal, depresed, and enhanced 
states, since all will become merged into one. 

From these investigations it is clear that the auditory 
sense is subject to the same conditions and exhibits the 
same neural characteristics as the other senses, the muscles, 
and the glands. It is evident also that the afferent and 
efferent nerves of both ears are interconnected in the 
auditory centres of the cortex, where the same processes 
of inhibition and facilitation are elicited as, for example, 
in the senses of vision and taste. Possibly by their means, 
phenomena of binaural contrast may occur analogous to 
those in vision and taste. It may also be the case that 
contralateral influences may be involved in the process 
of locating the direction of sound. 

It is quite probable, by analogy with the sense of touch, 
that enhancement of sensitivity instead of depression may 
first be evoked by very weak stimulation of the ear, and 
the oscillations thus be reversed in phase. It did not occur 
to the writer to test this supposition at the time the 
apparatus was available, and its study must be left for 
subsequent investigation. 

I desire to express my thanks to Professor Frank Allen 
and Mr. P. A. Macdonald, M.Sc., for many suggestions in 
regard to these investigations ; and also to the National 
Research Council of Canada for the grant by which I was 
enabled to act as Research Assistant to Professor Allen 
for the year. 


LXXVII. Concerning Electrical and other Dimensions. By 
W. N. Bond, M.A., D.Sc., F.Inst.P., Lecturer in Physics 
in the University of Reading *. 

Summary. 

Common misconceptions concerning dimensions, which are 
specially noticeable where electrical and magnetic quantities 
are concerned, are discussed. The meaning of fractional 
indices in dimensional formulae is considered, and a law is 
suggested for the frequency-distribution of the indices. 


* Communicated by the Author. 
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I. Certain Misconceptions. 

ri^HE first part of this paper is an attempt to point ont 
JL certain common misconceptions, which are chiefly 
noticeable when the dimensions o£ electrical and magnetic 
quantities are discussed. I believe my treatment is in 
essential agreement with work o£ Maxwell, J. J. Thomson, 
and P. W. Bridgman, but to a lesser extent with writings 
of J. H. Jeans, R. T. Birge, G. W. C. Kaye and T. H. Laby, 
W. Watson, and others. 

The difficulties may be indicated by a few quotations. 
Thus, Kaye and Laby state * “ v, the ratio of the electro¬ 
magnetic to the electrostatic unit o£ quantity ... is a 
pure number.” But J. J. Thomson + and A. GrayJ state 
the ratio of the units, v, in “ cm. per second.” 

Again, W. Watson states § : 

“[K-V-t] = [LT-i],” 

but later says “ indicating this velocity o£ v, we have 
[>-»K-*]/[LT->] * r ” 

(This is typical o£ statements in many text-books.) 

Further. I may quote li. T. Birge || :—“ These difficulties 
are connected with the unknown dimensions of magnetic 
permeability fi, and specific inductive capacity e. . . * § In the 
present paper we are concerned only with numerical magni¬ 
tudes and no particular attention has accordingly been paid 
to this matter o£ dimensions. ... In a number of the equa¬ 
tions given in Table c, the two sides o£ the equation do not 
check dimensionally unless one assumes p and e to be 
dimensionless.” 

These difficulties disappear if we follow Maxwell, J. J. 
Thomson, and P. W. Bridgman. Thus Maxwell states IT:— 
“ The only systems of any scientific value are the electro¬ 
static and the electromagnetic systems. . . . 

O V 

[e] = [IA^T- 1 ] 

in the electrostatic system.” 

Again, J. J. Thomson writes ** :—“On the electrostatic 
system of units K is of no dimensions . . ” 

* 4 Phys, and Chem. Constants/ 4th ed. p. 7 (1921). 

t * Elements of Elec, and Mag/ 4th ed. p. 479 (1£K)9). 

j 4 Abs. Measurements in Elec, and Mag/ 2nd ed. p. 68S (1921). 

§ * Text-Book of Physics/ 7th ed. p. 788 (1920). 

|| Phys. Rev,, Suppb, i. no. 1, p, 60 (July 1929). 

5f * Elec, and Mag. 3rd ed. ii. p. 266 (1892). 
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On the ordinary electrostatic system the dielectric constant 
of a vacuum is by definition unity ; a dielectric constant is 
measured as a ratio of two forces (or of two charges) 
expressed in the same units and is of no dimensions, just 
as are angles in radians and refractive indices. A similar 
argument applies to the electromagnetic system. The 
dimensions of charge, etc., as measured in the two systems 
will differ, and the ratio of the units will have the same 
dimensions as a velocity. 

Objections to the above procedure must be on the 
grounds either that it is inexpedient or that it is incorrect. 
As regards expediency, we have the statement of Maxwell 
quoted above, and Bridgman’s opinion, given in his‘Dimen¬ 
sional Analysis/ that ne useful purpose has been served by 
retention of the symbols [&] and \jl\. We may also note 
that in the cases of angles and refractive indices no inde¬ 
pendent arbitrary units are preserved and used, and very 
little use has been found for the corresponding special 
dimensional symbols. Finally, we quoted above certain 
difficulties and contradictions resulting from the partial or 
inaccurate uses of other systems of units and dimensions. 

People who object to the above type of procedure as being 
incorrect seem to forget that the dimensions of a quantity 
(that is measured in derived units) are but an abbreviated 
statement of how the derived unit was defined, telling us how 
the magnitude of the derived unit will be changed when we 
change the size of the arbitrary primary units, but make no 
other changes. The dimensions are the result of our method 
of definition and not a unique property of the thing we desire 
to measure *. 

Thus, Jeans f objects that if we defined the unit of mass 
by the gravitational equation 

m .f—m. m'Jr 2 , 

mass must not be said to have the dimensions [L S T _! ], as:— 

“ we know that mass is something entirely apart from 
length and time, except in so far as it is connected with 
them through the law of gravitation.” 

But the statement [M] = [L S T -2 ] does not tell us how mass 
is related to length and time, but how our proposed unit of 
mass will be affected by changes in the sizes of our length 
and time units. 

I will try to explain this by other examples. In place of 

• N. E. Dorsey, Int. Grit. Tables, i. pp. 18-19. 
t * Elec, and Mag.’ 2nd ed. par. 18 (1911). 
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defining unit force in the usual way, it appears to me to be 
just as legitimate (though less convenient) to define it by the 
“gravitational attraction/’ We should then have 

PP=m.//G, and [P] = [L -2 M*]. 

We cannot deduce that force is or is not “entirely apart 
from ” time. 

It may be difficult to realize that (in terms of [M], [L], 
[T]), it is only as the result of definitions that volume has 
the dimensions [L 8 ], velocity [LT _1 ], etc., so I will dis¬ 
cuss the problem a little further. Whenever we measure 
a quantity in terms of units of a different kind, we make 
use of properties of Nature. Even the use of “cubic 
centimetres ” implies the possibility of making cubes defined 
by the cm. length unit; and before we can measure a 
volume as the product of three lengths, we must assume 
that eight equal cubes can be fitted together to form one 
cube having double the length of side. (Presumably this 
can only be done exactly where there is no gravitational 
field *.) Similarly, we could use properties of Nature and 
measure lengths in “ light-seconds,” and the unit of volume 
could be taken as the space enclosed by the “ spherical ” 
wave-front of light that had travelled in a vacuum from 
a point source for one second. Following the usual practice 
of omitting to state the details of the method of definition 
when we write down the dimensions, the measurements 
would now be said to be in “ sec.” and “ sec. 8 ” respectively 
of dimensions [T] and f T 3 ] . If we desire to retain as. 
primary units the cm., gm., and sec., there is no necessity 
to use “ light-seconds ”; but for the derived unit of volume, 
that defined by the light wave would be a legitimate 
alternative to the “ cubic centimetre.” 

Again, after the manner of measuring angles as the ratio 
of lengths, velocities could be measured as fractions of that 
of light in a vacuum. The actual measurements would 
result in the ratio of two times or lengths, and velocity 
would have no dimensions in terms of [M], [L], and [T]. 

I cannot, therefore, agree with Watson’s statement (loc. 
cit.) that “ the dimensions of any physical quantity must he 
independent of the particular system of units adopted”; 
the dimensions of permeability which Birge ( loc. cit.) terms 
“ unknown ” seem merely arbitrary; and the dimensions of 
charge (as given in my quotation from Maxwell) seem no 
more “apparent” (Jeans, loc. cit., paragraph 588) than are 
the dimensions usually given for area, volume, force, etc. 

* Eddington, ‘ Report on Relativity Theory of Gravitation,’ p. 28. 
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II. Fractional Indices in Dimensional Formulas. 

Secondly, let us consider the fractional indices in the 
dimensional formulae. Were an arbitrary unit of volume 
used, and the length unit derived from it, [V]$ would be 
used in place of |_L], and f, etc., would appear as indices. 
Thus indices |, f are not specially peculiar and merely 
correspond to our “ measuring” electrical and magnetic 
quantities by the mechanical results of their interaction 
in pairs. 

The likelihood of fractional indices occurring may be 
indicated by the following discussion (which may also have 
other uses). If no derived units were used, all the indices 
would be unity. When a small arbitrary number of arbi¬ 
trary primary units replace the multiplicity of independent 
units, zero index is of little importance, only indicating 
that certain arbitrary units were not used in the particular 
measurement. Apart from the question of convenience, 
[It]* and [V], [L] and [V]*, [L]/[T] and [T]/[L], 
[M] [L] s and [L] 3 /[M] are equally likely. Thus a single 
index in a dimensional formula is equally likely to fall in 
any one of the ranges (— ooto — 1), ( — 1 to 0), (0 to 1), 
and (1 to qo ). But only fairly simple integers or fractions 
are to be expected, as the number of separate measurements 
used together is generally small. 

The Table below indicates the frequency with which the 
various indices occur in our ordinary measurements :— 

Magnitude of index in dimensional formula. 

4 3} 3 2| 2 1 i 0 -1 "I -1* -2 —2* -3 -3* -4 -6 

Number of occurrences in 443 cases taken at random. 


1 0 11 1 36 9 128 49 - 35 


122 


113 


* 81 $ 


— 


4 46 0 25 0 4 1 


126$ 


I find that the frequency-distribution of the squares of the 
indices is very similar to that found for “ non-dimensional 
constants” ( e.g . 47t/3)*. This is illustrated in the following 
Table, derived from the previous Table:— 

Range of value of (index) 5 . 

<0 to$) ($ to 1) (1 to 2) (2 to 4) <4 to 8) (8 to 16) (16 to 32) (32to») 


Number found. 

84 110$ 110$ 54 42 38$ 2$ 1 


* Bond, Phil Mag. vii. pj>. 719-721 (April 1929). 
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Number according to suggested distribution law. 

110-7 110-7 110-7 55-4 277 13-8 6-9 6-9 

Fractional number according to suggested distribution 
law. 

V4 l U l U Vs Vie Vs* V« V«4 

Department of Physics, 

University of Reading. 

December 18, *1929. 


LXXVIII. The Soft X-rays of Manganese. 

By F. C. Chalklik, Ph.D., University of Sheffield *. 

E XPERIMENTS making use of the photo-electric 
method have shown that for each of the elements 
iron, cobalt, nickel, and copper there exists, in the soft 
X-ray region, a considerable number of critical potentials. 
To account for these Professor O. W. Richardson and the 
writer have suggested a scheme involving the assumption 
that the critical potentials are due to transitions from a 
number of initial levels to a Rydberg series of virtual 
levels f. The scheme works well for iron and fairly well 
for cobalt and nickel, but for copper there is a large 
number of discontinuities for which the scheme does not 
account. It is clearly of interest to examine the elements 
which are near to iron, cobalt, nickel, and copper in the 
periodic table, and to ascertain whether or not the sug¬ 
gested scheme accounts for the critical potentials obtained. 

In the present series of experiments the critical poten¬ 
tials of manganese have been determined by two distinct 
variations of the photo-electric method. The first of these 
methods depended on a simultaneous comparison of the 
photo-electric current produced by the manganese radia¬ 
tions with that produced by the radiations from an 
anticathode of which the critical potentials were known 
(e. g., carbon). 

Fig. 1 shows the soft X-ray tube used for this purpose. 
The tube was constructed of transparent silica in order to 
facilitate the de-gassing process, and the seals were made 

* Communicated by Prof. 0. W. Richardson, F.R.S. 
f Proc. Roy. Soc. A, cxix. p. 64 (1928); A, ctxi. p. 218 (1928). 
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with red sealing-wax. The electrodes were, with the 
exceptions mentioned below, all constructed of molyb¬ 
denum *, in order to avoid as far as possible the danger of 
metal evaporating during the bake-out and condensing on 
the anticathode. The framework of the anticathode 
allowed four targets to be slid into position, thus sur¬ 
rounding a tungsten filament Fjf, from which an elec¬ 
tronic stream could bombard the targets and de-gas them 
with little fear of the outer faces becoming sputtered. The 
targets were approximately 1-5 cm. wide and 2 cm. in 
height. The whole anticathode was mounted on an iron 
swivel, but was separated from it by a molybdenum rod, so 


Fig. 1. 



that the iron portions should not reach the high tempera¬ 
tures attained by the anticathode during bombardment. 
During these experiments a carbon target was exposed to 
one photo-electric cell, and the manganese target faced 
the other cell. Suitable potentials were applied to the 
condenser plates C and to the cylinder G to prevent ions 
and electrons from reaching the photo-electric plates P. A 
single tungsten filament F a supplied both targets with an 
electron stream. A Gaede three-stage mercury vapour 

* Very kindly supplied by Metropolitan Vickers Electrical Co., Ltd., 
Manchester. 

t For the tungsten wire used the writer is indebted to the General 
Electric Co M Ltd., Wembley.' 
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pump was used to evacuate the apparatus, and, although a 
narrowing was necessary at a stopcock and at two liquid 
air traps, 3*5 cm. tubing was used where possible in order to 
facilitate the pumping. 

Fig. 2 shows the electrical connexions in use during the 
experiment. Suppose the total thermionic current from 
filament to anticathode to be I t . A fraction of it, A i tt 
goes to the carbon target and a fraction, Bi { , goes to the 
manganese target. The photo-electric current due to 
each target may be taken as approximately proportional 


Kg- 2. 



to the electronic current bombarding that target. Again, 
it is well known that the photo-electric current is approxi¬ 
mately proportional to the bombarding voltage V. Hence 
the photo-electric currents due to carbon and manganese 
are respectively VMAi, and VNBi<, where M and N are 
constants representing the efficiency of each target in 
producing photo-electrons under the given conditions of 
geometry of tube and photo-electric plate. The ratio of 
the two photo-electric currents will be 


. 

Phil. Mag. S. 7. Vol. 9. No. 59. Suppl. May 1930. 


( 1 ) 


3 K 
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A and B are unlikely to vary very greatly with voltage 
(and certainly they should not "vary discontinuously), 
so the ratio should remain constant as we vary the 
potential on the tube. However, at a critical potential 
of manganese, i^will begin to differ from VNB* ( , and will 
only be represented by that expression again at some 
higher voltage. Hence, if the ratio were plotted against 
the voltage, it would be expected that the curve would 
in general be parallel to the voltage axis ; it would begin 
to leave this straight line at a critical potential; the 
difference would increase to a maximum and the curve 
would then tend to return to the original course. The 
magnitude of the difference should be proportional to 
the thermionic current. 

The two photo-electric plates were connected to opposite 
pairs of quadrants of a Dolezalek electrometer. One of 
these two insulated systems was made of variable capacity 
by placing, in parallel with it, a variable condenser. The 
variable condenser could then be adjusted until the electro¬ 
meter did not charge up. When this is the case. 

[Hi — f9'i 

Cj~(j s ’ i P , — MA — C, ‘ • • ' w 

Since, in this experiment, we were only concerned with 
the critical potentials, it was not necessary to make an 

t 

absolute determination of the ratio ■!'- by the measurement 

*j>i 

of the capacities, C x and C 8 . After the variable condenser 
had been adjusted until the rate of charging up was very 
slow, the voltage was varied, and for each value of the 
voltage the rate of charging of the electrometer was 
observed. Discontinuities were found in the curves 
obtained by plotting rate of charging against voltage. 
This procedure avoided the calibration of the variable 
-condenser and the troublesome business of adjusting the 
condenser for each voltage. Fig. 3 shows examples of the 
curves obtained. 

The method has the following advantages:— 

(1) It is a nullmethod, and allows the thermionic current 
to be raised to a high value. This affords greater sensi¬ 
tiveness in the determination of the deviations from the 

initial value of l -P, and hence allows the critical potentials 

to be observed the more readily. 
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(2) As anticipated from the analysis, the deviations 
from the balance position are never very great, and 
therefore it is possible to take long curves without resetting 
the condenser. 

(3) Equation 2 shows that the balance-point is unaffected 
by changes in thermionic current. (Ibis is probably only 
true for small changes of i t , for large changes would prob¬ 
ably cause changes in A & B.) The deviations from the 
balance-point (measured by the deflexions of tike electro¬ 
meter) should be proportional to the thermionic current, 
but since these deviations are small it is unnecessary to 
correct them for the slow gradual changes in i t . Thermi¬ 
onic current-readings were, however, taken from time to 
time during the curves. 


Fig. 3. 

ijy. Volts (uncorrected) 

2S0 T 260 2/0 280 290 300 3i0 320 



(4) We are left with only two instruments to read—the 
electrometer, and the standard potentiometer with which 
the voltage was measured. 

(5) This method was primarily designed to look for and 
measure the difference between the critical potentials of 
an element and its compounds. In this case one target 
would be made of the element and the other of the com¬ 
pound, the critical potentials of each could be obtained on 
the an wift curve, and small differences of voltage between the 
discontinuities could be measured with greater accuracy 
than if the two targets were examined separately. 

The method has a number of disadvantages. It is 
necessary to know the critical potentials of one of the 
targets. Carbon was used as the standard target in this 

3 K 2 
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experiment, as one would only expect to get the K dis¬ 
continuity occurring in the range under examination, and 
this had been verified by a number of experimenters, who 
had determined the voltage of the discontinuity. During 
the course of our experiments, however, a letter from 
Richardson and Andrewes to ‘ Nature ’ announced the 
discovery of a large number of discontinuities whose 
position depended on the crystalline state of the carbon. 

It is difficult, from the curves obtained by this method, 
to distinguish between manganese discontinuities and 
carbon discontinuities. For this reason manganese was 
subsequently examined by a steady deflexion method which 

Fig. 4. 



did not involve the use of a carbon target. The steady 
deflexion experiments indicate that, with the exception of 
carbon K, practically all the discontinuities obtained by 
the first method can be obtained from the manganese face 
of the anticathode. (The exceptions are 132, 248-5, 
309- 2, and 339- 2. The first of these was, however, obtained 
for Mn by Andrewes, Davies, and Horton.) 

The first method also involves, in an aggravated form, 
the diffi culties encountered in using a timing method with 
an electrometer. If the method is to be sensitive a heavy 
charge must be allowed to collect on the pairs of quadrants, 
and leakages are therefore accentuated. 

Fig. 4 shows the electrical connexions of the second 



853 


Soft X-Rays of Manganese. 

method. R r is a high resistance constructed by depositing 
lampblack on a silica rod. R 2 is a resistance-box. The 
tube used for the first method was again employed, but we 
now only made use of the photo-electric cell exposed to the 
manganese radiation. The photo-electric current from 
this cell flowed through R 1; so that in the steady state the 
p.d. between A and B would be i Pi . R x . The thermionic 
current flows through R 2 , and therefore the potential of 
A (measured by the electrometer) with respect to earth is 
i P3 . R x —i t . R 2 . If this is adjusted to zero by means of 
the resistance-box R 2 , we have, VNBi<. R 1 =i<. R 2 . 

As in the first method the balance-point is independent 
of the thermionic current. Again it was not considered 
convenient to adjust R 2 for zero electrometer deflexion at 
each voltage, and, instead, the value of R 2 was kept fixed 
during the taking of a set of readings, and the reading of 
the electrometer taken. This gave a measure of the 
quantity i t . R x . BA(VN), where d(VN) is the change 
in VN from its value at the balance-point. Readings of i t 
were taken, but it was not deemed necessary to divide the 
electrometer readings, but to leave i t in the expression as a 
constant unless the readings of it showed it to vary in such 
a way as to cause a discontinuity in the electrometer 
reading—voltage curves. It was deemed wise to abandon 
such discontinuities. Fig. 5 shows some of the curves 
obtained by this method. 

The results obtained by the two methods are shown in 
Table I. It was feared that the positions of the discon¬ 
tinuities obtained by the second method might be affected 
by the time-lag in the high resistance. Some curves were 
taken with increasing voltage and some with decreasing, 
and it was thought that it might be preferable to take a 
mean of the average value of a discontinuity on curves 
of ascending voltage and of the average on descending 
voltage. For no critical potential, however, did this value 
differ by more than half a volt from the mean of all the 
values for the critical potential. We have therefore 
adhered to the usual method of taking the mean. 

Do series similar to those found * for iron, nickel, 
cobalt, and copper also apply to the results obtained for 
manganese ? For each of these four elements four critical 
potential series were found of the form A— &/»*, the four 
series having different values of A, but the same value of 6. 

* Richardson and Chalklin, Proc. Roy. Soc. A, cxxi. p. 283 (1928). 
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It was therefore concluded that for each of the elements 
ther e were four initial levels which we called X* X l5 X a , 
and X 8 , from which transitions took place to the same 
series of final levels represented by b/n 2 . Whether or not 
the X levels are to be identified with the M levels is at 
present uncertain. For each of these elements critical 
potentials occur which appear to be due to transitions from 
the Ln, in level to X levels, and, making use of the combina¬ 
tion principle, the L n , m level was calculated. A Moseley 
diagram of the L n , m level thus obtained for these elements 


Fig. 5. 



gives a straight line. An extrapolation gives the Lu, m 
level of M n to be approximately 740 volts. Thoraeus has 
found the X-ray emission lines L a]) s and for M» to 

occur at 19*39 A and 19*04 A respectively. These values 
are equivalent to 637 and 648 electron volts. For the four 
elements mentioned the voltages corresponding to these 
lines were roughly equal to Ln, lu —X s . If this identifi¬ 
cation is made for manganese we find X 8 =740— 640 
(approx.) —100 volts (approx.). It thus appears that the 
Xj level is in roughly the same position as for iron, cobalt, 
nickel, and copper, and that an X 3 ~>b/n 2 series will be 


4f/ec trometer reading in Cm&. 
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outside the range of our present experiments, which did 
not go below 110 volts. 

A knowledge of the wave-lengths of the L» and L„ lines 
would, in a similar way, enable a prediction of the X x level, 
but, unfortunately, the writer has been unable to discover 
any measurements of these lines. 

Table I. 


Method 1. 

Method 2. 

Weighted Andrewes, Davies, and 
mean. Horton f- 

Volts. 

Volts. 

Volts. 

Volte. 

— 

— 

— 

49 

73 

88 

. -i 


.. . 

— 

— 

— 

105 

— 

— 

— 

113 

122*1 

121*0 

121*7 

117 

132*0 

— 

132*0 

134 

— 

141*3 

141*3 

— 

145*4 

146*8 

145*9 

— 

— 

159*8 

159*8 

157 

1666 

168*4 

167*9 

— 

1819 

181*1 

181*2 

179 

193*7 

194*5 

194*2 

189 

201*0* 

200*4 

200*5 


— 

2115 

211*5 


— 

218*2 

2182 


224 9* 

224*4 

224*6 ? 


2390 

241*3? 

239*7 


248*5 

— 

248*5 


2599 

259*7 

259*8 


— 

265 6 

265*6 ? 


273*6 

273 7 

273*6 


284*4 

285*3 * 

284*5 


297*9(carbon K ?) 298*8 

298*8 


309*2 

— 

309 2? 


315 9* 

315*1 

315*4 


— 

323-4 

323*4 ? 


— ► 

332*2 

332*2 ? 


3392 

— 

339*2 ? 


362*2* 

361*8 

361*9 


368*1 * 

367*8 

367*9 


379*4 

378*1 

3787 


400*8 

403*2 

401*5 


412*0* 

411-9* 

412*0 



* Only obtained on one occasion, 
f Proc. Roy, Soc. A, cxvii. p. 649 (1928), 

Two series given in Tables II. and III. have, however, 
been obtained, and appear to be the and X 0 series. 
They employ the value 2357 for “ b,” as did also the series 
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of cobalt and nickel (copper also had roughly the same 
value of 6). 

The suggested series appears to give only a fair repre¬ 
sentation of the experimental results. In giving the ob¬ 
served value 146* 8 we have neglected the results obtained 
for this discontinuity by Method I., in which the effect at 
141-3 volts was not resolved, and in which, therefore, an 
effect at 146-8 might be expected to be obtained too low. 
Even so, the discrepancy between the observed value 
146*8 obtained by Method 2 and the predicted value 149-0 
is rather large. Again, the experimental values 173-8 and 
179-4, which have been taken to correspond to the series 
values for m=10 and »=11, were only obtained once, and 
do not therefore appear in our listed values in Table I.*. 

Table II. 


n. 


X 1 == 197*3 volts. 



Observed. 


4 . 50 volts. 49 volts (A, D, and H). 

5 . 103 „ 105 „ (A, D, and H). 

5 131*8 132*0 

7 . 149 0 „ 146*8 „ (value from Method 2). 

8 . 160*5 „ 159*8 „ 

9 . 168*2 „ 167*9 „ 

10 . 173*7 „ 173*8 „ (only observed once). 

11 . 177*8 „ 179*4 „ (only observed once). 

12 . 180*9 „ 181*2 „ 


(The two A, D, and H values used were beyond the range of the present 
experiments.) 

On the other hand, it would be reasonable to expect that 
for such large values of n the critical potentials would be 
weak. The readiness with which the 181-1 break was 
obtained in Method 2 was probably due to its being made 
up of more than one unresolved effect. 

The suggested series has, however, a number of virtues. 
There has been no necessity to change the constant b from 
the value used for the series of Co, Ni, and Cu. Secondly, 
the series accounts for all the discontinuities which we have 
obtained in this region except those at 141-3 and 121-9 
volts, and of these the 141-3 break is accounted for below. 

There appears to be evidence in favour of another .series 
with the same value of b and with a limit approximately 

* Andre-wes, Davies, and Horton have a critical potential at 179 volts- 
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the same as that of the X 0 series for iron. This is shown in 
Table HI. 

This series seems to be quite satisfactory apart from the 
value for »=8, in which the observed critical potential is 
3 volts from the predicted value. Again, the series has 
accounted, with some completeness, for the critical 
potentials found in the region concerned, and it will be 
noticed that, with the exception of the 121-7 effect and 
three breaks between 200 and 220 volts, the two series 
together account for all the critical potentials obtained by 
the writer below 280 volts. 

The critical potential series scheme does not in its 
present form account for the discontinuities found for 
manganese above 280 volts, and for iron, cobalt, nickel, and 

Table III. 


X„=288-3 volts. 

«. X„ — ~. Observed. 

« 2 


4 .141-1 volts. 141-3 volts. 

5 . 194-0 „ 194-2 „ 

<5 . 224-8 „ 224-6 ? „ 

7 . 240-2 „ 239-7 „ 

8 .251-5 „ 248-5 „ 

9 . 259-2 „ 259-8 „ 

10 . 264-7 „ 265-6? „ 

11 . 268-7 „ — 

12 . 271-8 „ , 


copper there were unpredicted effects in this region. It is 
therefore clear that, if it is to be comprehensive, the series 
scheme will require extension. The data at present 
available do not, however, justify such an extension. 

In conclusion, the writer wishes to express his gratitude 
to Professor O. W. Richardson for his advice and interest 
in the experiments; to Professor S. R. Milner, in whose 
department this work has been carried out, for his interest 
and encouragement; and he is indebted to his wife 
(L. P. Davies), who has rendered very valuable assistance 
in the carrying out of the experiments. 

Thanks are due to the Government Grant. Committee 
of the Royal Society for a grant by means of which 
apparatus was purchased. 
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LXXIX. The Effective Temperature of a Warmed Boom. 
By A. F. Dttfton, M.A., D.I.C* * * § 

[Plate XI,] 

1. "EXPERIENCE shows that when the walls of a 

Xj room are cold a higher air-temperature is required 
for comfort than when the walls are warm. In a comfort¬ 
ably warmed room a sedentary man loses by radiation and 
convection some 17*5 B.Th.U. per square foot of effective 
surface per hour, and if normal clothing be worn, the 
average temperature of the surface from which this heat 
is lost to the room is about 75° F. Under such conditions, 
as has been pointed out by Dr. Hill, of the National 
Institute for Medical Research, changes in the humidity 
are immaterial so far as heat losses are concerned f. 

Pending a more precise physiological standard of thermal 
comfort, a provisional standard has been based upon this 
rate of loss of heat, according to which a room is postulated 
to be comfortably warmed where a sizable black body at 
75° F. loses heat at the rate of 17-5 B.Th.U. per sq. ft. 
per hourj. 

The temperature of an environment with air and walls 
at different degrees is not easily specified. From the 
point of view of comfort it is the rate at which heat is lost 
from the body which is important. The effective tempera¬ 
ture of an environment may therefore be defined as that 
temperature of a uniform enclosure in which, in still air, 
a sizable black body at 75° F. would lose heat at the same 
rate as in the environment. 

2. An instrument has been constructed to record the 
effective temperature in a room. A thermostatic device 
tends to maintain at 75° F. the surface of the instrument, 
a black-painted hollow copper cylinder. The cylinder, 
which sits on a 28 in. wooden stool, is 22 in. high and in. 
in diameter, a replica of that used as an automaton § for 
regulating the heating of a room. It is heated electrically 
Mid the power supplied, which is controlled by the thermo¬ 
stat, is recorded. The power record is scaled to give the 

* Communicated by the Author. 

t Medical .Research Committee, Special Report, no. 82, p. 100. 

t Journal of Scientific Instruments, ri. p. 240 (1929). 

§ “ The Eupatheostat,” Journal of Scientific Instruments, toe. eit. 
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rate at which the cylinder loses heat or, more conveniently, 
in degrees of effective temperature. 

The scale of effective temperature was determined experi¬ 
mentally by recording the heat loss in still air in a 
room with air and walls at the same temperature. Corre¬ 
sponding values are plotted in fig. 1. An effective tempera¬ 
ture of 64*3° F. corresponds with a heat loss of 17*5 

Fig. 1. 



B.Th.U. per sq. ft. per hour, the provisioned standard of 
thermal comfort. 

The instrument, which it is proposed to call the 
Eupatheoscope, in contradistinction to the Eupatheostat, 
is required for the investigation of the influence of the 
fabric of the walls upon the rate of warming of a room. 
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3. Some rooms are not readily warmed and it has been 
demonstrated theoretically * that, with double the rate of 
heating which serves to maintain warmth, the time taken 
to warm the surface of a 9-inch brick wall is six hours, 
while for a 1-inch wall of wood affording the same 
insulation the time is ten minutes. 

Kg. 2 is a record of the warming of a small furnished 
room with walls of 9-inch brick plastered internally. 
It shows not only the slow rise of the temperature of the 
air but also that, even in the radiant heat 8 ft. from a gas 
fire burning 0-2 therm per hour, a comfortable warmth 
was not attained in three hours. 


Fig. 2. 



4. For measuring the effective temperature of a room a 
special kata-thermometer has also been devised. To 
ensure that the surface is at the same temperature as the 
thermometric liquid, the bulb is made of copper with a 
very thin lining of glass (0*4 mm.) and the thermometer is 
filled with mercury. The thermometer is allowed to cool 
from 7F. to 74£° F.—in a comfortably wanned room 
this takes one minute—and the stop-watch used for timing 
is graduated in degrees of effective temperature (PI. XI.). 
The thermometer is readily warmed with the hands. 

The kata-thermometer was compared with a eupatheo- 
scope in the same environment. Corresponding readings 
are shown in the Table (p. 861). 


* Phil. Mag. iv. p. 888 (1927). 
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It was anticipated that some allowance would have to be 
made for the excessive convection loss of the thermometer, 
due to its small dimensions. To enable this to be effected 
the cooling in the same environment of a similar thermo¬ 
meter with a silvered bulb was observed. The experiments. 


Air 

Temperature. 

Effective Temperature. 

Eupatheoscope. 

Kata-thermometer. 

46° F. 

46-1° F. 

45-7° F. 

50 

50-0 

50-2 

53 

56-6 

57-1 

58 

o3-9 

63-7 

61 

65-8 

65*6 

62 

67-0 

66*5 

65 

65*0 

65*2 


showed, however, that the auxiliary thermometer affords 
no advantage and that the cooling of the black thermo¬ 
meter gives a sufficiently accurate measure of the effective 
temperature. 


LXXX. Notices respecting New Books. 

A Comprehensive Treatment on Inorganic and Theoretical Chemistry. 
By J. W. Mellob, D.Sc. Vol. IX. As, 8b, Bi, V, Cb, Ta. 
[Pp. xiv+967.] (London: Longmans, Green & Co., Ltd., 
1929. Price 63s. net.) 

r FHE ninth of the thirteen volumes which will comprise Dr. 

Mellor’s ‘Comprehensive Treatise’ is devoted to the ter- 
valent and quinquevalent elements, arsenic, antimony, bismuth, 
vanadium, columbium, and tantalum. It follows the same general 
lines as the preceding volumes. For each element an account is 
given of its history, occurrence, methods of extraction, physical 
and chemical properties, its uses, its atomic weight, and valency. 
Then follow sections devoted to the various compounds of the 
element. An important feature of the work is the comprehensive 
list of references to original sources; an examination of these 
indicates that the literature up to and including the year 1927 
has been incorporated in the present volume. 

The elements dealt with in this volume have several features 
of interest, as poisons, as possessing allotropic modifications, as 
forming colloidal solutions, and as constituents of metallic alloys. 
These properties are all fully dealt with. 
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The yotame, along with the other volumes of the series, will be 
found invaluable for reference purposes, not only by chemists, but 
also by physicists and other scientific workers. 

Elementary Applications of Statistical Method. By H. Babtstbb, 

B.Sc„ Ph.D. [Pp. vi+58.] (London: Blackie & Son, Ltd., 

1929. Price 3s. 6d. net.) 

Those who have to deal with statistical data and who possess no 
training in mathematics or statistics will find this small volume a 
suitable introduction to statistical methods. For such persons it 
can be followed with advantage by Fisher’s * Statistical Methods 
for Research Workers/ Such subjects as the tabulation of data, 
frequency distribution, goodness of fit, measures of dispersion, the 
significance of the mean and of the difference between the means 
of two samples and correlation, are dealt with in a very brief and 
elementary manner, and illustrated by simple examples. Proba¬ 
bility tables and tables of goodness of fit are given in Appendices 
in a graphical form. Four figure tables of logarithms and anti¬ 
logarithms are also included ; these might well have been omitted, 
being probably accessible in one form or another to all who will 
use this book. 


The Elementary Differential Geometry of Plane Curves . By E. H. 
Fowleb, M.A., F.R.S. (Cambridge Tracts in Mathematics 
and Mathematical Physics, No. 20.) [Second Edition. Pp. ix 
+ 105.] (Cambridge: at the University Press, 1929. Price 
6s. net.) 

The value of this work lies in the fact that a connected account 
of the elementary differential properties and geometry of plane 
curves was not previously available in the English language. The 
author does not claim that the matter is in any sense new nor 
that the treatment is novel. The treatment is, however, rigorous 
and connected, and the tract will be welcomed by those who do 
not possess Gomsat’s ‘ Cours d*Analyse ’ or some similar work. 

The first edition appeared in 1920. The second edition is 
unaltered except for the correction of various mistakes. The 
author states in the preface to this edition that “ I have not been 
in any way concerned with this subject since this tract was first 
published.” It is to be regretted that Prof. E. H. Nevile’s revised 
theory of envelopes has not been incorporated, though the nature 
and scope of this is clearly explained in the preface. To have 
incorporated this would have necessitated a somewhat extensive 
revision of the work, for which presumably the author could not 
find time. On the principle that half a loaf is better than no 
bread, we must be thankful that the publishers have not permitted 
the tract to go out of print, and that this well-written account of 
the differential geometry of plane curves is still obtainable. 
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December 4tli, 1929.—Prof. J. W. Gregory, L.L.D., D.Se„ 
F.R.S., President, in the Chair. 
f J\HE following communication was read:— 

4 Foliation in its Relation to Folding in the Mona Complex at 
Rhoscolyn (Anglesey).’ By Edward Greenly, D.Sc., V.P.G.S. 

Further studies on the major anticline of Rhoscolyn have thrown 
much light on successive stages of the metamorphism. 

The major, minor, and minimum foldings (with their tlirustings) 
have each given rise to a foliation; that produced by the major 
folding being, on the nearly horizontal core of the great anticline, 
conspicuously transverse to the bedding of the massive grits of the 
South Stack Series. Yet it is thrown into isoclines by the minor 
folding, which is therefore subsequent to it. Where the cross¬ 
foliation of the major folding has been isoclinally folded, the folia- 
tion of the minimum folding runs right up to it at any angle without 
being itself folded in the least, whence it follows that the minimum 
is later than the minor structure. Thus the three foliations 
(major, minor, and minimum) developed in chronological order. 

Thrusts often truncate the minor isoclines, and on decapitated 
anticlines where the beds are steep the beds above and below the 
thrust have been made to interdigitate. Sometimes this is carried 
so far as to drive long wedges of thin grits in between the laminae 
of the major cross-foliation. In this manner the structures usually 
found at a thrust-plane have often been completely obliterated, 
even when the thrust is considerable. 

The relations of major to minor folding furnish an explanation 
of the fact that the major cross-foliation, unlike a slaty cleavage, 
fails to traverse the pelitic beds. The foliation of the plutonic 
intrusions, and the tremolite-schists, are products of the .major 
movements. 

In ‘ The Geology of Anglesey ’ the principal metamorphism was 
ascribed to the major and subsequent movements. Re-examination 
has shown, on the contrary, that this metamorphism is independent 
of, and older than, all three. Its foliation is developed along 
innumerable thrusts, but these are at angles so acute to the 
bedding that, especially when thrown into rapid isoclines, they easily 
escape notice. This is the true explanation of 'monoplanic schists.’ 

The view now abandoned was based upon the aureoles of the 
basic intrusions, but a fresh study has revealed that their evidence 
gives decisive confirmation of the view now adopted. They are 
frequently cut by thrusts of the major series, but. are never affected 
by the principal 'metamorphism. There are several lines of evidence, 
perhaps the most striking being the fact that the thermal minerals 
of the aureoles crystallize across and obliterate the planes of the 
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principal metamorphism, which is, therefore, anterior to the 
intrusions and thus to the major folding. 

This early foliation is really the regional metamorphism. But 
the thrusting to which it is due, unlike those of the three later 
series, can be referred to no visible folding. Accordingly, its 
disentanglement goes to confirm the hypothesis that recumbent 
folding exists, and is the dominant structure of the Mona Complex. 

These studies, carried out only on a single tectonic horizon, 
greatly extend the chronology of the metamorphism of the Mona 
Complex. 

December 18th, 1929.—Prof. J. W. Gregory, LL.D., D.Sc., 
F.R.S., President, in the Chair. 

The following communication was read :— 

‘ The Geology of the Shiant Isles’. By Frederick Walker, M. A., 
Ph.D., D.Sc. 

The Shiant Isles form a small uninhabited archipelago in the 
North Minch, some 5 miles east of the Park district of Lewis. 
The group is made up almost entirely of crinanite sills separated 
by relatively thin argillaceous strata which have undergone 
considerable contact-alteration, but the fossil content of which 
(ammonites, belemnites, and one species of Inoceramus ) assigns 
them to a low position in the Upper Lias. The two largest 
islands are each over a mile in length, and are joined by a shingle- 
beach. Their principal feature is a crinanite sill at least 500 feet 
thick, with a picrite base. The transition between the crinanite 
and the picrite is gradual, and the ultrabasic rock is considered to 
have accumulated by the gravitational settling of olivine-crystals, 
this hypothesis being borne out by a series of chemical analyses, 
modes, and specific gravities. Numerous veins of teschenitic and 
syenitic composition pierce the picrite, and probably represent the 
expulsion of residual magma at various stages during crystallization. 

A third large island lies about a mile to the east of the other 
two, and is also to a great extent made up of a single thick sill 
of crinanite. East of this island, however, the crinanite passes 
gradually into syenite, towards the centre of the sill, the thickness 
of the alkaline rock being at least (50 feet. The syenite carries 
abundant analciteand occasional nepheline, but otherwise resembles 
closely the rock of Gamhnach Mor in Mull. It is riddled by 
veins of still more alkaline material, and cut by horizontal sheets 
of olivine-basalt which are chilled against it. The alkaline centre 
of the sill is thought to have originated through.auto-intrusion 
caused by pressure on the crystal-mesh of the crinanite. Similar 
syenitic bands occur in the crinanite of the smaller islands. 

The age of the igneous activity is almost certainly Tertiary, and 
is probably the same as that of the Trotternish sills in Skye. 

Although glacial striae are not seen on the islands, their general 
aspect indicates a flow of ice from south to north during the 
Glacial Period._ 

\The Editors do not hold themselves responsible for the 
views expressed by their correspondents J] 
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LXXXII. Dipoles in Relation to the Anomalous Properties 
of Dielectrics. By S. Whitehead, M.A., A.M.I.E.E.* 

Preface. 

In studying the properties of ebonite as a dielectric at 
various frequencies it has been observed that the losses 
at low stresses expressed as power factor are practically 
constant over a range of frequencies from power frequencies 
up to millions per second, but there is an anomaly in the 
neighbourhood of 1000 cycles, in which part of the range 
the power factor is decreased. 

Several hypothetical explanations have been suggested and 
are under consideration. This report covers the application 
of the Dipole Theory of Debye to anomalous properties of 
dielectrics. 
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I. Introduction—The Dipole Theoey. 

T HE dipole theory was first introduced by Debye in order 
to explain the large temperature coefficients of the 
specific inductive capacities of the alcohols. Previous 
theories, such as those of Faraday, Mossotti, and Lorentz, 
which involved the assumption either of conducting particles 
or of an actual displacement of charges within the molecule 
or atom, were unable to account for the large variation of 
this induced polarization with temperature which is observed 
in some cases. Debye adopted Langevin’s theory of para¬ 
magnetism. He assumed that there are dipoles of fixed 
electric moment in the medium, just as there are molecular 
or atomic magnets in a paramagnetic medium. Normally 
these dipoles have a random distribution, so that the 
component of density of electric moment in any direction, 
i. e., the polarization, cancels out, and there is no resultant 
field. When, however, an electric field is applied the dipoles 
tend to orientate themselves in the direction of the field 
according to Boltzmann’s law, since they have a potential 
•energy depending on orientation. They may indeed have 
a definite orientation under exceptional circumstances 
without an electric field, as, for example, if an “ electret ” 
is solidified in an electric field. The dipoles move more 
■easily when liquid than when solid, so that they align 
themselves while liquid and are caught in that position when 
solid. On removal of the field the “electret” continues 
to have a polarization which may continue for some months. 

Generally, however, the dipoles do not align until an 
-electric field is applied. The proportion in any direction 
■can then be calculated, assuming Boltzmann’s law as above. 
To a first approximation (at not very high field strengths) 
this distribution is given by 

/ = A (l+ -^jrcosfl).(!) 

(See Appendix (a) (2)), 

where 

fd(l ’*= number of dipoles per c.c. pointing in direction 
indicated in solid angle dSl, 
p ss dipole moment, 
k = Boltzmann’s constant, 

T = absolute temperature, 

0 = angle of orientation of dipoles, 

F -as field strength. 
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From tliis the polarization or electric moment per c.c., 
P, can be calculated, since 

P = 4w { fifcos 02ir sin 0d0, ... (2) 

o 

where N =* number of dipoles per c.c. 

Thus we obtain the expression 

P ~ 4ir/a J FN/3&T.(3) 

F is the total inducing field, that is, the external field 
together with that due to neighbouring molecules, so that, 
if e is the specific inductive capacity, 

~ 2 = 1 * + 47r/t 2 N/9£T.(4) 

(See Appendix (a) (4)), 

where h = polarization arising from other causes, e.g., 
a separation of charges, as in Loren tz’s theory, or surface 
charges at different layers. 

The form of variation of e with temperature has been 
verified for a number of liquids and gases and some viscous 
materials. On the whole the theory has been satisfactorily 
verified qualitatively in those cases where dipoles might be 
expected. Quantitatively the theory is not so satisfactory, 
but the agreement is good in some instances. Certain 
refinements have been made to Debye’s original theory, but 
no unquestioned improvement has resulted. The average 
values of the dipole moments work out of the order of 
10 18 e.s.u. 

In arriving at the above results it has been assumed that 
the dipoles are quite free to move, their directions being 
altered by collisions. In gases this is probably the case, 
but in liquids, and certainly in solids, retarding forces of 
a frictional nature will oppose the motion, and the movement 
of dipoles will result in heating, while they will not reach 
their most probable distribution for appreciable periods of 
time. Now this effect can be taken into account and brought 
in relation with the effective viscosity of the medium, and the 
following approximate equation is found for /:— 

(See Appendix ( b ), equation (8)), 

3 L 2 
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where . 

p = frictional resistance coefficient = 8 mja* for a fluid, 
if i j — Viscosity, a — radius of molecule, 

t = time, 

A ms constant depending on number of dipoles, etc. 
From the presence of this frictional resistance arise : 

(1) A varying capacity current or absorption current. 

(2) An energy loss in the dielectric, that is a power 

loss and power factor. 


II. Anomalous Properties (including Secondary 
Field). 

(a) Absorption Current. 

If F is constant, then one of the solutions of (5) is 

• • (•> 

(See Appendix (c), equation (10).) 

From (6) the polarization can be found from (2), whence, 
as in (4), the following equation is obtained :— 


e —1 _ , 4tt a **N 


2UT 

•e~ p 


)• 


and 


where 


2+e*3 j -T)] , 

4t7> 2 N 


(7) 

( 8 ) 


a — 


9kT 


For a condenser of unit geometric capacity and unit 
thickness the capacity current is 


i = F 


de 

dt 


. 6kTa ...m 


- F-- e p 

P I i 


C l( / «*T, , j 

- I{l-b-a(l^e—r\y 


(9> 


(this gives an absorption current which decreases nearly 



Absorption Current. 
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exponentially to zero with time, but not quite so rapidly (see 
fig. I (a)). The initial value is finite and given by 


6FiTa/p(l-fi)*. 

Returning to equation (6), it is seen that, after a field 
Fi has been applied for < 0 seconds, the distribution / is 
given by ; ! 

/ iFi cosfl ^ 


,= A[ 


1 + 


k'£ 


2tKS' 

•e- p 


)] 


Fijr. 1. 



If now a field F 2 is applied for a further t seconds 
a distribution which satisfies the differential equation and 
the conditions is given by 

/-a{ 1 + ^(i-.- 9J± P) 

+ Kg.-r ,) co ! f( 1 _ e -S)|. _ _ (10) 

(See Appendix ( d), equation (14).) 

From the form of equation (10) it would appear that the 
absorption current due to dipoles obeys the Super-position 
Principle. 

(b) Power Loss in Alternating Fields. 

It is here necessary to find a solution of (5) when 
F = Fo^'"", 

where w—'lir frequency. 
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Such a solution is given by 

/=aT 1+ --ir— £,Foo.tf"l. . . (11) 

L ( 1 + fra)* T J 

(See Appendix, equation (15).) 

• • ( 1 *) 


Thus 


Let, as before, 


e-1 -6- 

4VN 

e + 2 

9 iT ( 1 + ir) 

4w/**N 
a “ ~9feT 

and Z® _ - 

d 2k T “ : 


e 




-JL-)- 

1+JXj 


9 


{l+2b) [(1—7>) (1 + a? 2 )—a] 4-2a(l—/> —«) 


— 7 > 7 . 


• (13) 


The specific power loss in absolute units is given by the 
imaginary part of the above expression multiplied by a>, 
that is 


W p _ d?*a 

2kT ~ (1 —6—a)* + (1—&)*#* * ' * ’ 


The power loss is zero at zero frequency, and then rises, as 
in fig. 2, and finally tends asymptotically to a maximum 
value at high frequencies given by 


that is 


a2JcT 
( 1 - 6 ) > 5 


2&T P(due to dipoles) 
p (1—P(without dipole#))*’ 


P as polarization. 
Again, 


Wmax. 



. (15) 



e(without dipoles) + 2 \* 

e(D.O.) +2 / v 



"/>/** r 
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Since a varies as 1/T, Wmai. should be independent o£ 
temperature. Since also W/W m „ T is a function of ptoj2kT, 
W should decrease with temperature if p is constant. It is, 
however, highly probable that p varies with temperature, 
particularly with solids, and if, as is to be expected, p decreases 
with temperature, Wmar. will increase with temperature. 
Owing, however, to the fact that o>/T is a parameter in the 
expression for the loss, the latter will decrease with 
temperature for a given frequency. Such an effect is only 
occasionally observed, and then only over a limited range. 


Fig. 2. 



Variation of specific power loss with frequency. 


(c) Power Factor. 

If the loss angle is small, then tan S may be taken instead 
of sin 8. With this assumption the power factor becomes 
from (13) 

Power I . t ___f!£_— 

factor) 1 (l + 26)[(l — b)[l+x s )— aj + 2a(l— b—a) 

■ ■ • (IT) 

Thus the power factor increases with frequency up to 
a maximum for the frequency given by 

• ' (18J 

and then decreases asymptotically towards zero (see fig. 3). 




-band. 


872 Mr. 8. Whitehead: on Dipoles in Relation 

The maximum value o£ tan 8 is given by 

-b)\/ (l+25)(l- r £-^) (1+264-2a) 

... (19) 

From the present result and from those concerning power 
loss it is probable that dipole losses occur alone only very 
rarely, Tt is nevertheless possible that the presence of 
a component of loss due to dipoles may account tor some of 
the divergences from general relations such as Schweidler’s 
laws. Maxima and minima in the power factor could be 



Variation of power factor with frequency. 


explained by the effect of dipoles coining into action at 
different frequencies. It may be noted that 


2&T 
° > ~ P 

is of the order of 10 10 for water at normal temperatures. 
It would be much less for solids, owing to greater viscosity. 



(when there are no dipoles), 


a — 


t—1 

e+2 


(when only dipoles are considered) ; 


a and b are thus always less than unity. 
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(d) Permittivity. 

From equation (13) the following expression for the per¬ 
mittivity K is found:— 

V{U + 26)[(l-6)(l + ^)-ffl]-H2a(l--q-M} i +aV 
(l-a-t) 2 +aV 

. \ . ( 20 ) 

According to this equation the permittivity decreases with 
frequency from the value for the S. I. C. at zero frequency 
to the value when the dipoles no longer have any effect 
upon permittivity; the reason being that for extremely high 


Fig. 4. 



p to /2 KT 


Variation of permittivity with frequency. 

frequencies they hardly move at all during a cycle, and 
therefore contribute little to the capacity current. The form 
of variation of K is shown in fig'. 4. It may bo noted that 
for liquids little variation in frequency occurs up to the 
order of 10 6 p.p.s., but with solids, where the viscosity is much 
larger, variation should be observed at lower frequencies. 

III. Anomalous Effects (neglecting Secondary 
Field). 

Under Section I. above the field due to tho induced 
polarization was takeu into account when dealing with the 
field which tends to align the dipoles. The equations are 






874 


Mr. S. Whitehead on Dipoles in Relation 

much simplified if only the impressed external field is 
supposed to affect the dipoles. Equation (4) becomes 

e = i+6+4w/t 8 N/9iT, .... (21) 

since now € = 1 + P/F. e in the above equation refers to 
the S. I. C, in constant fields. 


(a) Absorption Current. 

Equation (8) now becomes 

2«T- 

e = l + i+a^l— e~ p 

and the charging current is 

. 2akT -**? 
i — - e p . 

P 


■ • ( 22 ) 


(23) 


This is a simple exponential form, and is shown on fig. 1 a 
for comparison. The initial value is 2ak1jp , i. e., 1/3 or 
less than the previous value. 


(b) Power Loss. 

Equation (13) becomes 

e=l + b+ 1 + ^-]_;+*** 

Thus the specific power is given by 

ax 1 2kT 


jax 


. . . (24) 


W = 


(25) 


1+a? 8 p . 

and the same remarks as in Section II. (b) apply here also: 

2akT 


W = 

f f twh t — , 

P 

W _ jr 8 
W.-1+?’ 


(26) 

(27) 


These equations correspond to equations (15) and (16), 
but it now appears that W/Wmax. should be independent of 
the nature of the material except its effective viscosity 
towards dipole movements. 
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(c) Power Factor : 

ax 

tan8 — ^+f>){l+ar 2 ) + a’ 
tan 8 increases to a maximum for 
oa> _ /l + a + b 

Fl’ _ V “ITT 

(tanlTL,.- = a/2i/ (L + 6)(l-r a+l>). . . (29} 

(d) Permittivity : 

K = y/ [ (1 + b) (1 + x*j + «] ■ 2 + fl’V/1+a:*. . (30} 

As before, the permittivity decreases from the S. I. C. for 
steady fields to the value when the dipoles have no effect. 

IV. Other Effects. 

(a) High Field Strengths. 

At high field strengths the S. I. C. due to dipoles is no 
longer independent of the field strength. The S. I. C. e and 
the permittivity decrease with the field F according to the 
IjtVT 

e = A 0 —AjF®.. (31) 

The power loss would increase and no longer obey the 
Square Law. Evidence, however, even for cases where 
anomalous effects may be neglected is uncertain. 

(b) Magnetic Fields. 

If the dipole has also a comparable magnetic moment 
then the anomalous phenomena and the S. I. C. will be altered 
in the presence of a magnetic field. In most cases, however, 
the susceptibility of dielectrics would appear too small for 
an effect of this particular type to be of great consequence. 
It is, however, known that in some cases the properties of 
dielectrics are affected by a magnetic field. 

V. Experimental Work. 

As mentioned above, the effect of dipoles upon anomalous 
dispersion has for some years been known and investigated 
in the case of liquids. More recently the effect has been 
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applied to viscous dielectrics at commercial frequencies with 
some success (Kitchin and Muller, * Physical Review/ 
pp. 979-987, xxxii. no. 6, Dec. 1928). These authors 
experimented' with castor-oil and rosin, and obtained a 
variation of power factor and permittivity with temperature 
of a type predicted by theory. 

The present paper was in manuscript form three years ago, 
and was received by the E. R. A. previous to the article 
referred to above. It is therefore felt that there is 
sufficient reason for issue at this date on this account, and 
because the treatment is slightly different from that given 
by the above authors. The latter take Debye’s expression 
for the absorption coefficient a, and make use of the following 
relation for the power factor : 

power factor = 2a/(l—« 2 ), 

and find the maximum value of « and the power factor in 
terms of the permittivity e at zero and infinity (e 0 and e^). 

The present paper was rather intended to show the 
analogies and differences between the dipole theory and 
other theories (e. g., Pellat, Schweidler, Wagner, and 
D4combe) of the anomalous properties of dielectrics. 

Appendix. 

(a ) Normal Dipole Effect. 

Let 


fi— dipole moment, 

/= number of dipoles pointing in directions 6 con¬ 
tained in solid angle dCl, 

F = field strength (supposed uniform), 

P = polarization of medium, 

E = field affecting dipoles (supposed uniform), 

N as number of dipoles per c.c., 
k = Boltzmann’s constant, 

T = absolute temperature, 
e = specific inductive capacity. 

Each dipole has a potential energy given by /ttE cos 6 with 
reference to the field E. 
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Thus 


j._ A /&E cos 6 


= a(i + 


/xE cos 6 

~~W 




• (1> 
. (2> 


to a first approximation. 

The total electric moment per c.c. in direction of E is 


’ — 4w l fficosQdCl 

do 

= 4* f n(i+ «<«>.«) 


= 4tt^EN/3^T.(3> 

But E = F+P/3 (Larmor’s theory). 

The total induction = D = F+P = eF. 


P —(e—1)F; 

E = F(e + 2)/3 ; 

P/E =s 3P/F(e + 2) 

_ Hfe—1) 
(€+ 2 ) ' 

Thus 

[Ss] = 


when dipoles alone are considered. 

To this must be added the polarization due to other causes* 
which in the present memorandum is taken, for convenience* 
to be independent of temperature and frequency, although in 
practice it will not usually be so. 

Accordingly 


e —1_ r t 47r/t 2 N 


(*> 


when all effects are considered where the additional polari¬ 
zation — 6E; 
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The right-hand side of (4) may be called the specific 
polarization, so that 

b — specific polarization without dipoles, 


4w/t 2 N 

HkT 


= specific polarization due to dipoles. 


If the secondary field were neglected, and E taken as 
.equal to F, then 

e = l+P/F 

= l + Z> + tt.(5) 


(b) Effect of Frictional Resistance. 

The moment tending to resist the motion of the dipole 
may be taken as 



•where p is the coefficient of internal friction. For a fluid 
we may put 

p = 8-jrria 3 , 

where a = radius of dipole, r\ = viscosity of medium. 

The mean motion of the dipoles, which may be supposed 
.as oscillating round varying positions of equilibrium, can 
be treated analogously with Einstein’s equations for the 
Brownian movement, and by direct substitution in Einstein’s 
equation it is found 

t< = 4Tlffi0 P ( Sm ~ S1 “ 9 > 

where 

A = mean square motion, 

T = elementary interval of time considered. 

Again Einstein’s equation for A may also be adopted, 
which becomes in this case 

f ~ kT/p. 




Thus, finally, 

B/\ 


1 B 
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Now the couple on the dipole due to the field F is pFsmd. 
Tims, in order to find f, we may put for an average 


/ 4 ?= m '= 


so that 


M* t p + a “ iw )]- (8 > 

(c) Constant Fields. 

Let F be independent of t. Then ( 8 ) reduces to 

' , sf = »f 4 si ” WT l? 0 +2A '‘ Foostf - • (9) 


Let 

Then 

Let 

Then 


. , 2ApY cos 6t 

f-fi+ ---• 


0.71 ty - *- v • /i u /1 

p-fj = —A ^ Sin - 

ot sm 6^6 ov 


* T ^ 4AmF«£t cos B . 


fl —fz~ 


4A/xF« 2 cos 6 

2 p* • 


d /2 AT ^ . . <)/ 2 8A/tF< 2 cos0(AT) 2 

p — -=—3 ^ 2 j sin 0 4--——-r—i-. 

Ot sin 0 00 ^0 2p 2 

Thus by successive approximation it is found that 


f-- 


ApF cos 6 r2<7cT 1 f2kTt\* 1 /2AT t\ 3 1 

L R 2!\p/ + 3!\p / ‘"J. 


AT 


We may also add /= A, which does not affect the solution 
obtaining. 

• • ( 10 ) 


On substituting in (3) and determining e, it follows that 
e —1 / *» 


e+ 


1 / w«A 

2 = h+ofl —e p \. 


( 11 ) 


Suppose F as Fi for a period t 0 , then at the end of the 
interval 

/-A [i+'tt 4 (!-■*?)]•• • < 12 > 
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If Fj is, changed to F 2 , then, after a further period t, /may 
be assumed as made up of two parts, <f> and ^r. 


e ~ p 


, A/u.(Fj—F x )cos0 
+ _ 

On substituting in (9), it is seen that 


)] 

(2fAT\ 

i-r~) 


(13) 


_ 

P sin 0 "d0 


kT B sin^||+2A /4 F 1 cosi9 


and 


M- « 


••• = BTSP““^'^ + 






. . • (14) 

Thus, over the period t 0 to < 0 +t expression (13) satisfies 
the general condition (9). Farther, when t = 0, 

j. \ Ti i cos ^ /i -^Yl 

/•= A L l +e- 3 r -(i-, > )J. 

so that (13) satisfies the conditions of the problem. 

(d) Alternating Fields . 

In this case F = Foe , “ i where <o — 2ir frequency. Put 

/= A(l + <^" f ) 

in (9). Then 

Pj W=i-ere^C +2 ^‘ e -- ■ (l5) 

The solution of this is 

fiF o cos0 


*- 


jpu) kT 
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LXXXIII. The Free and Forced Symmetrical Oscillations of 
Thin Bars , Circular Diaphragms , and Annuli. By A G-. 
Warren, M.Sc., M.I.E.E., F.lnst.P., Research Depart¬ 
ment, Woolwich, *. 

fpHE use, within recent years, of circular diaphragms of 
1 . considerable size as acoustic generators in wireless 
loud-speakers and in gramophones has awakened an extended 
interest in their operation. The case of the free edge rigid 
disk was investigated by Rayleigh (‘ Sound,’ii.p. 162 etseq.) ; 
recently that analysis has been extended by McLachlan (Proc. 
Roy. Soc. cxxii. p. 604 ; Phil. Mag. Suppl. June 1929, 
p. 1011). Such a generator is capable of excellent results 
over the lower portion of the musical scale, but the output 
falls off rapidly at high frequencies. The range of uniform 
reproduction may be extended by reduction of mass of the 
moving system, but mechanical rigidity is thereby lost, and 
the basic assumption of the theory is no longer applicable. 

The present work arose in an attempt to extend the theory 
somewhat further. McLachlan has shown that over the 
upper portion of the musical scale the acoustic reaction is 
but a small percentage of the accelerational forces. It has 
been assumed in what follows that the acoustic reaction is 
negligible. The results are applicable over the whole of the 
audible range if the mass of the diaphragm is considerable, 
over a more restricted portion if the mass is small. Though 
the investigation is but a limited addition to the theory of 
the speaker, the problem is presented as one of considerable 
interest in itself. The case of reeds, or thin bars, is included 
because the equations, while bearing a general resemblance 
to those for diaphragms, are much simpler and are more 
easily followed physically. Further, it is believed that at 
least some of the results relating to thin bars are new. 

General Conditions of Free and Forced Oscillations. 

The periods of the natural vibrations of reeds or thin bars 
have been determined by Rayleigh (‘Sound/ i. chap. viii.). 
He has also determined the natural periods of a disk clamped 
at its edge. The avenue of approach to the problems is here 
rather different. The motion of the system is determined 
under the action of a harmonic force. The ratio, force 
divided by acceleration, measured at the place of application 

* Communicated by the Author. 

Phil. Mag. S. 7. Yol. 9. No. 60. May 1930. 3 M 
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of the force, is the apparent mass of the system. This 
apparent mass is zero for one type of symmetrical natural 
vibration; it is infinite for another type. The natural oscil¬ 
lations are thus included as particular cases in the more 
general problem. 

Free and Forced Vibrations of Reed. 

Unless the bending of a vibrating reed is great, the energy 
of rotation is negligible. The conditions of statical equi¬ 
librium with regard to curvature are therefore applicable. 
At any section the curvature is proportional to the bending 
moment; the linear acceleration of any element of the bar 


Fig. 1. 



is proportional to the net force applied. Assuming a sinu¬ 
soidal variation of all quantities, we have, therefore (fig. 1), 

.w 

—8F = .(2) 

where 

M = bending moment at any section, 

F normal force at the section, 
m = mass per unit length, 
y = lateral displacement at a distance x, 

/t = constant depending upon stiffness, 
t = time. 
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ns 


Using and ^ = jot (where j — V—1 and 

= 2ir . frequency), equations ( 1 ) and ( 2 ) become 



$■!.* 

II 

• 

. • * * • (3) 

and 

<ir , 

.* . (4) 

or 

d*y 0 

d=^my , 

i 


d* F 

;.(5) 

and 




whence 


y = X cosh 7 . 2 : + Y sinh 7 # + Z cos yx -f W sin yx, . ( 6 ) 
where y 4 = fiaPm. 


The constants Y/X, Z/X, W/X are determined by the end 
conditions. If the oscillating force be applied at 0, the 
apparent mass M a is given by 

nr f 1 dPyl ) mi (W—Y) 

Mo ~ Ux = 0 l • (X + Z) 


(7) 


The range of 7 is of interest. If we have a steel reed 
1 cm. wide and ^ mm. thick 7 is approximately 1*2 x 10~ 2 v' at, 
or 3 x 10 _ * V/. If the length l is 10 cm., 7 Z varies from 
T 8 to 30 between frequencies of 36 and 10,000. 

Particular cases of interest are given by:— 


(a) End L free ; slope at 0 maintained unchanged. 

The constants of integration are determined by the 
conditions 

^-^ = 0 and = 0 at x — l and ^= 0 atjj= 0 , 
djf dx* ax 

giving 

Y_ Cs+Sc j 

X 1 + Cc + fes j 
W _ Cs + Sc f 

X 1 + Cc + s« h • • • • (8) 

Z _1+Cc-S« I 
X * 1+Cc+Ss I 


3 M 2 
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where_.C = cosh 7 1 , S s sinh 7 1, c = cos 7 1 , s = sin 7 1 , and 
the apparent mass 


Cs+Sc 
M “ = 7'T+C^ 


( 9 ) 


When y is very small ( 9 ) reduces to ml, the mass of the 
reed. Fig. 2 shows the change of apparent mass with 


Fig. 2. 



Showing change of apparent mass of reed with frequency. 


frequency, and fig. 3 the form of the reed at various typical 
frequencies. The apparent mass is infinite when 

Cc = — 1.(10) 

The end 0 is then stationary, and equation (10) gives the 
natural frequencies of a reed clamped at one end. T his 
condition is fulfilled by yl = 1 875..., 4*694..., 7*854..., etc. 
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(Rayleigh, i. p. 278). It is easy to show that the displace¬ 
ment of the free end of the reed is then 

Vi— ± 2X.(11) 


At high freqnencies, when 1/C becomes negligible, the 
apparent mass becomes 

M« — (1+ tan 7Z).(12) 


Fig. 3. 



Showing form assumed by reed at various frequencies. The first three 
cases illustrate the changes consequent upon passing through 
a frequency of natural oscillations. 


The apparent mass is zero when 

0« + Sc = 0.(13) 

This case is clearly that of the natnral symmetrical vibra¬ 
tions of a reed 21 in length, free at both ends. 


(b) Both ends free. 

The constants - of integration are determined from the 
conditions 


A 

dx* 


0 and 


A _ 


da? 


= 0 at x = l and 


A_ 


da? 


= 0 at * = 0, 
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giving 

Y -1+Cc-Ss 
X~ Cs-Sc 
W 1-Cc-Ss 
X“ 0*—Sc 


and the apparent mass 

M a = ™.(l-Cc).(15) 

The natural oscillations are given by 

Cc=+1 .(16) 


For a reed o£ length 21 the natural oscillations are 
similarly given by 

Gosh 2 yZ. cos 2yl = 1 , .... (17) 

which may be written 

(Cs + Sc) (Cs-Sc) = 0 .(18) 

C« + Sc = 0 (13) gives the symmetrical oscillations (see 
above). 

Gs— Sc = 0 (19) gives the natural oscillations for which 
the centre of the reed is a point of inflexion. The symmetrical 
oscillations occur when 2y l = 4*730 ..., 10*995 ..., 17*278..., 
etc.; the asymmetrical oscillations when 2y7 — 7*853..., 
14*137 ..., etc. (compare Rayleigh, i. pp. 277, 278). 

(c) L clamped, so that position and slope are maintained 
unchanged ; slope at 0 maintained unchanged. 

The constants of integration are determined by the 
conditions 

= 0 and y = 0 at .v = l ■, = 0 at # = 0 , 

giving 

Y _ Cs+Sc 
X “ 1-Cc-Ss 
W_ Cs+Sc 
X 1 — Cc—Ss 

Z _ 1 —Cc+Sj 

X ~ 1-Gc-Ss 
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and tiie apparent mass 


M. = - 


m Cs+Sc 
y'T^Qi * * 


• . ( 21 ) 


Hence the symmetrical natural vibrations of a reed of 
length 21, clamped at both ends, are given by 

Cs+Sc = 0,.(22) 

and the complete system of natural vibrations is given by 

Cosh 2yl . cos 2yl = 1, .... (23) 

or (Cs+Sc) (C«— Sc) «■ 0.(24) 


Fig. 4.. 



Equations (23) and (24) are identical with (17) and (18), 
showing that the natural periods of a reed free at both ends 
are the same as those of the same reed damped at both 
ends (see Rayleigh, i. p. 275). 


Free and Forced Vibrations of Diaphragm. 

In this case, again, the rotational energy may be neglected 
and the form of an element of the diaphragm may he 
determined from the moments acting upon it. At unit 
distance from the neutral surface (tig. 4) the circumferential 
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strain is 6jx and the mdial strain is ddjd&\ giving the cir¬ 
cumferential stress 

Ee - / 6 dd\ l0 ^ 

‘ * ( 25 > 

and the radial stress 

E<r dB\ f9lt ^ 

7 - = ?=l (j +<r 3i)’ • • • • < 26 > 


•where E = Young's modulus. 

<r = Poisson’s ratio (expressed as a number greater than 
unity). 

The moment on the element caused by the circumferential 
stress is 


~8x.S<f>.t z 



The bending moment at a radius x caused by the radial 
stress is 


12 


x 





and its contribution to the turning moment on the element is 
1 a t;, , 3 E<r idd d6 d 2 B\ 

From the equilibrium conditions we obtain 

F.B<f>.Bx 1 s s , . E cr 2 / d 2 6 dd 0\ 

—h — •&*•■**■*-Tz ifap+a-jj-w 

where F is the total shearing force at a radius x. 

Equation (27) may be rewritten 


; dl* + dx 2 ~ xdl~ a¥ . (2 ^ 


where 


ir s E cr 2 
: r- 


a 6 cr 2 —1" 

If m is the mass of unit area of the diaphragm, we ha\e 

— 8F = 2irx.$x.m .~, . . . . (29) 
or dF 

•— = 2-nm 2 mxy .(30) 
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From (28) and (30) we obtain, writing b & 2 ir®%, 

d ±y + - 1 d ly -+ 4--«*y = o, . (3i) 

dD ^ xd.i z x i dx i x? ilx 
which may be written 

(V*-F)(V s -*%^0, . .• . . (32) 


where k* ss ab 

(for the saute material, of the same thickness, k has almost 
the same value as y), 

, „ a d* 1 d 

* nd V *S< + J<S- 

This is a Bessel equation, whose solution is 

y= AJ 0 (£.i;) +BY 0 (Aa) 4-CI 0 (&.z) 4-DK 0 (fcc). . (33) 

In the case of an annular ring the constants of integration 
may be determined from the conditions obtaining at its inner 
and outer edges. Generally two equations are given by 
the conditions at the outer edge, and a third equation by the 
condition imposed at the inner edge by the method of 
attachment of the driving mechanism. These equations may 
be written respectively: 


oiA+ijB-f-ciC+diD s 0, • • * • (34) 

*4* b %B 4" CjC 4“ d%£) — 0, . . ■ . (3o) 

a s A 4- b 3 B 4 - fjC 4- d s D — 0. . • » • (36) 


Their solution for B/A, O/A, D/A completely determines 
the motion for any value of k. For the natural oscillations 
a fourth equation (usually F = 0 at x — r) is given by the 
extra condition postulated for the inner rim. It may be 
written 

U 4 A 4 " fc*B 4 " C 4 C 4 " ^D = 0. .... (37) 


The frequencies of the natural vibrations are then given 


*>y 

a l 

hi 

Cl 

O 

d x 


#2 

b, 

c 3 

d ; = 0 . . . (38) 



h 

c s 

t/g 1 


a 4 

h 

c * 

d< 1 


When the annulus is driven at its inner rim the force 
exerted there is (from (28)) 

Pm 

F = {AJ a (*r; + BY I (ir)-4-Cli^r)-DK 1 (jfcr)}, (39) 
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and the acceleration is 

§ = - e>>= - ft>*{AJ 0 (*r) + BY 0 (ir) +OI 0 (/fcr) + DK 0 (fcr)}. 

.... (40) 

Writing a> s a = k i j 27 rm ) the apparent mass then becomes 

.. _ 2irmr f AJ,( kr ) + BY,( kr ) + CIi( kr )—DK,(Ar) "I 

° - nFlAJ 0 (^ +BYol/:r) + CI )> (itr) + DKo(ifer) J * 

.... (41) 

Typical conditions which determine the coefficients in 
equations (34) to (36) may be considered. An edge (usually 
the outer) may be clamped in such a manner that its position 
and the slope in its neighbourhood are maintained ; or an 
edge (usually the inner) may be driven in such a way that 
as y changes dyjdx remains unaltered. In these cases no 
difficulty arises in expressing the conditions mathematically. 
The case of a free edge, however, has been a matter of 
discussion. One condition is, of course, that F disappears ; 
it is the other condiiion which is open to question. Here it 
is assumed that at a free edge (a) the radial stress disappears, 
(b) the expression for the radial stress given in equation (26) 
is applicable. Condition (b) is open to criticism. The 
diaphragms employed, however, are always thin and the 
distance from the edge at which condition (b) is fulfilled with 
practical accuracy must be but a 6 mall fraction of the radius 
of the disk. A similar assumption is made iu connexion 
with the’ theory of beams, and then the error must be 
enormously greater. It seems reasonable to assume that any 
error introduced in the present case is negligible. We arrive, 
therefore, at the following equations for typical edge con¬ 
ditions. At radii where the displacement is zero we have 

AJ 0 (£#)+BY 0 (&r) + CIo(te) + DK 0 (&ar) = 0 ; (42) 

where the slope is zero we have 

AJ x (kx)+ BY, (for) - Cl,(for) + DK,(for) = 0; (43) 

where F is zero we have 

AJ,(for) + B Y,(for) + Cl,(kx)—DK,( for) = 0 ; (44) 

and where the radial stress is zero 

~~j~ {AJ,(for) + BY,(for)—CI,(for) + DK,(for)}- 

{A.l 0 (for) + BY 0 (foj?)—CI 0 (foz)~DK 0 (for)} = 0. (45) 
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Free Symmetrical Vibrations of Annulus or Disk with 
Clamped outside Edge, the Slope being maintained at the 
Inner Edge. 

The particular example here considered is, in the case o£ 
the annulus, rather artificial. It has been chosen rather to 
illustrate the method, the equations being simpler than those 
of the annuli considered later, in which one or both of the 
edges are free. The diaphragm is supposed to be firmly 
clamped at its rim. The centre is clamped between two rigid 
plates of radius r, so that at this radius dyjdw must remain 
zero (fig. It). An alternating harmonic force is applied at 


Fig. 5 

Q 



the centre, and the equations of motion determined. At 
certain frequencies the force P disappears for finite ampli¬ 
tudes of vibration. These are the natural frequencies under 
the conditions considered. When r is made indefinitely 
small the natural frequencies of the disk are obtained. 

The conditions for the annulus are :— 

dyjdx = 0 and y =s 0 at x = R, dyjdx = 0 at 
giving 

AJi(tB) + + DKi(*R) = 0, (34a) 

AJ 0 (AR) + BY 0 (AR) -f CI 0 (&R) + DKq(&R) 0, (35 a) 
AJ i(Jcr) +BY 1 (&r) -CI^rJ + DK^r) = 0, .(36a) 
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These equations completely determine the motion at all 
frequencies. At those frequencies at which the annulus 
vibrates naturally the shearing force is zero at radius r, or 

AJjO) + BY,(*r) + Cl, (*r)-DK,(*r) = 0, (.47 a) 

whence from (36a) and (37a) 

AJ,(Ar)+BY,(/-r) = 0 ^ g 

Clj^r) —DK,(*r) =0 j’ •••VI 


Substituting from (46) in (34a) and (35 a), we obtain 


.«“» y$ 57 y '<* r > a; 


and 

.... (47) 


HM I,(i, > +K<<iK) } = °’ 

whence 

.... (48) 


J,(&It) Y, (Ar) -J^Y^R) 

Jo(&R)Y,(&r)-J,^r)Y 0 (M) 

. K, (ifcrjl^-R)—K, (Eft)I, (kr) _ 

* K,(*r)l 0 (*tt) + K 0 (AR) 1 ,(*r) ” l J 


Equation (49) gives the natural symmetrical vibrations of 
the annulus under the stated conditions. 

If r is made vanishinglv small, (49) reduces to 


J,(*R) I,(/cR) _ 

J 0 (iR) + 1 0 (*R) ” 


(50) 


(See Rayleigh, i. p. 366.) 


This is the corresponding equation for the disk, and might 
have been obtained directly by putting r = 0 in ( 34 a) to 
(37a). The gravest mode of oscillation of the disk is given 
by £R as 3*2 approximately. Succeeding oscillations occur 
when kR is approximately 6‘3, 9 ' 4 ,12’5 etc. 

For the driven diaphragm general expressions embodying 
equations (34a) to (36 a) may be deduced. It is, however, 
usually more convenient to work directly from the equations 
as they stand. When, however, the inner radius is very 
small considerable simplification is possible. Except for the 
free oscillations it is not permissible to consider the inner 
radius reduced to absolute zero, us the actuating forcewould 
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then prodaee an infinite stress. There is no objection, 
however, to considering the inner radios being made very 
small, the forces employed being correspondingly small. 
Patting equations (34a) and (35a) in the form of (34) and 
(35), that is, writing a, = Jjf/fcR), b x = Y x (AR), = —I^AR), 

dj * Ki(£R) ; a 2 = J 0 (AR), b s = Y 0 (AR), c 3 = Io(AR), 
d t = Ko(^R), and patting kr = 0 in eqaation (36a), we 
obtain 

B = D,.(51) 

B_D_ CL%C\ ■" G>\C^ 

A A (^2 *+■ d%) 

— _ Mg±Mi /c 9 x 

IoC^ + K^+I^Y.+Ko)’ * W 

0 a 2 (Z>j + </|)~”a](5j +cfg) 

A Cj(5 x + rfj)—C|(5j + ds) 

. JofYj + K,)—Ji(Y 0 4 K 0 ) 

” Io(Yj + K,)+li(Y 0 + K 0 ) ’ * W 

the arguments of the functions in (52) and (53) being AR. 
The motion of the centre of the disk is given by 

]/o = AJ 0 (Ar) + BYq(At) + CIo(Ar) + DK 0 (At). . (54) 

In this equation two functions, Y 0 (At) and K 0 (&r), become 
infinite as r vanishes, but their sum is finite. An examina¬ 
tion of the simplification effected in equation (36 a) shows 
that the difference between B and D is of such an order that 
when multiplied by Y 0 (A*r) or K 0 (At) the product becomes 
vanishingly small as r approaches zero. It therefore follows 
that the remainder terms in 

y 0 = AJ 0 (At) + CIo(Ar) + B{Y 0 (Ar) + K 0 (Ar)} . (55) 

are negligible. 

From (41) and (36a) we see that the apparent mass for 
this case is 

_ 4wmr ( _ AJ i (kr) + BY, (kr) _ ) 

“ — ~ k \ AJ Q (kr) + BY 0 (At) 4 - C1 0 (At) + DK 0 (Ar) l * 

.... (56) 

Putting in the limiting values, 

J 0 (*r)~l, I 0 (Ar)=l, 

Y 0 (Ar) + K 0 (Ar)= log 2 —7=*11593, Ji(Ar)=A:r/2, 

Y t (Ar) = —I/At, I,(fcr)=*r/2, K x (Ar) = l/A,T, 
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(56) reduces to 

M «= 4 pr {a+-11593B + c}* * ' (57) 

The equivalent mass vanishes, and we obtain the natural 
oscillations, when B=0 ((52) and (57)), a relation confirming 
equation (50). The disk may, however, vibrate with its 
centre fixed. The apparent mass is then infinite, and the 
natural frequencies of vibration are given by 

A+-11593B + G = 0.(58) 


Fig 6. 


Ma 

Mo 


16 32 64 128 



Variation of apparent mass of disk with clamped edge. 


The variation of apparent mass at low frequencies, deter¬ 
mined from (52), (53), and (57), is shown in fig. 6. (The 
frequency-scale shown on this and on various subsequent 
•diagrams refers to an aluminium diaphragm having a mass 
of '05 gm. per sq. cm., the radius R being 10 cm. Assuming 
a — 4, we obtain kR = *45 approximately.) 


Annulus or Disk with Free Outer Edge, the Slope being 
maintained at the Inner Edge. 

If the outer rim of the diaphragm be free instead of 
clamped we approximate to the arrangement used in loud 
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speakers. For the diaphragm driven through a clamp at its 
centre equations (84) to (36) become 

AJ!(£R)+BYi(£R) +Cr 1 (Ht)-DK 1 (AR)=0, (345) 

AJ, (*R)+BY X (*R) - Ct,(*R) + DK,(*R)} 

-{A.T 0 (5R) ^BY 0 (4R)-CIo(*R)-DK 0 (AR)}=0, (355) 
AJ i(kr) + BY^Ar) -CI,(*r) + DKj(*r) =0. (365) 
These three equations determine the motion completely. 


Fig. 7. 



Variation of apparent mass of annulus with free edge. 


Equation (365) is identical with (36 a) o£ the previous 
case, and hence the apparent mass is given by (56). It is 
easy to show that at low frequencies 

M 0 = 7rm(R*—r 3 ),.(59) 

the actual mass of the diaphragm. Fig. 7 has been plotted 
to show the variation of apparent mass of an aluminium 
diaphragm at low frequencies, assuming m — *05, tr = 4, 
r s= 2 cm., R = 10 cm. 

When the inner radius becomes vanishingly small we 
obtain the case of the disk. As in the previous example, 

B = D,.(51 a) 
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B __ D _ — «iC 2 _ 

A ~ A ~ c^, x + - Cl (b a +d 3 ) ’ * • *' - ' 

C _ ik*„\ 

A- c&i+dd-Hbi+d,)" * * {0 ° a} 

where 

a 1 =J 1 (^R), 6 1 =Y 1 (fcR), *=1,0®), tf, = -K t (*R) ; 
a!= Tif Jl ( m) " J# ( iE) ’ **= ^g^YiCiRj-YgtifeR) 

C2=I 0 (£R), rf s =Ko(&R). 

Hence 

TI, 47TM r B ) /K - v 

Ma__ ir lA+-11593B + <J J ' ' * 

This apparent mass has been plotted for various frequencies 
in fig. 8. Fig. 9 shows the form of the disk at various 
typical frequencies. 

The natural symmetrical oscillations of the whole disk 
moving freely are given by B = 0, or 

Ii(*R) . J 0 (*R) +I 0 (rfR) • 3\(kR) 

. (60) 


The numerical values of &R fulfilling this relation depend 
to some extent upon the value of <r. When a = 4, the 
gravest mode of oscillation is given by Alt = 3*0 approxi¬ 
mately. It will be noticed that the frequencies of the gravest 
modes of the diaphragm with free and clamped edges are not 
gre itly different; the free and clamped reeds were shown to 
have the same natural frequencies. (Equations (17), (18), 
(23), (24).) 

For the disk vibrating with its centre fixed the natural 
frequencies are given by 

A-b*11593B + C =s 0, .... (59a) 

as before. Succeeding oscillations occur when AR is 
approximately 1*9, 4*6, 7*9, etc. 

The natural oscillations with fixed centre have limited 
amplitudes determined by the magnitude of the applied 
alternating harmonic force. The amplitudes of the natural 
oscillations with free centre are, however, large, and are only 
limited by dissipation and radiation, the extent to which the 
limitation is operative being, of course, conditioned by the 
magnitu4e of the applied force. 
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Annulus or Disk with loth Edges Free. 

The general equations expressing the conditions are 

AJ^RHBY^iR) + CIi(iSR)—DKi(JfeR)*0, (34c) 

{AJ,(iR) + BY 1 (*R)-CI 1 (itR) +DK!(ifeR)} 

- {AJ 0 (&R)+BY 0 (AR) - CIo(4R)-DK o (iR)}=0, (35 c) 
~^ r {AJi(*r)+ BY t (*r) —Cl^&r) + DK 1 (ir)} 

- { AJ 0 (*r) + BY 0 (Ar) - CI 0 (*r) - DKo(Ar)}=0. (36 c) 

These equations completely determine the motion. For 
the natural vibrations we have 

AJj(£r) + BYx(Ar) + Clj(ir) -DK^Ir) = 0. (37 c) 

The frequencies may be determined from these four equations. 
If kr be made very small, (36 c) becomes 


B—D as 0,.(61) 

and (37 c) becomes 

B + D = 0.(62) 

Hence B = D = 0.. . (63) 


Substituting in (34c) and (35c), we obtain 
I X (*R) • J 0 (*R) + I 0 (AR). Ji(ifeR) = 2{ J~ k $ J,(AR). Ii(kR), 

. . > . (60 a) 

which is identical with (60). It will be noted that the 
assumptions involved in the two cases are fundamentally 
different. The identity of the results shows that the be¬ 
haviour of the disk is unaltered by its being punctured at its 
centre, a result which is consistent with the fact that the 
curvature and radial stress disappear at the centre of the 
disk. 


Asymptotic Conditions at High Frequencies. 

Curves given so far have been plotted for values of the 
argument kR not exceeding 6. For the aluminium diaphragm 
already mentioned this corresponds to frequencies below 
178 cycles per second. It is clear that for the major part 
cf the musical scale the argument of the relevant functions, 
being proportional to the square of the frequency, assumes 
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fairly large values, and the asymptotic values of the functions 
themselves become applicable. 

For the disk, whether free or clamped at its edge, we find 
approximately 


and 


B D J 0 +J t 
A = A = ~ To+Yi ’ 


. . (526) 
. . (536) 


The apparent mass therefore approximates to (from (57) 
and (57a)) 


M„ = 


4 irm 


Jo + Jj 


A* — (Y 0 + Yi) + (log2—y)( J 0 +Jj) 

4 7ttn 8?ti itj /K 7 h\ 

= ^5^f, = r~ ,aQ “’. (576) 

(the argument being AR) 
whence M« _ 8 tan AR 

a;' 


wA*R*. (64 ) 

At high frequencies the natural oscillations are thus 
given by 

AR = «7r,.(65) 

and the oscillations with fixed centre by 


AR as (n-f^)7T . (66) 

These conditions are approached for comparatively small 
values of AR. 

Fig. 10 shows the asymptotic variations of apparent mass 
over the musical scale, together with the variations at low 
frequency for the free edge disk. The distribution of the 
natural oscillations of this disk is shown on the same figure. 

For parts of the disk well removed from both centre and 
•edge the displacement equation at very high frequencies 
becomes 


■where 


(67) 


y = AJo(A#) + BY 0 (A#), . . . 

J 0 = ~ (cos Ax + sin kx ), 

Yo = (log 2 — ry) \J (cos kx + sin kx) 

— ^ \f\ ( cos —sin kx) 


3 N 2 
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B __ tan *R _ 

~ — (log 2 — 7 ) tan kR 

There is therefore a decrescent sinusoidal variation of 
displacement along the axis of the disk, the amplitude at any 
radius x being proportional to 1 / x ; the wave-length X is 
2ir/k. It is towards this condition that the third curve of 
fig. 9 approximates. 


Fig. 10. 
KR 



The full curve shows the variation of the apparent mass of either 
a free or clamped edge disk calculated from the asymptotic 
values of the functions. The broken line refers to a free edge 
. disk using the true values of the functions. 

© Natural oscillations, centre free; amplitude limited only by dissi¬ 
pation and radiation. 

X Natural oscillations, centre fixed; amplitude definitely limited. 

Conclusion. 

Present day practice in loud speaker design is based upon 
the theory of the rigid diaphragm, analysed by Rayleigh and 
others. It is true that to secure increased rigidity practical 
diaphragms are usually coned. Such a conformation affects 
not only the stiffness but also the acoustic output. The 
elastic equations of such diaphragms are different from those 
for flat disks. The differences, however, are not fundamental, 
hut rather of degree. Other reasons must be sought for the 
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fact that in practice the reproduction o£ the upper portion of 
the musical scale is realized, although it is denied by the 
“ rigid disk ” theory. The analysis presented above cannot 
claim to be more than a contribution towards the more 
general solution of the problem. The effect of flexure of 
the diaphragm upon its acoustic output has not yet been 
examined, except roughly. But it is suggested that the 
“ rigid disk ” theory must be abandoned. It has served 
the useful practical purpose of securing good reproduction 
over the lower portion of the musical scale ; in isolated cases 
empirical work has extended the range of quality over the 
greater part of the musical range. Till, however, the theory 
has been placed upon a sound basis design cannot be 
satisfactory. 

That the types of vibrations suggested above actually 
occur is easily shown experimentally. The unsymmetrical 
vibrations have not been considered ; they do not lend them¬ 
selves so readily to analysis. But from the practical point 
of view they should be of little importance. They can only 
arise as highly damped transients or from bad design, and 
can be avoided. The symmetrical vibrations must occur at 
all frequencies ; they are of importance over a considerable 
portion of the musical range. 


LXXXIV. Lag in a Thermometer when the Temperature of 
the External Medium is Varying. By A. T. Stabr, 
B.A . (Cantab.), B.Sc. ( London ) *. 


1 . Introduction. 

A R. McLEOD t has discussed the lag in a thermometer 
• with a spherical or cylindrical bulb in a medium 
whose temperature varies at a constant rate. Dr. Brom¬ 
wich J has treated the same problem by the method of the 
Heaviside operational calculus. S. F. Owen § has allowed 
for the containing glass vessel. It is here attempted to 
treat the problem for a more general variation of tempera¬ 
ture of the external medium, the method being that of the 
operational calculus. 


* 

t 


Communicated by the Author. 
Phil. Mag. i. p. 134 (1919). 
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It is very difficult, if not impossible, to obtain a theoretical 
expression for the rate of climb of an aeroplane, and hence 
for its height at any given time. But it is comparatively 
easy to take an actual curve between height and time and 
find an analytical expression for the height in terms of time. 
It is known that the temperature of the atmosphere decreases 
linearly with the height from the ground for the heights 
that aeroplanes attain at present, and hence we have a rela¬ 
tion between the temperature of the external medium and 
the time which will fit the actual case as closely as we need. 

2. Determination of the Temperature of the Medium 
as a Function of the Time. 

We take the temperature of the air (which is here the 
external medium) at ground-level as the standard tempera¬ 
ture, and call it the zero temperature. 

Let u be the temperature of the atmosphere at height Z, 
and t the time to reach the height Z. 

Then we have 

u = —«Z, 

where a is a constant. 

The curve connecting Z and t is given. 

Let us take, as an example, the actual case of a super¬ 
charged “ Liberty ” engine, D.H.9.A. 

The curve is fairly straight to begin with, showing a 
constant rate of climb, but then becomes concave down¬ 
wards, showing a diminished rate of climb, as we should 
expect. 

It is reasonable to assume that the curve can be expressed 
as Z in an ascending power series in t, viz.:— 

Z = a 1 <+a 8 t 2 +a s t 3 +a 4 f 4 + ... 

We find that the coefficients decrease rapidly, and we may 
stop at a 4 f 4 . 

We have the following values of height for time 

t (in minutes; ... 0. 5. 10. 15. 20. 25. 30. 35. 40. 

Z (in feet). 0 4800 9300 14000 18500 23000 26900 30700 33500 

Assuming that 

Z — a 1 t+a 3 t 2 + a & t i + a 4 < 4 , .... (1) 

and substituting for t = 10, 20,30,40, we get 
ax=919*25, a*=l*&25, « s =-*0417, a 4 =-*00125. 
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These values fit the curve almost exactly at t=z 10,20,30,40, 
and give Z=4730,13950, 22857 respectively at f*= 5,15,25. 

The fact that a s is positive shows that the best rate of 
climb is not at the ground-level, but at some higher level. 
The value of t for the best rate of climb is given by 

J2J7 

=2a 2 +6a s <+12a 4 < = 0, 

giving t=8'6, corresponding to a height of about 8000 feet. 



We thus have 

u = — *(919-25 1 +1-625 t s - *0417i* -*00125 1 4 ) 

=b x t ++ 1^ + 1^. 

3. Thermometer with a Spherical Bulb and Infinite 
Surface Conductivity. 

Let us consider the case of a thermometer with a spherical 
bulb, neglecting the effect of the containing glass vessel and 
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assuming infinite conductivity at the surface, i. e. } the tem¬ 
perature at the surface of the sphere is always the temperature 
of the containing medium, u. 

Let v be the temperature at a point inside the bulb at a 
distance r from the centre. The radius of the bulb is c. 
The equation of heat conduction is 


a J V ! » = 


Tt' 


where a 1 = K Jpo, K = conductivity, p — density, and 
<r = specific heat. 

By spherical symmetry, the equation becomes 


Ot 




i. e„ 


* B 2 


a = P rv > 


p being Heaviside’s operator = 
rv = A sinh (gr/c) 4- B cosh (gr/c), 


This gives 
where 

p = a 2 q 3 /c 2 , . 

B must vanish, as v is finite at r=0. 
Hence 

rv = A sinh (gr/c). 
The condition at r—c gives 

rv sinh ( qr/c ) 

— = —r~r ! - - u. 

c sinh q 


( 2 ) 


(3) 


(3) may be interpreted in the following way. Let 
us=<f>(t). Then u can be expressed in operational form as 


u 


= d>(t) = i <f> [h) e~ pi pH (t) dh *, 

* —CO 


where H(<) is Heaviside’s unit function, i. e., 
H(f) ••= 1, for t> 0, 


and 


H(t) = 0, for t <0. 


* H. Jeffreys, ‘ Operational Methods in Math. Physics,’ p. 18. 
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We thus get 
rv/c 


sinb (qr/c) |'°° 
sinh q 


<f>(h)e~ flh pTi(t) dh, 


which expresses v in operational form. 

This can be translated back into ordinary form by 
Bromwich’s method of the complex variable*, and we 
obtain 


, 1 1’ , sinh (qr/c) . i"° „ 

= 2il 1/ siohg “f l *(*)•-'*« 



^~ > nh (irM 

sinh q 



where p, in this last integral, is regarded as a complex 
variable, q is given by equation (2), and L is a curve from 
c — ia to c + ix, where c is positive and finite, such that all 
the singularities of the integrand are on the left side of the 
path. 

In (4) the range of h, which gives a contribution to the 
integral, is 0<h<t. 

So 


r>> 


c 


-L.f 

2m Jl 


e pt 




The poles of the integrand for the complex integration 
occur at q—imr, n=0 being excluded, i. e.,a.tp= —n^a^jc*. 
We then get for (4) 


rv 

c 


ilia' 


n—l o J 0 


e-'W-W^h) dh, 


which is the expression that McLeod obtains. 

The thermometer registers the average value of the 
temperature, viz., 

v = (3/47rc 3 ) i iirr 3 vdr .(5) 

, o 

We can find » from (5), as Me Leocl does, but it is easiest 
to delay the interpretation of the operational form until the 
final stage; for example, here we first take the average, 
treating operators as ordinary numbers during this process, 
and then we interpret. This is one of the great advantages 
of the operational method, and very much labour is saved in 
this way. 


* U. Jeffreys, loc. cit. p. 19, (2). 
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For the general case of u—<f>(t) we get 

v = 3^cothg— 


.A 

’ 2m 


J* e pi ^coth? — ^ j <t>(h)e~* k dh 

~ |V(fc) dli X residues of er tf-4, ^coth j— 

4i .w 

C »=1 Jo 

This gives the average temperature for a general variation 
of the temperature of the external medium. 

If <j>[t) = (Gt), (6) gives 


» = G*-A ^G + 6G-f* ^ 

1 n n 1 nr*a* 


,2 » 


15 a 




agreeing with McLeod’s particular result. 
The lag is thus 


1 £! g-6G-^ X n ~* e 

Id a 2 ** a n ?i 




( 7 > 


( 8 ) 


In our case u is easily transposable into operational form, 
and we hare 

u— b^ + b a t 2 + b 3 t s + = bjp+b s 2 \jp 2 4- b 3 3!/p 3 4- b t 4 !/p\ 

Hence 

5 = 3^coth ? - ^(bi/p+b^ l/p s +5 3 3 !/p* + 6 4 4 I/p 4 ). (9) 
But 

-coth?- i = 2 2 Bjj/ 2 ! + 2 4 B 4 ? 3 /4! + 2®B 6 ? 4 /6! 4- ... etc. 

? ? 

385 A 2 4* A 4 ^ 2 + A$y 4 + ..say, 
where B 2 , B 4 ,... are Bernoulli’s numbers. Hence 

(ioott,-!),. 

has a polynomial contribution of 

(A 2 + Aip c 3 ja? + A s p ! c*ja* 4- ...)n\p~ n 

— A s t n + Aint"- 1 -b Agn(n— l)t n ~ 2 c*/a‘ l + ... 
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Thus v has a polynomial contribution 

3&i{As<+A 4 c*/o s } + 35 8 {A a <*+A 4 2c*tja*+A e 2c*/a 4 } 

+ 35*{A s t 3 +A 4 3 c*t*la* +A e .3.2. cH/a* +A 8 .3.2. c*/a 4 } 

+ 36 4 {A 8 < 4 +A 4 4c¥>/a s +A fl 4.3.c 4 t*/a 4 

+ A 8 4.3.2.c e t/a 6 +A 10 4.3.2.c 8 /a 8 } 

* 3A*(&i< + b a t 3 + b t t s + bit 1 ) 

+3A 4 (//a 2 ) + 2 b 3 t +35***+45 4 t»] 

+ 3A 6 (c 4 /a 4 ) [2Z» 2 + 3.26 s t + 4.35 4 t*] 

+ 3A 8 (c 6 /a«) [3.2.1.6, + 4.3.2.6 4 fJ 

+ 3A 10 (c®/a 8 ) 4.3.2.1.6 4 

= 3Aj«+3A 4 cW+3A 6 c 4 «-%" + 3A 8 c 6 a-V" 

+ 3A 10 c 8 a _ V'", (10) 

where dashes denote differentiation with respect to t. It is 
obvious that expression (10), continued for the requisite 
number of terms, would hold when u is a finite polynomial 
in t. 

We have 

B * = g, b 4 = — > B 6 = 42> Bg Bl0= ^’ 

and hence 




A ® — 945 ’ 8 


1 

4725 


Aio = 


2 

93555 


The polynomial contribution thus found is the contribution 
to the general sum by the residue at p—0, which is a pole of 



if m>0. This is the part which predominates when f-> 00, 
for then the other terms tend exponentially to zero. This is 
an example of the tendency that operators have of resem¬ 
bling ordinary numbers; for p~ 1 =t, and we see that the 
important part at f=cc is the part obtained at jt>=0. 
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has poles at q = imr, corresponding to p=n a ir a a 2 c~ > =» H , say. 

v is f(p)IA(p), where f(p) and A(p) are polynomials in p, 
given by 

f(p) — {q cosh sinh q) jq 3 , 

and 

A(p) = p m sinh q/q. 

/(<*») = (—l)"* l n" 2 7r~ s 

and 

» n A'[a. n ) = ^ cosh g = (—l) tt 

Hence the exponential terms given by 



are 

( —l)“+i(2a 2 /c 2 ) 2 (nW/o 2 )- 0 *- 1 e~ nWt l‘\ 

n~\ 


( 11 ) 


Thus the final expression for v is the expression (10) plus 

a i at X* /nVah -2 „ 22/ , ^ 
e/ ’ 

-imj 

+ 364,^ 

-1444.“’ | 

The steady lag is 

-3 { k^a-W + A e c 4 a ~ 4 m"+A 8 c®a -6 u'" + A 10 c 8 a' V"'} 

— — u 1 _ c * u " + J_ £! w "' _ ^ ^ M "»/ /i o') 

15 a* 315 a 4 1575 a« 31185 a 8 ;( 12 ' 


4. The Sphere with Finite Conductivity at the Surface. 
The surface condition is now 



Lag in a Thermometer. 

Substituting in rt>=A sinh (qrjc), we obtain 

rv _ ch sinh (qrjc) 

c K(}3osh}—sinh}) + cAsinh q W ‘ 

This gives 

_ _ 3ch(q cosh g —sinh q)jq % 

~ eh sinh q+ K(} cosh q —sinh q) 


where 




The operator acting on it in (13), when expanded in 
ascending powers of q 3 , gives 

Aj d* }*( A 4 ■ — X A 2 3 ) + 7 4 (A 6 —X2A 2 A 4 +X*A 2 3 ) 

+9* [ A 8 -X(2A 2 A 6 +A 4 ! )+X*3A 2 2 A 4 -X*A 2 4 ] 

+7* [A 10 ~\(2A 2 A 8 4-2A 4 A 6 ) + \*(3 A 2 *Ag+3 A 2 A 4 2 ) 

—\ 8 4Aj 3 A 4 + X 4 A 2 s ] 

+ higher powers of g 

* A 2 + Aif +A s '7 4 + A 8 ,Y+A,o'} 8 + ..., say. 

By (12) the steady lag is 

—3{A/c*a~V + Ag'c 4 a _4 «'' + A 8 'c*a~*« /// + A 10 'c 8 a~ 8 «""} r 

where 

. , 1 X ,,_1 , jX 

A< = 45 9 ’ 6 ~ 945 + 135 + 27’ 


A/ — 


1 8X X* X® 

4725 10125 135 81* 


a r_ 2 2X 17X* ■ 4X S . X 4 
Al ° 93555 + 8505 + 14175 + 1215 -r 243 ’ 


giving for the steady lag the value 


/ 1 _2 c* „ 1 c° _ 

V15« J 315 a 4 + 1575 a« 31185 a 8 / 

+ X P - u f _— — «"+ ^ ■ t-G — u' n, \ 

^ X V6 a 1 45 a 4 + 3375a« 2835 a 8 / 
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The poles of (13) are given by 

1—X+Xgcoth^ as 0, 

t.e.,by q—ito, where a cot to= 1 — 1/X, d> being known to be 
real*. 


Considering 


3 Q coth q - A) p-/{l + X 9 2 ^ coth q - } , 


we have 


whence 


F(/>) = 3 (j coth q —sinh y) jq^, 

b(p) — j!)”{sinb q -J- X(<y C 09 h q — sinh q) }}q. 


t WKM 




2 m*.»+1* 


Thns the lag is expression (14) plus the following : 

/>* _. 1 'N 

~ 6fcl a 2 2 (i-x+x 5 «y e " o! “ 2</e2 ’ 

+ 12i v 4 2 (i-^ + xvy «-“W, 

C 6 : 1 • 

— 366*___-_2 

3 a 6 (1-V+A.Vy* 

8 1 

+ 1446.AS -i_ fi -awt; C 2 

+ H104 « 8 ^(l-\+XVK < 


5. Cylindrical Bulb with Infinite Surface Conductivity. 
The equation of heat-conduction is now • 

1 J) ( d®\ _ £ 

r’dr\ r '&r/ a 2 d<’ 


* Ftife Bromwich, foe. c«. 
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leading to Io (qr/e) instead of {sinh (qr/e)/(qr/c)}, where J^(*) 
is the modified Bessel fnnction J 0 (wr). We obtain 


We have 


where 


- 2 * 2 I 0 '(q) 

v =?)r dr= im u -- ■ • 
^ =i+c ‘» ,+c *«‘ +c >?* + -- 


(16) 
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Hence, as in (10), the pole p —0 gives a steady lag of 
— {XVdTV + C t c*a- 4 u" + C 8 c 6 a~ e u’" + G l yPa~*u , " , ]. (17) 
The other poles of (16) are given by 

q — ico, p = —a 2 co 2 /c 2 , 

where J 0 («) = 0. 


Hence 


? C --Y + V«w 

ql 0 (q) P c* *V aWj 


lc 2 , 4 

v = m — + 
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1 2.4 2 .6 2 .8 2 .10a 8 

+ % l>i 2 A — b s J l e -<A~v 
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6. Cylindrical Bulb toith Finite Surface Conductivity. 
Instead of equation (16), we obtain 
- 2 V( 9 ) 

f I,+X}V(?) “ ■••••• (19) 

2 V is) AM 
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The operator in (19) when expanded is 

(i+c 4 y+c,y - c 8 y+c 10 y), 

where 

o; = c 4 -ix, cv = o 8 -^2c 2 c 4 +ix 2 , 

CV = C 8 -iX(2C 8 0 6 + CV) +iX s 3C ? C 4 -iX. 8 ,. 

C,o'= C\o- iX(2C 3 C 8 + 2C 4 C 6 ) +iX s (30 2 *C 6 H- 3C 2 C 4 S ; 

-ixucyCg+^x 4 . 

Hence the pole p =0 wives to v the expression 
M+C 4 Va-V+0 8 V<rV' + C 8 c«a-« w '" + C 10 V^-V”'. (20) 
The other poles are at 


where 
We have 


q — iw, p — — a s «*/c*, 

Jo(ro)+^®J 0 '(<io) = 0. 


5W/W}) 




i? Z (l-t W)e» +1 

Hence expression (20). 
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LXXXV. A Molecular Theory of Elastic Hysteresis. By 
G. A. Tomlinson, B.Sc. (From The National Physical 
Laboratory.)*. 

1. TTARIOUS theories have been proposed to account 
▼ for the phenomena of elastic hysteresis, thou gh 
none has yet apparently received general acceptance, and 
for this reason a new theory put forward tentatively in 
the following paper may have some features worth 
consideration. 

Earlier workers, and even some contemporary workers, 
have considered that some form of solid friction or vis¬ 
cosity always opposes an elastic strain, and so causes 
elastic hysteresis. Such an idea does not accord very well 
with present views regarding the nature of an elastic 
strain, unless it can- be asserted that there is friction 
between two neighbouring atoms in a crystal lattice. 
Various recent workers are therefore inclined to attribute 
hysteresis to a loss of energy occurring in some way 
amongst the atoms at the crystal boundaries' 1 '. The term 
internal friction is still widely used, however, as the 
phenomena undoubtedly suggest the presence of some kind 
of friction. 

In a previous paper (a ' the writer has suggested an 
atomic theory of solid friction, based on the hypothesis 
that the atoms are subject to both an attraction and a 
repulsion, the latter having a considerably greater rate of 
change and a much smaller range than the former. It is 
now suggested that elastic hysteresis is due to the same 
atomic mechanism involving a loss of energy when a solid 
passes through a strain cycle. A brief resume of the 
hypothesis advanced in the previous paper is necessary 
for the discussion of the present theory. It is not necessary 
to take into account the nature of the atomic forces, or to 
assume any mathematical relation between the forces and 
the atomic distances. It is assumed, however, that atomic 
equilibrium is obtained simply by the action of the two 
forces of attraction and repulsion, and the supposed 
forces are shown by the descriptive curves A and R of 
fig. 1, the abscissae being the distance between the atom- 
centres. This distance is normally e or OJ in the un¬ 
strained material, when A and R are equal and opposite. 

* Communicated by tbe Author. 

Phil. Mag. S. 7. Vol. 9. No. 60. May 1930. 
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At this point the atoms are in highly stable equilibrium, 

since ^ is much greater than — , and on increasing the 

distance between them the equilibrium remains stable 
for some distance, but gradually changes into an unstable 

state at some separation OL at which ^ ^' 

A ax ax 


Kijr. 1. 



i 


Consider a simple chain of three atoms originally in equi- 
librum, as shown by the point P, and suppose the outer 
ones to be gradually drawn away. The middle atom will 
remain equidistant from its neighbours in stable equi¬ 
librium so long as the separation of the atoms does not 
exceed OL. The atoms can be restored to their original 
position or beyond, or generally may go through any cycle 
of displacements for any number of times without loss of 
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energy, provided the range of stable equilibrium is not 
exceeded. 

If we now suppose the chain of atoms to be further 
extended so that the separation of each pair exceeds OL, 
the equilibrium steadily changes from stable to unstable, 
and eventually the centre atom must leave its symmetrical 
position and attach itself to one or other of its neighbours 
in a condition of stable equilibrium again. Since the 
change in the condition of equilibrium is gradual and 
continuous, there is a certain probability that the centre 
atom may retain its symmetrical position halfway between 
the others for a very short distance, such as LM, beyond 
the point at which equilibrium is exactly neutral. It 
will at this point fly back to one of its attracting neighbours 
with additional kinetic energy or heat equal to the area 
LMSU, which is an irreversible stage in the cycle of 
displacements. 

In the writer’s theory of friction the surface atoms 
of two bodies in contact are supposed to form such chains 
temporarily at all points where the atoms approach close 
enough to come into repulsion and so support the load. 
On separating again the above process occurs, and results 
in what may be described as a plucking action of the 
atoms on each other, which is irreversible and involves 
a direct conversion of mechanical work into heat. 

The same hypothesis may be applied to any phenomena 
in which relative motion in repeated cycles occurs amongst 
the atoms, such as stress-strain or magnetic cycles. The 
present paper is mainly concerned with the loss of energy 
accompanying a stress-strain cycle, and in a manner 
reverts to the view that elastic hysteresis is caused by 
internal solid friction, though only in the restricted sense 
in which friction has been treated in the previous paper— 
that is to say, it is not supposed that any gross tangential 
frictional forces operate on planes of slip within the solid, 
in the way that Motion ordinarily manifests itself to the 
senses, but only that the process whereby individual atoms 
dissipate energy is identical in solid Motion and in elastic 
hysteresis. 

The hypothesis may be applied to suggest an inter¬ 
pretation of elastic hysteresis in the following way. It is 
quite improbable that the whole of the atoms of a solid 
are arranged throughout in the ideal condition of equili¬ 
brium corresponding to the atomic distance OJ of fig. 1. 

3 0 2 
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It is far more likely to be the case that there are a large 
number of points at which small chains of contiguous 
atoms are slightly displaced either closer together or further 
apart than the ideal distance. Such local displacements 
may have any values between zero and JL in the one 
direction, and between zero and some indeterminate 
limit in the other direction, but we are only concerned 
for the present with the former. The magnitude of the 
Tna.Trimnm relative displacement JL which a pair of 
neighbour atoms may receive and yet remain in equilibrium 
is somewhat uncertain, but appears to be small compared 
with the distance between the atoms. Estimates based 
on the limiting elastic strain and on the limiting thermal 
expansion show the possible displacement to be of the 


order to y^. of the atomic dimensions respectively. 


1000 100 


It appears, therefore, that it is only necessary to assume a 
random distribution of distortion centres involving quite 
minute atomic displacements as premises for the present 
hypothesis. 

If the material is now supposed to be strained in any 
manner by which the stretched chains are further extended, 
certain atoms by our hypothesis will in turn be drawn 
slightly into the unstable region and will fly back with 
added kinetic energy. On removing the stress the 
eha.ins can reform in their original condition. Thus 
the strain may be quite elastic, in the sense that no atom 
is finally displaced permanently from its original position, 
or the dimensions and form of the specimen are exactly 
recovered, and yet even with very small stresses a loss of 
energy can occur with every strain cycle, which is found 
by experiment to be the case. Thus in some experiments 
described later the writer has found quite a measurable 
loss of energy when aluminium undergoes a stress cycle 
of mfl.m*miim value only 2 lb. per sq. inch. 


2. We shall now consider to what extent the theory 
briefly outlined above is in agreement with certain experi¬ 
mental data of elastic hysteresis. It is well known that 
the area of the stress-strain hysteresis loop, obtained by 
using a sensitive extensometer, increases rapidly with 
the range of stress applied. There are not many data 
available, however, as to the exact relation between the 
loss of energy per cycle and the stress range. This is 
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probably due to the limitations of the extensometer 
method, as the loss of energy on reducing the stress soon 
becomes too small for reliable measurement in terms 
of stress and strain. Some experiments have therefore 
been made by the writer with the object of finding the 
relation between the maximum stress and the internal 
loss per cycle for a number of different materials. A 
torsional oscillation method was used because of its 
greater sensitivity, and the loss of energy was found from 
the rate of decay of amplitude. A ground-steel'disk 
about 6 in. in diameter was suspended in the field of a 
horizontal optical projector in such a way that a fine 
indicating point attached to the edge of the disk was in 
focus on the screen. The period of oscillation was 
adjusted by means of the length of the suspension to be 
4 secs. As the motion of the indicating point was 
magnified 50 times, only quite a small angular movement 
was required, the maximum amplitude being less than 
5°. This, together with the long period and the smooth 
form of the disk led to the great advantage that the 
correction for loss of energy in air resistance was always 
small and sometimes negligible compared with the 
hysteresis loss. The actual air resistance of the disk 
at different amplitudes was fairly well known when 
oscillating with a period of 4 secs., having been determined 
experimentally some time previously in the course of some 
experiments on rolling friction. 

The successive amplitudes of the indicating point were 
marked off at the screen. In some cases a definite number 
of oscillations were allowed between marking the ampli¬ 
tudes, when the hysteresis damping was small. From 
these measurements can be found the decrement 80 per 
oscillation for any amplitude 0. The loss of energy per 
cycle is then A0.80, if A is the torsional stiffness of the 
suspension. Since the system has a constant moment 
of inertia and a constant period, A is the same for all the 
materials. The maximum stress in any cycle can be 
calculated from the equation 

f _ m 

Jn MX. I * • * v- 1 -/ 

where C == modulus of rigidity, 

r — radius of suspension wire, 
l — length. 
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This, however, involves a knowledge of C for all the 
materials, and the following method was actually used. 
If T is the twisting couple and J the polar moment of 
inertia of the cross-section of the wire, 

, T? X8r 2X8 , 0 s 

/“-T-T-S?. (2) 

For the series of materials A is constant; hence, if is 

calculated by equation (1) for any one material such as steel 
having a well-established value for C, it is only necessary 
to know the radii of all the specimens to be able to calcu¬ 
late the stresses in all other cases by simple proportion 
from equation (2). 

The results that have been obtained from such measure¬ 
ments show that the loss of energy per c.c. per cycle, 
denoted by h, is given by 

*-*(/«*)%.(3) 

in which k is a constant for each material, and the index 
n is found to be always about 2, but in a number of metals 
it is rather greater tl an 2. In no material tested has an 
index less than 2 been found. 

Since the strain applied is torsional the range of stress 
to which any element of the specimen is subjected varies 
from zero to the surface stress / m ,„. It can be shown, 
however, that within the elastic limit the hysteresis loss 
under uniform shear stress for any maximum stress / is 
also proportional to (/)". 

Thus, let us assume the loss per c.c. to be kf", then the 
total loss is given by 

E =Sk{f)>‘8V, 

if SV is an element of volume for which the maximum 
stress in the cycle is /, or 

E = | k(J') H 2irrldr, 

* o 

where r is the radius of any cylindrical shell of thickness dr , 
l is the length, and a the radius of the specimen. 

At a radius r the stress Hence 

J a 
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= ~wu,r, 


or hysteresis loss per unit volume 

h = ~2 .W 

Hence, when the hysteresis loss of a torsion specimen is 
found to be proportional to a power of the maximum stress 
at the surface, it follows that the same power law applies 


1 "» 8 - 2 . 



to the case of a uniform stress, but the constant in the 

n +2 

latter case is greater in the ratio —- . 

The results of the measurements are shown by the curves 
of fig. 2. These show in c.g.s. units the hysteresis loss per 
unit volume of the torsion specimens plotted against 
maximum stress, logarithmic plotting being employed. 
It will be seen that all the curves are fairly closely linear, 
and there are slight variations in slope, the index n being 
given in brackets for each material. The maximum stress 
applied is comparatively low, and except for the platinum 
specimen does not exceed about 1000 lb. per sq. inch, 
and is as small as 140 lb. per sq. inch for the softer metals 
tin and lead. There is therefore little doubt that the 
stresses are well within the ordinary elastic range of the 
materials. 
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These results may be compared with those of Kimball 
and Lovell 8 , who give a general formula for the internal 
friction loss per unit volume similar to the above, but with a 
uniform index 2. They state, however, that the formula 
is not given as an exact relation, but merely as the nearest 
all round statement of results obtained. 

Reverting to the theory, it can be shown that such a 
result as the above would in general be expected. In the 
first place the loss of energy entailed in the supposed pluck¬ 
ing process is liable to vary considerably, as different atoms 
maybe drawn different distances into the unstable region. 
A great number of atoms are involved, however, and there 
will be a statistical average value e for this loss of energy. 
The atoms to be affected first in an elastic strain are those 
already displaced by the maximum amount JL of fig. 1. 
Other atoms initially displaced by an amount such as 
JK will contribute to the loss of energy at a stage when the 
applied strain is equal to KL. Thus in any strain the 
total loss of energy depends on the statistical average 
value of e and on the numerical distribution of the initial 
displacements of the atoms according to the magnitude of 
the displacement. 

Since the normal distance between the atoms is e or 0 J, 
corresponding to equilibrium between the repulsion and 
attraction, it is reasonable to suppose that of the atoms 
further apart than this there will be the greatest number in 
the neighbourhood of OJ and the least in the neighbour¬ 
hood of OL. There should be none at all at greater 
distances than OL. If, then, the ordinate KB of the 
distribution curve shown at the foot of fig. 1 represents 
the number of atoms displaced by an amount JK, a curve 
having a maximum at J and approaching zero at L would 
be expected. If we now use the same diagram to represent 
the elastic displacement of the atoms due to an applied 
strain, taking the point L as origin and proceeding in the 
direction of J for an extension of the atom chain, it is 
clear that the amount of energy lost in a strain such as 
LK will be proportional to the area under the distribution 
curve from L to K. 

Two types of distribution curve are shown in fig. 1, the 
first of which is linear, corresponding to a distribution 
in which the number of atoms having a particular displace¬ 
ment decreases uniformly as the displacement increases. 
The chief interest of this curve lies in the fact that it 
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evidently leads to the result that the loss of energy in a 
strain cycle is proportional to the square of the maximum 
strain or stress, as found by experiment in some materials. 

As the phenomenon of hysteresis must involve very 
large numbers of atoms, it would appear more reasonable 
to expect a distribution of displacements determined by 
statistical considerations, and curve II. in fig. 1 therefore 
shows the probability curve of the type y=e~* s . This 
curve approaches the axis of x asymptotically, and at the 
same time in our hypothesis no displacements exceed JL, 
while the number which has the limiting value JL is 
supposed to approach zero, to avoid a discontinuity at 


Fig. 3. 



this point in the law of distribution. We shall therefore 
attempt to satisfy all these conditions by taking an ar¬ 
bitrary point such as Qin fig. 3 low down on the curve, and 
shall assume the ordinates of the curve, taken from the 
base line S Q, to represent the numerical distribution of 
displacements. 

It is interesting that with such a distribution the theory 
indicates that the loss of energy in hysteresis would be 
given by a relation h=k (/ mai .)", with an exponent n 
having a value somewhat greater than 2, as found experi¬ 
mentally for various metals. 

Referring to fig. 3, in which the probability curve is 
drawn to scale, the hysteresis loss for a strain proportional 
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to LM is proportional to the area RQN. Having 
chosen an arbitrary value for the abseissa of the point 
Q. the relation between the area, and the value of LM can 
be readily computed numerically by means of the tabulated 
values of the probability integral. The results of this 
calculation for three different positions of the point Q, 
corresponding to values 1-6,1-8, and 21 for .r 0 , are shown 
in fig. 4. These cover the complete range of the distribu- 


Fig. 4. 



tion curve from Q to P, and the results are plotted 
logarithmically. The units employed in this diagram are 
quite arbitrary, and simply depend on the numerical values 
of the coordinates in fig. 3. It is clear that for a com¬ 
parison with the hysteresis measurements of fig. 2 the lower 
part only of these curves need be considered, in view of the 
small range of strains concerned in the experiments. It 
will be seen in fig. 4 that the lower part of each curve is 
closely linear, indicating that the theory would give a 
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simple power law for the hysteresis loss of energy, and the 
values of the exponent in the three cases taken are 2-15, 
2-18, and 2-21 respectively. The suggested theory, cm 
assuming a reasonable type of distribution of displace¬ 
ments, thus appears to offer an explanation of the 
empirical power law which is well established by the 
experiments. 

3. The theory proposed will now be considered from 
some other points of view. It is of some interest to 
notice, firstly, that the theory quite well accounts for the 
fact that elastic hysteresis is a process which is perfectly 
reversible in the elastic sense but quite irreversible thermo¬ 
dynamically. Thus, in passing through a strain cycle the 
increment of kinetic energy assumed to be gained by certain 
atoms is completely irreversible. On the other hand, the 
original arrangement of the atoms can recur exactly on 
removing the strain, as by this theory the production of 
heat energy is accounted for without having to consider any 
internal slip motion as taking place attended by some form 
of friction very similar to ordinary solid friction. The 
theory thus affords a satisfactory explanation of the per¬ 
plexing fact, now well established, that under certain cir¬ 
cumstances a solid can continue to dissipate energy by 
repetition of strain cycles apparently indefinitely, without 
any cumulative effect such as change in size or shape or 
internal structure. 

The assumed mechanism by which the atom receives 
kinetic energy is itself irreversible, in the sense that it can 
only occur during a strain which causes an extension in 
the atomic chains. It would follow from the present 
theory that the instantaneous rate of loss of energy in 
the course of a stress-strain cycle would be very variable. 
Considering a symmetrical cycle, such as occurs in a 
torsional oscillation, as shown in fig. 5, the rate would be 
zero throughout the period of decreasing stress. During 
the period of rising stress the rate would commence at 
zero, increasing rather rapidly as the stress increased. 

In this connexion some experiments made by 
Constant U) are of much interest. In these experiments 
the rate of generation of heat in a magnetic hysteresis 
cycle was determined by a series of temperature measure¬ 
ments of the specimen. It was found that all the rise 
of temperature occurs in the stage of the cycle during 
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which the magnetic induction is increasing, and the rate 
of rise of temperature increases with the induction. 
During the stage of decreasing induction the temperature 
remains at a steady value. The rate of dissipation of 
energy thus exhibits quite closely the variations which 
should be found according to the theory in an elastic 
hysteresis cycle, if it were possible to make similar experi¬ 
mental observations. It is not impossible that the 
phenomena of magnetic and elastic hysteresis are more 
than merely analogous, and may each depend on a similar 
atomic mechanism. The magnitude of the loss of energy 
in the two cases is of the same order, and the occurrence 
of magneto-striction demonstrates the existence of small 


Fig. 5. 



relative motions amongst the atoms dining magnetization. 
Such a suggestion, in the absence of more substantial 
evidence, must be regarded as very tentative, but it 
does not seem unreasonable to imagine that all modes of 
dissipation of energy associated with minute relative 
motions of the atoms may have a common mechanism 
depending entirely on the nature of the atomic attraction 
and repulsion. The present theory already offers a 
common interpretation of many of the phenomena observed 
in solid friction, rolling friction, and elastic hysteresis— 
that is, in three different modes of relative atomic 
movement. 

Reverting to the typical hysteresis cycle shown in 
fig. 5, the above remarks concerning the variations in the 
rate of loss of energy as deduced from the theory are 
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fully compatible with the observed form of the loop. 
It is found that when the stress is increasing from zero 
to the maximum, along the portion AB or CD of the 
cycle, the stress-strain relation is not quite linear, and 
the curve bends over more and more as the stress increases. 
On decreasing the stress the return portion BC of the 
cycle is found to be almost exactly linear and parallel 
to the initial slope of AB. The work done in straining 
the material along AB is represented by the area ABE, 
and the energy returned on coming back along the path 
BC is BCE, which is equal to AFG, the work that 
would be necessary to strain the material had the stress 
and strain remained proportional. Hence the path AB 
requires more energy than the return path BC by the 
amount ABC. In the theory proposed such a distinction 
between the condition of increasing and decreasing stress 
is definitely necessary, and this feature of the theory 
appears to be in good accordance with the form of the 
hysteresis loop found by the extensometer. 

Since the theory indicates that a dissipation of energy 
occurs only in the course of a strain which involves an 
extension of the atom chains, it would follow that in a 
uniform compression, in which there can only be a com¬ 
pression of the chains everywhere, there should be an 
absence of hysteresis. It is significant that Bridgman < 6) 
states that solids are found to behave with perfect elasticity 
under hydrostatic pressure even up to pressures of 
12,000 atmospheres. There is not in general a strictly 
linear relation between stress and strain, but there is found 
to be no measurable departure from true elasticity on 
applying and removing the pressure. 

The theory is found to be qualitatively in agreement 
with experiment as regards the effect on the hysteresis 
loss of overstrain and annealing. If the energy loss 
occurs as supposed entirely at certain points at which the 
atom chains are stretched by local distortion, and these 
points are scattered in a random way throughout the mass, 
it is reasonable to infer that by overstraining the material 
the total number of atoms displaced from the true 
equilibrium position would be increased. Some direct 
evidence of this is provided by the fact that overstraining 
a metal generally diminishes its density. In annealing, 
on the other hand, the atoms are set into more violent 
motion, and are then allowed to settle down slowly. 
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Initially some groups of atoms are nearer together than 
the equilibrium distance and others are further apart, 
and the process of annealing provides the atoms with an 
opportunity to re-arrange themselves slightly, aided by 
their own intrinsic forces, so that their final disposition 
is a closer approximation to the ideal formation. The 
hysteresis loss would therefore be expected to increase 
on overstraining a material and to decrease on annealing it. 
The above argument carries more weight if there is any 
reason to consider the strained atom chain to be quite 
an abnormal condition only occurring very sparsely 


' Fig. 6. 



distributed. This point is discussed in a subsequent 
section of the paper, where reasons are given for thinking 
that the number of displaced atoms is only an extremely 
small proportion of the total number. 

The above deductions are found to be well substantiated 
by the following experiment. An aluminium specimen 
was overstrained by twisting beyond its elastic limit, and 
the relation between hysteresis loss and maximum stress 
was then determined. The result obtained is shown by 
curve A of fig. 6 plotted logarithmically. Curve B is the 







Molecular Theory of Elastic Hysteresis . 927 

similar relation for the original material. The specimen 
was then annealed in a somewhat crude but effective way 
by passing, a flame up and down its length a number of 
times, after which the result shown by curve C was 
obtained. 

The three curves are closely parallel straight lines, 
showing that the hysteresis in each condition follows the 
same law h— k( f m „ )", only the constant k being affected. 
In terms of the theory the statistical distribution of the 
atoms is not altered, but only the total number of displaced 
atoms. The difference in the latter or in the value of k 
is greater than appears from the logarithmic plotting. 
Thus the vertical distance between curves A and C is 
1-4 on the logarithmic scale used—that is, the loss of 
energy in hysteresis after annealing is only about ^ 
of that found after overstraining. A similar effect was 
found on annealing a brass wire specimen, the hysteresis 
being reduced to J of the amount found in the unannealed 
state. Such results seem to indicate fairly definitely 
that hysteresis is a consequence of the presence of internal 
strains. 

Certain* results of other workers on internal friction will 
next be considered briefly as regards their bearing on the 
present theory. Kimball and Lovell (3) have quite estab¬ 
lished the fact that the energy loss per cycle is independent 
of the frequency of the cycles over a wide experimental 
range. Such a result was indicated, but not so completely 
confirmed, by the results of Hopkinson and Williams <4> 
and Rowett (7) , working actually on a different aspect of 
the subject. This fact is difficult to reconcile with the 
views of some who prefer to regard hysteresis as a viscous 
phenomenon of the solid state, but is, on the other hand, a 
result to be expected by the proposed atomic theory, at 
least as regards ordinary frequencies attainable by 
experiment. 

Another experimental result found by Guye' 8) is that 
the internal friction of metals depends on the temperature, 
generally decreasing considerably as the temperature is 
reduced. Such a result has a simple explanation in the 
present theory and may be regarded as a consequence of 
the thermal contraction of the metal. The average 
distance between the atoms is slightly reduced, causing a 
general diminution in the displacements in the strained 
atom chains, as a result of which the numerical scale of the 
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distribution curve becomes reduced, and less energy is 
dissipated in any given strain cycle. Such an explanation, 
of course, involves the assumption that the force-fields of 
the atom are unaffected by the temperature of an aggrega¬ 
tion of atoms. 

4. H the view that both friction and elastic hysteresis 
have the same origin is provisionally accepted, it becomes 
possible to derive some further information about the 
process by combining data found experimentally as to the 
loss of energy in rolling friction and in hysteresis. Thp 
actual amount of energy involved on the average in each 
atomic separation can be estimated, and from this it can 
be shown that only an extremely small fraction of the 
atoms are concerned in the hysteresis loss in a stress- 
strain cycle. 

The following data are taken from the previous paper (2 ', 
and concern the loss of energy in the rolling friction of a 
highly lapped steel cylinder rolling on a lapped steel 
plane surface:— 

Diameter of cylinder=0-254 cm. 

Length of cylinder in rolling contact = 0-2^1 cm. 

Load on cylinder = 300 gm. (M). 

Coefficient of rolling friction=0- 000044 (A). 

Width of elastic contact area between cylinder and 
plane = 8- 28 x 10' 4 cm. (2 a). 

Mean contact stress f— 0-14 x 10 10 dynes per sq. cm. 

Maximum contact stress /„ = 0-21 x 10 10 dynes per 
sq. cm. 

In r olling through unit distance a total area of 0-254 
sq. cm. comes into contact, and is subject at some moment 
to the maximum normal stress /,„. The loss of energy 
amounts to 

E = AM <7 ergs, 

and, if we can estimate the total number N of atomic 

12 

separations involved, an estimate of e=^, the energy lost 

in the separation of one pair of atoms can be derived. 

Unfortunately we can do no more than find two limits 
within which N most probably falls. An upper limit N 2 
may be estimated by making the simple assumption that 
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the contact area of 0-254 sq. cm. is packed with atoms 
every one of which comes into repulsive contact with a 
corresponding atom in the other body. If e denotes the 
average distance between the atoms, for which the lattice 
constant 2* 86x10' 8 cm. will be assumed as a probable 
value, we have approximately 

N a = —p=SlxlO w . 

e 2 


And the loss of energy involved in one atomic separation 
has a lower limit e v given by 


*i 


E _ 0 000044 x 300 x 981 
N t ~ 3-1 xlO 14 


= 4-1 xlO- 14 


erg- 


The above estimate of N x is almost certainly too large, 
and it is more probable that in an elastic contact where 
the maximum stress has the comparatively low value 
0-21 xlO 10 , the total number of atoms under repulsion is 
considerably less than the maximum possible number. 
In the writer’s opinion, as described more fully in the 
previous paper on friction, the range of the repulsion is so 
small compared even with atomic dimensions that the 
atoms gradually come into repulsion to an extent which 
adjusts itself by the elastic strain to the normal stress, 
at least during the range of elastic contact. If the stress 
is further increased a point is reached at which the metal 
flows, and it may be reasonably assumed that then all the 
possible atoms are in active repulsion and are individually 
exerting the maximum repulsion that the strength of the 
lattice permits. For hard steel this flow stress is known 
to be about 7-5 x 10 10 dynes per sq. cm., from which it may 
be inferred that the maximum atomic repulsion is about 


7-5 x 10 10 xe 2 =6-15 x 10" 5 dyne. 


To derive a lower limit N a we can assume that the stress 
0-21 x 10 10 acting on the area 0-254 sq. cm. is supported by 
N a atoms repelling with forces having all possible values 
between zero and the maximum value of 6-15 x 10' 5 dyne. 
In this way we have 

y _ 0.21 xl0 10 x 0-254 
* 2 3-07 x lO*' 

- 1-74 x 10 13 

, and e 3 = 7*4 X10~ 13 erg. 

Phil. Mag. S. 7. Vol. 9. No. 60. May 1930. 
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This estimate N 2 is almost as certainly too small as N x is 
too large, since we have assumed that under a stress of 
only about of the flow stress there is an equal proba¬ 
bility of all values of the repulsion right up to the 
•maximum occurring with the flow stress. 

The loss of energy in elastic hysteresis for steel piano- 
wire was found by experiment to be as follows :— 


Maximum Stress. 


Dynes per sq. cm. 
54 x 10 7 
4-68 
3-72 
2-68 
1-97 
1-57* 

119 

0-84* 


Ergs per c. c. 


300 

202 

1-285 


0-63 

040 

0212 

0113 

0067 


Taking the first value in the Table of 3 ergs per c.c., even 
with the smaller estimate e x the number of atoms involved 
in this loss of energy will be only 


3 

4-15 xlO- 14- 


0*725 XlO 1 *. 


The total number of atoms in 1 c.c. of iron is of the order 
0-8 xlO 23 ; hence, at the highest estimate only about 1 in 
10® of the total atoms contributes to this loss of energy, 
although the whole number concerned in the hysteresis 
is very great, approximately 10 14 . Thus it appears 
probable that the conditions of locally stretched atomic 
chains we have assumed to exist are quite sparsely 
scattered throughout the metal. 

5. Certain of the well-known phenomena of hysteresis 
can be accounted for by the present theory. We have 
already seen how the general shape of the stress-strain 
loop may be deduced from the theory, and the formation of 
a. loop will now be considered briefly from a somewhat 
different standpoint. For any given strains, such as OQ 
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in fig. 5, the rising stress LQ is always greater than the 
falling stress MQ, and this can be explained by the 
supposition that it is only with an extending atom chain 
that atoms can be displaced at all into the region of 
unstable equilibrium. In fig. 7 three atoms are shown 
diagrammatically: (a) as extended slightly beyond the 
critical distance as C moves to the right in an elastic 
strain, and (6) as distributed later after B has returned to a 
stable position and C is returning towards A. A reference 
to fig. 1 shows that the net attraction A—R between the 
atoms in case (a) is MS, while in case (6) it will be HV 
between A and B and NT between B and C, these being 
necessarily equal. It is clear that in case (a) this force 
must be greater than it is in case (6). With a rising stress 


Fig. 7. 



there are by our hypothesis a number of atoms passing 
through the condition corresponding to case (a). Re¬ 
garding stress as the aggregate of the atomic forces, such 
atoms contribute a larger element of force with rising 
stress than the same atoms disposed as shown by case 
{6) when the stress is diminishing, and we should therefore 
expect the rising stress to exceed the falling stress for the 
same strain. 

It is well known that in many metals if a stress-strain 
cycle is repeated a large number of times the loss of 
energy per cycle is found to diminish fairly rapidly at 
first, and then more and more slowly, becoming finally 
approximately constant. If the stress range is not great 
^nn wgb to induce a condition of fatigue, the final state 

3 P 2 
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of hysteresis apparently may persist indefinitely. Gough 
and Hanson (9) , for example, have subjected iron to no less 
than a hundred million cycles. This diminution in the 
hysteresis may be observed either by measurements of 
the stress-strain loop with an extensometer or by thermal 
measurement of the energy dissipated, a method success¬ 
fully developed by Haigh. The effect is so marked that 
it has been suggested that there are two or even three 
different types of hysteresis. The initial stage, in which 
a rapid diminution of the lost energy occurs, has been 
called primary or transient hysteresis, leading to the 
second stage, which may be regarded as true elastic 
hysteresis, and is a stable condition of imperfect elasticity. 
If a sufficiently great stress range is employed, the second 
type of hysteresis gradually merges into what has been 
distinguished as a third type. In this there occurs a slow 
increase in the loss of energy, together with the develop¬ 
ment of a state of fatigue, and this phase ends in fracture 
of the material. 

As regards the first and second types of hysteresis, a 
possible explanation of the observed phenomena can be 
given by the present theory. It may be suggested that 
the observed diminution in the energy dissipated per 
cycle from the primitive state to the final cyclic elastic 
condition is due to a process of auto-annealing, by which 
the displaced atoms are gradually enabled to adjust 
themselves in relation to their near neighbours, and arrive 
at a disposition more and more like the ideal condition 
of equilibrium. In a previous section the marked reduction 
in hysteresis produced by annealing has been attributed 
to a general tendency of the atoms at the strain centres 
to redistribute themselves more in equilibrium with their 
neighbours, this tendency being facilitated by the increased 
energy of motion imparted temporarily during annealing. 
It will now be shown that the momentary increase in the 
energy of those atoms, which by the theory give rise to 
the hysteresis, is itself a quantity comparable with the 
increased thermal energy of the atom in annealing. This 
leads to the view now suggested as a possibility, namely, 
that the hysteresis loss of energy dissipated in heat itself 
produces the gradual effect of internally annealing the 
material. The total amount of heat energy concerned 
is only enough to raise the whole mass very slightly in 
temperature, but this heat is primarily generated by only 
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a very small fraction of the total number of atoms, and 
the temporary access of energy of any atom may reason¬ 
ably be supposed to assist in the tendency to a better 
adjustment of position in just the same way as in annealing. 
On this view the atoms which actually need the aid of 
annealing are just those which receive the extra energy 
in each stress-strain cycle No appreciable accumulation 
of energy from one cycle to the next will occur, as the 
time required to disperse the heat by conduction through 
the minute distances concerned is very small by com¬ 
parison with the interval of time elapsing between 
successive cycles. The supposed process recurs, however, 
with every cycle until as many as possible of the displaced 
atoms are one by one assisted to take up a more normal 
arrangement with their neighbours, and by minute stages 
the distorted local condition becomes relieved. At the 
same time the energy dissipated becomes less and less, 
and a stage is reached at which no further readjustment 
occurs, a stage corresponding to the elastic or second 
type of hysteresis. 

In a previous section we have given estimates of upper 
and lower limits of the energy lost per atom. These 
estimates are 74 x 10 -14 and 415xl0~ 14 erg, and from the 
manner of deriving them it is probable that they are 
decidedly too high and too low respectively. For our 
present purpose we shall take the geometric mean of the 
two 17*5x10 14 as a probable value, thereby assuming 
that each limit has the same probable percentage error. 
The average amount of energy possessed by one atom of 
iron at 15° C. can be computed approximately from the 
mass of the atom and specific heat data, and is about 
10xl0 -14 erg. Hence, if we accept 17*5 xlO -14 as a 
probable value for the average quantity of energy added, 
this corresponds to the energy increment of a temperature 
rise amounting to 400-500° C. Even if the estimate of 
17*5xlO -14 should be high for the average value, the 
individual increments of energy of different atoms are 
probably very variable, and a certain proportion of the 
atoms may in every cycle receive sufficient heat energy 
to produce in time the local annealing effect in the way 
suggested. 

If the present view is substantially correct, it follows 
that there is no physical distinction at all between the 
first and second phases of hysteresis, and the observed 
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difference is merely a numerical difference in the total 
number of displaced atoms involved. 

6. The relative behaviour as regards hysteresis of the 
metals and non-metals deserves a brief discussion, as it 
involves the important question of whether a crystal unit 
is liable to elastic hysteresis, to which, unfortunately, no 
very conclusive answer can be given at present. 

It was found that in the case of all the metals, which 
are composed of crystal aggregates, the index n had a 
value exceeding 2, whereas the non-metals, glass, quartz 
(fused), ebonite, andindiarubber, which have an amorphous 
atomic structure, all give an index which is closely equal 
to 2. Apart from this, however, there is no difference 
in behaviour as regards hysteresis between the crystalline 
and the amorphous materials. An inspection of fig. 2 
shows how completely the curves for glass and quartz 
fit in with those of the metals. As the atoms constituting 
any crystal unit are arranged in a nearly perfect geome¬ 
trical lattice, it is almost certain that the groups of 
bonding atoms between two crystals which are differently 
orientated must be disposed in some irregular manner. 
If the view expressed in this paper concerning the minute 
range of the atomic repulsion force is correct, the border-line 
between a lattice formation and an amorphous grouping 
of the atoms is fairly sharply defined, and any small 
cluster of atoms only need extremely small displacements 
to disturb completely the normal condition of equilibrium 
and result in an amorphous arrangement. It seems 
probable, therefore, that this is the condition of the bonding 
atoms, as Rosenhain supposes for other reasons in his 
well-known theory of inter-crystalline cement. The 
occurrence of strained atom chains therefore appears 
likely to be much more frequent among the bonding atoms 
Ilian among those forming the regular lattice of the 
crystal unit, and it might hie expected on general grounds 
that .the hysteresis loss under low stresses would therefore 
be largely or even wholly confined to the former atoms. 

On the other hand, there is the experimental fact that 
the hysteresis of glass and fused quartz, which are amor¬ 
phous throughout, is very similar to that of the group of 
metals, which can contain only a very small proportion 
of probable amorphous material. If, therefore, the 
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hysteresis in the crystal aggregate is confined to the 
bonding atoms, it would follow that the loss of energy per 
unit mass of amorphous material must be far greater for 
the metals than for the non-metals, a conclusion which is 
difficult to accept. Furthermore, although little work 
has yet been attempted on the elastic hysteresis of single 
crystals, the experiments that have been made show that 
single crystal specimens display much the same hysteresis 
phenomena as ordinary aggregates. 

The theory suggested in this paper perhaps helps to 
reconcile the apparent conflict with reason which arises 
if it must be accepted that hysteresis occurs in a strained 
crystal lattice. It has been estimated above that only 
about 1 in 10® of the atoms is involved in the loss of 
energy, and if this is the case it becomes clear that quite 
minute imperfections or discontinuities in the lattice 
structure, such as might be caused by impurities or sub- 
microscopic fissures, would be sufficient to lead to 
hysteresis. In this connexion it may also be repeated 
that the theory requires only extremely small displace¬ 
ments of the atoms, and it is on all points quite compatible 
with the occurrence of hysteresis in a crystal unit. 

The author is indebted to Sir J. E. Petavel, Director of 
the National Physical Laboratory, for the experimental 
facilities and permission to publish the paper, and to Mr. 
J. E. Sears for his continued interest in the work. Useful 
help has also been received from his colleagues Dr. Gough 
and Messrs. Wright and Cox in the course of discussion 
of the subject. 
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LXXXVI. Redshift and Relativistic Cosmology. 

By Hermann Weyl, Zurich (Switzerland)*. 

Abstract. 

1. The de Sitter hyperboloid as homogeneous state of 
the world. Besides, on this solution of the gravitational 
equations, the cosmology depends on additional assumptions 
concerning the question which part of the hyperboloid corre¬ 
sponds to the real world, and, in connexion with this, 
concerning the undisturbed state of motion of the stars. 
The static coordinates used by most authors represent only 
a cuneiform sector. 

2. Hypothesis of common origin in the infinitely distant 
past. The range of influence of a star covers only half the 
hyperboloid, c© 3 stars have their range of influence in 
common with it. Assumption that this half is the entire 
universe. 

3. The universe then has the same topological character 
as in the special theory of relativity. Introduction of 
Robertson’s coordinates. Computation of the redshift by 
means of these coordinates. 

4. A homogeneous distribution of mass of infinitely small 
density is possible by which no point in space and time is 
distinguished. Computation of the density in static coordin¬ 
ates. Space is open, the total mass infinite. 


R ECENT observations made on spiral nebulae have 
ascertained their extra-gallactic nature and confirmed 
the redshift of their spectral lines as systematic and 
increasing with the distance +• By these facts the cosmo¬ 
logical questions about the structure of the world as a whole, 
to which the general theory of relativity gave rise in purely 
speculative form, have acquired an augmented and empirical 
interest. It is not my opinion that we can vouch for the 
correctness of the “ geometrical ” explanation which relativ¬ 
istic cosmology offers for this strange phenomenon with any 
amount of certainty at this time. Perhaps it will have to 
be interpreted in a more physical manner, in correspondence 

* Communicated by the Author. 

+ E. Hubble, Proc. Nat. Ac. xv. p. 168 (1929). 
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with the ideas of F. Zwicky* * * § . But the cosmologic-geo- 
metrical conception must on any account be examined 
seriously as a possibility. And this is my motive for saying 
a few words about the more recent discussion of the question 
by H. P. Robertson f and R. C. Tolman $: firstly, to show 
that the cosmology proposed by Robertson is identical with 
the one proposed by me—this is the result of a conference 
with Professor Robertson at Princeton ; and, secondly, to 
•clarify and defend my or our point of view as opposed 
to the assertions of Professor Tolman §. 

Like Mr. Tolman, I start from de Sitter’s solution: the 
world, according to its metric constitution, has the character 
of a four-dimensional “ sphere ” (hyperboloid) 

#i 2 + #2 3 +<r 3 2 +# 4 2 — x 5 2 =a* . . . . (1) 

in a five-dimensional quasi-euclidean space, with the line 
element 

ds 2 =dxi + dxf + dx* + dz^-dx*. . . ( 2 ) 

The sphere has the same degree of metric homogeneity as 
the world of the special theory of relativity, which can be 
conceived as a four-dimensional “ plane ” in the same space. 
The plane, however, has only one connected infinitely distant 
seam,” while it is the most prominent topological property 
of the sphere to be endowed with two—the infinitely distant 
past and the infinitely distant future. In this sense one may 
say that space is closed in de Sitter’s solution. On the other 
hand, however, it is distinguished from the well-known 
Einstein solution, which is based on a homogeneous distri¬ 
bution of mass, by the fact that the null cone of future 
belonging to a world-point does not overlap with itself j 
in this causal sense, the de Sitter space is open. 

Tolman’s careful investigation shows anew that nothing 
like a systematic redshift can be derived solely on the basis 
of the constitution of the metric field in its undisturbed state, 
i. e., from the de Sitter solution of the gravitational equations. 
I believe, however, that in a complete cosmology supple¬ 
mentary assumptions must be added :—(1) assumptions of 
topological character, which determine whether the entire 

* Phys. Rev. xxxiii. p. 1077 (1929). A detailed communication will 
appear in the Proc. Nat. Ac. 

t Phil. Mag. v. Suppl. p. 835 (1928). 

X Aatroph. Journ. Jxix. p. 245 (1929j. 

§ Besides, in the fifth edition of ‘ Raum Zeit Materie' (Berlin, 1923), I 
have exposed my opinion in * Was ist Materie P,’p.71 (Berlin, 1924), and 
defended it against L. Sillerstein in Phil. Mag. [6]xlviii. p. 848 (1924). 
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de Sitter sphere or which part of it corresponds to the real 
world, and (2) closely connected with these an assumption 
about the “ undisturbed ” motion of the stars by which <x> * 
geodesic world-lines are set off from the manifold of all these 
lines. As regards the first point, the static coordinates, e. g., 
which belong to a star (the “ observer ”), and with which 
Mr. Tolman works by preference, represent only a cuneiform 
sector of the entire sphere. 

The world-line of the observer A shall be given by 

,r t =x s =.r s =0, x i >0 .(3) 

Let us put 

x 4 =z . ch t/a, xz=z . sht/a. ... (4) 

Then we obtain 

ds 2 — (dx 2 + d-r 2 ” + d.vf + dz J ) — ~ 2 dt 2 . . (5) 

with the relation 

a?! 2 + x 2 + x s 2 + z 2 as a- .(6) 

Space and time fall apart ; space, with regard to its metric 
constitution, is the three-dimensional sphere (6) of radius a 
in a four-dimensional euclidean space with coordinates 
x x x 2 x 2 z, or rather the hemisphere z> 0. Our representation 
only exhibits the sector of the hyperboloid 

.... (i) 

The geodesics are cut out of the sphere by the two- 
dimensional planes passing through the origin in the five¬ 
dimensional space with the coordinates x a . The null cones 
opening into the future, which issue from all the points of 
such a geodesic with time-like direction, from the world-line 
of a star, fill a region of the world which I shall call the 
range of influence of the star. It is a highly remarkable 
feature of the de Sitter cosmology that this range of influence 
covers only half the hyperboloid (while it coincides with the 
entire “ plane ” in the special theory of relativity). In the 
case of the observer star A, for example, the range of 
influence is characterized by .« 4 + x- a >0. (The sector repre¬ 
sented by the corresponding static coordinates is again only 
part of the range of influence, and more precisely that part 
which is accessible to observation from A.) There are ao * 
stars or geodesics to which the same range of influence 
belongs as to the arbitrarily chosen star A; they form a 
system that has been causally interconnected since eternity - 
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Stars that do not belong to it lie beyond the range of 
influence of A during their early history. On the other hand, 
it is true that if A' is a star of the system, A ceases to act 
upon A' from a certain moment of its history on, even 
though conversely A 1 remains in the range of influence of A 
during its entire history. Therefore the stars of the system 
may be described as stars “of common origin/’ but the 
common origin lies in an infinitely distant past. Our assump¬ 
tion is that in the undisturbed state the stars form such a system 
of common origin. Clearly this means neither continuous 
formation nor continuous entry in the sense of the two 
hypotheses mainly discussed by Mr. Tolman. By the 
assumption of the common range of influence the future 
acquires a different significance from the past. Moreover, 
it can be shown that this assumption (and the contrary one 
that results from it by the interchange of past and future) 
is the only one which sets off a system of oo 8 geodesics from 
the entire manifold of these lines in such a manner that all 
time moments remain equivalent. 

If this hypothesis of common origin, according to which 
the stars have stood in a connexion of mutual interaction 
since eternity, is the correct one, it will be natural to 
consider only that part of the sphere which they cover, 
i. e., that half of the hyperboloid which represents their 
common sphere of influence as the real world. This is 
surely the smallest part of the hyperboloid that can be taken 
into consideration as the real world: a star existing from 
eternity to eternity and the propagation of the light emitted 
by it must have room in the universe. By the perfectly 
natural topological assumption that the world does not 
project over this minimum, the <x> 3 geodesics referred to are 
immediately distinguished as those lines which have taken 
their course in the real world since eternity, which, therefore, 
demand neither formation of stars nor “entry from tbe 
border of the world” at a finite moment of time. Only 
when referring to the entire hyperboloid is it appropriate to 
describe the pencil of co 8 world-lines of our system of stars 
as one that concentrates on an infinitely small part of the 
total extent of the sphere towards the infinitely distant past, 
while it spreads over it more and more towards the future. 

But if only that half which is covered by the world-lines 
has real significance, it is convenient to follow Professor 
Robertson in introducing coordinates t, &, £j, £ s , such that 
the world-lines expressed in terms of them appear as “parallel 
vertical .straight lines ” on which the three “ spacial 
coordinates ” £ h £ s , £ 8 are constant and only the “ time ” t 
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varies *< A11 four coordinates are capable of the values from 
~ao to +oo independently of one another; the world has 
again exactly the same topological constitution as in thespecial 
theory of relativity, so that one can no longer reasonably 
speak of a “closed space.” The introduction of these 
coordinates can be performed in such a manner that the 
line element assumes the form 

ds 2 —e~ 2T ! tt (d^ 2 + d% 2 + dfj 3 2 ) — ^t*. . . (8) 

If one asks for all the transformations which not only leave 
this expression of the metric field invariant but carry the 
system of the world-lines of' our stars into itself, the answer 
reads: all euclidean motions of the space (fj f 3 ) combined 
with the transformation r— >t + t 0 , —>e To/a . (t 0 an 
arbitrary constant). Thus full homogeneity prevails also 
with regard to the stellar motions, a cannot very well be 
regarded as the radius of space any longer; according 
to (8) its simplest interpretation is that of being the standard 
of measurement for the scattering of the stars or the redshift 
which corresponds to it as Doppler effect. 

To arrive at the Robertson coordinates, we bear in mind 
that the world-line of a star in our system is defined by 
a set of equations 

#«=?»(#4 + .r 5 )/<* [i* 1,2,3] 

with constant (two-dimensional plane that goes through 
the line 

^ = #2 = .173 = 0, ,r 4 + # 5 = 0). 

Let ns add the definition 

x t +x s =a. e 7 ' a , 

which takes account of the restriction # 4 + # 5 >0. The trans¬ 
formation can then be summed up' in the form 

au=l-i. e T ' a [*=1,2,3], + . e T l a . . (9) 

On account of equation (1), 

&i* + s 2 + *** + (Xi + <c s ) ( x 4 — *s) — 

j? 4 — a? s can then be expressed in the Greek coordinates. 
For ds 2 one easily obtains the desired result (8). If one puts 

x 2 +x 2 + Xz—r 2 , ft 2 + &*+&*-/>*, 

then z— V a 2 —I s 

* The same coordinates have already been discovered by G* Lemaitre, 
Journ. Math. Massach. iv. p. 188 (1925). 
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in that region which can be referred to the static coordinates, 
of the observer, and according to (4) the equations (9) 
famish 

r=p . e T,tt , yj 1 - (~) 2, ^ la —e Tla • • (10) 

for the connexion which Robertson himself indicated as 
prevailing between bis.own and the static coordinates. 
But it is essential to take into consideration not only this 
part but the entire range of influence of the observer star. 
For the cosmology which regards it as the real world the 
coordinates introduced by Mr. Robertson are by far the most 
appropriate. 

Since Mr. Tolman finds the derivation of my formula for 
the redshift unclear, it shall quickly be repeated here in the 
Greek coordinates. The final result, of course, depends on 
what one means by the distance of the observed star from 
the observer. If the equation of the infinitely small null 
cone issuing from an arbitrary point is written in the form 

dtf + dtf + dtf - «’ (de- r: “Y =0, 

it is immediately seen that the equation of the finite null 
cone issuing from the poiut 

fi=&=&=0> t=t 0 , 


is the following: 

• £i 2 + - a 2 (e~ T/a - e~ T « a ) s =0, 

or the time t at which a light-signal must be dispatched 
from a star at the distance p in order to reach the observer 
at the moment t 0 is given by 

p-a(e- Ttt -e- T » /a ). 

To the radiation period dr therefore corresponds the obser¬ 
vation period dr 0 , which is furnished by 

d(e~ T/ “—e -r o/°)=:0 or e~ T l a c/T=e~ T * a dT 0 . 

A radiation frequency v is observed as the distinct frequency- 
v 0 i 
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This may be written 

— = e Tla . e - T °i a =e T >' a (e~ r ' a - ^=1- ^e T,a . 
v \ a/ a. 

If the r of the star has the value r at the moment of light 
emission, then, according to (10), 

Vo _ r Av_r 

v a ’ v a' 

r is the projection of the natural distance d on the sphere 
(6) onto the equatorial plane c=0; therefore 

r . d 
- = sm -, 
a a 


and we have the formula 

Av 

— = —sin d/a. 

Mr. Tolrnan asks why I got the tan instead of the sin. 
The reason for this is as follows. In my earlier paper d 
meant the naturally measured distance of the star in the 
static space at the same moment t at which the observation 
lakes place ; t is the static time of the observer. "We have 

— = e Tola . e~ T l a = e T °l a (e ~ To/ °+ -) 

v 0 \ a) 

= 1 + ^ e r °l a . .... (11) 

The time t of observation is =t 0 . According to (10) 

_T_ - P f t/ a 

"holds. At the moment of observation t=To, the star p 
therefore has the distance r which is given by this equation 
with t=T 0 , and one obtains from (11) 

— ss H- - r ~ - r . =14- tan dla. 

v 0 Va'-i* 1 

So long as one is only dealing with distances that are 
small compared with a the precise definition is of no con¬ 
sequence, and one obtains the law for the linear increase of 
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the redshift with the distance; bnt as soon as the order 
of magnitude of a is approached, an exact discussion is 
required as to which distance is determined by the indirect 
astronomical methods. 

The de Sitter solution corresponds to an empty world or 
to an infinitely small density of the stars. Can this density 
be chosen so that the distribution of the stars distinguishes 
neither a definite centre in space nor a definite moment 
in time? This is actually possible; the density need only 
be assumed constant, say =/8, in the Bobertson coordinates. 
The total mass of the universe then becomes infinite. This 
shows clearly how impossible it has become to speak of 
a closed space. It is, of course, easy to reduce this density 
to static coordinates. We determine the mass which is 
contained at the static time t in the region r<r 0 of static 
space. The world-lines of this mass cover that part of the 
world which is described by p<p 0 i Q Bobertson’s coordinates, 


Po 


ar 0 


e- ( ' a . 


The desired mass is therefore 


In the region in which r lies between r and r+dr we 
consequently at the time t find the mass 


4ir fii^dr, 


,-3l,'a 


‘ (1 —r s ja i ) s l 2 ' 

The naturally measured volume of this zone is 
47rr*dr : (1 —i*ja , ) 1:3 , 
so that the quantity 






(1-rVa*)* 


is to be regarded as the density at the distance r and at the 
time t. 


Berkeley, California, 
July 1929. 
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LXXXVII. The Equilibrium of Dense Stars. By Edmund 
C. Stoneb, Ph.D. (Camb.), Reader in Physics , University 
of Leeds*. 

Introduction. 

I N white dwarf stars the last stages o£ the ionization 
process are reached, so that at least in the central 
parts the molecules consist almost entirely of atomic nuclei 
and free electrons. Under these conditions very high 
densities are possible. The mean densities deduced from 
observations, though large (of the order 50 to 100 thousand), 
fall very far short of those corresponding to a “close- 
packed ” arrangement, if a naive view of the “ sizes ” of 
electrons and nuclei is taken. It was suggested that some 
limitation might be introduced by the “ jamming ” of a few 
remaining atoms with K-ring electrons. In a previous 
paper f, however, it was shown that a limitation is imposed 
by the exclusion principle applying to free electrons, as 
embodied in the Fermi statistics. The number of electrons 
with momenta within a definite range cannot exceed a 
certain maximum. Any increase in density involves an 
increase of energy. In the limiting case, at absolute zero, 
the star can contract until the decrease in gravitational 
energy becomes insufficient to balance the increase of kinetic 
energy of the electrons. With a few simplifying assump¬ 
tions, an expression was derived which indicated that the 
maximum density varied as the square of the mass of 
the star. It has been pointed out by Anderson J that in 
this calculation the effect of the relativity change ot‘ mass 
was neglected. He has taken this effect into account, but 
in a manner which seems open to criticism. His general 
conclusions, which seem to be correct, are that the simple 
expression holds provided the electron densities are not too 
large, hut that the mass corresponding to large electron 
densities is smaller than that previously calculated, and that 
it reaches a limit. The correction becomes important for 
stars of mass about half that of the Sun, and so for the white 
dwarfs which were actually considered. The main purpose 
of this paper is to calculate the effect of the relativity change 
ot mass, using a method which seems more rigorous than 

* Communicated by Prof. E. Whiddington, F.R.S. ' 
t E. C. Stoner, Phil. Mag. vii. p. 63 (1929). (This paper will be 
referred to as I.) 

t W. Anderson, Zeits. fur Phys. lvi. p. 851 (1929). 
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that of Anderson. The conclusion drawn is that the range 
in which the simple expression holds approximately is wider 
than that indicated by Anderson’s results, the ‘‘limiting 
mass” being somewhat greater, so that there is still an 
eqnilibrinm state, under the particular conditions, for the. 
stars under consideration. The significance of the results 
for very dense stars is discussed, and the effect of the 
electron gas following the Fermi statistics at the smaller 
densities found in normal stars is briefly considered. 


Effect of the Relativity Change of Mass on the 
Zero-point Energy of Electron Gas. 

Let E s be the gravitational energy of the idealized star, 
E s the total kinetic energy of the electrons, n the number of 
electrons per unit volume. Then, as previously shown, the 
equilibrium condition is given by 

i(E.+E.)=0. 0 ) 


Let e be the mean kinetic energy of the electrons at absolute 
zero, V the volume o£ the star, supposed to be of uniform 
density. (The distribution of density will be considered 
later.) When the relativity change of mass is neglected, 
the total kinetic energy at absolute zero is given by 


E K =«Vi=nyl 


/3\ a/3 A*n 8/8 

\7T/ Ml 0 


. . ( 2 ) 


It is this expression which has to be modified. 

In Anderson’s treatment m 0 is replaced by m, where m is 
derived from the equation 


c"(m —»n 0 ) 


3 /Z\V s h 3 n™ 

4(J \7r/ m 


. . (3) 


It is thus assumed that the total kinetic energy can be 

expressed in the alternative forms 

„ , , v 3/3 

nV<r(»n—mo) and nV^I^.1 


m 


where m has the same value in both expressions, being a 
“ mean ” mass; further, that this mean mass can be em¬ 
ployed in subsequent calculations in place of m 0 . The value 
of a mean mass, however, depends on the manner in which 
the mass' enters into the particular expressions for which 
the appropriate mean value is being derived, and it is not 
legitimate to use one particular mean value indiscriminately 
Phil . Mag. S. 7. Vol. 9. No, 60, May 7930, 3 Q 
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in more general calculations. (Perhaps the simplest illus¬ 
tration is that the arithmetic mean is not in general equal to 
the root mean square. The objection to Anderson’s treat¬ 
ment has a similar basis.) It seems more satisfactory to 
attack the problem of determining the zero-point energy 
without introducing the idea of mean mass at all. 

Let e be the kinetic energy of an electron, p the momen¬ 
tum, and let /3=v/c, 

e=(m—. . (4) 

p 2 =(m£c)*=».( 5 ) 

Substituting for 1/yl— /S 3 in (4), 

f =”^[( 1+ ^) w - 1 ].< 6 > 

In the completely condensed state there are two electrons 
in each cell of the 6-dimensional phase-space (of 6-volume A 3 ), 
so that the number of electrons in a volume V with 
momenta between p and p+dp is equal to 

2 

Thus for the total energy E K of the electrons in a condensed 
state with maximum momentum p 0 

HT w [( i+ ^r-‘]T- • «> 

Since nV is the total number of electrons (double the 
number of cells), the maximum momentum p 0 is related 
to n by 

(V/A 3 ) ^ 47r/> s dp=\ nV. 




Equilibrium of Dense Stars. 


947 


Then 

e,- x (» V )*£ {(l+yr-ib^y, 

= s»^|-_^ + £ (1+jWijf j . (9) 

= 8 I ^ 5 V[_^ +/W ]. (9o) 

As long as x is small (i.e., p 0 «m 0 e), f(x) may be readily 
evaluated by integration in series, 

W«>]« 


e k = 

Substituting for x 


8irYmfcP 

10A* 


■* 5 ( 1_ A** ■")’ * * ^ 


E *- Wm^i 1 28 Wc* ***)’ * * * * * 10a ) 


agreeing in the limit wifch (2) for n small. 

The above expression may be used for j p 0 «m 0 c, corre- 

sponding to ««^ » or ’ substituting numerical 

values, ««5'88 x 10 29 . For stars of mass *44 and *85 
that of the Sun, the value of n came out on the simple theory 
as about 1*86 x 10 29 and 6 9 x 10 29 . The approximation given 
by series integration is thus inadequate, and it is necessary 
to use the complete expression for the integral 

f(x) = (\l+fyydy, 

Jo 

= j* {l+y'y^dy— (l+y J ) 1 / 2 d!y. 

The second integral is known, and the first may be reduced 
by noting that 

~ {y(l +y*) 1/2 } *4(1 +,y*) s/2 —3(1+y*) 1 ' 8 . 

3 Q 2 
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The final result is 

/(*)sj[«( 1+«*) 1/a (l + 2a*)-log {* + (1+**) V8 }]. (11) 
For x small this may he expanded (noting that the log is 
equal to 

ui+x*y ii2 dxi 


giving the result (10) on substitution in (9 o). 

The complete ‘ expression for the total kinetic energy of 
the electrons thus becomes 


Ek= 


8ttV m n 4 c* 


A 8 


with 


[£ ar(l+a: 2 ) 1/2 (1 + 2**) —$ ** 

— log {x+ (1+^*) 1/2 }] 1 


(12Y 


m 0 c WqC\ 07 r / 

The energy is less than that given by (2). In the limit 
when x is large (*» 1, n»5‘88 X10 29 ), 

8 t rVm 0 V a 4 

(E k )x»i = —35 -J> 


= 2 ?y; w ‘=nv!(!fw». . (12a) 

These expressions may be compared with (10a) and (10&). 
They show that when n is large the mean kinetic energy 
increases as n 1 ' 8 (instead of n 2 ). For a constant total 
number of electrons (nV constant), E K then vanes as n 1 '*, 
as does also -E a . When this is so there will obviously be 
no equilibrium under the conditions imposed. 


The Equilibrium Condition . 

If the conditions are snch that an equilibrium state is 
possible, there will be a limiting density—'“ limiting ” 
because the calculation refers to a sphere of uniform density 
at zero temperature. The limiting density is that corre¬ 
sponding to the value of n when 

#(E k +E 8 )=0.(13) 

It is more convenient, for the present application, to treat 
a?, defined by (8), as the variable, so that the equilibrium 
condition becomes 


^(E. + E.)=0. 


(14> 
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For the gravitational potential energy (as shown in I.) 
with 2 5 % as the mean molecular weight of tho material 
of the star, 


Ea=s ”! • • (15 a) 


Substituting (*)*!£■ for n 1 ' 3 from (8), 


E ff =3‘/3(— . . (155) 

From (12) E K may be written as 


E,= 


h* 

Substituting M/(2*5 m n n) for V, and further substituting 
for n as above, 

t? 3M»n 0 c* 

Ek ~2^7 T.< 16 > 


Using the values (15) and (16) in (14), the result is 

(tt \ 2 ' 3 Gm H 4 / 3 M 2 / 3 


jf ri 

dx 




Ac 


• (17) 


Inserting numerical values, 


St? /, (*)]* F (*)* 1 * 483X10 ' W , ‘ (18 ' 

M=l*751xl0 34 [P(«)] s / 2 .(18a) 

P(«) is obtained by straightforward differentiation of 
^ fi{x), where J\(x) is the bracketed quantity in (12). 
The final result is 


*(»)- gp, [~ Jog{« + (1 + # s ) 1/2 }-I- (1 + as 8 ) 1 -®(2or*—3)]. 

. . . (19) 

By means of equations (18 a) and (19) the mass may be 
found corresponding to any value of x, and so to any 
limiting electron concentration. Since the mean molecular 
weight is about 2*5 m H , the limiting density is given by 

p 0 =2*5 m a n=4*15x 10 _a4 n. . . . (20) 
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Numerical Results. 

The method of procedure adopted is to calculate F(#) 
for different values of x, from which a F(*), * curve may 
be plotted. From this, using (18 a) } an M, x curve may be 
derived. If desired, this may be converted into an M, n 
curve, using the relation 



giving 

n= 5-876 xlO 29 ^ or *=1-194 x 10-% U8 . . (21) 

The full expression for F(#) (19) is inconvenient to use 
when x is small. The expression may then be expanded, 
with the result 

[F(*)],«,= J#-32**+ 32**.(19a) 

When x is small enough for the first term in the expan¬ 
sion to be sufficient, the same result is obtained as before, 
namely, 

»=10 4 Q S ^G 3 MWm8, . . .(19 a 1 ) 

or, substituting numerical values from (18 a), (20), and (21), 

n= 2*396 x 10~ 3 ‘M 2 , ) 

[ ... . ( 22 )* 

p=9-95xlO* 61 M*. ) 

The first two terms in (19 a) give F(x) correct to less 
than 1 per cent, up to * = '5, and form the most convenient 
expression for this range. 

When x is large, as may be seen from (19), 

=•2500-^.(19J) 

This expression gives F(#) correct to 1 per cent, for #>10. 
It indicates, moreover, the limiting mass for which an 

* This is in agreement with Anderson’s result. In I., as pointed out 
by Anderson, a slight numerical error was made, and the result was 
given as n = 2*31 X 10~* 7 M 2 . Correspondingly, the result for the 
maximum density, given as p = 3*85 x 10® (M/M s ) a , should be p sss 3*977 
XlO® (M/M 8 ) a , with the Sun’s mass, M„ taken as 2*0 XlO 83 . 
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equilibrium state can be attained under die conditions, 
namely, from (18 a), 

M 0 =l*751 x 10 3 * (*25) 3/2 , 

=2*19 xlO 38 .(23) 


Table I. 


Corresponding values o£ x, F(x), log 10 n, and log, 0 M. 
n=5*876xl0 29 « s , 

M = 1*751 x 10 34 [F(a:)] s / 2 . 



F(x). 

log 10 ». 

togio 

•1 

*0200 

26*7690 

316947 

•2 

•0394 

27-6720 

32-1364 

•a 

•0581 

28*2003 

•3895 

•4 

•0756 

•5753 

•5609 

•6 

•1071 

29 1036 

•7879 

*8 

•1330 

•4783 

•9291 

1-0 

•1537 

•7690 

830233 

1-5 

•1887 

30-2973 

•1569 

2 

*2085 

•6720 

•2220 

3 

*2280 

31*2003 

•2801 

4 

•2366 

•5753 

•3042 

5 

•2410 

•8660 

•3162 

6 

•2436 

32*1036 

•3233 

8 

•2463 

•4783 

•3303 

10 

*2476 

•7690 

•3339 

20 

•2494 

33*6720 

•3385 

40 

•2498 

34*5753 

•3396 

60 

•2499 

351036 

•3399 

100 

*2500 

•7690 

•3401 


The value obtained by Anderson for Mo is 1*37xlO 38 , 
so that the range of mass in which this particular type of 
equilibrium can occur is shown by this method to be 
considerably greater than that indicated by Anderson’s 
approximate treatment. 

A series of corresponding values of x and F(#) calculated 
from (19), supplemented by (19 a) and (19 6), is shown in 
Table I. The relation required is that between n and M, 
related to x and F(a?) by (21) and (18 a). It is convenient 
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to use logarithms (base 10) ■when the following equations 
are obtained: 

logio » — 29*7690+3 log*, .... (24) 
logi 0 M=34-12432 + | log F(x). . . . (25) 

The conversion is then readily carried out. Corresponding 
values o£ n and M are shown in the last two columns of 
the table. It is unnecessary to give values for log M less 
than 32, as no stars are known of mass less than a tenth 
that of the Sun (log M^SS'SOIO), and in any case, for 
stars of small mass, the approximate expression (22) will be 
sufficiently accurate. For any value of M the maximum 
value of logn can be found by interpolation, and from that 



Variation of limiting electron concentration ( n ) with mass (M) 
in a sphere of uniform density. 

(1) Sirus B ........ log M =33*230 log n=30*748 

<2) Eridani B .... log M =32*944 log w=29*524 

(3) Procyon B ...... log M =32*869 log«=29*313 

(4) Limiting M .... log M 0 =33*340 ^M 0 =2*19 X10 83 ) 

For the limiting density logp & =log w — 24+0*618. 

The straight line corresponds to the formula in which the relativity 
effect is neglected. The dotted curve gives Anderson’s results. 

the value of n. If the density is required it can be found 
from (20), while log p 0 is given by 

log po =log w—24+ *6180.(26) 
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The relation between logM and logn is shown by the 
carve in the figure. The “positions” of a number ol stars 
are indicated. The straight line is the result found by the 
original approximation, in which the relativity effect was 
neglected (giving n varying as M 2 ). The main conclusion 
is that for stars for which this equilibrium can occur the 
limiting density is somewhat less than that calculated by 
Anderson, and that the “limiting mass” is larger; his 
results are indicated by the dotted line. 

White Dwarfs. 

The number of stars known to be of the white dwarf type 
is small, but this does not necessarily indicate that stars of 
very high density are uncommon. Dense stars of ordinary 
mass will have a small radius, and so will be faint objects 
unless they are near the Sun (on the stellar scale of nearness) 
or have a high-surface temperature. “Black dwarfs ” (to 
use Fowler’s term) would not be observed. According to 
Jeans *, four white dwarfs are known with certainty, but for 
one of these—the companion of the red giant oCeti—he 
does not give any quantitative data. Procyon B is a pos¬ 
sible white dwarf, but its spectral type is unknown. In the 
following table are collected the relevant observational data 
derived from Jeans f. Procyon B is included because its 
mass is known. The four columns give the spectral type, 
the absolute visual and bolometric magnitudes, and the mass 
in terms of the Sun’s mass (M«). 


Table II. 

Observational Data. 



Spectral 

Type. 

M Ti8 . 

M bol. 

M/M,. 

Sirius B . 

... A 7 

11-3 

11*2 

*85 

o u Eridani B . 

... AO 

11*2 

10*8 

•44 

Procyon B ... . 

— 

16 

— 

*37 

Van Maanen’s star .... 

F 

14*3 

14*3 

— 


• J. H. Jeans, 'Astronomy and Cosmotronv,’ p. 68 (Camb. Univ. Press, 
1928). 

f hoc. eit. p. 69. I am indebted to Prof. Eddington for informing me 
that the value '21 given for the mass of o a Eridani B in his: ‘ Internal 
Constitution of the Stars ’ is based on an earlier determination of the 
orbit, and that the value ’44 is presumablv the more trustworthy. 
Also to Sir James Jeans for confirming the value *44. 
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From these observational data deductions may be made as 
to other characteristics of the stars. From the spectral type 
the surface temperature (T*) may he estimated, and from the 
effective temperature and the absolute magnitudes the radius 
of the star. The following formulae are given by Jeans far 
the radius in terms of that of the sun (rjr, denoted by R) 

logR=—0-2M bol .-2logT.+8-53, . . (27c) 
logR=-0-2-0*01. . . .(275) 

It is further possible to calculate the total radiation of 
energy in ergs per second (E), 

log E=. -0-414^ + 35-52.(28) 


Table III. 

Deduced Characteristics of Sirius B and o* Eridani B. 


M/M s . 

T, 

R. 

E'. 

P- 

p 0 calc. 

Sirius B . ’85 

8,000 

•0312 

•0065 

3 - 97xl0 4 

2-3xM) T 

Eridani B... *44 

11,200 

•0187 

-0185 

9-55 XlO 4 

1-4XI0* 


The amount of radiation per gram (E') is a quantity of 
great interest: 

log E'=log E—log M, 

=Jog E + log (MJM)—log M„ 

= — 0*4 Mtoi. + 2*22+log (M,/M). . (29) 

(The sun’s mass is taken as 2*0 x 10 33 grams.) 

The mean density is given by 

_ 3M /M\/rA»3M. 

^ 4wr® ~ \M,/ \r / 47m 3 ’ 

= (M/M,)(1/R) s p 4 =1*42(M/M,) (1/R) 3 .. . (30) 

The values given in Table III. have been calculated 
from these equations. It may be noted that for Sirius B 
the radius deduced from the relativity shift is *03, in remark¬ 
able agreement with the value *0312 calculated in the way 
indicated. (In general the values are not significant to 
more than two figures.) The available data for Procyon B 
and Van Maanen’s Star are insufficient for the calculation 
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of p or E'; these stars will be discussed later. The value 
of M/M, is included in the table, and also the value of the 
limiting density. p 0 , calculated as already described. 

The calculated limiting densities are considerably greater 
than those obtained by the simple formula (19 a) (used 
in 1.), which gives for stars of the mass of Sirius £ and 
e a Eridani B the values p — 2 - 8xl0 6 and 7*5 x 10 s . The 
order of magnitude of the difference for stars of different 
mass will be apparent from the figure. 

The calculated radiation per gram (E') of o s Eridani B 
is about 10 times greater than the value given by Jeans. 
This will be discussed later. The mean density for Sirius B 
is somewhat smaller than that usually given (about 5 x 10 4 ). 
This results from the use of a slightly larger value for the 
radius. Taking the relativity shift value (R= # 03), the mean 
density comes out as 4*5 x 10*. 


Mean Molecular Weight. 


The mean molecular weight has been taken as 2*5 m*. 
This is the value for completely ionized atoms of lea'd 



For atoms of lower atomic number the value 


is slightly smaller, and for those of high atomic number, 
larger. Jeans derives a value 2‘6 m s on the assumption, 
for which there is strong evidence, that in many stars atoms 
of the atomic number equal to that of uranium, and even 
higher, are present. In condensed stars of the type con¬ 
sidered, however, most of these atoms will have .been 
transformed into atoms of an inert type, and the estimate 
2’5 win is probably sufficiently accurate. In any case, 
a small change will not affect the numerical results appre¬ 
ciably. 

It might be thought that the change of mass of the 
electron would produce a not negligible effect, but it may 
readily be shown that the effect will be very small. Let m 
be the mass of an electron with momentum p. The molecular 
weight becomes 2’5m s +p,, where 


2’5 m s + p,—m B (2‘5+ 

Now 


* m a (l—#)=m 0 2 , 

0 - . 2 - «,(-£-)* 

me \m 0 c/ m 
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™-™° = ri + /MT, 

Wo L -1 

2-5m,+,.=m. [2'5 + j^ {l+(^)’} W J. 

.... (31) 

From (8) the maximtnn momentum is given by 

/3Wb\V» 

so that 

= —I( **, 

m 0 c toqC \07r/ 

= 1-194 x 10-%w». . . . (3$) 

For an electron concentration n = 10 33 (corresponding to a 
■density greater than 10 9 ) the maximum molecular weight is 

2'5 m H + /i=9tt H (2\') + ‘0065). . . . (31a) 

The correction is thus quite negligible for all the densities 
which come into consideration. 

Mean Density. 

In the foregoing treatment the star has been idealized as 
having a uniform density. This seems legitimate when the 
aim has been to obtain an estimate of the maximum density 
under gravitational-kinetic equilibrium. In an actual star, 
however, the density will not be uniform, even in the con¬ 
densed limit. When n is small the energy per unit volume 
is proportional to « s/3 (eq. 106), and when n is large, to n 4 ^ 3 
(eq. 12 a). Since the pressure is proportional to the energy 
per unit volume, and the density is proportional to n, the 
following relations hold between the pressure and density 

n<< 5‘9 x 10 29 , p« 2 - 4 x 10 8 , p=Kp s/3 , .(33 a) 

n » 5’9 x 10* 9 , p\» 2*4 x 10®, p=*p 4/3 . . (33 6) 

In an ideal condensed star the distribution will thus be 
polytropic, the relation between pressure and density obeying 
the relation p—/ept. The distributions in poly tropic stars 
for a number of values of y (or its equivalent n\ defined by 
<y=l + l/n') have been worked out by Emden. The results 
are quoted by Eddington *. Table IV. gives the ratio of the 

* A. S. Eddington, < The Internal Constitution of the Stars,’ p. 89 
<C.U. P.1926). 
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maximum (central) to the mean, density. Uniform density 
corresponds to n'=0. 

This table certainly indicates that the maximum mean 
density may be considerably less than the maximum central 
density, and it might seem that all that is necessary to con¬ 
vert the previously calculated results for limiting densities 
to mean densities is to divide by the appropriate ratio* 
There are a number of other factors, however, which have 
to be taken into consideration. The gravitational energy of 
a star is given by * 

E ® == ~5ZV G V' ' ' * ( 34 ) 

For uniform density the coefficient is 3/5, the value used 
(eq. 15 a). For 7=5/3 the factor becomes 6/7, so that lor a 
given M the calculated n would be increased. The whole 

Table IY. 

Ratio of Maximum to Mean Density in Polytropes. 


CO 

5/3 

3/2 

7/5 

4/3 

0 

3/2 


5/2 

3 

1 

600 

11*4 

24*1 

54*4 


calculation, however, is based on the assumption that n is 
uniform, and different averaging processes would have to be 
carried out in deriving expressions for the gravitational and 
kinetic energies in terms either of n 0 (the central electron 
concentration) or the mean n. Some rough calculations 
indicate that the values derived for the limiting concen¬ 
trations approximate to those for n 0 ; but a much more 
elaborate investigation would be necessary if the variation 
of density were t-o be properly taken into account. The 
indications are that, the values obtained for the limiting 
density approach those for the limiting central density, 
and that tne limiting mass may be slightly changed; that 
Sirius B still falls within the range for which gravitational- 
kinetic equilibrium can occur; and that the limiting mean 
densities may be smaller than those calculated approximately 
in the ratios suggested by the values in Table IV. These 
results, however, are somewhat uncertain, and for the 
present the calculations are left in the form which is strictly 
appropriate for the case of the homogeneous sphere. 

* Eddington, foe. eit. p. 87. 
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Van Maanen’s Star and Procyon B. 

Van Maanen’s Star is of great interest, as it is the smallest 
star known, being about the same size as the earth. From 
the data in Table II. the radios may be calculated (eq. 27), 
the result being R=’00955, taking the surface temperature 
as 7000 corresponding to an F-type star. The mass is 
unknown, and since the star is not a binary component, 
there is no method available by which it may be estimated. 
It is, however, possible to calculate compatible values of the 
mass (giving the mean density) and of the radiation per gram 
(E') from the known data. From (29), 

log E' * - 5-72 + 2-22+log (M,/M), 
E'(M/M,)=3’162 x 10 -4 . . ... (35) 


Table V. 

Compatible Values for Van Maanen’s Star. 
T, = 7000. R=-00955. 


M/M,. 

E\ 

io~y 

calc. 

•2 

0016 

•33 

•19 

•4 

•0008 

•65 

114 

•6 

*0005 

•98 

3*7 

•s 

•0004 

1-30 

131 

ro 

•0003 

1-63 

104 


In Table V. are given compatible values of M/M„ p, and E', 
together with the calculated p 0 for each value of the mass. 
Incidentally, this table gives the values of p 0 for a range of 
masses. 

As will be seen from the above table, the values which 
Jeans suggests as a pure guess * for M/M, and E'—’2 and 
*00055—are not compatible with each other. The interesting 
point which emerges, however, is that unless the numerical 
results of the equilibrium theory are very wide of the mark 
owing to the essential factors being ignored, a lower limit 
for the mass of Van Maanen’s Star can be roughly estimated. 
The mean density cannot be greater than the calculated 
limiting density, and it is probably several times smaller. 


* J. H. Jeans, ‘The Universe Around Us,’ p. 310 (0. U. P. 1929). 
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From this it is possible to draw the following conclusions 
for Van Maanen’s Star:— 

M/M, > *4, p > 650,000, E' < -0008. 

For Procyon B the spectral type is unknown, though it is 
probably M or K*. It is, however, of interest to examine 
now far the star approaches the condensed type if a reason¬ 
able value of the surface temperature is assumed. For 
assumed temperatures of 3000 (M type) and 4000 (K type) 
the estimated correction t to convert M v jg. to MboL may be 
applied, and using (27), (29), and (30), the following results 
are obtained: — 


Table VI. 

Compatible Values for Procyon B. 
M/M,=-37. p 0 calc.=‘84 x 10 6 . 


T*. 

M bol. 

E. 

P- 

E'. 

3000 

14 

066 

2-4x10* 

•001 

4000 

15*5 

•018 

HxlO 6 

•0003 


Of coarse nothing definite can be deduced from these 
results, as in tne case of Van Maanen’s Star. They simply 
serve to show that unless the surface temperature is con¬ 
siderably greater than 3000, Procyon B does not approach 
the limiting condensed state, the mean density being much 
smaller than that of other white dwarfs. 

Generation of Energy. 

Some of the more important observed and deduced data 
for the three white dwarfs about which most is known are 
collected together, for convenience in comparison, in Table 
VII. The total energy radiated per second is symbolized 
by E, the energy per gram by E\ 

As was to be expected, the calculated limiting density p Q 
is considerably greater than the “ observed ” mean density. 
The polytrope ratios (Table IV.) suggest that the maximum 
mean density may be something approaching 50 times 
smaller than p 0 for Sirius B, and 6 times smaller for 

* J. H. Jeans, ‘ Astronomy and Cosmogony,’ p. 128. 
f Ibid. p. 46. 
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Oj Eridani B. If these ratios are approximately cor¬ 
rect, o 2 Eridani B may be said to approach the limiting 
condensed state fairly closely, while Sirius B is still far 
removed from it. If the observational data (Table II.) 
and the essentials of the equilibrium theory are correct, 
Van Maanen’s Star is certainly the most dense that is known, 
though it is impossible to say how nearly it approaches the 
condensed limit. 

If the observational data are correct, again, there is for 
stars of this type no simple relatiou between the mass and 
luminosity—as is shown by the absolute bolometric magnitude 
of Oi Eridani B being smaller than that of Sirius B, although 
its mass is smaller. The radiation per gram, moreover, does 
not decrease steadily with the mass of the star, as had been 
suggested *. 


Table VII. 

Observed and Deduced Data for White Dwarfs. 

M/M,. T„. E. a, rale. E'. 

Sirius B. -85 8,000 0312 40,000 23x10“ Hxl0» 0065 

o, Eridani B. -44 11,200 -3187 95,000 l'4xl0« l'6xl0 31 -0185 

VanMiwnen’gStar. >4 7,000 -0095 >650,000 >l!xl0 e 64xl0 19 <-0008 


According to Jeans’s hypothesis, which, in spite of its 
speculative nature, certainly satisfies most of the conditions, 
the energy generation in stars is to be traced to electron- 
proton annihilation occurring in hyper-uranium atoms as a 
result of one of the extra-nuclear electrons of the atom 
falling into the nucleus. In completely ionized stars of the 
white dwarf type this process could not occur, so that the 
small radiation per gram of these stars is in complete accord¬ 
ance with the hypothesis. The radiation would be mainly 
due to the atoms in the outer layers of the star, so that there 
is not necessarily any simple relation between either the mass 
or the mean density and the amount of radiation per gram. 
It does none the less remain peculiar that o 3 Eridani B, which 
approaches the condensed state, should have a much higher 
surface temperature than Sirius B, and that it should 
generate more energy per gram. The material available in 
this connexion, however, is too slight to permit of any in¬ 
ductive generalizations being made. 

* J, H. Jeans, ‘The Universe Around Us,’ p. 810. 
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The Fermi Statistics of Electron Gas at Lower Densities. 

The densities of white dwarfs are very much greater than 
those of other stars, in which the densities are too low and 
the temperatures too high for the electron gas to approach 
the condensed state. According to Jeans’s theory of st ella r 
evolution (outlined in I.), the tenanted portions of the Russell 
temperature-luminosity diagram correspond to stable states 
in which the pressures exceed considerably the perfect gas- 
pressures. There will be a range of stability for each 
successive stage of ionization of the atoms, and this, on the 
liquid-star hypothesis, corresponds to the “jamming” of 
the incompletely-ionized atoms. The difficulty about this 
hypothesis is that the size which must be attributed to the 
atoms is very much greater than that indicated by other 
evidence. Now, with the Fermi statistics the pressure is 
always greater than that of a perfect gas, and it is interesting 
to note that there will be a maximum deviation corresponding 
to each stage of ionization. When with increasing tempera¬ 
ture there is an increase in the number of electrons through 
ionization, there will be a deviation from the perfect gas- 
relation between pressure and number of molecules. This 
deviation will decrease as the temperature increases, and will 
increase again when the next stage of ionization will increase. 
The deviations required, however, are much greater than 
those indicated by the Fermi statistics. This may be illus¬ 
trated by taking a particular case and making the most 
favourable estimates. To ensure stability at the centre of 
the star, according to Jeans, the pressure must be at least 
1-107 times the normal pressure *. The pressure of electron 
gas is given by 

p = n*T{1 + (y^-jvp•••}* • • (36) 

Inserting numerical values 

p = niT|l + 3-62x!0- 17 ^...|. . . (37, 

Taking p as 2*5 nm n , Table VIII. gives the corresponding 
values of T, », and p for the pressure to exceed the normal 
by 10 per cent. 

In stars generally, for a given central temperature the 
central density is of order of ten times less than that in 

* J. H. Jeans, ‘Astronomy and Cosmogony,’ p, 141. 

Phil. Mag. S. 7. Vol. 9. No. 60. May 1930. 3 R 
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the table. For the sun * the central density is about 140, 
and the temperature can hardly be less than 40 x 10*. This 
gives 

p a® «AT(1 + 048 x 10 ®).(38) 

The pressure is thus about ^ per cent, above normal instead 
of the required 10 per cent. It would seem, therefore, that 
unless there are other parts of the theory requiring modifica¬ 
tion, a simple application of the Fermi statistics is unable to 
remove the difficulties, although it does lead to deviations 
from the perfect gas laws of the required type. 

Table VIII. 

Corresponding Values for the Pressure to exceed normal 
by 10 per cent. 


T. 

n % 


10* 

2-76 X lO*" 

1145 X I0 -5 

10 4 

2-7fixl0 a 

1145XI0 -2 

10* 

2-7 fix 10 24 

1 145x10 

10" 

2-76x10" 

1-145 X10* 


Conclusion. 

It is generally agreed that the dense dwarf stars represent 
an advanced stage of stellar evolution. It is reasonable to 
suppose that the white dwarf stage, corresponding to high 
surface temperature, will be a comparatively short one, and 
since the stars are small, it is probable that most condensed 
stars are too faint to be observed. From the mass luminosity 
relation, moreover, even treating this as a purely empirical 
generalization, the masses of condensed stars will in general 
be small. There is therefore a strong probability ^hat stars 
of the type in which the gravitational kinetic equilibrium 
discussed in this paper is of importance are much more 
numerous than is suggested by- the number of known 
examples. For these the theory may be said to account in 
a general way for the order of magnitude of the densities 
deduced from the observational data. 

For more normal stars the application of the Fermi 
statistics shows that there will be an appreciable deviation 
from the perfect gas laws for the electron gas. Although 
the deviations will be of the kind required in Jeans’s theory 

* Ibid. p. 104. 
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of stability, they are not nearly large enough. It would 
$eem, therefore, either that the theory as to the conditions 
for stability requires modification, or that there are factors 
involved which are at present unrecognized. 

Summary . 

In a previous paper the conclusion was reached that there 
was a limiting density for stars in which the atoms were 
completely ionized, varying as the square of the mass of the 
star. The limiting state occurs when the decrease in gravi¬ 
tational energy on contraction is equal to the increase in the 
total kinetic energy of the electron gas. In the treatment 
the relativity change of mass with velocity was neglected. 
Some approximate calculations by Anderson indicate the 
general effect of this change of mass, which necessitates a 
modification of the previous conclusions when the mass of 
the star becomes comparable with that of the sun. 

In the present paper the effect of the relativity change of 
mass is worked out with more rigour for the idealized case 
for a sphere of uniform density. For spheres of increasing 
mass the limiting density varies at first as the square of the 
mass, and then more rapidly, there being a limiting mass 
(2’19 X10 33 ) above which the gravitational kinetic equilibrium 
considered will not occur. Tables and curves are given 
showing the relation between mass and limiting density. 

It is shown that the distribution of density in condensed 
stars will be polytropic, and rough estimates are made of the 
ratio of the central to the mean density. 

The observational and deduced data for known white 
dwarfs are considered in some detail. The density of Sirius B 
is well below the limit calculated, while that of o 2 Eridani B 
approaches it. The theory enables a lower limit for the mass 
and density of Van Maanen’s Star to be roughly estimated. 
The observational, deduced, and calculated data for these 
three stars, and also for Procvoii B, are given in tables. 

The deduced data indicate that the generation of energy 
per gram in known dense stars is not simply related to the 
mass of the star. 

The application of the Fermi statistics to the electron gas 
in normal stars is briefly discussed in connexion with Jeans’s 
theory oE stability. There wTll be deviations from the perfect 
gas laws of the type required, but they are about twenty 
times too small to satisfy the stability conditions. 

Physics Department, 

The University, Leeds. 

December 1929. 
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LXXXVIII. Second Order Expressions for the Potentials 
of a Sphere. By D. B. Maib*. 

1 . rpHE measure ds of a timelike interval in the gravita- 
JL tional field of the sun being given in terms of polar 
coordinates by 

ds 1 = —e K dr 1 — ^(r 2 dd' + r 3 sin 2 6 d<p?) + e v dt 2 

@ being the Newtonian potential of the sun (treated as a 
non-rotating sphere of perfect fluid, symmetrical about its 
centre), zero at infinity and negative elsewhere, and L being 
the product of the sun’s mass and the gravitation constant, 
it is known that, to the first power of L, the set of values 

X = — 2© /a=-2<B> v = 20 

give the potentials in matter and in the void, and that the 
set 

X = 2L [Jr p = 0 v — —>2L jr 

give the potentials in the void. The object of this paper is 
to extend the second set of expressions to matter, and to 
extend both sets of expressions to the second power of L for 
matter and the void. 


2 . In a reference system in which the sun is at rest the 
elements of the energy tensor are 

“X 

T u = pe K Tjj = pe a i* Tjj = pePr* sin* 8 T 44 = (p — p)e v 

T sb p—4p 

The field equations 

H O 0 55 Glop - + *Taj} = 0 

become in terms of X/iv, a dash denoting differentiation 
with respect to r. 


H„s 


e *”*—1 


P + v' fl' 


- ^ (ji 1 +2i/)+ Kpe x s= 0 


H JS s r t e >k ~ K 


+ t v ~2 

“2 2r 

+ KX V+XV - y'* - p!v'-v' a ) J +«prV = 0 


* Communicated by the Author, 
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{irp *x'+2^+^-*x'+v)j 

+K(p—p)e v = 0 

Hgs repeats H 8> and all other equations H D/3 are identities. 
Along with these we have G = «T or 

H = e~ x py) _ 2p" - v" + 2 ^y- 2 *' 

+ £ { W-v'W + v’) - 3/t'*}] -*T = 0 

by which we may replace any one of the three. 

3. As these equations contain the pressure p we must take 
account of the equations of matter 

T^=0 

For a=l this is 

p' + ip v ' — 0 

while the other equations are identities. This with the field 
equations constitute the equations that have to be satisfied. 
As the field equations we take 


H 


n 


0 H u -~H„ = 0 <? A H = 0 
The fourjequations whose solution we seek are thus 


Ji 


__ p'+v' 1 


■ lft {p/+2 v') + xpe K — 0 


i _ft"+v " X' + Z , e k ~> 1 — 1 
J * = -2 - 2r~ + ~P~ 

+ i( - A>' -XV -pV + v' 1 ) = 0 

j,=-. 2 M ,, -^-h 2 X/ ~y~ 2y/ - + £ 

+ £ jx'-v') (2/+v') -3/*] —-*T«* = 0 
J 4 = jb' + ipv' * 0 

4. We first seek a solution of the first order in L, 
neglecting powers of L. Jj gives 

Xs/t+r^+v').(4,1) 
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With this value .of XJ 2 becomes an identity, and J, becomes 

C“' ■“ ", ■ ■' “ 

; - *"+~ =*T.(4,2) 

Since’ the’ Newtonian potential 0 is given when the density 
is taken as T=p —ip by ” *' " • • ' - 

9«a' 

----- 0"+^ = 47r % T = i*T ! . . . 14,3) 

in -which % is the gravitation constant, equation (4,2) shows 
that v is 20, and the most general first order solution is thus 

X = f+rf+W /t = f e = 20 . (4,4) 

£-being such as -to make £f'X f continuous at the boundary 
of the sun, and otherwise at our disposal. .. 


5. As second order solution we assume 

X = f+rf' + 2r©' + x-t = + ®| 

v = 20 + 2f-x J v *’ ) 

X'P'to being second order quantities to be now determined. 
Substitution of these expressions in the equations of article 3 
gives, to the second order, 

K 1 s-(^+^ + ^)+i| ,, +re , + 2 e ,! +«y -0 

k > s |(+"-7+”"-v’)* 20 ’ - 

... -|(f+.2@')(f + 20") =0 

K, + 5) +lf-+6fe'+ 48- 

K^ — p'+p®' = 0 

v- 4 - ( ;“7.:. ;.-- V -r 

6. Integration of the equation 2K 2 /r=0 gives 


in which 


f' + a'f ® = ^(f+2@') ! -4r$ 



, (6, 1) 


* (6,2) 


# * 





Expressions for the Potentials of a Sphere. 967 
The use of this in equation K x gives 

.(6,3) 

whence by differentiation and the nse of equation (4,3) 

K p> = —20'®" _ —*T0 f . . (6,4) 

To the second order this is equation K 4 , which is thus 
included in the other three and need not be considered 
farther. ~ 

Integration of the equation r 2 K 3 = 0 gives 


in which 



(6,5) 


V - r»(|f' a +6f0 , + 4e , *) + r 8 (f + @') (?" + 20”) 

^kTr*(%+r£' + 2r®) 

= i(r*r s )' -r (r*f" + 2r*f)0'~ fr**T-r 3 *T0' . (6, 6) 


7. The density T of the sun is assumed to be a function 
of the distance r from (he.centrf. .Let it Jbe given by 

i^T = ^ | +4A S ^.,+ «..-*-(? + 2)4 9 (^) ?_1 (7,1) 

* 

in which a is the sun's radius. Since L is the sun’s mass 
multiplied by = k/8tt 

fa <fa T / r \m+l 

L = \ dr = 1 ,dr~2An(m + 2)(-) = LSA^ 

.* 0 * • /+ Jo a \ a/ 

so that 

2A W =s Ai 4” A 2 4* ... + A q = 1 . . (7, 2) 

The differential equation for © gives for ©m in matter 

(r 2 @' M )'=^T = ^2A m (m4 2)Q W+1 . 



@M 
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* 

and for 0y in the void 

r 

Determining the constants so that © and ©' are continuous 
at the boundary of the sun, we have 


0„— 


(7,3) 


_ L_.. ( 1 / r\ m+1 ot + 2 ) tr . .. 

"m + 1 j ' (,,4) 

8. By equation (6,2) these expressions for 0 give for <J>' 
in the void and in matter 


<S>V = =r 


JJ 

r> 


v *=£ 2A B A n ^y* +B_i 


in which 2 means that both m and n are to be summed 
from 1 to q. Integration gives 

L* 


4>v = - 


4 r 4 


• • • 


. ( 8 , 1 ) 


• (8 - 2> 

In <t>y the integration constant is zero because r<I> is zero at 
infinity. The value of the constant Ci is given by the contin¬ 
uity of 4> at the sun’s boundary, and is 

C, =_2A m A n (J— + J) . . . (8,3) 

w4» 4/ 

Equations (6,3) and (8,2) give 
Kp — — 4<I>—0' a 

9. The quantity £ is at disposal. We give it the value 

£ = - 2 © 

in matter and in the void. Equation (6, 6) then becomes 
= 2r**T0—2r®@'* 
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so that 


^ V *" 


(9,1) 






*-17 


2A„ 




y \ m+»+2 


g^ en (9 ' 2 > 


and by integration 

r 2L* L® 
^v =-1-C 2 

r a 


**=^■[<^-0^(0 


(9,3) 

y\j»+«+3 


2n + 4 /r\ m+s 
n + 1 \a/ 


] (9,4) 


In M'm the integration constant is zero because W/r 2 is finite 
at the origin. The value of the constant C 2 is given by the 
continuity of the ¥ at the sun’s boundary and is 


C, s .-6XA^(l +ir i n5 ) . . (9,5) 


10. Writing 



vre have from (6,1) and (6,5) 


■tfr'y = 




-a\ 


L* 

r* 

4L* 


r SA ” A "m+ 


i- (?) 

+ n\aJ 


IB+J1+1 


UM\ 

a* 


Xv ~ —-2Q'y+ 
Xu— — 2C' m + 


2JJ UG, 

r 8 ar l 


2L* 




m+*+l 


2n+ 4 /r\*~ 
’ n+1 W . 
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Integrating these equations we hare in the roid 

■ -^ryas-.fty-.^c . - = 


J£V = —2Cy— 


L a _ L a 0 2 
r* or 


the integration constants being zero because ^ and ^ vanish 
at infinity. The expressions lor n|r M in mutter need not 
be written down. Each has an integration constant, and 
by means of them we make % continuous at the sun’s 
boundary. 

The quantity to is at our disposal. It and its first deriva¬ 
tive must be made continuous at the sun’s boundary. That 
done we have values of % to, and therefore of \ n v, that 
satisfy the differential equations in matter and in the void, 
and are continuous together with their first derivatives across 
the boundary. Hence they give the values of the potentials 
to the second power of L. 


11. From these values we have in the void, from equa¬ 
tion (5,1) 



The simplest treatment of to is -to make it zero everywhere, 
which makes \ and ft equal. We may also take for ary a 
Aeries in negative powers of r. The third and higher powers 
of r inMvinn* +Woj poWtt' r B in the expressions for V/* i/, and 
are of interest; We shall take 


L JL-r 
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to which corresponds in matter 

a, M = ^2D + 3E-(D + 2E) r - j- 

These give in the void 


"o Lm 

am w • 


and 


-o = £{ D ‘+K‘)’} 




In these expressions C, is given by equation (9,5), and D 
and E are at our disposal. These are second order expres¬ 
sions to which the first set of values mentioned in article 1 
have been extended. 


12. The quantity £ oF expression (4, 4) being at disposal 
we now give it the value zero in the void. Since 

X' = r(f" + 2®")+2f + 2@ / 

is to be continuous at the boundary, must be discontinuous 
to balance the discontinuity of ®", We take 


Z = S(m + 2)Am 


( 12 , 1 ) 


which makes £ continuous. 

The values in matter of certain expressions of equation 
(6,6) are _ 

- r->T = ~ 2A m A„(m + 2) (n + 2) 
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- r**T©' = ~ SAjUn + 2) Q” +#+a 
2 **%'* = "^ - SA ro A,(7n + 2) (n + 2) 


[(;) 8 -*GK) 8 ] 


Integrating the sum o£ the first three and adding the fourth 
we have 


¥*=— 2A m A»(n+2) 

CL 

T 1 / j.\ m+n+3 m—l/r \”*+ 4 __ 2m + 2/ r\ m+3 

L »» + »+3\a/ m+4\fl/ m+3 \a/ 

+ Q" +s+(m+2) {(0*— s (D* + (i) 3 }] 

The integration constant is zero because ^/r 2 is finite at the 
origin. 

Since in the void £ and T are zero equation (6, 6) gives 

= const s= — C 2 . . . . (12,3) 

a 

and the continuity of M' at the sun’s boundary gives for the 
value of C a 

C 2 = 2A*A»2(n + 2)( --—5- (12,4) 

v jy m + n + 3 m + 4 m+3/ ’ ' 


13. By the help of equations (8,1) (8,2) and (12,1) 
equation (6,1) gives 

^M. = -OW~2A n A R 

+(m+ 2 ) (n+ 2 ){Q , -2© , + ':]-*^r 

. . . (13,1) 
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and by the help of (12,2) and (12,3) equation (6,5) gives 


or.j 

X'm = -20'*+ =£* 2A m A»(«+2) 

tZ 


r . 1 / r > 

m+ n +l tn—li 

fry 

m+2 2 m + 2/ 

L m + n + 3\a; 

* ^ ra + 4* 

1 

3 

+ 

e» 


© 


+ g +( „ +2) {(ry- 2( ry + r; 

j-] . (13,3) 

XT=--iIlT+'^ s - . 

. . (13,4) 

The integration of these equations gives in 

the void 

*v=-Ov-|£. . 

. . . (13,5) 

* v = 2n y L '° 2 . . 

A ar 

. . . (13,6) 


the integration constants being zero because and % vanish 
at infinity. In matter integration gives expressions that we 
need not write down. The integration constants are deter¬ 
mined by making yjr and x continuous at the sun’s boundary. 
o> being supposed so chosen as to satisfy the continuity 
conditions, we have in ^rx a> a s ®t of values that satisfy the 
differential equations in matter and in the void and also 
the continuity conditions. Hence the values of X /* v 
expressed in terms of x ® by equations (5,1) give the 
values of the potentials everywhere. 

These expressions furnish the extension to the second 
power of L of the second set of values mentioned in 
article 1. 


14. If to is given the same values as in article 11 we have 
in the void 


—*H?)+SG-S) 

,'=1 + J£(D—C,)+£(3.E) 
r \ a } r 


• (i4,i> 


/ 
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If D and E are chosen to make y. zero the other two 
expressions are 


- 2 +S(' 


LC,\ , 5L* 

a ) + r* 

V 
-2 


gV — ^ LCA li 

r\ a ) r 
* 

the value of C 2 being given by equation (12,4). 


I- . • (W,2) 


15. It is well known that the values used for the potentials 
in the expression 

ds* = (1—2L/r) dt 2 —(1—2L/r)~ 1 dr* -rW-r 2 sin 2 0<ty 2 

satisfy the differential equations in the void exactly. This 
is however not sufficient to prove them true potentials. 
To prove that it would be necessary to discover the comple¬ 
mentary values of the potentials in matter, and to show that 
the two sets, along with their first derivatives, are continuous 
across the boundary of the matter. While some variation 
in the values given in article 14 for the potentials in the 
void can be obtained by varying the value of f of article 12, 
we have been unable to find a variation of f that makes the 
values in question true to the second power of L, and we see 
no reason to believe that these values are true beyond the 
first power of L. 


LXXXIX. Reducing Observations by the Method of Minimum 
Deviations. By E. 0. Rhodes, J).Sc., Reader in Statistics, 
University of London *. - 

T HE writer recently was desirous of smoothing out the 
fluctuations in the series of figures set out below. 
A parabola was fitted by the method of Least Squares. The 
accompanying diagram shows clearly the effect of this 
smoothing. 

The result was not considered altogether satisfactory. 
The plus and minus deviations occurred practically in three 
sets ; a set of minus, then a set of plus, then a set of minus. 
It was considered that the parabola was a bad fit. Two 
reasons suggested themselves for this: first, the original 

* Communicated by Sir J. J. Thomson, O.M., F.R.S. 
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data from which the series was obtained did not involve 
absolutely random fluctuations ; second, the parabola might 


Series. 

X. 

y- 

Parabola 

(by Least'Squares). 

Deviations. 

—8 

+28 

-21 

+49 

-7 

-39 

- 8 

-31 

• 6 

-40 

+ 2 

-42 

-5 

- 1 

+11 

-12 

—4 

+23 

+ 18 

. + 5 

—3 

+ 34 

22 

+12 

—2 

+25 

25 

0 

-1 

+40 

25 

+15 

0 

+43 

24 

+19 

1 

+ 29 

21 

+ 8 

o 

+14 

15 

- 1 

3 

+12 

8 

+ 4 

4 

— 18 

- 2 

-14 

5 

-14 

-13 

- 1 

6 

—46 

-26 

-20 

7 

— 08 

-42 

-26 

8 

-24 

-59 

4 35 


Fig. 1. 
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not be the best curve for use in smoothing. As to the. firsts 
it was definitely known that the original data, which weH 
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observations at equal time-intervals, were subject to periodic 
fluctuations of varying intensity and changing phase, as well 
as to random variations. As to the second, there was no 
virtue in the parabola, as such, but associated series were 
reasonably represented by parabolas. It was therefore 
decided to concentrate on the first consideration, which 
meant that although we had obtained the parabola of best fit 
by the criterion of least squares, yet it might not really be 
the best parabola which would smooth out the fluctuations 
in the series. This led us to the question of what other 
methods of fitting there were available, and Edgeworth’s 
description of the use of medians in this connexion led to 
the attempt to fit by the method of Minimum Deviations. 
This method may be briefly described. Suppose the equation 
to the parabola is 

y=a 0 +a 1 x + a a x; 2 , 

and the giveny’s are y_ 8 , y--„...y.\, ya, ?y t ,...y 8 , then instead 
of, as in the method of Least Squares, making 

+8 

S (a Q +aye+ 0 , 20 ?— y*) 1 
*=-8 

a minimum, we make 
+8 

S I <*<)+«!#+ajar 2 — y x | 

x=—S 

a minimum. 

His description of the method and his arguments in its 
favour are briefly summarized in Bowley’s ‘ Edgeworth’s 
Contributions to Mathematical Statistics,’ pp. 103 et seq. 
(1928), and are exposed by Edgeworth in the ‘ Philosophical 
Magazine,’ xlvi. (1923), xxv. (1888). Unfortunately* 
Edgeworth confined himself in the working of the method 
to a reliance on a diagram (he used as illustrations the 
problem of two variables), which means in practice a rather 
laborious piece of work, and apparently did not notice that 
the method could be applied in a more simple manner, 
without any need to rely on the position of straight lines in 
relation to one another, although at one stage in his 
argument he touched on this simplification. The writer, 
finding Edgeworth’s method cumbrous, especially when he 
intended to use the method over and over again on different 
series, sought a simplification, which it is hoped will be of 
use to others, especially as there are many series which 
involve fluctuations which cannot on a priori grounds be 
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considered altogether adventitious, and where therefore the 
method of Least Squares does not strictly apply. 

The simpler method is as follows:—Suppose we are 
dealing with a series of deviations, say, involving three 
unknowns, 

AjM -f B,r +• Ojw + D ls A 2 m+B 2 r + C 2 io+D 2 ,... 

... A„w+B„e+ G n w+ D„, 

and we want to find values of u , v, w which make 
S | A,w + B,e+C,io .+D* I 

«=i 

a minimum. First, find for what values of v and w the 
expression is a minimum when u is given by 

B r v + C r w + D r 

__ , . 

i. e. find a local minimum point in the plane 

A r u + B r v + C f tfl + D r =0, 

where r is any one of the values s from 1 to n. This reduces 
the problem to one involving two variables only, i.e. what 
values of v and w will make 

V| E,e+F,u> + G t I 

t=i 

a minimum, where the E’s, F’s, G’s are obtained from the 
A’s, B’s, C’s, D’s. To solve this, find for what value of w 
the expression is a minimum when v is given by 

Fpio + Gr p 

% ’ 

j. e. find a local minimum point in the line 

EpU + Fpio + Gp=0, 

where p is any one of the values of l from 1 to n— 1. This 
reduces simply to the problem of finding a weighted median. 
The process is repeated until we arrive at a stage when we 
find that the local minimum in the plane 

Aiu +B iv + Giw +Dj=0 

is the point where the planes 

A m « + B m »+C m w+D m =0 and A„w+B„t; + C»w -I- D,=0 
Phil. Mag. S. 7. Vol. 9. No. 60. May 1930. 3 8 
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meet it, and where the local minimum in the plane 
A m u+B m u + C m «) + D m ss 0 
is the point where the planes 

A n u+B„«+0„u>+D„=0 and A;u + B„v ■+ G n w + D„=0 

meet it, and the local minimum in the plane 

A„it+B„t? + C n u> + D„=0 

is the point where the planes 

Aju+B/u + Cjto+D*-— 0 and A m u + B ni ?> + C m tc+ D m =0 

meet it. Then this point of intersection of these three planes 
is the true minimum point, and the values u, v, w obtained 
from solving these equations make 

S J A,u + B,v + C 8 u- -f D, j 

S=l 

& minimum. 

In the case of two variable-*, where a diagram is used by 
Edgeworth to illustrate the argument, the process is simply 
to proceed along one line until we arrive at the point on 
the line for which the values of the variables make the 
expression a minimum, this being a point of intersection 
with another line. Then proceed along this new line until we 
arrive at the mininum point on this line, which is a point of 
intersection of this second line with a third. Then proceed 
along this third line until we get to the minimum point, 
which will give another line. This goes until we reach 
the stage where the jth line leads to the q + 1 th and the 
■q 4- 1 th leads to the 5 th again. The required values of the 
variables are given by the intersection of these jth and 
<7 + 1 th lines. The description of the process may appear 
to make it complicated, but in practice this is not so. In the 
Urst place, in tracing the course of these lines to the minimum 
point we are getting closer and closer to this point very 
quickly, and one or two attempts are alone necessary in 
practice. Further, in any problem we can start with a 
particular line which we suspect is near the heart of the 
mystery by getting some crude approximation to the mini¬ 
mum or by other considerations, and from this line there is 
probably little distance to go to the minimum. 

The accompanying example will indicate the method and 
-the amount of labour involved. The problem is to fit a 
parabola to the data on p. 975 by this method. 
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«®+8«, +64a,+24 12a l +48a„+47 84a a + 61-4 -0-7 
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From the diagram (fig. 1 ) we might suspect that the 
parabola would go through the point #==— 4 , y—23. We 
therefore start by taking a 0 —4«i + 16a 2 —23=0, and obtain 
col. (2) by substituting for a 0 . Considering col. (2), the 
diagram again suggests that the parabola might go through 
the point as=l, y=29 ; we therefore substitute for a t in 
coL ( 2 ) from 5a! — 15a 2 =6, which gives col. (3). Col. (3) 
gives us values of a 2 from which we can obtain the weighted 
median, col. (5) shows the values of a 3 in order, col. ( 6 ) the 
corresponding coefficients of a 2 in col. (3) without sign, and 
col. (7) shows the sums of these coefficients starting from 
the top and bottom of col. ( 6 ) respectively. The best value 
of a 2 is —1*58. This is the value corresponding to 66 in 
col. ( 6 ); the sum of col. ( 6 ) from the top to 66 is greater 
than the sum from the bottom to 14 (the figure below 66 ), 
the sum of col. ( 6 ) from the top to 50 (the figure above 66 ) 
is less than the sum from the bottom up to ( 66 ). 

Thus we are led to the expression lla, + 33a 2 + 91 in 
col. (2). The local minimum of the series of col. (2) 
in the line 5ai~ 15a 2 =6 = 0 is the point in this line where 
it intersects lla! + 33a 2 + 91 = 0 . We now substitute in 
col. (2) the value of a x obtained from 11 a! + 33a 2 + 91=0. 
This gives a new col. (3) and new values of a 2 , and an 
examination of these gives the best. The work is set out 
below. 


(3) 

(4) 

(5) 

(6) 

(7 

) 


Values of * 2 . 

* 2 in order. 

Coefficients 
of a 2 in (3). 

Sums. 

f.0a a +28-l 

-0*4 

-3 

26 

26 

372 

42^+86-8 

-207 

-2-7 

12 

38 

346 

26a 2 +79‘5 

-3 

-208 

18 

56 

334 

12^-|-32*3 

-2-7 

-207 

42 

98 

316 

0 


-1-93 

10 

108 

274 

—10* 2 —19*3 

-1-93 

-1-90 

28 

136 

264 

—18* 2 —18*5 

-1-0 

-1-74 

24 

160 

236 

-240 2 -41-8 

-1*74 

-1-67 

28 

188 

212 

-2S* 2 -531 

-1-90 

-1*58 

30 

218 

184 

-30a 2 -47-4 

-1-58 

— 1-37 

10 

228 

154 

-30a a -40-6 

-1-35 

-1-35 

30 

258 

144 

-28* 2 -46-9 

-1'67 

-1*1 

24 

282 

114 

-24a a -27-2 

-1*1 

-10 

18 

300 

90 

SS 

i 

£ 

fH 

1 

-2-08 

-0*4 

60 

360 

72 

-10*2-13-7 

A 

-1*37 

+4*4 

12 

372 

12 

U 

12<t a —53*3 

+ 4*4 






This gives the best a a = —1*67 from 7«„4-11 =0. 
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We now substitute in the original col. (2) the value of a, 
from 7a, — 7a, + ll=0and get the following series. In what 
follows col. (5) is dispensed with, it is not really necessary 
to rewrite the values of a 2 , and all the figures are not written 
in col. (7). Again, in the determination of the weighted 
median we are not really particular in what order the values 
of Os are written, except in the immediate neighbourhood of 
the median itself. 


(3) 

(4) 

(6) 

(7) 


Values of a. r 

Coefficients of a 3 
in order of a 2 . 

Sams. 

44a, 4- 1*8 

-0*03 

18 

18 


30a,+66*7 

—2*22 

8 

26 


18a a +66*l 

-3*7 

8 

34 


8a a +25*6 

-3*2 

30 

64 


0 


12 

76 


- 6o.-12*6 

— 2*1 

6 

82 


I 

fr—i 

f, 

1 

—0*61 

12 

94 


— 12a 2 —21*7 

-1*8 

30 

124 


—12a 2 —26*3 

-2*2 

44 

168 

192 

— 10a 2 —13*9 

-1*39 

10 

178 

148 

- 6a 2 - 0*4 

-0*07 

18 


138 

0 


10 


120 

8a 2 4-26*4 

-3*3 

60 


110 

18a a 4-22*9 

-1*27 

6 


50 

30a 2 4“53*3 

—1*78 

44 


44 

44a 2 4-73*7 

-1*68 




60a a 4-28*l 

—0*4 





This gives the best a a =—1*68 from ll®t+33a a +91=0. 


This stage illustrates the procedure in the case of two 
variables. Starting from the original col. (2), involving a, 
and a„ we find the local minimum on the line 

5a,-15aj-6=0 

is at the intersection of this with 

11a, + 33oj+91=0. 

The local minimum along 

11a, + 33a,+91=0 

is at the intersection of this with 

7a,—7a, + H=*0. 
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The local minimum along 

7oj—”7o 2 + 11*0 
is at the intersection of this with 

11% + 33cc 2 + 91=0. 

Therefore the values of a l and a 2 obtained from 

7%—7a 2 + ll=0 and llaj+ 33a*+91=0 

will make the series in col. (2) when summed without regard 
to sign a minimum. 

Returning to our problem, we have found that starting 
from 

ao—4a 1 + 16a 2 —23=0, 

we are led to 

a o +7ai + 49a s +68=0 and a 0 + 3ai + 9a 2 —12=0. 
Now start from col. (1) again, substituting 
o 0 = — 3d!—9a 2 + 12; 
we get a new col. (2) :— 

( 2 ) 

-11^4-5502—16 
—1O0,+4O0 2 +51 

— 90 ,+ 270 2 +52 

— 80,+160 2 +13 

— 7a x + 70 a -“ll 

— 60, — 22 

— 50,— 50 a —13 

— 4 0 t — 80 2 -28 

— 3 0,— 90 3 —31 

— 20,- 8a 2 —17 

— 0,— oa 2 — 2 

0 

a,+ 7a 2 +28 
20,+1K+26 
30, +270 a +58 
40, +4002+80 
50, +5502+36 

In dealing with this we may use the information already 
acquired and try substituting for a x in col. (2) from 

4411+40(12+80=0, 
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which comes from 

Oq + 7fli -j- 49aj+68 

of col. (1). This substitution gives us a new col. (3), from 
which we obtain the median a 2 , which is the intersection of 

+ 40a 2 +80=0 with — 10aj + 40a 2 + 51=0. 

Substituting in col. (2) the value of a x from this last equation 
gives a new col. (3), from which the median a 2 is the inter¬ 
section of this line with 

4a 1 + 40a 2 + 48 = 0. 

Thus we have arrived at the fact that the local minimum in . 
a 0 + 3a t + 9a 2 —12=0 

is where this meets 

a<>+7ax + 49a 2 + 68=0 and a 0 —7ax + 49a 2 +39=0. 

Now repeat the process from col. (1). Starting with a 
substitution of 

a 0 = — 7aj—49a 2 —68, 
we get a new col. (2) 

Col. (2). 

— 15^ + 15^2— 96 

-14ai - 29 

-13^-13^- 28 
-12a r -24a 2 - 67 

91 

-10^-40^-102 

— 9f? 1 —45a 2 — 93 

— 48a 2 —108 

— 7^—49a a —111 

— l)^—48a 2 — 97 

— 5a l —45a a — 82 

— 4^—40a 2 — 80 

— 3flt^ — 

— 2a,-24a 2 - 54 

— ^-13a a - 22 

0 

a 1 + 15a a - 44 

Obtain from this col. (2) a value of at from 
14ai + 29=0, 

which has been obtained from 

Oo—7a 1 + 49a 2 +39=0. 
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This gives the best Oj from the intersection of 

14oi + 29=0 with — 6a, — 48a 3 —97=0. 

Using this last equation to give a, for substitution in 
col. (2), we arrive at the best a 2 from the intersection of this 
with 

14a,+ 29 = 0. 

Thus the local minimum on 

a 0 + 7 a, + 49a 2 +68=0 

is where this meets 

«o-7a 4 +49a 2 + 39 = 0 and a 0 + a,+a 2 —29=0. 

The field has now been narrowed down, and we find, when 
we get a new col. (2) from col. (1) by substituting 

a 0 =7a,—49a 2 — 39, 
that the local minimum in ti e plane 

a 0 —7a, + 49a 2 +39 —0 
is where this meets 

a o+ a i+ a 2“*29 = 0 and a o + 7a 1 + 49a 2 -f68=0. 

With the information available at this stage there is no 
wasted labour involved ; in fact, we merely verify the 
statement. It follows now that the local minimum on 

a 0 +ai + a 3 — 29=0 

is where this meets 

Oo+7aj + 49a 2 + 68=0 and uq ~~7ai^49a 2 4" 39=0. 

If the actual work is done, we find ourselves with a repetition 
of work previously done. This marks the end of the working 
of the new procedure, and we find that the best values of 
Oq, a,, a s to render the original series a minimum when 
summed without regard to sign are those obtained by 
solving 

do *** 7a, H- 49a 2 +39=0, 
ug-h a,4- a 2 *—29=0, 
a 0 + 7a,+49a 2 +68=0, 

which give 

a 0 =32 5 /6, a,= — 2 1 /,*, a 2 = — l **/«« 

The table below shows again the original series and the 
smooth values from this parabola obtained by the method of 
Minimum Deviations. 
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A diagram (fig. 2) showing this parabola with the original 
■data, when compared with fig. 1, will indicate clearly the 


'X, 

Series. 

y- 

Parabola (by 
Minimum Deviations), 

Deviations, 

-8 

+28 

-63 

+91 

-7 

—39 

-39 

0 

-6 

—40 

-18 

-22 

— 5 

- 1 

- 1 

0 

-4 

+23 

+ 13 

+10 

—3 

+34 

+23 

+11 

-2 

+25 

+30 

- 5 

-1 

+40 

+33 

+ 7 

0 

+43 

+ 33 

+10 

1 

+29 

+29 

0 

2 

+ 14 

+22 

- 8 

3 

+ 12 

+ 11 

+ 1 

4 

-16 

- 4 

-12 

5 

-14 

-22 

+ 8 

6 

—46 

-43 

- 3 

7 

-68 

-68 

0 

8 

-24 

-96 

+72 


Fig. 2. 



difference between the two parabolas obtained by Least 
Squares and Minimum Deviations as smooths of ihe original 
series. The second parabola is much more satisfactory. 
A glance at. the diagrams anti at the table of deviations 
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shows the important part of the two values of y associated 
with #=+8 and x= —8. The importance of these com¬ 
pared with the other y’ s has been exaggerated in the method 
of Least Squares ; this method has forced the parabola to pay 
too much attention to these values and to neglect its duty 
towards the other observations. In the method of Mini¬ 
mum Deviations these large deviations are not given undue 
prominence, with the result that the parabola adequately 
describes the remaining observations. 

The exposition above might appear to make the procedure 
laborious. Undoubtedly it is more so than the method of 
Least Squares. But the labour would have appeared less if 
one had been content to illustrate with an example involving 
only two variables. On the other hand, the illustration here 
shown indicates how the method can be used with three 
variables ; and it has the advantage of being derived from 
a problem met with in the course of an investigation, 
with the accompanying illuminating diagrams, which call 
attention to the necessity for alternative methods, to that of 
Least Squares, where fluctuations are not random. 

Pressing the advantages of this method further, it is not 
restricted to problems where the deviations involve only 
linear functions of the variables. Theoretically there is 
nothing to prevent the method from being extended to the 
case of a general problem of minimizing 

s | M u , V, w) I . 

Here we choose a particular deviation, say / r (w, t>, w), equate 
this to zero and find u in terms of v 9 w , and get a new series: 

S | w) | , 

i=l 

from which we choose, say F J ,(r 5 w), and get a series 
involving only one variable. In practice the working would 
depend on the simplicity or otherwise of the functions/, but 
in certain cases the method can be applied without a great 
deal of labour, and gives a great advantage over the method 
of Least Squares, which can only be used in such cases in a 
modified manner, where the original foundation for the 
justification for the method of Least Squares now disappears. 
For instance, the curve y=B# a crops up as a theoretical 
method of describing data in a variety of ways. When the 
method of Least Squares is used for fitting this curve, the 
computer resorts to a trick and fits the line 
logy s= a log as -flog B 
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to the data, using as his variables log# and logy; thus 
virtually asserting that the deviations of the logarithms of 
the original y’s from the logarithms of the y’s of the curve 
follow the normal law, instead of the deviations of the 
original y’s from the y’s of the curve. But in a compara¬ 
tively simple case like this the method of minimum deviations 
may be used with fair ease. The method may be illustrated 
by the working on the data below, which relate to production 
(x) and price (y) of corn in the United States (Warren and 
Pearson, ‘Inter-relationships of Supply and Price,’ 1928, 

p. 188). 


X. 

y- 

X. 

y* 

68 

192 

113 

77 

75 

135 

113 

93 

79 

169 

114 

86 

81 

141 

116 

86 

85 

116 

118 

89 

90 

123 

118 

89 

93 

103 

119 

99 

94 

123 

120 

106 

96 

120 

120 

109 

96 

101 

120 

82 

97 

109 

121 

85 

98 

130 

122 

79 

100 

102 

123 

79 

102 

105 

123 

96 

103 

91 

S 124 

90 

107 

121 

I 133 

93 

108 

114 

137 

60 

109 

94 ! 

i 140 

66 

110 

100 

147 

93 

112 

82 

■ 



A plot of these associated values of x and y suggests that 
a useful start would be given by taking x = 110, y = 100 
as satisfying the equation y = B#°. Prom this we get 
B as 100/110“. Substituting this value we get a series^of 
deviations: 

192-l°0(^)“. 

135—100 (^)', 
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From these we may obtain values of a by equating each to 
aero, and from these values of a we must pick out the best 
to make the sum of the deviations a minimum. At this 
stage the work is slightly different from that in the simpler 
case of a linear function considered , first above and dealt 
with by Edgeworth. Suppose that we have obtained the 
values of a as described above, and suppose now they are 
arranged in order of size, and that the corresponding 
deviations are also so arranged. Take the general case 
where B = y r /« r a , and we have : 


°> *-*(*!)"■ 

a < *-*■(£)’ 


where a 1 <a 2 <a 3 ... <~a n . 

Now suppose that of these <z’s, arranged in order, a, is 
that which makes 


s 

t 


\ 

-S'-U) 


a minimum, then the deviations in series above which occur 
before the sth will be negative and those after the sth will 
be positive. If we put a = a, + a, where a is small and 
positive, the sum of the deviations may be written 





and if we put a* = a, —a where a is small and positive, the 
sum of the deviations may be written 
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If we express 

we see that since a 8 makes the expression a minimum 


and 




Thus the u weights 99 to be used for finding the weighted 
median a are 



for values of t from 1 to w, and are proportional to 

Unfortunately, these weights to be used to determine 
a s involve a s itself, but we can get approximations to the 
weights by taking weights proportional to 

y. lo g(|). 

replacing .t“* by y t . Or we can see at a glance at the table 
of the a’s in order that the value required will be nearly 
a— — 1, and we can take the weights proportional to 

Either of these will lead to the correct result, for we can 
always check these results by using the value of a, so found 
to work ont the correct weights and verify that our a, is 
really the weighted median. In any other problem of curve 
fitting by this method a similar difficulty will arise, and can 
be overcome by some such device as described above. 

proceeding then with our illustration, we get values of 
«, arrange them in order, weight them, and get the weighted 
average. 



990 Dr. E. C. Rhodes on Reducing Observations 


Values of a. 

a’s in order. 

(^ l0g Fr) 

_ 


0°* (£)/** 

)■ 



* 



/— 





Weights. 

Sums. 

Weights. 

Sums. 

- 1-35 

-10 

1 

1 


1 

1 


- *78 

- 9 

1 

2 


1 

2 


- T68 

- 7 

1 

3 


1 

3 


- ri2 

- 6 

1 

4 


1 

4 


— *5 

- 4 

1 

ft 


1 

5 


- *98 

- 2*8 

2 

7 


2 

7 


- 1 

- 2*7 

1 

8 


1 

8 


- 1*31 

- 2 *3 2 

6 

14 


7 

15 


— 1*34 

- 2*28 

4 

18 


4 

19 


- *07 

- 2*28 

3 

21 


3 

22 


- *7 

- 2*28 

7 

28 


5 

27 


- 2*28 

- 2*11 

4 

32 


4 

31 


- *2 

- 1*72 

7 

39 


7 

38 


- *6 

- 1*70 

4 

43 


3 

41 


+ 1 

- 1*66 

3 

46 


3 

44 


- 6 

- 1*66 

3 

49 


3 

47 


- 7 

- 1*58 

24 

73 


18 

65 


+ 6 

- 1*35 

40 

113 


34 

99 



- 1*34 

7 

120 


6 

105 


-10 

- 1*31 

8 

128 


7 

112 


- 9 

- 1*12 

19 

147 

136 

16 

128 

123 

- 2*7 

- *98 

11 

158 

117 

10 

138 

107 

- 4 

- *8 

5 

163 

106 

4 

142 

97 

- 2*8 

- *78 

22 


101 

22 


93 

- 1*66 

- *7 

6 


79 

6 


71 

- 1-66 

- *6 

3 


73 

3 


65 

- 1 

- *5 

13 


70 

13 


62 

+ ‘7 

- *3 

5 


57 

4 


49 

+ *91 

- *3 

8 


52 

6 


45 

- 2*28 

- *2 

12 


44 

9 


39 

- 1*70 

- *2 

4 


32 

4 


30 

- 2*28 

- *1 

3 


28 

3 


26 

- 2*11 

- -1 

8 


25 

8 


23 

- *3 

- *07 

6 


17 

6 


15 

- *8 

+ *7 

4 


11 

3 


9 

- *3 

+ ‘91 

4 


7 

3 


6 

- 2-32 

+ 1 

3 


3 

3 


3 

- 1*72 
- -2 

+ 6 

0 


0 

0 


0 


"Thus the best a is —1*12 obtained from x— 83, y= 141. 

Now we start again by taking B = 141/81°. This gives ns 
another series of a’s, from which we deduce the best a is 
— 1*26, obtained by the intersection of 141=B 81° with 
=85=B 121°. Further, we find when we start from 85=B121° 
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that we arrive again at 141=B 81®. Therefore a= —1*2610, 
B=35967 are the a, B which make a minimum, the sum of 
the deviations 192—B 68®, etc., when the signs are ignored. 


Minimum Deviation. Least Square. Logs. 


X. 

y- 

Curve, 

* 

Deviation. 

Curve. 

Deviation. 

68 

192 

176 

+ 16 

168 

+24 

75 

135 

155 

-20 

150 

-15 

79 

169 

145 

+24 

141 

+28 

81 

141 

141 

0 

137 

+ 4 

85 

116 

133 

-17 

130 

-14 

90 

123 

124 

- 1 

123 

0 

93 

103 

118 

-15 

118 

-15 

94 

123 

117 

+ 6 

117 

+ 6 

96 

1-20 

114 

+ 6 

114 

+ 6 

96 

101 

114 

-13 

114 

-13 

97 

109 

112 

- 3 

112 

- 3 

98 

130 

111 

+ 19 

111 

+19 

100 

102 

108 

- 6 

109 

- 7 

uni 

105 

105 

0 

106 

- 1 

103 

91 

104 

-13 

105 

-14 

107 

121 

99 

+22 

101 

+20 

108 

114 

98 

+16 

100 

+14 

109 

94 

97 

- 3 

99 

— 5 

no 

100 

96 

+ 4 

98 

+ 2 

112 

82 

94 

-12 

96 

-14 

113 

77 

93 

-16 

95 

-18 

113 

93 

93 

0 

95 

- 2 

114 

86 

92 

- 6 

94 

- 8 

116 

86 

90 

- 4 

92 

- 6 

118 

89 

88 

+ 1 

90 

- 1 

118 

89 

88 

+ 1 

90 

- 1 

119 

99 

87 

+12 

89 

+10 

120 

106 

86 

+20 

89 

+17 

120 

109 

86 

+23 

89 

+20 

120 

82 

86 

- 4 

89 

- 7 

12i 

85 

85 

0 

88 

- 3 

122 

79 

84 

- 5 

87 

- 8 

123 

79 

83 

- 4 

86 

- 7 

123 

96 

83 

+ 13 

86 

+10 

124 

90 

82 

+ 8 

85 

+ 5 

133 

93 

75 

+ 18 

78 

+15 

137 

60 

73 

-13 

76 

-16 

140 

66 

71 

- 5 

74 

- 8 

147 

93 

67 

+26 

71 

+22 


Sum (Delations) 3 .. 

.... 6339 


6244 
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The table above shows for comparison the values of 
y from the curve 

y = 3596 7aT 1,2610 , 

just obtained by the method of Minimum Differences, with 
the original y’ s, also the values of y from the curve 

y = 19083*- 1,1220 , 

obtained by Warren and Pearson ( loc. cit.) by fitting 
a straight line to the logarithms of the sc’s and y’s, and the 
original y’s, with deviations. 

It is interesting to compare the sum of the squares of the 
deviations, 6244 against 6339; and if it is felt in a case of 
this kind that the deviations were purely fortuitous, then 
the method of Least Squares on the logarithms of the originals 
gives a curve which is a better approximation to the true 
Least Square curve than the method of Minimum Deviations, 
and, in a'sense, we may regard the preceding work as 
justifying the use of the Least Square Method in fitting 
a straight line to the logarithms of the original figures. 
But there is another point of view ; if there is no more 
justification for the idea that the sums of the squares of the 
deviations from the fitting curve should be a minimum than 
there is for the idea that the sum of the deviations from the 
fitting curve, signs being ignored, should be a minimum, 
then the work here and that by Warren and Pearson bear 
comparison in an important particular, viz. the value of a. 
In the work done by these authors the important part 
related to this value, and we see that two different methods 
of reconciling the original data to a function of the form 
y = Bar® lead to results which are approximately equal, but 
which really differ by about 10 per cent, of their values, viz. 
—1*122 and —1*261, difference *139. These considerations 
indicate clearly that not too great a reliance may be placed 
on the absolute exactitude of such a figure when calculated 
by one of these methods. 

The writer has used the method of Minimum Deviations 
in the case of 2 and 3 variables where the deviation function 
is linear, and in the case where the deviations are obtained 
from y=B#°. There are simpler problems than those 
illustrated here, where the method would not require such 
labour, e.g. fitting a hyperbola to a few observations ; and 
it would be of interest if other workers would try this 
method, and make comparisons with results obtained by the 
method of Least Squares. 
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XC. An X-ray Investigation of the Copper-Antimony System 
of Alloys. By E. Vyron Howells, M.Sc. (Wales) and 
W. Morris-Jones, M.A., M.Sc., F.Inst.P. (Physics 
Department, University College, Swansea)*. 

Introduction. 

T HE investigation described in this paper was under¬ 
taken with the object of determining the crystal 
structure of the Copper-Antimony Alloys. The structure 
of one member of the series—Cu s Sb—had already been 
determined by Morris Jones and Evans (1) , but the crystal 
structures of the complete system were unknownf. An 
X-ray examination of the system seemed, therefore, well 
worth carrying out, especially as the results of such a study 
should, in addition, serve to verify information concerning 
the metallurgy of the system obtained by thermal and 
micrographical methods. 

The metallurgy of the copper-antimony system has 
engaged the attention of many workers. The most com¬ 
plete investigation is that of Sir H. C. Carpenter (2> , pub¬ 
lished in 1913. As a result of his work, Carpenter drew 
up the equilibrium diagram given in fig. 1, and this is the 
diagram taken as the basis of comparison in the research 
described below. The diagram shows the existence at 
normal temperatures of the following constituents :— 

(i.) The a phase, a region of solid solution of antimony 
in copper up to 7 per cent, by weight of antimony. 

(ii.) The y phase, extending between the composition 
30 per cent, to 39 per cent, by weight of anti¬ 
mony ; the latter limit being at the composition 
Cu 3 Sb. 

(iii.) The intermetallic compound Cu 2 Sb. 

(iv.) The e phase, consisting of a region of slight solution 
of copper in antimony. 

* Communicated by W. Morris-Jones, Senior Lecturer in Physics,. 
University College, Swansea. 

t Note added. —Since the completion of the present investigation, iu. 
September 1929, a paper on the Copper-Antimony Alloys by "Westgren,. 
Hagg, and Erikson has appeared (Zeit. fur Fhyt. Chem. B. iv. pt. 6, 
Aug ust 1929). Their results agree very satisfactorily with those of the> 
present work. 

Phil. Mag. S. 7. Vol 9. No. 60. May 1930. ' 3 T 
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At temperatures higher than 430° C. a phase yS is formed j 
but below this temperature the alloy assumed the character 
of the y phase. 

Previous investigators of this system of alloys had con¬ 
cluded from micrographical, thermal, and other data that, 
if copper can hold antimony in solution, the degree of 
solubility was very small, and in no case did it exceed 
0*4 per cent, by weight of antimony ; whereas Carpenter, 
as Ms diagram shows, found that antimony is soluble in 
copper to the extent of 4 atoms per cent.—which is slightly 
over 7 per cent, by weight of antimony. 

Fig. 1. 

Atomic % Antimonv 

10 20 30 40 50 60 70 80 90 100 



Carpenter’s equilibrium diagram. 


In agreement with previous workers Carpenter found, on 
the other hand, that antimony could hold very little 
copper in solution, and that the degree of solubility did not 
exceed 0-5 per cent, by weight of copper. 

An earlier equilibrium diagram due to Guertler <3 ’ showed 
copper and antimony to be completely insoluble in each 
other. In addition, there was no phase in tMs diagram 
corresponding to the y phase of Carpenter. 

In the course of the present X-ray investigation a study 
was therefore made of the crystal structure of the regions 
of solid solution at the copper and antimony ends of the 
diagram. The crystal structure of the compound Cu 2 Sb 
was also investigated, and an examination made of the 
character of the |S and the y phases. 
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Preparation of the Alloys. 

The copper used in making the alloys was of electrolytic 
origin, while the antimony was of 99- 916 per cent, purity. 
In making the alloys the copper was placed in a sala¬ 
mander pot, under a layer of charcoal, and melted in a 
a md-fumace. The antimony, which melts at a much lower 
temperature, was then introduced quickly in small 
quantities, and the whole was well stirred with a carbon 

■* 

Table I. 


Alloy. 


Composition 
per cent. Cu 
by weight. 


Density 
grams, 
per c.c. 


Crystal structure. 


Dimensions of 
the unit-cell 
in A.U. 


Copper .... 
A.. 

B. 

C. 

D. 

E. 

F. 

G . 

H . 

I . 

Antimony .. 


100 

8-93 

Face-centred cubic. 

96 

8-75 

Face-centred cubic. 

80 

8-26 

Mixture of f ace-cen- ~ 
tred cubic and 1 

hexagonal close- [ 
packed lattices. 

70 

8-34 

r Hexagonal close- 
packed lattice. j 

65 

8*64 

f Hexagonal close- 

61 

8-66 < 

\ packed. 

f Hexagonal close-' 

L packed. 

; Mixture of hexa-" 

55 

8-30 - 

J gonal close-packed 
and simple tetra- 
L gonal lattices. 

51 

842 

| 

Simple tetragonal, 
f Mixture of simple' 

30 

7*45 J 

i 

1 tetragonal and 

| face-centred rhom- 
L bohedral lattices. 
r Mixture of simple'} 
tetragonal and ^ 

20 

7-02 \ 

\ 

face-centred rhom- } 


6-62 


a 0 -3-644 
<-3-670 

V—2*7281 

Co'—4-288 j 
a 0 —2-7281 
Cq —4*288 j 
a 0 —2-752^ 
Cq —4*326j 
a 0 —2-766' 
c 0 —4 -348 j 
<—2-7661 
<-4-348 j 
<—40291 
<■—6-140 J 
a 0 —4-0291 
Cq — 6-140 
<—40201 

<—6-126j 

<—6-235 


bohedral lattices. J <—6*240 
Face-centred f o 0 —6-235 

rhombohedral. [ angle 87° 24' 


rod. To ensure homogeneity of each ingot the pot was 
replaced in the furnace and the alloy re-heated to a 
temperature above its melting-point. 

The compositions of the alloys were determined electro- 
lytically by estimation of the copper content, and the 
densities found by the specific gravity bottle method. To 
make certain that the alloys were in a definite state of 

3 T 2 
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equilibrium the specimens were subjected to prolonged 
periods of annealing, at temperatures given in the equili¬ 
brium diagram. 

In all nine alloys were prepared. Their compositions 
and densities are given in Table I. 

Experimental Method. 

The crystal structures of the alloys were investigated by 
the X-ray powder method. Installs of the apparatus used 
in the present investigation and the precaution observed 
to ensure the accuracy of measurements have been de¬ 
scribed in previous papers (1) and (4) . Following the 
experimental procedure there outlined, the accuracy of 
the measurements in the present investigation may be 
estimated as within J to ^ of 1 per cent. 

To simplify as far as possible the examination of the 
powder photographs only the K„ radiation of copper was 
used, the K* radiation being absorbed by a thin nickel 
filter placed at the point of entry of the beam into the 
camera. One or two of the strong lines due to the Ku 
radiation could not be eliminated, though they were 
considerably reduced in intensity. Occasionally a line 
due to the L a radiation of tungsten was also present on 
the film ; this happened after the tube had been used for 
some time, and was due to the slow deposition of tungsten 
on to the target as the filament slowly volatilized. 

Results. 

The X-ray data supplied by the films of copper, of 
alloys of A to I, and of antimony are given in Tables II. 
to XII. The first column in each case gives the radiation 
producing the reflexion, the values taken for the ware- 
length being:— 

Kr, (copper). 1-540 A.U. 

K/3 „ 1-389 A.U. 

L a (tungsten). 1-484 A.U. 

The second column of the Tables gives the Miller indices 
of the reflecting planes, and the third column the intensities 
of the lines on the films. The symbol (St.) denotes strong ; 
M. (medium); W. (weak); and V.W. (very weak). 

The plane spacings deduced from measurements on the 
films are tabulated in the fourth column, while the calcu¬ 
lated spacings for the structure found are given in column 
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five. The composition, density, crystal structure, and the 
dimensions of the unit-cells for the nine alloys and for 
the two end elements copper and antimony are given 
in Table I. 

Pig. 2 gives the crystal structure data found for the 
system. 


The a Phase. 

According to the equilibrium diagram (fig. 1) the 
a phase consists of a solid solution of antimony in copper up 

Fig. 2. 



Crystal structure data for the Cu-Sb alloys. 


to over 7 per cent, by weight of antimony. As the atomic 
diameters of copper and antimony are 2-54 A.U. and 2*87 
A.U. respectively, a change in the lattice constant of 
copper would therefore be expected on the introduction 
of antimony, the solution of antimony causing an ex¬ 
pansion of the copper lattice, but accompanied by no 
change in the type of lattice. 

Table II. gives the data supplied by films for electrolytic 
copper. The films, as was to be expected, gave the well- 
known pattern of lines associated with the face-oentred 
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cubic structure of copper. The side of the unit-cell 
deduced from these lines was a 0 =3-610 A.U.—in agreement 
with the values obtained by other workers. 

Table II. 

Pure Copper. 


Radiation. Plane. Intensity. Observed d/n. a 0 . Calculated djn. 


Kp.. 

.. Ill 

W. 

2 085 l.U. 

3-611 l.U. 

2-084 l.U. 

K a .. 

.. Ill 

St. 

2084 

3*610 

2*084 

Ka • . 

.. 100(2) 

St. 

1*807 

3*614 

1*805 

Ka.. 

.. 110(2) 

St. 

1*275 

3*610 

1*275 

K a . . 

.. 311 

St. 

1*087 

3 610 

1*087 

Ka.. 

.. 111(2) 

M. 

1*041 

3*606 

1*042 

K... 

.. 100(4) 

M. 

■902 

3*608 

•902, 

K. ... 

.. 331 

St. 

•828 

3*610 

-828 


Structure : face-centred cubic. o 

Dimensions of the unit-cell: a 0 ==3*610 A.U. 


The crystal structure of the a phase was investigated 
by the aid of alloys A and B, and the data obtained from 
measurements on the films are given in Tables III. and IV. 

Table III, 

Alloy “ A.”—Composition 96 per cent, copper, 4 per cent, 
antimony. (The a phase.) 


Radiation. Plane. Intensity. Observed d/n. Calculated d/n. 


L« (tungsten).... Ill W. 2 *102 A.U. 2 *104 A.U. 

K«. Ill St. 2106 2*104 

K tt . 100(2) St. 1*827 1*822 

K a . 110(2) St. 1*291 1*289 

K«. 311 St. 1097 1*099 

K a . Ill (2) M. 1*048 1*052 


Structure: face-centred. 

Dimensions of the unit-cell: a 0 =3*644A.U. 


It was found that alloy A (Table III.) produced lines 
on the film conforming to the face-centred cubic structure 
of copper, but there was a distinct displacement of the 
lines, indicating a definite increase in the size of the unit¬ 
cell, due to the antimony in solution. As there were no 
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other lines present on the films, it was evident that this 
alloy lay within the a phase. The 4 per cent, antimony 
in solution caused an expansion of the copper lattice from 

a 0 =3-610 A.U. to a 0 =3-644 A.U. 

The films of alloy B, 80 per cent, copper, 20 per cent, 
antimony (Table IV.), on the other hand, contained lines 
of both the a and the y phases, showing that the limit of 
solubility of antimony in copper is below this composition 
in antimony. The value of the lattice constant gives 
therefore the dimensions of the face-centred structure 

Table IV. 


Alloy “ B.”—Composition 80 per cent, copper, 20 per 
cent, antimony. (The Eutectic Mixture a+y.) 


Radiation. 

Plane. 

Intensity. 

Observed d/n. 

Calculated d/n m 

K p . 

1010 

W. 

2-364 A.U. 

2-363 i.U. 

K a . 

0002 

M. 

2-173 

2144 

*K a . 

III 

St. 

2-121 

2-116 

K. . 

1011 

St. 

2-073 

2-069 

*K« . 

100 

M. 

1-832 

1-834 

K a ... 

1012 

M. 

1-600 

1-588 

K a ....?. 

1120 

W. 

1-364 

1-364 

*Ka . 

110 

M. 

1-298 

1-298 

Ka . 

1013 

M. 

1-233 

1223 

K. . 

2021 

M. 

1-153 

1*151 

*K tt . 

311 

W. 

1-104 

1-104 

Ka . 

0004 

w. 

1-081 

1-072 


Mixture of face-centred cubic lattice of side o 0 --3 -670 A.U. and a hexagonal 
close-packed lattice o! sides :— 

a 0 =2-728 A.U. 
c 0 =4-288 A.U., 

corresponding to an axial ratio 1 -572. 

Note. —Lines of the face-centred cubic lattice of the a phase are marked 
with an asterisk (*). 

at the limit of the « phase. This value was found to be 
3-670 A.U., showing a further expanison of the lattice 
from that of alloy A. 

As stated above, the addition of 4 per cent, by weight of 
antimony to pure copper expands the unit-cell from a 0 = 

3-610 A.U. to 3-644 A.U. If this increase follows a linear 
law with solution of antimony, as is the case with most 
solid solutions, then the side of the unit-cell increases by 
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o 

•0085 A.U. per 1 per cent, by weight of antimony. At 0 the 
limit of solution the total expansion is from 3*610 A.U. 

to 3-770 A.U. — i.e., -06 A.U. A simple calculation there¬ 
fore fixes the boundary of the solid solution at 7 per cent, 
by weight of antimony. This agrees almost exactly with 
the result given by Carpenter, who stated that the upper 
limit of the a phase was slightly over 7 per cent, by weight 
of antimony. 

The y Phase. 

According to the equilibrium diagram the y phase is a 
homogeneous phase, extending between the compositions 
30 per cent, and 39 per cent, by weight of antimony. 
The phase, however, does not exist at temperatures above 
430° C., for, on heating the alloy above the segregation 
line in the diagram, a definite change has been found to 
take place and another phase 6 is formed. In Carpenter’s 
diagram the boundary of the y phase on the antimony 
side coincides with the composition Cu 3 Sb. 

In the examination of the crystal structure and 
character of the y phase the five alloys B, C, D, E, and 
F were used ; of these the alloy B, as indicated by the 
diagram (fig. 1), was a composition in the eutectic? mixture 
a+y; C, D, and E were compositions in the y phase 
itself, E corresponding to the composition Cu 3 Sb ; while F 
was a composition in the eutectic mixture y +Cu 2 Sb. 

The films of alloy B contained lines of both the a and 
the y phases. The crystal structure data for this alloy, 
obtained by an examination of the films, corresponded with 
the dimensions of the structures at the adjoining bound¬ 
aries of the a and the y phases. The lines corresponding 
with the y phase in alloy B conformed to a crystal structure 
of the hexagonal close-packed class. The dimensions of 
the unit-cell are :— 

a 0 = 2-728 A.U. and c 0 =4-288 A.U., corresponding to an 
axial ratio 1-572 (Table IV.). 

Lines corresponding to a hexagonal close-packed lattice 
only were present on the films of alloy C, the dimensions 
of the lattice (see Table V.) being the same as those ob¬ 
tained from the y phase lines of alloy B. Starting from 
the copper end of the diagram, the y phase can then be 
considered to commence near the composition 70 per cent, 
by weight of copper. 
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Table V. 


■Alloy “ C.”—Composition 70 per cent, copper, 30 per cent, 
antimony. (The y Phase.) 


Radiation. 

Plane. 

Intensity. 

Observed d/n. Calculated d/n. 

• 


10 T 0 

V.W. 

2-361 A.U. 

2-363 l.U. 

Ka . 


lolo 

v.w. 

2*375 

2*363 

K a . 


0002 

M. 

2170 

2-144 

K a . 


1011 

St. 

2076 

2-069 

K„ . 


1012 

M. 

1-600 

1*588 

K« . 


1120 

M. 

1-364 

1-364 

K tt . 


1013 

M. 

1-232 

1*223 

K a . 


1122 

M. 

1*153 

1*151 

Ka . 


2021 

W. 

1*149 

1*139 

K a . 


0004 

V.W. 

1-080 

1-072 

K„ . 


2022 

V.W. 

1*035 

1*035 

Ka . 


1014 

V.W. 

•982 

•976 

K« . 


2023 

V.W. 

•911 

*911 

Ka . 


2131 

V.W. 

■871 

•874 

K a . 


1124 

V.W T . 

-844 

*844 


Structure : close-packed hexagonal. 



Dimensions of the unit-cell: a n = 

=2-728 A.U. 






4-288 L U. f 


corresponding to an axial ratio 1*572. 






Table VI 



Alloy 

“ D.”— Composition 65 per cent, copper, 35 per 


cent. Antimony. (The y Phase.) 


Radiation. 

Plane. 

Intensity. 

Observed d/n. 

Calculated d/n. 

Kp .. 


ioFo 

W. 

2-364 l.U. 

2-383 A.U. 

Ka .. 


0002 

M. 

2-185 

2*163 

K. .. 


1011 

St. 

2-093 

2*088 

K. .. 


1012 

w. 

1-610 

1-602 

Ka .. 


1120 

M. 

1-376 

1-376 

Ka .. 


1013 

M. 

1-239 

1*231 

K. .. 


1122 

M. 

1*161 

1*161 

K, .. 


2021 

W. 

1*147 

1*149 

K. .. 


2022 

V.W. 

1-045 

1044 

Ka .. 


2023 

V.W. 

•917 

•918 

K a .. 


2131 

v.w. 

•878 

•882 

Ka .. 

. . . . 

1124 

v.w. 

•850 

•851 


Structure : hexagonal close-packed. c 

Dimensions of the unit-cell: a 0 —2-752 A.U. 

Co=4-326 A.U., 


corresponding to an axial ratio 1*572. 
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Only lines of the y phase were present, also on the films 
of alloy E. The data for this alloy are given in Table VII. 
The plane spacings derived from these lines again satisfied 
a hexagonal close-packed arrangement; but, in this case, 
the sides calculated for the unit cell are :— 

a 0 =2-766 A.U. and c 0 =4- 348 A.U., 


Table VII. 

Alloy “ E ” (Cu 3 Sb).—Composition 61 per cent. 
Cu, 39 per cent. Sb. (The y phase.) 


Radiation. 

Plane. 

Intensity. 

Observed d /n. 

Calculated d/n. 

Ka. 

10 T 0 

M. 

2-4001.U. 

2-3951.U. 

Ka. 

0002 

M. 

2181 

2177 

K* . 

1011 

St. 

2*096 

2*098 

Ka. 

1012 

M. 

1*610 

1*610 

K.. 

1120 

M. 

1*382 

1383 

Ka. 

1013 

M. 

1*240 

1*240 

K.. 

2020 

W. 

1*195 

1-197 

Ka. 

1122 

M* 

1*167 

1167 

Ka. 

2021 

W. 

1*149 

1*154 

Ka. 

0004 

V.W. 

1*088 

1*088 

Ka. 

2022 

V.W. 

1*043 

1*049 

Ka. 

1014 

Y.W. 

•989 

*990 

K«. 

2023 

W. 

•920 

■923 

Ka. 

2131 

W. 

*882 

•886 

Ka. 

1124 

V.W. 

•853 

■856 

Ka. 

2132 

V.W. 

-832 

*836 

Ka. 

1015 

V.W. 

•817 

•817 


Structure: hexagonal close-packed* 
Dimensions of the unit cell: a 0 =2-766 A.U. 

c 0 =4*348 A.U., 

corresponding to an axial ratio 1 *572. 


corresponding to an axial ratio 1-572, showing an 
expansion of the lattice with increase of antimony 
content. Alloy E, as already pointed out, corresponds 
to the composition Cu 3 Sb, and a more detailed account 
of it will be given at a later stage. The films of alloy 
E contained a mixture of lines due to the y phase 
and to the alloy Cu^b. Table VIII. gives the data 
for this alloy. The lines of the y phase conformed to a 
hexagonal close-packed structure—the dimensions of the- 
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Table VIH. 


Alloy “ P.’’—Composition 55 per cent, copper, 45 per cent, 
antimony. (Eutectic mixture Y+Cu a Sb.) 


Radiation. 

Plane. 

Intensity. 

Observed d/n. 

Calculated d/n. 

Ka . 

101 

V.W. 

3-382 A.U. 

3-369 A.U. 

Ka. 

001 (2) 

V.W. 

3058 

3-070 

. 

111 

V.W. 

2*612 

2*584 

K„. 

110 

V.W. 

2*831 

2*849 

L a (tungsten) 

111 

M. 

2*596 

2-584 

*K/J. 

1010 

M. 

2-357 

2-395 

K a . 

111 

W. 

2-568 

2584 

*Ka. 

0002 

V.W. 

2-193 

2*177 

•K n . 

ioii 

W. 

2*104 

2*098 

K£ . 

112 

M. 

2*088 

2*088 

. 

001 (3) 

V.W. 

2-045 

2*046 

K a . 

100 (2) 

M. 

2*016 

2*015 

L a (tungsten) 

201 

VW. 

1-903 

1*914 

K„. 

201 

M. 

1-879 

1*914 

K„. 

103 

V.W. 

1*836 

1-825 

K„ . 

121 

V.W- 

1*727 

1-729 

K„. 

101 (2) 

V.W T . 

1*682 

1*684 

*K„ . 

1012 

V.W. 

1*614 - 

1*610 

K„. 

001 (4) 

W. 

1*537 

1*535 

K„. 

203 

V.W. 

1*444 

1*436 

K„ . 

104 

W. 

1*431 

1*434 

*K . 

a 

1120 

V.W 7 . 

1*383 

1*383 

K a . 

100 (3) 

V.W 7 . 

1*338 

1*343 

K„. 

112 (2) 

V.W 7 . 

1*289 

1*292 

K „. 

130 

V.W T . 

1*270 

1*274 . 

K„ . 

131 

W. 

1*246 

1*247 

K„. 

102 (2) 

V.W. 

1*219 

1*221 

*K„. 

2020 

w. 

1*197 

1*197 

K„. 

105 

V r . 

1*173 

1*175 

*K„. 

1122 

W\ 

1*166 

1*167 

K« . 

115 

W 7 . 

1*125 

1*129 

*K a . 

2022 

V.W T . 

1*044 

1*049 

K„. 

112 (2) 

V.W. 

1*039 

1*044 

K„ . 

100(4) 

V.W 7 . 

1*004 

1*007 


Mixture of a hexagonal close-packed lattice of dimensions: 
c° ==4*348 ratio 1-572 and a simple tetragonal lattice of 

dimensions:— 


0 °=6*140 £ ^^ com sp° n ding to axial ratio 1*524. 
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unit-cell being in exact agreement with those obtained from 
alloy E. As the dimensions of the unit-cell calculated 
from the films of alloy F, which exists in the eutectic 
mixture y+CuaSb, are identical with those obtained from 
films of alloy E (composition Cu 3 Sb), which contains lines 
of the y phase only, it follows that the boundary of the 
Y phase on the antimony side of the diagram is near the 
composition Cu 8 Sb. This statement confirms the result 
of Carpenter. 

To complete the examination of the y phase it was 
considered that information should be obtained from the 
films of an alloy existing well inside the phase. Such an 
alloy was alloy I), of composition 35 per cent, by weight of 
antimony. A hexagonal close-packed lattice was found to 
be the arrangement for this alloy also, the dimensions 
of the unit-cell being o 0 =2-752 A.U. and c 0 =4-326 A.U., 
corresponding to an axial ratio 1-572. As was expected, 
this unit-cell is intermediate in size between the unit-cells 
for alloys C and E. 

The results obtained from the films of alloys B, C, D, E, 
and F all point to the fact that the y phase is a region of 
solid solution, crystallizing in a close-packed hexagonal 
structure, the dimensions of the unit cell increasing from 

a 0 =2-728 A.U. . j a 0 =2-766 A.U. 

c 0 =4-288 A.U. J t0 1 c 0 =4- 348 A.U. 

with increase of antimony content. For all these alloys 
the axial ratio remained constant at 1-572. This result is 
of interest, as it shows that the hexagonal cell, like a cubic 
cell, expands proportionally in all directions when a solid 
solution is formed having this structure. If, as shown in 
fig. 2,' the expansion of the hexagonal lattice of the y phase 
follows a linear relationship with composition of antimony, 
and if one boundary of the y phase is fixed at the Cu 3 Sb 
composition, a simple calculation gives the other boundary 
to be at the composition 71 per cent, by weight of copper. 
On the other hand, by using the films of alloys B and C 
this boundary was found to be near 70 per cent, by weight 
of copper. 

These results indicate that the boundary of the y phase 
on the copper side is somewhere in the region of 70 per 
cent, by weight of copper, and on the antimony side at 
the composition Cu 3 Sb (i. e., 39 per cent, by weight of 
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antimony). These are also the limits of the phase found 
by Carpenter. 

The crystal structure and lattice dimensions of the alloy 
Cu 3 Sb had already been determined by Morris-Jones and 
Evans (1) , who assigned to it a hexagonal close-packed 

o 

lattice, the dimensions of the unit-cell being a 0 =2-777 A.U., 
and the axial ratio 1-572. From consideration of these 
values and of the density of the alloy they found that half 
a molecule of Cu 3 Sb was associated with the cell. Many 
films of long exposures were taken to see whether the 
above unit was a sub-unit of a larger cell, but they did not 
detect the presence of any additional lines which would 
suggest such a cell. Proceeding then as if the alloy Cu 3 Sb 
was a composition in a region of solid solution Morris- 
Jones and Evans placed two mean atoms of mass \ of that 
of the Cu 3 Sb molecule at the coordinates (000) and (J, f, f). 
This procedure enabled them to calculate the intensities of 
the lines on the films, and they found that the calculated 
intensities agreed very well with the observed intensities. 
As a result of their work Morris-Jones and Evans intimated 
that Cu 3 Sb may not be a true compound, hut an alloy in a 
range of solid solution. 

In the present investigations the observations from the 
films of Cu 3 Sb corroborated the work of Morris-Jones and 
Evans. The plane spacings calculated from the films of 
alloy E and given in Table VII. satisfied a close-packed 

o 

hexagonal unit-cell, the dimensions being o 0 =2-766 A.U., 
and the axial ratio 1-572, agreeing to £ of 1 per cent, with 
the results of these workers. 

If two mean atoms were placed at the coordinates given 
by these investigators the shortest inter-atomic distance 
was 2-700 A.U., agreeing very well with 2-705 A.U., the 
mean diameter of the copper and antimony atoms. There 
were no lines on any of the films which did not satisfy a 
hexagonal structure or would suggest a bigger cell. 

In the present investigation no crystal structure data 
were discovered to indicate the existence of a definite 
compound at the composition Cu 3 Sb. It appears that the 
alloy CujSb is just a composition in the range of solid 
solution y, which extends from 30 to 39 per cent, by weight 
of antimony. The boundary of the y phase on the 
antimony side happens to coincide with the composition 
Cu 3 Sb, and the limit of the expansion of the hexagonal 
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lattice is at this composition. The work of Morris-Jones 
and Evans (1) , which has been confirmed, is therefore 
explained. 

Table IX. 


Alloy “6.”—Composition 61 per cent, copper, 49 per 
cent, antimony. (The CuaSb Phase.) 


Badiation. 

Plane. 

Intensity. 

Observed d/n . 

Calculated d/n . 

K„. 

101 

V.W. 

3-382 i.U. 

3-369 l.U. 

. 

001 (2) 

V.W. 

3*071 

3*070 

K„. 

111 

V.W. 

2*609 

2*584 

. 

110 

W. 

2-854 

2*849 

L a (tungsten) 102 

V.W 

2*418 

2*442 

K a . 

111 

W. 

2*584 

2*584 

K„. 

102 

V.W. 

2*435 

2*442 

K„. 

112 

St. 

2*088 

2*088 

K«. 

001 (3) 

V.W. 

2*048 

2*046 

Ka. 

100 (2) 

M. 

2*016 

2*015 

K a. 

201 

W. 

1-879 

1*914 

K a. 

103 

V.W. 

1*836 

1*825 

. 

121 

V.W. 

1*729 

1-729 

K a . 

101 (2) 

V.W. 

1*684 

1*684 

K„. 

001 (4) 

V.W. 

1*537 

1*535 

K a . 

203 

V.W. 

1*444 

1*436 

K fl . 

104 

M. 

1*433 

1*434 

K a . 

110(2) 

M. 

1*424 

1*424 

K«. 

100 (3) 

V.W. 

1*338 

1*343 

K„. 

111(2) 

V.W. 

1*289 

1*292 

K g . 

102 (2) 

V.W. 

1*219 

1*221 

K’. 

130 

V.W. 

1*271 

1*274 

K, . 

131 

w. 

1*246 

1*247 

Ki. 

102 (2) 

w. 

1*218 

1*221 

Ka. 

105 

M. 

1*174 

1*175 

Ka. 

115 

M. 

1*124 

1*127 

K„. 

112 (2) 

V.W. 

1041 

1-044 

K„ . 

100 (4) 

V.W. 

1*004 

1*007 

. 

120 (2) 

V.W. 

•897 

•901 


Structure: simple tetragonal. Q 

Dimensions of the unit-cell: a 0 =4*029 A.U. 

c o =6-140 i.U. 

^corresponding to an axial ratio 1*524. 

Two molecules of Cu.^Sb to the unit-cell. 

It may also be pointed out that the resistivity curve of 
Stephens and Evans (8 > for the copper-antimony alloys 
jshows only a slight increase in resistivity over the range 
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30 to 40 per cent, by weight of antimony corresponding to 
the y phase. 


The CuaSb Phase. 

The alloy CugSb has a characteristic purple-lilac colour 
and is extremely brittle. Its metallurgical and physical 
properties all point to the fact that it is a definite com¬ 
pound, existing at the composition represented by the 
formula. 


Table X. 

Alloy “ H.”—Composition 30 per cent, copper, 70 per 
cent, antimony. (Eutectic mixture Cu 2 Sb and Sb.) 


Radiation. 

Plane. 

Intensity. 

Observed d/n. 

Calculated d/n. 

K„ . 

100 (2) 

M. 

3-110 l.U. 

3 111 i.U. 

*K a . 

*K~ 

110 

nn 

W. 

2-822 

2-843 

2-579/ 

•••••• 

211/ 

M. 

2*609 

2*637/ 

. 

110(2) 

W. 

2*252 

2-250 

K„ . 

221 

w. 

2-155 

2159 

*K« . 

112 

M. 

2*086 

2-084 

*K«. 

001 (3) 

V.W. 

2*032 

2-042 

*K„. 

100 (2) 

W. 

2*008 

2-010 

K a . 

112 

V.W. 

1*874 

1-880 

K „. 

320 

V.W. 

1*777 

1-755 

*K„. 

121 

V.W. 

1*720 

1-725 

. 

100 (4) 

V.W. 

1*554 

1555 

*K a . 

110(2) 

V.W. 

1*424 

1-422 

K a . 

210(2) 

V.W. 

1*418 

1-416 

K u . 

332 

V.W. 

1-369 

1-385 


Mixture of a simple tetragonal lattice of dimensions; a 0 — 4 020 X.U. 

6*1261.tL 

corresponding to an axial raho 1*524, and a face-centred rhombohedral 
lattice of antimony a 0 =6*235 A.U. and angle 87° 24'. 

Note.—T he lines of the simple tetragonal lattice of Cu 2 Sb are denoted by 
an asterisk (*). J 


In the course of the present work X-ray photographs 
were taken of this phase (i.) to establish its crystal structure 
and (ii.) to discover whether a region of solid solution 
exists on either side of the CujSb composition. 

The crystal structure of the phase was deduced from the 
measurements of the films of the alloys E, G, H, and I, and 


















1008 Messrs. E. V. Howells andW. Morris-Jones: X~Ray 

the X-ray data for these alloys are recorded in Tables 
VIII., IX., X., and XI. The composition of alloy C 
corresponds to the pure compound. These films showed 
that CttgSb crystallizes in a simple tetragonal arrangement, 
the dimensions of the unit-cell being constant within the 
range of accuracy claimed for the measurements. This 

Table XI. 


Alloy “I.”—Composition 20 per cent, copper, 80 per cent, 
antimony. (Eutectic mixture Cu 2 Sb-|-Sb) 


Radiation. 

Plane. 

Intensity. 

Observed d/n. 

Calculated d/n. 

K„ . 

100(2) 

M. 

3 113 i.U. 

3-1141.U. 

*K„. 

nn 

211/ 

V.W. 

2-607 

2-581 \ 
2639/ 

K„. 

110 (2) 

W. 

2-255 

2-251 

K«. 

221 

W. 

2158 

2-161 

*K a . 

112 

W. 

2086 

2-086 

*K a . 

001 (3) 

V.W. 

2 044 

2 044 

*K<i. 

100 (2) 

V.W. 

2011 

2012 

Ka . 

111(2) 

w. 

1-883 

1-882 

K„. 

320 

w. 

1-772 

1-763 

K„. 

100 (4) 

V.W. 

1-558 

1-557 

K«. 

•K a . 

210 (2h 
110(2)/ 

w. 

1418 

1418-1 

1422/ 

K„ . 

332 

w. 

1-370 

1-386 

K„ . 

431 

V.W. 

1-262 

1-262 

Ka . 

100 (5)1 

V.W. 

1-244 

1 2451 

*Ka . 

131 J 



1-246/ 


Mixture of a simple tetragonal lattice of dimensions :— 

%=4-024 l.U. 1 corresponding to an axial ratio of 1-524, and a face- 

a loo S tt r centred rhombohedral lattice of dimensions a„= 
e„=6 Idd A.U. j 6 . 240 1JJ and angle 87 o 24'. 

Noth.—T he lines of he simple tetragonal lattice of Cu 3 Sb are denoted by 
an asterisk (*). 

structure accounted for all the reflexions produced by the 
crystal planes. The dimensions of the unit-cell deduced 
from the films of the alloys of F, G, H, and I, are :— 

F. a o =4-029 A.U.-1 G. a 0 =4-029 A.U.', 

c 0 =6-140 A.U. J Cq =6-140 A.U. J 

H. a 0 =4-024 A.U.-1 I. a 0 =4-020 A.U.l 

c 0 =6-133 A.U. t c 0 =6-126 A.U. J 

corresponding to an unvarying axial ratio c =1-524. 
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Hie maximum fluctuation in the values of the lattice 
constants is within the range of experimental error, 
being less than J of 1 per cent. This close agreement 
between the values of the lattice from the four alloys, which 
include the actual compound and compositions on either 
side of it, shows that the lattice structure is of unvarying 
dimensions. Cu 2 Sb has therefore a unique structure, and 
the constancy of the unit-cell obtained from the alloys F, 
G, H, and I shows that neither copper nor antimony is 
soluble in it. 

The mean values taken for the sides of the fundamental 
cell are 0 

a 0 =4-026 A.U. 
c 0 =6-136 A.U. 

corresponding to an axial ratio c=1-572. 

The reflexions from the tetragonal faces, combined with 
the density of the compound, i. e., 8-42 gins, per c.c., 
showed that two Cu 2 Sb molecules are associated with 
the unit-cell. The Laue symmetry for Cu 2 Sb was not 
determined, as we failed to obtain an isolated crystal of 
any size. However, the powder photograph shows that 
the unit-cell is obviously simple tetragonal, and the body- 
centre space-groups are thus excluded. To determine the 
space-group and atomic arrangement further measurements 
with single crystals are needed. The crystal structure and 
size of unit-cell determined in the present investigation 
were quoted by Stephens <6 ' in a paper dated April 1929. 

Antimony. 

Carpenter, in his investigation of the antimony end of the 
diagr am found that an alloy containing 0-98 of an atom 
per cent, of copper was inhomogeneous even after pro¬ 
longed annealing, being an eutectic mixture of CugSb and 
antimony crystals. From a study of this alloy Carpenter 
states that the solubility of copper in antimony does not 
exceed one atom per cent., and he has drawn the solubility 
line at this composition, which is 0-5 per cent, by weight of 
copper. This phase of solution Carpenter called the “ & 
phase. 

A solution of 0-5 per cent, of copper in antimony should 
produce a slight but measurable change in the dimensions 
of the antimony cell—the change to be expected in this 
case being a contraction due to the smaller copper atom. 

Phil. Mag. S. 7. Vol. 9. No. 60. May 1030. 3 U 
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XCI. A Method of Investigating the Higher Atmosphere. 
By E. H. Synge *. 

R EGULAR balloon observations of the upper atmo¬ 
sphere, as may be seen from the tables in any book 
on meteorology, do not extend beyond 20 km., at which 
height the density is from % to ~ that at sea-level. The 
ctensity is falling rapidly at this point, and it is improbable 
that balloon observations could be carried to a much 
greater altitude. They must certainly fail long before that 
interesting region is attained, at about 50 km., where the 
density is about ^ that at sea-level and the pressure 
similar to that at which electrical discharge in vacuum 
tubes takes place most readily. It is quite probable that 
the ionization of the lower atmosphere may be controlled 
by conditions here, so that a means of recording variations 
in the atmosphere at these altitudes might be of consider¬ 
able importance to meteorologists. So far as the writer is 
aware the only method suggested for obtaining records at 
such altitudes has been that of sending up powerful rockets, 
loaded with apparatus, which, after recording the conditions 
at the height reached, would descend to the earth by means 
of parachutes f. The difficulties of this method are nume¬ 
rous and obvious, and it does not seem that any attempt 
has been made to obtain records in this way. The 
following method, on quite different lines, is, however, 

* Communicated by the Author. 

t B. H. Goddard, “ A Method of Beaching Extreme Altitudes,” 
Smithsonian Misc. Collections, vol. lxxi. no. 2 (1921). 
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available to determine certain properties and variations of 
the upper atmosphere, as far as a density from ^ to 
that at sea-level. Nearly all the apparatus required exists 
in sufficient quantity; there are no formidable technical 
difficulties to be surmounted; and the theory appears 
quite unassailable. 

The method depends on the scattering of light by the 
molecules of a gas; for a gas of constant composition this 
scattering is proportional, to a high approximation, to the 
density of the gas, and inversely proportional to the fourth 
power of the wave-length of the light. Thus, supposing 
the composition of the atmosphere to be unchanged at the 
heights investigated, its density at these heights will be 
known, after making various corrections, if we can project 
a sufficiently strong beam of light to allow of the light 
scattered in a given region being detected and measured 
by photo-electric apparatus after collection by a large 
reflector. 

The sky of night is, of course, by no means perfectly 
dark, and even if we select the darkest part of the sky on 
a clear moonless night as a background, the light scattered 
by the beam of a single searchlight at any considerable 
height will be quite imperceptible to the eye. For 
instance; taking figures for the searchlight from Glaze- 
brook’s 8 Dictionary of Applied Physics 5 ; for the molecular 
scattering from Schuster and Nicholson’s 8 Optics 5 ; and for 
the sky from Russell, Dugan, and Stewart’s ‘Astronomy,’it 
appears that, at a height of 30 km., where we may suppose 
the density to be about ^ that at sea-level, the light 
scattered from the beam of a 36-inch searchlight, with the 
most powerful arc, will only add about 1 part in 200 to the 
brightness of the darkest part of the sky. This proportion, 
although perfectly imperceptible to the eye, can be 
detected by photo-electric apparatus, which is sensitive to 
a difference of 1 part in 1000. 

This is the case of a single searchlight, but the method 
involves the concentration of a large number of search¬ 
lights upon the same region in the upper atmosphere. The 
effect is additive. In the case considered, if a single 
searchlight enables a reading to be made with a probable 
error of 10 per cent., then ten searchlights will reduce the 
probable error to about 1 per cent. This leaves out of 
account various important considerations—for instance, 
the steadiness of the arcs and the absorption of the light by 
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the atmosphere in its double journey , first from the search¬ 
lights to tiie region of the upper atmosphere under investi¬ 
gation, and. afterwards from this region to the collecting 
reflector. The latter effect, which differs for various 
wave-lengths, will usually be much more complicated if the 
emitting and receiving stations are at a low altitude. A 
table in Schuster and Nicholson’s * Optics,’ 3rd ed. p. 321, 
makes this very evident. Figures are given which compare 
the observed mean, the observed clear-day readings, and 
the theoretical molecular scattering for Washington and 
Mount Wilson. The variation of the clear-day observa¬ 
tions from the mean is about four times as great at the 
lower station as at Mount Wilson. At both stations clear- 
day observations differ very little from the calculated 
values for the short wave-lengths, which produce far the 
greatest effect on the photo-electric cell, so that even at a 
low altitude observations of this sort would require trifling 
corrections only, for atmospheric variations on clear days. 

With regard to the steadiness of the arc, the high inten¬ 
sity Sperry arc is only moderately steady. Its intensity, 
however, appears to be a function of the current passing 
through the arc *, and if this is known for the moment of 
observation the correction could be made at once. When 
a number of searchlights are employed together the 
irregularities would tend to neutralize one another, and 
this, the more effectively, the more numerous were 
the searchlights. Probably the total current used per 
second with a large assemblage of searchlights would 
hardly vary at all, and the amount of any small variation 
would indicate the necessary correction with sufficient 
accuracy. 

Some remarks are necessary as to the collecting refiecror 
and the design of photo-electric cell required. A parabolic 
mirror about 1 metre in diameter would seem well suited 
to the case, but it should be made with considerably greater 
care than an ordinary searchlight reflector, in which errors 
amounting to a divergence of 1° beyond theory are usual f. 
The error here should not exceed a few minutes of arc, and 
the mirror should be silvered on the face, as the dispersion 
of the glass and irregularities of two surfaces instead of one 
are no doubt responsible for the large error in the ordinary 

* “Colour and Spectral Con,position of certain High-Intensity 
Searchlight Arcs,” Bur. Stand. Teen. Pap. no. 168 (1920). 

t Glazebrook's ‘ Applied Physics,’ vol. iv. pp. 521, 622. 
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reflector. A focal length of about 1 metre would be 
.suitable. With such a reflector a photo-electric cell- 
window of a little less than 2 cm. in diameter placed at 
the focus would admit light from a circle of the sky about 
1° in diameter. In the approximate result given for a 
height of 30 km. it was supposed that the beam of the 
searchlight made an angle of about 60° with the horizontal, 
and that the axis of the receiving reflector made a similar 
angle with the horizontal. We can give an approximate 
figure for the amount of light entering the cell under these 
circumstances. No unit of photo-electric activity seems 
to be in use, but the photo-electric effectiveness depends so 
largely on the wave-length, blue light being more than 30 
times as effective as yellow light for a potassium cell *, that 
it is pointless to give a value for the light in ergs without 
specifying the wave-length. But making the necessary 
calculations, it appears that the light entering the cell from 
a single searchlight in the given circumstances may be 
■taken as approximately equivalent in photo-electric 
activity to 10'* or 1*5 x 10" 6 ergs of yellow light per second. 
The light from the night sky, which comes jointly from a 
faint zodiacal light spread over the whole sky, although 
strongest near the ecliptic; from a permanent auroral 
effect; from the stars, which contribute about a sixth part 
of the whole; and, finally, from the light scattered in the 
atmosphere by all these, may probably be taken as about 
the same in composition (practically speaking, in blueness), 
as the light scattered from the searchlight, and we may set 
it as photo-electrically equivalent to 2 x 10 - ® or 3 X10 8 
ergs of yellow light per second entering the cell. These 
amounts are quite sufficient in themselves to allow of an 
accuracy to the degree mentioned. The light, however, 
which passes through the window diverges at an angle of 
00°, and as the photo-electric surface is not sensitive to 
yellow light beyond 10 7 erg per sq. cm. per sec. the cell 
must be rather flatter than is usual. If the sensitive 
surface is 2 cm. distant from the cell-window, the concen¬ 
tration would be sufficient. By making the reflector 
larger, and the window proportionately larger, the depth 
of the cell can be increased in the same proportion, and the 
total current will be increased in the square of this pro¬ 
portion. 


* H. S. Allen, ‘ Photoelectricity,’ p. 273. 
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A cell with so large a window is not suited for giving 
direct readings to the degree of accuracy aimed at, but the 
method of a substituted beam, on a similar principle to that 
outlined by the authors of * Photographic Photometry ’ 
(Oxford University Press), seems adequate to ensure the 
required accuracy. 

The question of a substituted equivalent beam appears 
essential to the method, and as it presents various difficulties 
it may be discussed here. The principle is very simple. 
The searchlight or searchlights are simultaneously occulted, 
and at the same time an equivalent light whose strength is 
known enters the cell. When this light is exactly equivalent 
in its effect to the light collected from the searchlight, the 
needle of the galvanometer will remain steady. And thus 
the strength of the light coming from the searchlight can 
be calculated from the strength of the known light, which 
is regulated by crossed optical wedges. 

For accurate results, however, the lights should be 
exactly equivalent. They should have the same composi¬ 
tion and strike the cell at the same angles. It is this 
which presents difficulties here, since the composition of the 
light from the searchlights as it reaches the receiving mirror 
varies according to the conditions of the atmosphere. 

The most simple plan for meeting the difficulty might 
be the following:—A frame carrying some narrow strips 
of aluminium ribbon, painted white on the side facing the 
mirror and black on the other side, is suspended between 
the sky and the reflector. A beam is made up with a com¬ 
position approximately the same as that reaching the 
reflector, from the searchlight under the actual conditions. 
This beam is divided by mirrors, and the divided parts are 
each passed along the aluminium strips, with which they 
make small angles. A proportion of the light diffused 
from the strips strikes the mirror at the proper angles 
to bring it into the cell. The strength of the beam, before 
division, is regulated by passage through crossed optical 
wedges, and the effect on the photo-electric cell can be 
made approximately identical with the effect of the search¬ 
lights. The composition of the equivalent beam with the 
proper proportions of the various wave-lengths does not 
present any great difficulty. The source of fight can be a 
standard incandescent wire. A spectrum of this is formed 
by a prism, and there is an arrangement of narrow shutters 
or flat pins which can he pushed down in the focal plane of 
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the spectrum, so as to cut off the desired portions of 
various wave-lengths; the beam is then reconstituted by 
reverse passage through a prism, passes through the 
optical wedges, is divided as described, and switched on 
at the same instant as the searchlights are occulted. The 
energy value and photo-electric value of different portions 
of the spectrum of the wire being supposed known, tables 
could be made out showing the proper amounts of each 
wave-length to be cut out for different conditions of the 
atmosphere, and the latter can be determined by observa¬ 
tion on certain bright standard stars. The corrections 
would be much more complicated for a low-altitude station 
than for Mount Wilson, but they would not be so difficult 
as they appear at first sight. In practice they would take 
on a routine character. One would not, of course, deter¬ 
mine the absolute density of the atmosphere directly in this 
way. To do this, one could compare the effect at the 
height under investigation with that at a height within 
the range of balloon observation. But we are far less 
concerned with the absolute density of the atmosphere at 
any height than with its variation from day to day, and 
the method suggested gives us the means of ascertaining 
this with great simplicity, to the degree of accuracy we are 
aiming at, say 1 part in 100 . 

If investigations of the atmosphere at very great heights 
were attempted (of course, with a great assemblage of 
searchlights) the general brightening of the atmosphere 
due to secondary and tertiary scattering from the beams 
would have to be allowed for. For an altitude where the 
density was ^3 that at sea-level, this effect would equal 
about that of the direct scattering reaching the cell. 
Where the density was it might equal \ that of the 
direct scattering. To eliminate this effect the receiving 
reflector would be turned a little aside from the spot under 
investigation, and the difference recorded by the cell when 
the beams were all on, and all occulted, would measure this 
effect, which could then be allowed for in the determina¬ 
tion when the reflector was turned directly on the spot. A 
theoretical calculation would give the proper composition 
for the substituted beam, which would be required to 
measure the secondary and tertiary scatterings. It is, of 
course, only necessary to have a quite approximately 
correct composition of the substituted beam, i. e., the beam 
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which is diffused from the aluminium ribbons, but it is 
important to know its relative photo-electric value in any 
arrangement. 

If it were intended to carry out regular observations on 
the density of the atmosphere at a height of 50 km. 
(density about —5 that at sea-level) a permanent assem¬ 
blage of several hundred searchlights would be required. 
It would also be necessary to have some electrically con¬ 
trolled mechanism by which the observer at the receiving 
station could simultaneously occult the whole assemblage, 
about*30 km. distant. This offers no great difficulty, and 
since all the belligerent nations in the late war have many 
thousands of searchlights on their hands, the investigations 
could be carried out by their meteorological departments 
without any great outlay. 

In such an assemblage it would be simplest to keep all 
the searchlight reflectors permanently fixed in the same 
direction, while the observer with his collecting reflector 
followed the course of their combined beam from kilometre 
to kilometre of altitude, choosing times for his observations 
when no bright star lay within the 1 ° circle whose light 
enters the photo-electric cell. 

It is possible, of course, that the daily variations in 
density at 50 km. may be small, or that they may not 
be immediately related to the weather, in which case the 
method would only have an abstract scientific interest; 
but it is at least equally possible that the variations may be 
considerable and rapid, and may bear closely upon 
conditions in the lower atmosphere; and if so, the method 
might prove an important one in meteorology. It is 
certainly a simple and direct one, at all events for stations 
at high altitudes. 


XCII. Measurements of Sound-Velocities in Air, Oxygen , and 
Carbon ltioxide at Temperatures from 900° C . to 1200° C., 
with special reference to the Temperature-Coefficients of 
Molecular Heats. By Dr. F. E. King and Prof. i. R. 
Partington *. 

'T*HE present communication gives the results of measure- 
A merits of sound-velocities at higher temperatures than 
those previously us*ed ? except in the case of air, for which 

* Communicated by the Authors. 
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measurements tip to 1300° C. have been published. The 
method used and the way in which the results were calculated 
agree with those previously described (Shilling, Phil. Mag. 
iii. p. 273 (1927); Partington and Shilling, Phil. Mag. vi„ 
Suppl. p. 920 (Nov. 1928)). 

It was stated in the second reference (pp. 928 and 932) 
that the piston and central furnace tube of the most recent- 
type of apparatus were of Pythagoras porcelain, and that- 
these measurements were discontinued owing to fracture of 
the piston. A new piston was obtained, and, after fitting, 
was dried by passing dry air through the furnace, the 
temperature being gradually raised to a red heat. After 
drying, a series of measurements was made with air at 
room temperature, in which the value of the tube constant, 
previously found, viz. 0*00136, was confirmed (op. cit.. 
p. 937). An opportunity was also taken to recalibrate the- 
valve oscillator against the standardized steel bar, wheni 
the value previously found was confirmed. 

The experiments with air were continued with rising 
temperatures, and the values of the wave-lengths at tempera¬ 
tures above 900° were measured as an additional check on 
the apparatus. These values were in agreement with those 
previously found, as will be seen by comparing the velocities- 
given in Table I. with those previously published. 

The temperature of the furnace was maintained during 
the night, when the dynamo was not running, by using the- 
240-volt D.C. mains. On account of the higher voltage- 
economical running was arranged by putting the furnace 
windings in series, instead of in parallel, the change-over 
being made by a large double-throw switch. In this way 
undue cooling of the furnace was prevented when the 
dynamo was shut oft’, but as the current was now the same- 
in ull windings the ends of the furnace now tended to cool 
ofF somewhat on account of the greater radiation losses there. 
When the dynamo was put in operation, with the windings 
in parallel, a uniform temperature throughout the working 
length of the tube was rapidly attained by suitable manipu¬ 
lation of the resistances. 

A few measurements had been made, and a temperature of 
1100 ° C. reached, when one of the eud platinum windings 
fused. As this occurred overnight, when the resistances 
were in series, the whole furnace cooled rapidly. After 
removing some of the lagging, it was found that the cause of 
the breakdown was the penetration of a little of the outside 
lagging of bauxite to the surface of the outer winding, 
causing fusion of the platinum. At the same tune 
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sudden cooling had caused fracture of the central furnace 
tube. It was therefore necessary entirely to dismantle the 
whole furnace and erect it again. 

A new tube was available, and the apparatus was re¬ 
assembled with every precaution against breakdown of the 
tube or platinum windings. It was clear, however, that 
there was considerable risk of breakdown at the higher 
temperatures used, «nd in order to economize time and thus 
minimize risk, apparatus for the delivery of the three gases 
used in a pure and dry condition was arranged. The con¬ 
stant of the new tube was determined, and found to be 
(>•00137. The procedure adopted was, when the furnace had 
reached a desired temperature, to pass each gas in turn 
through the furnace tube until analysis of the issuing gas 
showed that all air or foreign gas had been displaced, and 
measurements were then made with all the gases at this 
temperature. This was carried as far as 1200°, when it was 
noticed that gas was not issuing from the exit, and investi¬ 
gation showed that the new tube had also cracked. Since 
the assembly of another apparatus will be a lengthy 
operation, the results so far found, up to 1200°, are now 
published. The properties of the Pythagoras porcelain 
showed that, although small pieces would withstand very hifrji 
temperatures and soften only superficially in the oxy-cCli. 
gas-flame, lengths of two metres were liable to sudden and 
unexpected fracture at temperatures in the neighbourhood 
of 1100°-1200°*. 

The results of the sound-velocity measurements are 
presented in tables, those in Table I. being for air. The two 
sets of figures refer to the two furnaces used. The good 
agreement between these results and those previously found 
is apparent when they are plotted against temperature. The 
new points fall reasonably closely on both sides of the smooth 
curve derived from the previous values (op. cit . p. 933), thus 
confirming the latter. Since the earlier results were from 

* In this connexion we wish to draw attention to the fact that after 
full inquiries we were unable, at the time the experiments were made, 
to obtain any material of English make which was suitable for the 
furnace tubes. After some delay we obtained specimens of material 
from a firm recommended to us, but they were in forms unsuitable for 
testing, and we were informed that the material could not he supplied 
in tubes which could be used under the conditions contemplated. 
It seems necessary to mention this in view of some communications on 
the subject which appeared since our experiments were completed 
(‘ Chemistry and Industry,’ June 21 and July 5,1929), One of the most 
difficult problems in this work is that of obtaining a suitable material 
fat the tubes. 
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a continuous series of measurements made throughout the 
whole temperature range, and extend to higher temperatures 
than the present, they are probably to be preferred, and 
hence no calculations oE molecular heats have been made 
from the present velocities. 


Table I. 

Sound-velocities in Air. 


Temperature °G. 

Velocity m,/$ec. 

1 

; Temperature °C. 

Velocity m./sec. 

939 

691*4 

1026 

715*6 

975 

702*8 

1074 

7299 

864 

6708 

1069 

727*2 

932 

690-9 

1119 

739*5 

1017 

7120 

1167 

750-4 

1048 

7211 

— 

— 


Table II. 

Oxygen. Sound-velocities and Molecular Heats. 


Temperature 

°C. 

Velocities m./sec. 

-A_ 

<v 

G p . 

<yc„ 

— 

Observed. 

-N 

Interpolated. 

959 

664-1 

663*3 

5*319 

7306 

1-3736 

1024 

679-8 

680-0 

5-350 

7-337 

1*3715 

1052 

686-7 

687*1 

5-356 

7-343 

1-3710 

1085 

695-6 

695*4 

5369 

7-356 

1-3701 

1139 

708-8 

708-7 

5*394 

7-381 

1-3684 

1171 

716-7 

716-4 

5-411 

7-398 

1-3673 


Table II. contains the results with oxygen. The observed 
velocities in the second column were plotted agaiust the 
temperatures, and the values in column three found by 
graphical interpolation. The molecular heats and their 
ratio were calculated exactly as before. The last decimals 
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are of no real significance in these values but are included 
for purposes of comparison. 

In calculating the results for carbon dioxide the method 
of correcting for the presence of 0*5 per cent, of air in the 
gas used differs from that employed by Shilling (op. cit. 
p. 293). In the latter it appears that the correction was 
determined by simple proportion from the measured velocities 
of sound in the carbon dioxide containing 0*5 per cent, of air 
and the velocity in pure air. The method now adopted is to* 
calculate the molecular heat of the impure gas (Cj in the 

Table III. 

Sound-velocities and Molecular Heats for Carbon Dioxide. 


Carbon dioxide -f-0*5 


mperature 

per cent, of air. 

°C. 

Velocity 

m./sec. 


15 

265*01 

6*732 

100 

30036 

7*037 

200 

336*30 

7*524 

300 

36800 

7*974 

400 

397*70 

8*220 

500 

424*64 

8*544 

600 

449*90 

8*829 

700 

472*70 

9*316 

800 

495*26 

9*555 

900 

516*55 

9*850 

1000 

537*39 

10*032 


Pure carbon dioxide. 


-A* 


<V 

<Y<V 

Velocity 
in./sec. 

8*782 

1*3028 

264*83 

9*110 

1*2835 

300*13 

9*536 

1*2654 

336*01 

9*983 

1*2496 

367*72 

10*228 

1*2419 

397*40 

10*551 

1*23*24 

424*31 

10*837 

1*2248 

449*55 

11*325 

1*2131 

472*34 

11*564 

1*2076 

494*89* 

11*861 

1*2014 

516*16 

12*046 

1*1977 

536*97 


<v 

6- 741 

7- 098 
7-536 

7- 989 

8- 236 
8-561 

8- 848 
9336 
9576 

9- 873 

10-058 


Tables III. and IV.), using the appropriate constants, and to 
correct for the presence of the 0 5 per cent, of air by the 
mixture rule. The derivation of the sound-velocities in pure- 
carbon dioxide from the corrected values of 0„ thus obtained 
is simply the reverse of the usual calculations. The cor¬ 
rections for the earlier determinations have therefore been 
repeated, and the results are given in Table III., the values- 
in -which have been calculated from the velocities V' in 
Shilling’s paper (Table VII.), which, when the tube cor¬ 
rection has been applied, appear in column two in Table III. 
in the present paper. A comparison with Shilling’s table- 
will show that the differences between the corrected and. 
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uncorrected figures are smaller than those given by the 
previous method of calculation, and this has resulted in 
some small modification in the corresponding values of the 
molecular heats. The present corrected values are closer to 
the values obtained by Dixon, to which reference was made 
in Shilling’s paper (p. 293). Five-figure logarithms were 
used in the calculations, and a fifth figure has been included 


Table IV. 

Sound-velocities in Carbon Dioxide+0‘5 per cent, of Air. 


Temperature 

°0. 

Velocity 
m./sec. 

<$• 

Temperature 

°C. 

Velocity 

m./sec. 


946 

52605 

9 973 

1081 

55263 

10*374 

1020 

541-83 

9*982 

1135 

562*49 

10*614 

1050 

546*98 

10*211 

1178 

571*24 

10*575 


Table V. 

Sound-velocities and Molecular Heats. Pure Carbon 
Dioxide. 


Temperature 

°C. 

<v 

Velocities m./sec. 

<v 

<v 

<yc„. 

Calculated. 

Interpolated. 

946 

9*997 

525*64 

525*60 

10*005 

11*993 

1*1987 

1020 

10005 

541*40 

540*40 

10*230 

12*218 

1*1944 

1050 

10*233 

546*56 

546*40 

10*272 

12*260 

1-1936 

1081 

10*400 

552*19 

552*35 

10*369 

12*357 

1*1918 

1135 

10*640 

562*04 

562*70 

10*491 

12*479 

1-1895 

1178 

10*601 

570*81 

570*80 

10*601 

12*589 

1*1875 


in order to show how the corrected and uncorrected values 
compare. The last figure, however, has no real significance. 

The new values for carbon dioxide, nncorrected, are given 
in Table IV., whilst Table V. contains the figures for the 
pure gas, corrected for the presence of air as explained 
above. In Table V. the velocities obtained from the cor¬ 
rected values in column three by interpolation are given in 
Phil. Mag. S. 7. Vol. 9. No. 60. Mag 1930. 3 X 
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column four,, and from these the values of C w C p , and 
0 P /C„ -were calculated. 

The values for oxygen and carbon dioxide at each hundred 
degrees from 900° to 1200°, to two decimal places, are given 
in Table VI. The values for oxygen and carbon dioxide are 
in good agreement with those previously found at 900 and 
1000 °. 


Table VI. 


Molecular Heats of Oxygen and Oarbon Dioxide. 


Temperature 

° 0 . 

Oxygen. 

Carbon dioxide. 

<v 

<V 

'<v 

<v 

900 

5-30 

7-29 

9*90 

11*89 

1000 

5*33 

732 

10*18 

12-17 

1200 

5-37 

7-36 

10*42 

12*41 

1200 

5-42 

7*40 

10-57 

12-66 
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XCIII. The Magnetic Characteristics of Nickel. 

By F. Tyleb *, B.Sc.f 

D URING the last thirty or forty years a large number of 
investigations on the magnetic properties of materials 
have been carried out, and extensive experimental data have 
been accumulated. Recently great advances have been made 
on the theoretical side, and for diamagnetism and para¬ 
magnetism a considerable amount of work has been done in 

* In receipt of a maintenance grant from the Department of Scientific 
and Industrial Research. 

+ Communicated by Prof. R. Whiddington, F.R.S. 
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.■correlating experiment and theory. For ferromagnetism 
the correlation has not been carried so far. In view of the 
many interesting points which arise in connexion with ferro¬ 
magnetism, it seems desirable to consider how far . the 
experimental results are in conformity with the various 
theories, and to discuss the significance of the data in the 
light of them. In this paper the magnetic characteristics of 
nickel, particularly in the neighbourhood of the Curie point, 
will be considered from this point of view, the data for 
nickel being the most reliable amongst those on ferro¬ 
magnetics. 


Theoretical Magnetization Curves. 

According to the classical treatment of magnetism given 
by Langevin in 1905 and extended by Weiss in 1907, para¬ 
magnetic behaviour generally (including ferromagnetism) 
should be determined by the following equations : 

— = coth a— -,.(1) 

a 0 a 

H = H e +NI,.(2) 


a 


_ 

“ w* 


( 3 ) 


where <r is the specific intensity of magnetization, a 0 the 
saturation intensity, and N the coefficient of the “ molecular 
field ” (postulated by Weiss to account for ferromagnetism, 
and for deviations from the simple Curie law shown by many 
paramagnetics). When the external field is zero (H s =0), 
the possibility arises of a substance becoming spontaneously 
magnetized if N is positive, and by a graphical method 
curves showing the relation between this magnetization and 
temperature can be obtained. (This magnetization corre¬ 
sponds to the extrapolated saturation value for zero external 
field at the particular temperature.) These curves are usually 

drawn so as to represent — as a function of w, where 6 is 

(Tq V 

the Curie temperature. . 

This treatment assumes that any orientation of the mag¬ 
netic carriers with respect to the field is possible. According 
to the quantum theory, however, only certain discreet orien¬ 
tations (or rather discreet values of the resolved moment) 
are possible, and a knowledge of these is to be obtained from 
a study of the Zeeman effect. The magnetic moment in the 
field direction is given by mg (Bohr magnetons), where 

3X2 
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m <=*j,j—l,j— 2,. —j. (j is the inner quantum 

number.) 

The expression ^ cos# appearing in Langevin’s treatment 
then becomes 


m = ^ x Bohr magneton). 

0 

Now, the number of atoms whose moment resolved parallel 
to the field is mgu ,b is proportional to 




sb (putting *=^)> 


and hence for the mean resolved magnetic moment of the 


whence 


? 

= 2 

-j 


,mg/i B 


2 <w\ 

-J 


— = i 2 . m 

^ -j 


J 

2 


(4) 


This is the function which must replace the classical expression 

for — appearing in (1). 

°o 

The limiting quantum case is that in which the magnetic 
elements can only set themselves either parallel or anti¬ 
parallel with the field which occurs when the magnetic 
moment of the carriers is 1 Bohr magneton (jg—1). Under 
these circumstances (4) reduces to the form 


<y 

~ = tanh a .(5) 

o * 0 1 7 

With this relation in place of (1) magnetization tempera¬ 
ture curves can be obtained as before. The classical curve 
may be considered as the limiting quantum curve for j — 

An essential point which emerges from the foregoing 
discussion is that while the reduced magnetization tempera¬ 
ture curves for the Weiss-Langevin theory should be the 
same, for all substances, a series of curves are possible on 
the quantum theory, the form of the curves depending on the 
quantum state of the elementary carriers under consideration. 
These curves will now be discussed in relation to the 
experimental results. 





O'/(Tb 
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Experimental Results. 

The saturation values for ferromagnetics below the Curie 
point have been given by several investigators. Weiss *, in 
collaboration with Onnes (1910), determined the saturation 
intensity of nickel, iron, cobalt, and magnetite down to 20° K., 


Fig. 1. 


curves. 



(1) Quantum theoretical curve for 1 p B . 

( 2 ) „ » 2 

(3) » » » 3 /* B . 

(4) Classical curve (Langevin). 

(6) Experimental curve for nickel (Weiss & Forrer). 


* P. Weiss and H. K. Onnes, Comptes Rendns, d. pp. 686-687 (1910). 
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the method being based on the measurement of the maximum 
eouple exerted on an elli psoid of the material supposed isotropic. 
For temperatures above 0°0. the most satisfactory results 
for nickel are those recently given by Weiss and Forrer* ; 
these results will be used in constructing a “ corresponding 
state ’’ curve for this metal. The values of <r are obtained by 
extrapolating the (<r, H) curves to zero field. The saturation 
intensity «r 0 ®d> absolute zero can also be found by extra¬ 
polation, and hence from Weiss’s magnetic isothermal® 

T 

— may be obtained as a function of ^. The value of 6 

adopted is that obtained by Weiss from experiments on the 
magnetic-caloric effect. The resulting experimental corre¬ 
sponding state curve is shown in fig. 1 together with the 
theoretical curves discussed above. Included in fig. 1 are also 
theoretical curves for the cases of 2 and 3 /^ B . 

From fig. 1 it will be seen that the experimental results 
fit reasonably closely with the 1 /z B curve ; there is an 
appreciable divergence from the 2 and 3 /Lt B curves, whilst 
there is little or no correspondence between the experimental 
and classical curves. 

The quantum theory treatment of ferromagnetism thus 
gives a much more satisfactory representation of the facts 
for nickel than the older theory, if it is assumed that the 
carriers have a moment of 1 fi B - There are, however, still 
slight discrepancies between the theoretical and experimental 
curves to be considered, as may be seen from the figure. 
The non-conformity of the two curves is most pronounced in 
the region just below the Curie point, the experimental values 
being appreciably higher than the theoretical. This may be 
attributed to a number of reasons; but perhaps the chief 
reason lies in the uncertainty of the experimental curve in 
this region due to the difficulty of obtaining reliable extra¬ 
polated values for the quasi-saturation moment. 

Magnetization near the Curie Point . 

In order to circumvent the uncertainty due to extra¬ 
polation in the curves for zero external field in the 
neighbourhood of the Curie point, it was decided to compare 
the theoretical and experimental curves giving the relation 
(T T 

between — and -* for an external field o£ a few thousand 

<Tq u 

* P. Weiss and R. Forrer, Annates de Physique , X® Serie, Tome v. 
p. 163 (1926). * 
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gauss. The experimental curves are obtainable directly from 
results; the theoretical curves, however, require more detailed 
consideration. 

When the carriers have a moment of 1 /xb, the quantum 
theory gives the following equations : 


— — tanh a, . 

... (6) 

0» 

/X II <r 0 H 

a ”Ir“RT’ • • ' 

. . . . (7) 

H = H,+N^. . . . 

m 

... (8) 


Substituting for H in (7), 

“=ra( H - + 


N pa 

m 


) 


_JTq tt , N/mto 2 a_ 

~ RT e+ »mRT *<r 0 


( 9 ) 


Now 0, the Curie temperature, is given by 


e 


mR 


( 10 ) 


Hence, using (10), (9) becomes 

_ Q~qH c 0 (T 

a ~ RT + TV 0 - 

or, rewriting, 


ar _ T H e cr 0 

V o ~0‘ a EJ 



From (11) it follows that the state of a substance in an 
external field H« and at a temperature T is the same as if the 
substance were subject solely to the intrinsic field, and at a 


slightly lower temperature, viz., T— 


H e co 
Ra ' 


A consideration 


of this fact then enables the desired curves to be obtained 
from the appropriate corresponding temperature curves, 
without the uncertainty inherent in the usual graphical 
treatment. (This uncertainty is due to the fact that the 


term 


H«<Tq 

Ra 


appearing in (11) is far too small to be represented 


with precision on a diagram.) 


> 
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The experimental and theoretical curves thus obtained for 
H, = 10,000 gauss are shown in fig. 2. There is no co¬ 
incidence between the two curves, although they are sensibly 
parallel. The relative position of the two curves depends on 
the choice of 6, and it is found that by a judicious selection 
of the value of the Curie temperature the curves can be 
made to coalesce satisfactorily for a wide range below the 
Curie point; though whatever the value of 8 chosen, the 

Fig. 2. 

Magnetisation curves for H e = 10,000 gauss. 



(1) Quantum theoretical curve for l/i B . 

(2) Experimental curve for nickel (Weiss & Forrer). 


experimental curves always lie above the theoretical for 
values of T > 0. 

Now, it is well known that there are wide discrepancies 
in the values of 0 as given by different investigators. This is 
partly due t,o variation of 8 with the chemical purity of the 
material, but from the observations on material of a high 
degree of purity it seems fairly certain that the value of 8 
as derived from observations on the ferromagnetic properties 
of a substance is materially different from the value obtained 
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from the paramagnetic properties by extrapolation of the 

t) curves. Forrer * has recently discussed the signifi- 

cance of the ferromagnetic and paramagnetic Curie points, 
'which in the case of nickel differ by about 16°C. He points 
out that in this immediate region there is still some effect 
due to hysteresis, and it is only above the upper point that 
the substance loses entirely its ferromagnetic properties and 
becomes truly paramagnetic. If this higher value of 6 is 
employed in dealing with the magnetization curves, then 
a. satisfactory agreement can be obtained for a considerable 
range below the Curie point. 

A problem closely associated with the magnetization values 
in the vicinity of the Curie point is the variation of specific 
heat of a ferromagnetic body. Thermodynamical considera¬ 
tions predict a sudden decrease in the specific heat at the 

Curie point, the magnitude depending on in the imme¬ 
diate neighbourhood. In the classical case for values of 
T just less than 0 the following approximate relation holds : 


.< 12 > 


whence 


[•<*(-} 

i'- 

\<v 





5 

3‘ 


T=0 


The corresponding relation for the quantum theory case 
when the carriers have a moment of I fijn is 


giving 


.( 13 ) 


= 3. 


T=6 


L«S). 

5 

These values, . 5 and 3, are the extreme values, and it 

O 

would be expected h priori that the experimentally-obtained 
.magnitude would not lie outside these limits ; a value close 

* R. Forrer, Comptes JRendus , clxxxviii. pp. 1242-1244 (May 6,1929). 
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to 3 would b© expected. From Weiss and Forrer’s results 
a graph giving the relation between and ^ can be 

drawn ; from this it is found that 



This value is considerably higher than the extreme upper 
limit indicated by theoretical considerations. 

Heisenberg’s * recent theory of ferromagnetism essentially 
gives a satisfactory interpretation of the Weiss molecular 
field. This he shows may arise from the interchange inter¬ 
action of the electrons outside closed groups in the atoms in 
the lattice. Equations are deduced similar to those appearing 
in the quantum modification of Weiss’s theory for the I/^b 
case. The mai ^differences are that an I 3 term is introduced 
into the expression for the internal field , and that the quantity 
corresponding to N is dependent on the temperature. 
Although the expressions are admittedly approximations, the 
closeness of approximation should be greatest at fairly high 
temperatures, and it seemed of interest to carry out a calcu¬ 
lation from them as to the variation of magnetization near 
the Curie point. They do actually give a value for 


fi( 

<7 ^ 

O-q/ 

I’l 

1- 

^1 1 

W) 1 

\0) J T=0 


materially greater than 3, but it is doubtful whether much 
significance can be attached to the result on account of the 
limited applicability of the formulae resulting from some of 
the subsidiary assumptions made in the treatment of the 
problem. 

Above the Curie Point . 

The magnetic data for nickel above the Curie point are as 
tabulated below :— 

Temp, range °C. C. 0. C M . p. 


Ni/3 X . 412-900 0056 645 *325 8*02 

Ni/3 a . 900- — — *403 8*96 


* W. Heisenberg, Zeits. fiir Physik , xlix. p, 619 (1928). 
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The p values given in the last column are oomputed from 
the Curie constant appearing in the Weiss-Curie law as 
follows:— 


a 

p ~uWf> 


V3RO* 

1123-5 


* 14*07 VCm. 


If the carriers have not all the same magnetic moment, then 
the Weiss magneton number ( p) deduced from Cm is a root- 

mean square value p = \/p 1 . 

Now, in his investigations on ferromagnetics at low 
temperatures, Weiss deduced with reasonable certainty that 
the gramme-molecular moment of nickel extrapolated to zero 
temperature corresponded to a p value of 3. (For carriers 
of different moments the p value observed at low temperature 
will be an arithmetic mean p = p.) 

Weiss attempted to account for the discordance between 
the p values at high and low temperatures by supposing that 
there were carriers with moments -of 3 and 8 whose relative 
number changed gradually as the temperature rose (there 
being no discontinuity in the quasi-saturation curve). The 
investigations above the Curie point, however, show that 
the magnetic properties usually occur discontinuously, and, 
further, if they are of considerable magnitude, that they are 
usually associated with changes in the crystalline structure. 

Stoner * has shown that both the results can be accounted 
for on the basis of the atomic theory of magnetism without 
the necessity in general of assuming a change in the consti¬ 
tution of the substance. He supposes that there are groups 
of atoms in the crystals, and that the magnetic properties 
are due to ions which have the same moment as those found 
from measurements on paramagnetic solutions and solid salts. 
Thus for nickel he considers groups of five Ni atoms, and 
suggests that the effective ions with p% values constituting 
the group to be 

Ni ++ (2), Ni + (1), 3 Ni (0). 

This gives a p value for low temperatures {p — p) of 3 to 
agree with the observed value of 3, and for high temperatures 
(p = Vp*) the calculated p value is 8*2 against the observed 
value of 8*0 for Ni/9i. With the change in crystal structure 
in passing from NijSi to Ni/S 2 the constitution of the group 
changes which he suggests is now 

Ni ++ (2), 2Ni + (1), 2Ni(0). 


* E. C. Stoner, Leeds Phil. Soc. i. p. 65 (1926). 
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ihis gives a calculated p value of 9*1, the observed value 
being 8-96. 


Discussion . 

In view of the preceding discussion of the corresponding 
temperature curves for nickel, it may reasonably be supposed 
that the magnetic state of nickel is governed by the relation 
expressed in equation (5), implying that the magnetic moment 
of the elementary carriers is 1 ja%. This assumption satisfac¬ 
torily correlates the magnetization values below the Curie 
point, although there are a few uncertain features in the 
immediate neighbourhood of the Curie point; this region, 
however, presents a separate problem of its own. In order 
to account for the p value of 3 at low temperatures, it may 
be assumed that there are groups of 5 carriers, three of which 
have a moment of l/i B ; this would give the necessary Weiss 
magneton value of 3. Little, however, can be said about 
the nature of the carriers. It has been seen that Weiss and 
Stoner, in discussing the magnetic data for nickel, definitely 
attribute the ferromagnetic properties of the metal to ions. 
Hie recent thermoelectric observations of Dorfmaim *, how¬ 
ever, seem to indicate that it is the free or conduction 
electrons which play the role of the elementary magnets, 
lhe jump in the specific heat at the Curie point may be 
written A$C a per atom, and this will be made up of AaC* due 
to the positive ions and A^C* due to the conduction electrons; 
u e., 


A#C tl = AflOj + nAeC*, 

where n = number of conduction electrons per atom. 

A$C a is measured calorimetrically, and A^C* is obtained 
from the sharp change in the thermoelectric magnitude 

^ 2 jgj 

T -jjz at the Curie point. These latter measurements were 


of the same order of magnitude—implying that the conduction 
electrons are responsible for the ferromagnetism of nickel. 
Further, on substituting the value of A$Ce into the quantum 
theory expression for the jump in the specific heat at the 
Curie point, viz. 




-5, j{j± 1) 
~2 + 


the j value obtained was approximately 


This is to be * 


* J. Lorfmann and R. Jaanus, Pt. I.; J. Dorfmann and I. Kikoin. 
Pt. II., ZeiU. fur Physik, liv. pp. 277-296 (1929). 
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expected if the carriers are free electrons, for then 1=0 and 
j=s=%. Also for free electrons g=2, and hence they have 
an associate magnetic moment of 1/ts—a fact in accordance 
with the previous discussion. To account for the/? value of 3 
at low temperatures, a concentration of 60 per cent, of free 
electrons to atoms is necessary. Above the Curie point, 
considering an electron, the p value can be obtained from 
Hund’s expression : 

p = 4*97# V j{j+l) 

by putting g = 2 and j = i- The value of p then obtained 
is 8*6. To acceunt for the observed p values of 8*02 and 
8*96 an electron concentration of approximately 80 per cent, 
(at the Curie point Dorfmaun finds 78 per cent.) and 
110 per cent, respectively is necessary. Under these 
circumstances the necessary facts can readily be accounted 
for. 

On the free electron explanation of ferromagnetism, how¬ 
ever, it is difficult to realise why ferromagnetism should be 
restricted to the metals iron, nickel, and cobalt, and certain 
alloys and compounds (though this objection might also be 
raised against Heisenberg’s theory) ; the majority of the 
metals would be expected to share the characteristic properties 
of ferromagnetics, such metals as silver and copper mani¬ 
festing them to a high degree. Further, Pauli has shown 
by applying the Fermi statistics to the assembly of free 
electrons in the alkali metals, that the slight residual para¬ 
magnetism shown by these metals can be satisfactorily 
accounted for. Far from producing marked ferromagnetic 
properties, free electrons appear to be responsible for a slight 
paramagnetism. Thus the nature of the carriers in a ferro¬ 
magnetic body still remains an outstanding problem. 


Summary. 

Quantum and classical theory curves for the variation of 
the spontaneous magnetization with temperature below the 
Curie point are obtained and compared with the experimental 
results for nickel. Curves corresponding to large external 
fields are also considered. 


a 


The comparison shows that the variation of — with 

r&\. 




'W 


is closely given by a tanh curve, indicating that 


the carriers have a moment of 1 Bohr magneton (/'=£, g= 2). 
There seem to be anomalies in the variation in magnetization, 
close to the Curie point. 
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The magnetic data for temperatures above the Curie point 
are also discussed. It is possible to explain most of the 
magnetic characteristics by supposing that the carriers are 
free electrons whose numbers may vary, as suggested by 
Dorfmann’s work on the variation of thermoelectric pro¬ 
perties of nickel at the Curie point. There are, however, 
•several objections to this hypothesis. No definite conclusions 
can be drawn until the relation between conduction electrons 
And interaction electrons is more fully worked out. 

In conclusion I wish to express my indebtedness te 
Dr. E. C. Stoner for his valuable advice and constructive 
•criticism. 

Physics Department, 

University of Leeds. 


XCIV. The Turbulence in front of a Body moving through 
a Viscous Fluid. By N. A. Y. Piercy, B.Sc., and 
E. G. Richardson, B.A., Ph.D., I).Sc. * 


A PREVIOUS paper f relating to the generation of the 
large-scale turbulence in the wake of a circular 
cylinder moving through air at considerable Reynolds’ 
numbers, incidentally showed the front stagnation point to 
be a region of maximum turbulence. Similar exploration 
near the front stagnation point of an aerofoil J gave the 
same result. In both cases the unsteadiness of flow was 
damped out in the subsequent motion of the fluid. 

The matter is of some interest in the theory of aero¬ 
dynamics, if this instability is an essential feature of all 
stagnation points, because of its relation to an aspect of the 
stability of fluid motion in cylindrical layers studied by 
Kelvin, Rayleigh, and G. I. Taylor. According to a well- 
known analogy, “the varying centrifugal force of the. 
different layers of fluid plays the part of gravity (in a fluid 
of variable density), and the resulting condition for stability 
is that the square of the circulation must increase con¬ 
tinuously in passing from the inner to the outer cylinder, 
just as the density of a fluid under gravity must decrease 
"continuously with height in order that it may be in stable 

» Communicated by the Authors, 
t Phil. Mag. vi. p. 970 (1928). 

\ Aero. Res. Comm. R. & M. no. 1224 (1928). 
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equilibrium ” *. So far as this simple feature of rotating 
fluids may find reflexion in the varying flow round a body 
in a stream, one might expect instability in a limited region 
surrounding the stagnation point where the stream-lines are 
convex to the- axis and the pressure decreases outwards 
along a normal, and stability farther round the shoulder of 
the body where those conditions are reversed. 

Both cases of motion that we have so far examined accord 
with these expectations, but both leave in doubt a question 
as to whether the instability observed may be a consequence 
of fluctuation in the circulation round the body. With the 
aerofoil the circulation had a large average value depending 
on lift, while in the case of the circular cylinder, although 
the average circulation was zero, it might conceivably have 
had a periodic value due to the large-scale eddies shed 
asymmetrically from the rear. 

At Prof. Taylor’s suggestion, we therefore explored the 
region in front of a cylinder of good “ stream-line” section— 


Fig. 1. 



an aeroplane strut—arr nged with its axis of symmetry 
parallel to the wind. The shape of the section, given in 
fig. 1, and the Reynolds’s number employed, 4x10*, using 
maximum width across the stream to specify length, 
ensured that insignificant eddying only was shed from the 
tail, so that the periodic circulation round the cylinder, if 
any, was very small. 

The strut was arranged in a two-dimensional fashion 
between the walls of the 4-ft. wind-channel working at 
42 ft./sec. in the Aerodynamical Laboratory at East London 
College, and the hot-wire method employed in comparing 
the velocity fluctuation at any point near the body with 
that in the undisturbed stream was essentially the same as 
described in the earlier paper referred to. 

Along the various lines that were explored round the nose 
of the cylinder measurements were made of the average 
value of the velocity as well as of its relative amplitude, and 

* Taylor, Phil. Trans. Eoy* Sec. A, ccxxiii. pp. 29i & 827 (1823). 
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from this information fig. 2 has been prepared, which shows- 
above the symmetrical axis contours of equal galvanometer 
response to velocity amplitude, and below the axis iso¬ 
average-velocity curves. The numbers attached to the 
amplitude contours give the amplitude in terms of its value 
at a distance in the stream, while those attached to the 
curves of average velocity give the average velocity in 
terms of its undisturbed value. 

The question may be raised to what extent the magnitude 
of the temperature fluctuations set up in the hot-wire by 
fluctuations of velocity are influenced by the mean velocity 
round which these fluctuations take place. The calibration 
curve of a hot-wire in a steady wind shows (a) at low 



Contours of mean velocity and velocity amplitude. 


velocities an almost parabolic drop of resistance, merging 
into (b) a linear drop at high velocities. Anywhere over 
this second region a given change of velocity will produce 
an approximately constant change of resistance; in other 
words, a linear relation between the response of a vibration 
galvanometer and the fluctuation of velocity might be 
looked for. 

Investigations have been in hand to test this point practi¬ 
cally, in which hot-wires have been oscillated at various 
amplitudes approximately in S.H.M., both in stagnant air 
and in an air-stream. In some of these the wires have been 
oscillated in close proximity to a smooth brass surface. An 
early opportunity will be taken to describe in detail the 
results obtained, but it has been found that, although 
abnormal response occurs at low speeds, yet easily within 
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the limits of the mean velocities measured in the present 
investigation (fig. 2), the relation between velocity amplitude 
and galvanometer reponse at constant frequency is linear and 
independent of the mean velocity. 

Conclusion. 

Fig. 2 shows a considerable area of instability extending 
upstream a distance about one quarter of the length of the 
strut section and roughly covering the area for which 
the mean velocity is sensibly reduced below its value in the 
undisturbed stream. The broken lines in fig. 1 show to 
scale the extent of the disturbance. The disturbance is 
quickly damped out over the shoulder of the strut. 

Within the area explored, velocity amplitude increases 
rapidly as the stagnation point is approached. We therefore 
conclude that front stagnation points in general are centres 
of maximum turbulence. 


XCV. Experiments on the Apparent Deviation from Ohm's 
Law for Metals at High Current Densities. By EL 
Monteagle Barlow. PhD * 

Introduction. 

A NUMBER of experimental investigations have been 
made to test the validity of Ohm’s law for a metallic 
conductor carrying a current of very high density f- All 
of these attempts, with the exception of a recent one by 
Bridgman, indicate that any departure from Ohm’s law, if 
it exists at all, is exceedingly small, even at densities as 
large as 10 7 amp. per sq. cm. Prof. Bridgman, however* 

* Communicated by the Author. 

f (a) Clerk Maxwell, J. D. Everett, and A. Schuster, Brit. Assoc. Rep. 
pp. 36-63 (1876). 

(6) E. Lecher, Sitzber. Wien Akad. cxvi. (2 a) i. p. 49 (1907). 

(e) II. Rausch von Traubenberg, Phys. Zeits . xviii. p. 76 (1917). 

(<?) F. Wenner, Phys. Rev. (2) xv., p. 631 (1920). 

(e) P. W. Bridgman, Proc. Am. Acad. Arts & Sci. lvii. no. 6, p. 131 
(1922), and a preliminary report in Proc. Nat. Acad. Sci. vii. p. 299 
(1921). 

See also J. J. Thomson, ‘The Corpuscular Theory of Matter/ p. 64 
(1907); W. F. G. Swann, Phil. Mag. xxviu. p. *467 (1914); K. T. 
Compton, Nat. Acad. Sci. Proc. xii. p. 648 (1926), and H. Margenau, 
Zeits. f. Physik, lvi. p. 259 il929). 

Phil. Mag. S. 7. Vol. 9. No. 60. May 1930. 3 Y 
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claims to have observed and measured a definite increase 
in the effective resistance of gold and silver films to currents 
of the order 10* amp. per sq. cm., and this after eliminating 
errors due to rise of temperature. 

The method of investigation adopted by Bridgman is ex¬ 
ceedingly ingenious. Measurements were made by passing 
a large direct current and a small audible frequency 


Fig.l. 



alternating current through the metal film at the same time. 
The P.D. between the ends of the film was balanced in a 
simple bridge circuit first with a moving coil galvanometer 
and then with a pair of telephones. The balancing 
resistances were exactly the same for the alternating cur¬ 
rent and the direct current until the density reached about 
10* or 10* amp. per sq. cm., but after this small differences 
were observed. 
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This result naturally suggests that at very hi gh current 
densities the curve representing the relation between the 
P.D. across the ends of the film and the current through it 
at constant temperature is no longer a straight line, but 
has a slightly increasing slope in accordance with the fact 
that the alternating current P.D. was greater than the 
corresponding direct current P.D. Thus in fig. 1 the D.C. 
balance gives a resistance at the point W represented by 
the slope of the straight line OW, whereas the A.C. 


Fig. 2. 



balance gives a resistance at the same point represented 
by the slope of the line MWN, which is a tangent to the 
curve at W. 

Bridgman noticed that this apparent deviation from 
Ohm’s law was a function of the frequency of the alternat¬ 
ing current, and became smaller as the frequency was 
increased. He concluded that this effect was due to the 
periodic heating and cooling of the film with the alterna¬ 
ting current. To eliminate the error introduced in this 
way he made a series of measurements with a given current 
density and different frequencies from 3750 periods per 

3 Y 2 
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sec. down to 320 periods per sec., plotted the difference 
between the A.C. and the D.C. resistance against the 
reciprocal of the frequency, and extrapolated to zero or 
infinite frequency (see fig. 2). The assumption was made 
that at very high frequencies the heating and cooling 
effect would become negligible, so that a true measure of 
the deviation from Ohm’s law was given by the intercept 
OU on the curve. 

So far as the magnitude of the alternating current was 
concerned, Bridgman did not find that this affected the 
apparent deviation over a range of ten- or twenty-fold. The 
average alternating current used was about 0 02 amp., 
being about one-thirtieth part of the maximum direct 
current employed. 

To test the genuineness of the observed effect, an experi¬ 
ment was made with two different rates of flow of the 
cooling water traversing the surface of the film. With 
constant direct current the steady rise of temperature was 
40 per cent, greater in one case than in the other. When 
the difference between the A.C. and D.C. settings in cm* 
of the bridge wire were plotted against the reciprocal of 
the frequency, it was found that the two curves appeared 
to extrapolate to the same value, indicating that the effect 
as measured by the intercept on the vertical axis was 
independent of temperature *. 

Although there was a marked change in the rise of 
temperature of the film for specimens of different width, 
this seemed to bear no relation to the extrapolated 
difference between the A.C. and D.C. resistance expressed 
as a percentage of the initial resistance. 

On the other hand, the thickness of the film was an 
important factor and conductors of gold leaf 16- 7 x 10“ * cm. 
thick gave a percentage deviation some seven times as 
much as the corresponding percentage deviation for gold 
leaf only 8 xl0~ 6 cm. thick. This variation of the effect 
with thickness was far more than could possibly be 
accounted for by errors in observation and seems to the 
author to have an important significance. 

* It is not quite clear whether the result would have been the same 
had the difference between the A.C. and D.C. resistances been plotted 
instead of the difference between the slide-wire readings. At the higher 
temperature the steady current resistance of the film must have been 
greater,.so that the balance-point on the slide wire would be in a new 
position," and a given displacement would no longer correspond with the 
same change in resistance 
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Expemmental Wobk. 

(a) Description of Apparatus. 

The following experiments were carried out with the 
object of confirming Bridgman’s observations. The same 
method of investigation was employed, but certain refine¬ 
ments were introduced to obtain a higher degree of 
accuracy. 

A four-valve audible frequency amplifier was used in 
conjunction with the telephone receiver, so that the A.C. 
balance of the bridge could be made effectively with very 
much smaller alternating currents. The frequency range 
employed was from 1000 to 14,000 cycles per sec. 

The diagram of connexions for the bridge is shown in 
fig. 3. A Eureka slide wire 274 cm. long, and having a 



resistance of 66-7 ohms, was used, the only sliding contact 
in the bridge being the tapping-point to which the detector 
system was connected. Thus, only out-of-balance currents 
passed through this contact, which consisted of a very 
narrow ebonite trough filled with mercury, through which 
the wire was free to slide. The conductor under test was a 
thin metal film, in some cases of gold either 5 xlO'® cm. 
or 9 x 10~® cm. thick, and in others of platinum 16-5 x 
10'® cm. thick, whilst the balancing resistance P was a 
non-inductively wound Eureka wire of 50-3 ohms. The 
cross-section of every conductor, with the exception of the 
metal film under test, was sufficiently large to make special 
cooling devices unnecessary with the currents employed. 
The A.C. was derived from a valve oscillator, and a 25-mfd. 
condenser in the supply leads prevented the D.C. from 
getting back along these leads. A large inductance coil in 
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the D.C. supply wires was used to choke back the A.C. 
For the detector it was found best to connect the moving 
coil galvanometer in series with the primary of the trans¬ 
former attached to the amplifier. 

One of the important points in the investigation was to 
determine how the apparent departure from Ohm’s law 
was affected by the magnitude of the A.C. through the 
film. With this in mind great care was taken to prevent 
direct induction from the valve oscillator, which was 
placed 40 feet away from the bridge and connected to it 
by a cable having an earthed lead sheath. Tht output 
from the oscillator was applied first to a step-down trans¬ 
former on the secondary of which the voltage was measured 
with a Dolezalek electrometer, and then passed through a 
system of non-inductive resistances forming a potential 
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divider, so that the current flowing away to the bridge was 
reduced to a very small value. The oscillator and its 
accessories were enclosed in earthed metal boxes as shown 
in the diagram. With this arrangement it was not 
possible to detect any trace of A.C. in the bridge circuit 
when the key K a connecting to the supply cable was open. 

A low resistance moving coil milli-ammeter was joined 
in series with the metal film to measure the direct current 
passing through it. This instrument was short-circuited 
during the measurements. 

Various methods of mounting the metal foils under 
test were tried. With the gold films it was not found 
possible to improve on Bridgman’s arrangement. They 
were cemented to the outside of a glass tube with shellac 
dissolved in alcohol (see fig. 4 (a)). In some cases a 
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stream of pare distilled water flowing across the film at 
right angles to its length was used for cooling, bat the 
author found that the water had a tendency to boil, 
causing irregular variations in the resistance of the film 
and noises in the telephone receiver. Much steadier 
conditions were obtained with no special cooling device 
apart from the surrounding air, and the current densities 
reached, about 3 x 10 -6 amp. per sq. cm., were not far short 
of those possible with the flowing water. 

Attempts were made to employ liquid-air cooling, but 
with gold this was unsuccessful on account of a change in 
structure at the reduced temperature. Experiment showed 
that only platinum would withstand immersion in liquid 
air and return to its original condition when brought back 
to room temperature. A very narrow strip of platinum 
was cut from the leaf and soldered to copper terminals 
mounted on a glass tube (see fig. 4 (6)). The film was 
entirely unsupported except at its ends, and formed an 
arched bridge at room temperature, so that the contraction, 
when immersed in liquid air, could take place without 
restriction. Tests on these platinum conductors were 
also made in absolute alcohol and air at room temperature, 
the natural convection currents in the cooling medium 
being relied upon to dissipate the heat. With platinum 
the current densities reached were comparatively small, 
but the apparent deviation from Ohm’s law was large 
enough to measure accurately. In order to make a 
comparison between the observations it was essential not 
to submit the film to any treatment that caused a per¬ 
manent change in its properties. Thus great care had 
to be taken to immerse the film in the liquid air gradually, 

(6) Procedure in making the Measurements. 

The galvanometer was short-circuited with the link 
K 3 , and then both D.C. and A.C. were admitted to the 
bridge by closing keys K x and K 2 . A balance was first 
made with the telephones, and if, after opening the link 
K s , the galvanometer showed a deflexion, ike slider was 
re-set for the D.C. balance. Generally the observations 
were repeated several times before recording them. The 
voltage output and frequency of the valve oscillator were 
also noted, together with the resistances and capacity in 
the wires connecting to the bridge. This enabled the A.C. 
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through the conductor under test to be calculated. Repre¬ 
senting the constants of the circuit by symbols as indicated 
in fig. 3, it is easy to show that the alternating current I s 
through the metal film is given by :— 


QV 








DtFF£Bence Between ac & o.c. fi£st$rAnce*4 o»Afs. 
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If x x and x 2 represent the distances from the balance 
point to the right-hand end of the slide wire (see fig. 3) 
for the direct current and alternating current respectively, 
then the difference between the A.C. and D.C. resistances 
of the conductor under test is given by: 



where l =total length of the slide wire. 


Fig. 6. 



VALUES OF LO6 |O (laXl0 7 ) 

Gold film 9 x l(r 6 cm. thick. Section=5 , 2xl0 -9 cm. s 

All the measurements were made with relatively small 
alternating currents, so that the D.C. balance was not 
appreciably altered by interrupting the A.C. supply. 

(c) Experimental Results. 

The curves figs. 5 and 6 show the manner in which the 
observed difference between the A.C. and D.C. resistances 
of the metal film varied with the magnitude of the alterna¬ 
ting current passing through the film. The logarithm of 
the current has been plotted in order to cover the range 
within a reasonable space. The smallest alternating 
current that could be used to give sufficiently reliable 
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results was 2xl0~ 7 amp., and the largest employed was 
8x10" 4 amp., the latter representing about one-thirtieth 
part of the D.C., this relative value being roughly the same 
as that used by Bridgman throughout his work. 

It will be seen that in the case of platinum there was a 
curious increase in the difference between the A.C, and 
D.C. resistances for comparatively large alternating 
currents, but there was no indication that the effect would 


Fig, 7. 



Platinum film 16'5xl0~ c cm. thick. Section 2*47 Xl0~ 7 cm. 1 
Constant A.O.=2xlO“ 8 amp.=8‘l amp. per cm.* Frequency=4000. 

ultimately disappear with the smallest currents employed. 
On the other hand, with the gold film the difference 
between the A.C. and D.C. resistances became zero in 
some cases within the range of measurement, and in others 
showed definite signs of rapidly approaching that value at 
the lower end of the scale. 

Fig. 7 refers to the platinum film with various cooling 
media, and shows the difference between the A.C. and D.C 
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resistances as a function of the direct-current density. 
The A.C. had a value of about 2 xlO -6 amp. throughout 
this test, and the frequency was kept constant at 4000. 
Assuming a temperature coefficient of resistance for 
platinum of 36-5 x 10“ 4 , a calculation was made for the 
rise in temperature of the film. It was found that this 
rise in temperature was always directly proportional to the 
measured difference between the A.C. and D.C. resistances, 
suggesting that if the heating effect of the current could 
be completely eliminated there would be no apparent 
deviation from Ohm’s law. 

In attempting to deduce figures for the difference 
between the A.C. and D.C. resistances at infinite frequency 


Fig. 8. 



Gold film 5x10 6 cm. thick. Section=2*5Xl0~ 3 cm. 2 
Constant A.C.= 2x10“ 5 amp. = 800 amp. per cm. 2 


the curves shown in figs. 8, 9, and 10 were obtained. The 
highest frequency employed by Bridgman was 3760, 
whereas in the author’s experiments with gold measure¬ 
ments were made at 14,000 frequency. 

The platinum film was, unfortunately, broken before the 
frequency was taken above 5000, but the results (fig. 10) 
serve to show the influence of the different cooling media. 
The effect of frequency is very much greater in air at room 
temperature than in liquid air. 

The A.C. was kept as nearly as possible constant during 
these tests, having the value 2 x 10“ 5 amp. for the platinum 
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film, 2 xlO -5 amp. for one of the gold films, and 3x10"* 
amp. for the other gold film. 

It will be seen that all the curves bend over rapidly 
towards the origin, and any extrapolation is subject to 
serious error. 

The specimen of gold to which the curves shown in 
fig. 8 refer was cut from a specially thin part of the leaf 
{estimated at about 5 x 10 cm. thick), and it was possible 
in this case to reach a current density of about 3 x 10* 
amp./cm. 2 with only the surrounding air for dissipating 


Fig. 9. 



Gold film 9yl0 —# cm. thick. Section 5 - 2x 10~ rt cm. 2 
Constant D.C.=0'0707 amp.=1 ‘36 x 10° amp. per cm. 2 
Constant A.C.=8xlO —5 amp. = 577 amp. per cm. 2 


the heat. With a stream of distilled water for cooling, 
and the same current density, the difference between the 
A.C. and D.C. resistances was very much smaller. 

Bridgman produced his curves with a straight line 
from the point corresponding to a frequency of 3750 to 
the vertical axis. Evidently this leads to entirely 
erroneous results, and, in any case, would give different 
values for the intercept on the vertical axis with the same 
current density when using natural air cooling and water 
cooling. 



Ohm’s Law for High Current Densities. 105S 
Conclusion from Experiments. 

The foregoing observations prove that Ohm’s law is 
rigidly true for a gold conductor carrying a current of 
density 2 x 10® amp. per sq. cm., and leave little room for 
doubt that the law is equally true at 3 x 10® amp. per 
sq. cm. 


Fig. 10. 



Platinum film 16 6X10“ 6 cm. thick. Section 2 , 47x 10 -7 cm. 8 
Constant D.C.=0 - 032 amp.=l'3 x 10 5 amp. per cm.* 
Constant A.C.=2xlO~ 5 amp.=81 amp. per cm.* 


The same conclusion is indicated for platinum at a 
current density of 1-3 x 10 6 amp. per sq. cm. 

Discussion op Results. 

Suppose that a curve (fig. 11) is plotted giving the 
change of P.D. across the metal film for various direct 
currents passing through it. The gradient of this curve 
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OMWN increases, due to the rising temperature with 
increase of current. 

Now let a small A.C. be superposed on the D.C. If the 
frequency were sufficiently low, the corresponding alterna¬ 
ting potential variations would be expected to follow the 
static characteristic, that is, along the line MWN. 


Fig. 11. 



A ngnming that Ohm’s law is strictly true, then the higher 
the frequency the more nearly will the potential variation 
approximate to the straight line through W from the origin, 
that is, M a WN a . For audible frequencies such as can be 
employed in these experiments, the alternating potential 
variation probably follows some curve such as M^WN^ 
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Again, the smaller the value of the alternating current the 
less it will influence the temperature of the conductor, so 
that the A.C. balance of the bridge is brought nearer to 
the D.C. balance. Bridgman, in analysing his experiments, 
assumed a sinusoidal variation of resistance with the 
alternating current. The author’s observations on the 
effect of decreasing the magnitude of the A.C. suggest 
that Bridgman’s hypothesis does not really represent the 
facts. During the tests the conductor was necessarily 
always at a higher temperature than its surroundings, and 
any reduction in current tended to produce a fall in 
temperature which was more rapid than the corresponding 
rise accompanying an increase of current. 

In all cases the more efficient the cooling the smaller the 
difference between the A.C. and D.C. resistance. 

As one would expect, it was only possible to get a mini¬ 
mum sound in the telephones for the A.C. balance, and this 
minimum was always sharper the less the values of the 
direct and alternating currents. Moreover, the A.C. 
balance was greatly improved by immersing the con¬ 
ductor in a good cooling medium such as water or liquid 
air. 

In conclusion, the author desires to express his thanks 
to Prof. W. C. Clinton for placing the apparatus in the 
Pender Laboratory at his disposal. 

University College, London. 

February, 1930. 


XCVI. Notices respecting New Books. 

Speech and Hearing. By Dr. Harvey Fletcher. [Pp. xv+331, 
with 154 figures.] (New York: D. van Nostrand Co.; London: 
Macmillan & Co. 1929. Price 21s. net.) 

F IFTEEN years ago a systematic investigation of speech and 
hearing was commenced in the Besearch Laboratories of 
the Bell Telephone System with a view to obtain data upon which 
to base the design of telephone apparatus. The investigation was 
planned on a comprehensive scale, and is still far from finished; 
as it has proceeded, many new problems requiring investigation 
have arisen. The investigation commenced with a study of the 
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constitution of speech in order to establish a description of average 
speech and to ascertain to what extent intelligibility was affected 
by small variations and imperfections in speech, A necessary 
adjunct was a study of the human ear and its mechanical 
operation. 

As the investigation progressed the necessity of the design of 
better and more precise instruments than were already available 
became apparent. The problem of obtaining a reliable record of 
a complex sound was solved by means of electrical apparatus 
consisting of condenser, microphone, amplifier, and a special 
oscillograph. Apparatus was designed by means of which sound¬ 
waves can be converted into electrical form and reconverted 
again to sound with the least possible distortion. There are 
many examples in this book of beautiful experimental technique 
which emphasize the wide applications of the thermionic valve in 
acoustic problems. 

For the measurement of the degree of precision with which 
speech sounds can be recognized and differentiated an essentially 
perfect reproduction system was employed which could be 
deteriorated step by step until the faults became noticeable; 
an estimate was made of the degree of dissatisfaction produced 
by measured imperfections. 

The volume is divided into four parts. Part I. is devoted to 
speech, including the mechanism of speaking and the character¬ 
istics of speech waves. Many examples of speech waves, in the 
form of photographic oscillograms, are given. Part II. deals 
with the physical properties of musical sounds and of noise. 
Part III. is concerned with hearing; it includes an account of 
the mechanism of hearing, limits of audition, minimum perceptible 
differences in sound, and the methods by which acuity of hearing 
may be tested. Part IY. is entitled perception of speech and 
music; it is devoted mainly to the methods of measuring the 
recognition of speech sounds and to the effects of intensity 
changes of frequency distortion and of other types of distortion 
and of noise and deafness upon the recognition of speech sounds. 

It is of interest to note that many of the instruments 
devised in connexion with these researches have found important 
commercial applications. “A surprising number of modern 
acoustical accomplishments have come about through the use of 
slightly modified forms of apparatus which was originally 
developed for these investigations. Modern phonographic records 
are produced with an electrical transmitter which was developed 
in the very early stages of these studies ; and radio broadcasting 
has grown up around this same 4 microphone/ The reproducing 
equipment of the modern phonograph and of the radio were 
predicated directly upon these investigations ; and talking motion 
pictures owe their success and much of their apparatus to this 
same source.” 

Dr. Fletcher is to be congratulated upon such a fascinating 
account of an important series of investigations. 
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The Life and Work of Sir Norman Lockyer . By T. Mah t 
Lockyeb and Winifbed L. Lookyeb, with the assistance of 
Prof. H. Dingle and contributions by Dr. Chables E. 
St. John; Prof. Megh Nad Saha, F.B.S., Sir Napieb Shaw, 
F.B.S., Prof. H. N. Bussell, the Bev. J. Gbiefith, Sir Bxohabb 
Gbegoby, and Prof. A. Fowlib, F.B.S. [Pp. xii+474, with 
17 plates.] (London: Macmillan & Go. 1928. Price 18s. net.) 

The first half of this volume consists of a general biography of 
Sir Norman Lockyer, written by Prof. Dingle from material 
compiled by Lady Lockyer and Miss Lockyer. It presents the 
main facts of Lockyer’s life, but as a biography it is singularly 
unsatisfying. The narrative is unrelieved by a single anecdote, 
and contains few extracts from letters written by Lockyer. 
It presents to us Lockyer the scientist, but not Lockyer the man. 

The second portion consists of chapters contributed by several 
writers in appreciation of Lockyer’s astronomical, archaeological, 
and general scientific work. Of Lockyer’s wholehearted and 
unselfish devotion to the cause of science, and of his far-sighted 
realization of the importance of scientific education and research 
to the industry and commerce of the country, there can be no 
denial. Science owes much to him for his unsparing advocacy 
of its importance for national advancement. Lockyer will also 
be remembered as the founder and first editor of * Nature/ which 
he nursed with persistent devotion through a long period of 
struggle. It is difficult to realize at the present time that for 
thirty years this publication was not a financial success. 

Lockyer’s astronomical work is a curious mixture of grain and 
chaff. We can see now what was of permanent value in it 
and what was not, hut it is more than doubtful whether Lockyer 
himself would have appraised his work in the same way. He was 
very prone to advance theories on incomplete and inconclusive 
evidence, and he therefore failed to influence current astronomical 
thought as he otherwise might have done. His laboratory work 
was of greater importance than his speculations, and his studies 
of the spectra of elements under varying conditions are of 
permanent value. 

National Physical Laboratory . Collected Researches . Yol. xxi. 

1929. (His Majesty’s Stationery Office. Price £1 2s. 6d.) 

The researches brought together in this volume have, with one 
exception, appeared in the ‘Proceedings of the Boyal Society,’ 
«The Philosophical Magazine/ and other journals during the last 
three or four year*. Members of the Electrical Department of 
the National Physical Laboratory and the Badio Besearch Board 
have contributed papers dealing with problems connected with 
the propagation of radio waves, the attenuation due to the 
resistance of the earth, errors iu direction-finding, and measure¬ 
ments on waves received from the upper atmosphere. Several 
Phil Mag . S. 7. Yol. 9. No. 60. Mag 1930. 3 Z 
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papers .included in this collection have an indirect bearing on 
wireless waves—piezo-electric quartz resonator, improved cathode 
ray-tube, and the measurement of inductances and capacities. 
The first paper gives a detailed description of the new standard 
of mutual inductance constructed at the National Physical 
Laboratory for presentation, to the Japanese Government, the 
former standard having been destroyed in the 1923 earthquake, 

Dipolmoment und Ghemisehe Struktur . Herausgegeben von Prof, 
Dr, P. Debye. Leipziger Vortrage. 1929. Kartoniert 
B.M. 9. (Yerlag von 8, Hirzel in Leipzig.) 

In Prof. Debye's recently published book on Polar Molecules 
a considerable number of experimental results on the determina¬ 
tion of molecular moments are given and compared with the 
calculations derived from the theoretical formulae. These include 
the work of Errera on the molar polarization of free molecules 
and the relation between dissymmetry and chemical structure; 
Sanger on the determination of electric moments for gases and 
vapours using the temperature effect, and the polarization of 
mixtures; and Hojendahl’s experiments to establish the connexion 
between the arrangement of atoms and the dissymmetry measured 
by the electric moment. Their later researches and those of 
Wolf, Ebert, and others are brought together in the present 
volume. Estermann’s paper on the application of the molecular 
ray method for the measurement of molecular polarization is of 
special interest. The first experiments of this kind were 
undertaken by Wrede on the alkali salts. Estermann has 
developed and improved the experimental arrangements, and 
applied the method to a number of organic compounds. This 
collection of experimental data will be of service in keeping 
research workers in touch with the recent developments in the 
study of chemical structure, based upon Debye's dipole theory, 

Einfuhrung in die WellenmechaniJc , Louis de Broglie. Ubersetzt 
von Rudolf Peiebls. Geb. R.M. 13.80. (Akademische 
Verlagsgesellschaft, m.b.H., Leipzig.) 

The development of wave mechanics has proceeded at a rapid 
rate during the last three or four years, and notable contributions 
have been made by de Broglie, Schrodinger, and others. 
This volume gives an orderly and systematic account of the new 
mechanics, the theoretical basis for the understanding of atomic 
phenomena. In the preface the author has reproduced the paper 
read at the Glasgow meeting of the British Association. The 
subject is presented in the order of its development—the earlier 
dynamical theories, the analogy between dynamics and optics, the 
association of wave propagation with the motion of a particle, and 
the derivation of the Schrodinger differential equation of the wave 
function. Examples of wave motion are given in the case of 
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vibrating strings and membranes, rectangular and circular, 
followed by the determination of energy levels for the rotator, 
the harmonic oscillator, and the hydrogen atom whose eigen 
functions are the polynomials of Legendre, Hermite, and 
Laguerre. The experiments of G. P. Thomson en the diffraction 
of cathode rays through metal films are described in detail, and 
show close agreement with the wave mechanical theory. Brief 
reference is made to the work of Rupp, who has investigated this 
problem by photographic and electrical methods. Becent experi¬ 
ments on the relative intensities of the Stark components in 
hydrogen also show a remarkable agreement with Schrodinger’s 
theoretical calculation. No better introduction to the study 
of wave mechanics can be recommended to students of modern 
physics, who require a clear exposition of the new theory and its 
application to atomic problems. An English translation would 
deservedly bring the book within the reach of a wider circle of 
readers. 
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January 22nd, 1930.—Prof. J. W. Gregory, LL.D., D.Sc., 
F.R.S., President, in the Chair. 


r JTEIE following communication was read:— 


* The Geology of some Salt-Plugs in Laristan (Southern Persia).’ 
By John Yernon Harrison, B.Sc., F.G.S. 


The area under consideration is contained in the rectangle 
between lat. 27° and lat. 28° 20' N. (85 miles) and between 
long. 54° 20 f and long. 57° E. (175 miles). The two main towns 
are Bandar Abbas and Lar. 

Much of this district is covered by normally folded rocks which 
range in age from Ordovician to Becent, and reach an aggregate 
thickness of as much as 25,000 feet. The lowest 1000 feet are 
chiefly shales and sandstones. From Carboniferous to Middle 
Miocene there are about 13,000 feet of strata which are mainly 
limestones. The silt, sand, and conglomerate of the Mio-Pliocene 
together reach a thickness of 11,000 feet. The only general 
angular unconformity occurs high in the Mio-Pliocene. On the 
north and east the frontal part of the nappes overrides and 
ploughs into the normally folded rocks. 

South and west of the line of nappes the normal folds have been 
invaded by plugs of salt, which have brought up quantities of 
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gypsum and blocks of sedimentary and igneous rocks. The 
extrusive salt has come to the surface at different times, from 
Oligocene to late Mio-Pliocene. The intrusive salt-masses, 
sheathed with autochthonous sediments tilted around them, form 
in some cases brightly coloured mountains of very striking and 
characteristic appearance. 

Where the sedimentary sheath has been broken or removed by 
erosion, tongue-like masses of salt and gypsum have moved 
outwards from the salt dome, and these are described as salt- 
gypsum i glaciers \ Erosion has sometimes entirely removed the 
soluble upper portions of a salt-plug and left a corrie-like valley in 
a limestone hogback. In such a case the corrie-floor is covered 
with a layer of the insoluble material which has accompanied the 
salt to the surface. 

This jumbled assemblage of rocks is designated the Hormuz 
Series. They comprise foetid dolomites and limestones, dark 
calcareous shales, red sandstone and shale, variegated shales and 
sandstones, and igneous rocks which range from granite-porphyry 
to basalt, all more or less epidotized. Dr. G. M. Lees first found 
Cambrian trilobites in the dark shales, and since then other 
geologists have discovered them in several other localities. The 
Hormuz Beds are believed to lie directly on the salt which has 
brought them to the surface, so that the salt and gypsum of the 
salt-plugs must be older than Middle Cambrian. 

The formation of the salt-plugs is attributed to tangential 
forces acting on Cambrian salt, which, on account of its comparative 
plasticity, has acted as something analogous to an igneous magma 
in its behaviour. 

February 21st, 1930.—Prof. J. W. Gregory, LL.D., D.Sc., 
FJELS., President, in the Chair. 

In dealing in his Anniversary Address with the Geological 
History of the Pacific Ocean, the Peesident remarked that 
widespread faith in the unity and permanence of the Pacific Ocean 
has been based on many features, such as its simple trigonal form, 
its marginal earthquake-zone, its volcanic girdle, and its coastal 
structure. The theory was rejected by Huxley in his Presidential 
Address to this Society in 1870. The view that the Pacific Basin 
is the hollow left when the moon was torn away from the Earth is 
untenable, as the moon is 37 times too big and 20 per cent, too 
heavy. The standard geological theory of the origin of the Pacific 
is that of Suess, who inferred, from the parallelism of the sur¬ 
rounding mountains, its unity of origin, and from the widespread 
marine Triassic rocks on the coasts, its Triassie age. 

The geological evidence indicates, not a persistent Pacific Ocean, 
but a succession of variable narrow seas separated by land, and fre¬ 
quently with a predominant trend of west and east. Thus in the 
Lower Cambrian the Olenellm Sea on the north was separated from 
the Bedlichia Sea on the south-west in. the Middle Cambrian one 
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sea spread from the Himalaya to the Rocky Mountains, and an 
arm of it in the Upper Cambrian overspread Eastern Australia. 
The whole of the Southern Pacific from New Zealand to South 
America may have been land, for the only Cambrian in South 
America was an arm of the Atlantic. 

The Ordovician of Pupiao in Southern China has 1 scarcely any 
trace of an American element \ the fauna there is European. 
China and Western America had no direct marine connexion. 

In the Devonian Period the East Indies and the China Sea were 
occupied by a land that extended into the Western Pacific and 
bounded the sea by which the European fauna reached South- 
Eastern China and Tongking. In the Middle Devonian the sea 
with the Flabellites fauna lay along western South America and 
in the valleys of the Amazon and Mississippi; but it did not reach 
Australia, where, in Upper Devonian times, the Chemung fauna of 
New York invaded New South Wales. The absence of this fauna 
from Asia and California shows the separation of the north¬ 
western and south-eastern Pacific seas. 

The Carl Piliferous had the same separation of the Asiatic and 
West American marine faunas, and evidence of land is given by 
Oigantopteris , a member of the Gondwana flora, which is found 
in Southern and Eastern China and in Texas, and doubtless entered 
both from a Pacific land. 

The Trias has a wide range around parts of the Pacific, but 
was deposited in separate seas—an Arctic Ocean with a gulf to 
British Columbia; the western end of a South European sea which 
reached Venezuela and Southern California; the eastern end of the 
same sea which extended past the Himalaya to New Zealand. 
It is represented in New Zealand by a distinct province in a gulf, 
and not the opening to a Pacific Ocean. Evidence of Transpacific 
lands in the Trias is given, according to P. von Huene, by the affinities 
of the Triassic reptiles of South America to those of India. 

The Jurassic was the time of the main development of the 
Pacific Continent of Haug. The Liassic Sea of the North Pacific 
was separated from the contemporary seas in Central and South 
America. The Malm fauna of Chile ranged westwards to the 
Himalaya, but was different from that of the North Pacific and 
the European fauna in the Antillean region. The Pacific region 
in Upper Jurassic times, according to Uhlig, was occupied by faunas 
of four geographical provinces. 

In the Cretaceous shallow water connected California and India, 
while later a land separated the Senonian fauna of California and 
Japan from that of Chile and New Zealand. The North Pacific 
was crossed by the giant Sauropods in their range between Mon¬ 
golia and Montana, and a land-route in a suitable latitude was used 
thrice later by large quadrupeds. The South Pacific was crossed 
in the Cretaceous Period by reptiles that migrated between South 
America and Asia, as the route by way of North and Central America 
was not then available. Lands west of America allowed the diffu¬ 
sion of the Dakota flora (Turonian) southwards to the Argentine. 
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In the Kainozoic Era Transpacific lands seem to have lasted 
until the Oligocene or early Miocene, since the alligator, various 
reptiles, amphibia, insects, crayfish, land-mollusca, primitive mam¬ 
mals, etc., indicate routes of migration aeross the tropical and 
warm temperate zones. Land-plants show the same, for Asa Gray 
pointed out how much is common to the floras of China and 
to those of the southern humid areas of the United States. 
Gordonia, one of the plants with this distribution, helps to fix 
the date of the migration, as it has recently been discovered in 
the Miocene strata of the Rocky Mountains. 

The occurrence of similar animals and plants on opposite sides of 
the southern oceans has been explained by their origin in a northern 
land or by their independent evolution. The northern monopoly of 
evolution is opposed by the theory of Ernst Schwarz of the southern 
origin of the mammals, and the evidence of the development of 
numerous animals and plants in the southern lands. The evidence 
of parasitology renders the alternatives to the spread of some 
animals across the Southern Pacific, according to Launcelot 
Harrison, ‘ merely grotesque \ 

The life of the Pacific islands, according to many authorities, 
can only be explained by the existence of extensive Pacific lands 
on which developed a Eu-Pacific fauna and flora. These lands 
must have been connected with Polynesia and Australia, and were 
probably united to the former extension of the Andes to the north¬ 
west of Peru; according to Steinmann, his Chimu-andes extended 
to Hawaii and Polynesia, and were cut off from South America at 
the end of the Eocene Period. 

The coral-islands and the circum-Pacific river-systems also 
constitute evidence in favour of a subsidence of the Pacific area 
in the Middle and Upper Kainozoic Eras. 

The evidence of the sedimentary rocks that the crust subsides 
to amounts up to 50,000 feet is opposed to that extreme form of 
isostasy which denies the possible uplift of an ocean-floor. The 
arguments in favour of that view, based on a sub-oceanic heavy 
stratum, as proved by the distribution of igneous rocks, gravity 
observations, and the speed of earthquake-waves, rest on assump¬ 
tions so doubtful that geologists should be guided by the direct 
geological evidence. 


February 26th, 1930.—Prof. E. J. Garwood, M.A., Se.D., 
F.R.S., President, in the Chair. 

The following communication was read:— 

* The Glaciation of Western Edenside and Adjoining Areas, and 
the Drumlins of Edenside and the Solway Basin.’ By Sydney 
Ewart Hollingworth, M.A., B.Sc., F.G.S. 

The first part of this paper deals with the glaciation and 
deglaciation of Western Edenside and of the eastern and north- 
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eastern parts of the Lake District. In the lowland areas the 
threefold sequence 1 of Early Scottish, Lake District-Edenside, 
and late Scottish glaciations is recognized. Almost the whole of 
the deposits are referable to the maximum of the second or main 
glaciation. At that time, Edenside acted not merely as a reservoir 
into which ice moved from the surrounding high ground, but was, 
with the latter, part of one vast area of accumulation. A great 
flood of ice travelled anti-clockwise around the northern end of the 
Lake District—first northwards towards the Solway, and then 
westwards and south-westwards into the Irish Sea Basin; it was 
joined en route by ice from the Lake District valleys. Other 
outlets were the Tyne Gap, 2 Stainmore, and the Lune Yalley. 

Some twenty stages in the retreat from the Eden back to the 
valley-glacier stage are recognized, those associated with the 
retreat from the Penrith Sandstone escarpment being particularly 
well defined. Although the ice in the lower ground received 
supplies from the hills throughout, movement during the later 
phases of the retreat was subordinate to decay, and in several 
areas the evidence suggests that lobes of ice died away in situ by 
progressive thinning. 

The ice-fronts were, during the retreat, parallel to the trend 
of the drumlins over extensive areas. This unexpected result led to 
the study of the drumlins of the much wider area, embracing 
all Edenside and the Solway Basin, which forms the second part 
of the paper. It is shown conclusively that the drumlins were 
formed at the maximum of the Main or Lake District-Edenside 
glaciation and not—as has been frequently claimed for other 
areas—at a late stage. With rare exceptions, they show no evidence 
of modification by such transverse movements of ice as occurred 
during the phase of retreat. Even in the area south of the Solway 
that was covered by the Scottish Re-advance Ice, most of the 
drumlins are not due to that ice, but belong to the Lake District- 
Edenside maximum. 

The existence is established of a parting or shed in the ground- 
ice of the low ground across Edenside near Appleby, from which 
the lower layers moved outwards, towards Stainmore and down 
Edenside, and a seeond similar shed near Carlisle, from which 
the ice moved eastwards and westwards. These ground-ice partings 
are independent of the position of the surface ice-sheds. When 
considered in conjunction with the boulder-dispersal, they imply 
extensive differential movements within the main body of the 
Edenside ice, and have important bearings on the movement of 
ice in general, and on glacial erosion. 

Prof. W. T. Gordon exhibited a set of cellulose * pulls’ 
from coal-balls, on behalf of Mr. James Lomax, of Bolton. 
In doing so, he reminded Fellows that Mr. John Walton of 

1 & 2 See also F. M. Trotter, ‘ The Glaciation of Eastern Edenside, the 
Alston Block, A the Carlisle Plain,’ Q. J. G. S. vol. lxxxv. (1929) pp. 549-612., 
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Manchester University and Dr. D. Koopmans of Heerlen had devised 
the process, and the former had given a description of the 
technique to the Society last session. 1 Since the discovery, 
several investigators had tried out the method, and the results 
obtained by Mr. Lomax represented some of the largest and best 
sections of coal-balls yet produced. 

The essence of the process was the replacement of the matrix 
of the petrification by cellulose, and, in order to effect this, the 
surface of the fossil was smoothed and polished (the polish need 
only be a dull polish). If this surface was etched with hydro¬ 
fluoric, hydrochloric, acetic, chromic, or other acid suited to the 
type of petrifaction, the etching produced a ‘furry’ surface, where 
the ‘ fur ’ was the insoluble part of the fossil and held together 
sufficiently well, so as not to crumble, when it was gently washed bj^ 
immersion in water. The etching was continued to the extent 
desired, and, after washing and drying, a layer of cellulose in amyl 
acetate or cellulose acetate in acetone, or such other preparation as 
will give a cellulose film when it dries, was spread over the c fur.’ 
When thoroughly dry, the film could be stripped off, taking the 
* fur ’ with it. In the case of plant-remains the ‘ fur * consisted, 
in part at all events, of carbon, and the cellulose was merely a new 
matrix replacing the old one of silica or calcite, etc. The film was 
then mounted in Canada balsam, or, as the specimens on exhibit, 
on paper, or on glass. One difficulty sometimes encountered was 
the presence of bubbles in the celluloid film. 

Prof. Gordon further described a new technique which had been 
developed by Dr. B. F. Barnes & Mr. H. Duerden, of Birkbeck 
College. In it the cellulose film was made as in the Walton- 
Koopmans process; it was flattened by immersion in alcohol, then 
the back was coated with egg-albumen, and the whole laid on 
a glass slide. On hardening, the film was in close contact with 
the glass surface, and the cellulose was then removed by amyl 
acetate. Thus the original matrix was now replaced by egg- 
albumen, and the section rendered perfectly transparent. The 
process was completed by covering with Canada balsam and a 
cover-slip. This process will shortly be described by the two 
above-mentioned authors. 

In conclusion, he said that it was possible to make fifty sections 
from 2 mm. thickness of material, and that a transverse, a longi¬ 
tudinal radial, and a longitudinal tangential section could be made 
at one and the same time by suitably squaring up the original 
specimen. 

1 Abatr. of Proc. No. 1189, December 13th, 1928, p. 16. 


[ The Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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XCVIII. Notes on Surface-Tension. By Alfred W. 
Porter, I). Sc., F.B.S., F.lnst.P., Emeritus Professor of 
Physics in the University of London*. 

V. On Jaeger’s Maximum Pressure Method. 

I N determinations of the surface-tension of mercury by 
means of Jaeger’s method (i. e., the determination of 
maximum pressure in a gas-bubble before bursting occurs) 
an ambiguity arises. Sometimes the collapse of the bubble 
seems to be "determined by the inside diameter of the delivery 
tube, sometimes by the outside diameter. Owing to the 
impossibility of seeing the growing bubble through the 
mercury, when this is the liquid, the choice of diameter to 
be used in the necessary calculation has to be determined 
by the experimental value of surface-tension expected. The 
following considerations appear to provide a criterion which 
removes this undesirable indeterminateness. 

At the same time the usual assumption, that the results 
are always independent of the angle of contact, is shown to 
be erroneous. How this belief ever obtained credence is 
a matter of some surprise; it seems, however, to be very 
commonly held. 

The first cases that will be considered are those in which 
the angle of contact (reckoned in the liquid) lies between 

* Co m municate d by the Author. For previous parts see Phil. Mag., 
March and August 1929. 

Phil. Mag. S. 7. Vol. 9. No. 61. June 1930. 4 A 
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90° and 180°, as is the case for mercury, for which it is in 
the neighbourhood of 135°. 

As the mercury is forced down the capillary tube, and in it 
a bubble of gas is ultimately formed, any equilibrium position 
of the bubble must be consistent with the angle of contact 
between the liquid and glass being of this constant value. 
Taking into consideration that even the sharpest ground 
surfaces are terminated by rounded edges, various possible 

Fig. 1. 


i 



positions of the bubble are as shown in fig. 1. With a small 
pressure the liquid surface is inside the tube and is convex 
upwards (A); with increased pressure it reaches position 
B, making the contact angle a with the rounded edge, and 
is then absolutely flat; the pressure inside must now be the 
same as the pressure at the same level outside the tube. 
With further increase of pressure the bubble begins to 
form with concave side upwards, and the point of contact 
moves along the rounded edge until the position C is 
leached. It will be assumed that the rounded edge is so 
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sharp that the radios of the line of contact in the 0 position 
oan be taken as the internal radios of the tube. It now 
becomes a question as to whether it will require a greater 
pressnre to cause the interface between liquid and gas to 
expand into positions such as D, E, F while the angle of 
contact remains constant. If the equilibrium pressures 
at D, E, F are less than at C, the bubble becomes unstable 
with the pressure that has increased it to C, and it will 
expand indefinitely. Thus the maximum pressure in this 
case is the pressure corresponding to the interface C, and 
the surface-tensien can be calculated from the form of that 
interface. It is clear that only the-internal radius will 
enter into the calculation. It turns out that the equilibrium 
pressure for the position D (just inside the curved outer 
edge) is always less than that at C (at any rate for such 
radii as can usefully be employed—the statement may not 
be true for very large radii), and consequently the expansion 
from C to D is always of a non-equilibrium type. At 
E, however, the equilibrium value may be less or greater 
than at 0 ; in the latter case the expansion is resisted, and 
a fresh increase of pressure is required for further expansion 
to occur. It must be explained that the interface E is the 
one which has a vertical tangent at the line of contact; 
the line of contact is therefore such a position on the rounded 
outer edge that a vertical tangent corresponds to the true 
angle of contact; the radius of the line of contact is therefore 
sensibly the same as the external radius of the tube. Between 
E and F the equilibrium pressure is found always to diminish 
(except possibly for very large tubes). Hence the maximum 
pressure made use of will be either the pressure for case 
C or for case E, according to which pressure is the larger 
of the two. 

The radius of the line of contact in any position will be 
denoted by C, the angle of contact by a, the maximum semi¬ 
diameter of bubble in any position by X ; the coordinates of 
any point by y and x. It will be assumed that a sufficiently 
accurate expression for the inquiry is the Poisson-Rayleigh 
formula _ 

V /VS-V , 1VS 1 X-f VX* — X* 

y — X— v'X 2 -ar'-HX s log-' 

all distances being given their reduced values, i. e., each true 
distance expressed in centimetres is to be divided by 
ff (i . e., 'So-1 [<7(p —Po)] before being inserted in the 
equation ; X is (in reduced units) the maximum semi-width 
of the meniscus if it were extended in accordance with the 

4 A 2 
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formula until it became vertical. In the Bame way the pres¬ 
sures will be expressed in terms of the reduced height of a 
column of the liquid concerned equivalent to it. The results 
obtained will then be applicable to any values of <r, g, p; at 
any stage of the operations the equations may be transformed 
to ordinary c.g.s. units by making them homogeneous in 
regard to lengths, by multiplying the several terms by 
the appropriate powers of /9 which has the dimensions of 
a length. 

Talnng the Poisson-Rayleigh equation, we have 

t * nd= '£ = { 1_ 3(X+ VX 8 -^)} ’ 

and at the lowest point the meridional curvature is 



where h is the reduced-pressure difference (inside minus 
outside) at the vertex. If d is the reduced depth of the tip 
below the surface of the liquid, we have, if p +A is the 
pressure inside, 

p +A=A+ d+y 0 + A, 

where A=atmospheric pressure and y c the ordinate at line 
of contact. 

Since we may regard d as fixed, the problem consists 
in calculating 

1p-d=y e +h. 

It must be noticed that in positions A, C, and D 0 e =*—~ 

L 

at contact; in position E, 0 C — ~; at F, $ c =x— ^; while 

li £d 

at B it is zero. 

Position E. 

For this position and for any contact angle 

log 2, 

where c=ext. radius; and from the curvature at the vertex 
we have also 



p—d=§c+ —‘231 o* 


so that 
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Hence the following table of reduced values 


c . 

p-d. 

c . 

p—d. 

•1 

20-07 

•5 

4*276 

•2 

1013 

•6 

3*684 

•3 

6-86 

•7 

3*246 

*4 

5-25, 

•8 

2*916 


Positions between C and D. 

In these cases it is necessary to know the angle of 


contact ». 

tan#= —tan a.— {l- 

whence, approximately. 


3 (X+ v'X*—c*) 


-c*)} 5 


__ c ( i__i 

sin « \ 3 tan 2 a .. (1—cos a) / 

From X can be calculated for any value of c 


.=X—v'X 2 —c 2 +iX*log 


X+ v'X’-c 2 


and thence p—d. This has been done for «= 120°, 135°, 150°. 

a=120°. 

c. X. p—d. c. X. p—d. 

•1 115 1746 -4 -454 4-47 

■2 -230 8-72 *6 -672 3-01 

•3 ’342 5-91 -8 -876 2-43 

a =135°. 


a = 150°. 


fl-Ol 

325 

2-60 


•7 
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former, the pressure in position 0 is more than sufficient to 
expand the bubble beyond E ; but if more, then the pressure 
must be further increased until it has the equilibrium value 
at E. The equilibrium value at F is always (at least within 
a range which is of practical use) less than at E, so it does 
not alter one’s conclusions. The curve F is shown as 
a dotted line in fig. 2. The diagram is useful to interpolate 
from. In practice, however, the chief use is to enable 
a choice of suitable radii of tip to be made before actual 
use, and only rough values aro required, because the choice 
should always be made so as to remove any possible doubt 
arising from the approximations made in calculating the 
curves. A table of selected values may therefore prove 
more useful. The accompanying table gives the radii which 
correspond to a series of selected equilibrium pressures—all 
being still expressed in “reduced” units. Values for 
Curves I., II., III., IV. correspond to points between 
0 and D for the angles of contact named, while IV. is also 
valid for E and any angle of contact. 


Values of c. 


Red. Pressure. 

I. 

150°. 

II. 

135°. 

III. 

120°. 

IV. 

SO". 

14 

•07 

•10 

•12 

•14 

12 

*08 

*11 

•14 

* 16 * 

10 

•09, 

•13 5 

•17 


8 

•12 

‘17 5 

•22 

*26 

6 

•17 

•24 

•29 

• 34 6 

4 

•25 

•35 

•44 

•53 

3 

•33 

•48 

•60 

•75 


Examples:—Formercury atmoderate temperatures!)=*187; 
hence an inner radius of '032 cm. corresponds to c='172. 
The table shows that for a=135° this radius corresponds to 
an equilibrium pressure 8. If the outer reduced radius 
were *26, the last column shows that the pressure would 
still he 8. It is a moot point then as to whether the inside 
or outside radius would be the determining one. But if 
the outer radius were '345, the equilibrium pressure thereat 
would only be 6; hence the pressure 8 which had been 
impressed at 0 would be sufficient to cause indefinite 
expansion of the bubble. In 1926 Sauerwald and Drath 
(J?. /. anorg. u algem. Cliemie, cliv. p. 79 (1926)) obtained 
the surface-tension of mercury with several tips, and in 
every case found that the outer radius was the effective one. 
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i.e. t calculations from it gave the value of the surface- 
tension as obtained by other workers by other methods. 
They give no reason, however, for this being the case. 
The above table shows that this must be the case for their 
tubes if the angle of contact is not far from 135°. The 
following table gives the inner (rj) and outer (r 2 ) radii 
(reduced) for their tubes, and the corresponding reduced 
pressures as determined from the above data- 

Pressures. 




Inner. 

Outer. 

•172 

•225 

8 

9-1 

•255 

•342 

5*7 

60 

•132 

•166 

104 

120 

•133 

■164 

10-4 

120 

•158 

•204 

8-9 

100 

•166 

•214 

8*4 

9*5 

•141 

•196 

9-6 

10*3 


The numbers in the last, column are in every case greater 
than those in the last but one. It would have been safer 
to have chosen the radii so that the pressures would have 
been more decidedly different— e.g., for the second row, 
with r 1 = - 255, r 3 should be not more than - 32 for safety. 
It may be added that if the inner and outer radii are nearly 
alike, and mercury is the liquid, the outer edge is generally 
the effective one. 

To calculate the surface-tension when the external edge 
is the effective one we have (position E) 


p - d = $c+ -- — ^lc 3 . 
c 

Let (p—d))S=H, c/9=r 2 =external radius ; 
then 


and inserting an approximate value for ft 2 in the denominator, 



2 r 3 

3 H 


■+ - 461 



and f} 2 =al(g(j>—p 0 ))- 

This formula differs in the lust term from five formulae that* 
have previously been given. Whether this last teim is of 
much significance is doubtful, although it is based on the 
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Poisson-Rayleigh formula, which should justify it being 
retained. For small values of r 2 it can obviously be 
neglected ; for larger values it is possible that uncertainties 
arise in connexion with the approximations made. The 
precise way in which the bubble breaks away may cause 
a fluctuation in the value of H. In any case, the problem 
is ultimately a kinetic, and not a static one. The possible 
range in H should be determined by experiment for slowly 
and quickly formed bubbles respectively, in order that some 
estimate of the possible error due to viscosity or inertia can 
be made. 

It will be seen that when the external radius is the 
determining one the calculation of the surface-tension does 
not involve the angle of contact. It is quite otherwise when 
the maximum pressure is determined by the internal radius. 
Since it is now a case for numerical calculation, we will 
express in terms of true lengths, and the true head corre¬ 
sponding to p — d will be called H. Then, the formulae for 
position C give 

H=_ f +X ( 1_ \/ 1_ r*) + x + 

whence 


HX ( . 2X X 
2 l 1 3H + H 


\A-£- 


2X2 
3 H 2 


where 




x= 


0 - 


»v 


sin « L 3/S 2 tan 2 «(1 — cos a) 


]• 


In the last formula /3 2 can be put approximately 


HX 


where X is approximately . This reduction requires 

a knowledge of the angle of contact. 

The angles of contact considered in the above lie between 
90° and 180°. The question for smaller angles requires 
separate discussion. 


87 Parliament Hill Mansions, N.W. 5. 
March 25,1930. 
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XCIX. The Numerical Solution of Partial Differential Equa¬ 
tions. By Gokakh Pbasad, D.Sc., Reader in Mathematics , 
University of Allahabad, India*. 

1. Introduction. 

M ETHODS for solving ordinary differential equations 
have long been known and have now found their way 
into text-books t- A method of solving integral equations 
was given by me some time ago J. But it appears that up 
till now no method for solving partial differential equations 
numerically has been published. The aim of the present 
paper is to find a method for such equations. 

The method explained below is very accurate, fairly rapid, 
and pretty general. 


2. Outline of the Method. 
Consider first the partial differential equation 


'dx'dy 


=/0>y> 


•)s 


( 1 > 


and suppose that we want that solution of this equation, 
which is equal to <p{y) when x—a, and which is equal to 
yjr(x) when y—b, where <f> and aJt are given functions. Of 
course, if z 0 ,o is the value of z when x—a and y—b, we must 
have 

<f>(b) = yfr(a) = 2o,o. 


Suppose that we want the solution of (1) in the region 
a<x< A, b<y<B, it being assumed that a solution exists 
whose various differential coefficients up to the 4th, or the 
5th, order are continuous. The solution will be obtained 
step by step. Suppose that a solution is in progress, and 

we have obtained the values of z and ic— for a network of 


points given by 




x — a+kw, 


y = b + k'w', 


k = 0,1,2, ... n, where a+nw is nearly 

equal to A; 


k' — 0,1,2 ,,b + r'w'<B; 


* Communicated by the Author. 

| Whittaker/ Calculus of Observations/ chap. xiv. Sanden , i Practical 
Mathematical Analysis ’ (translated by Levy), chaps, x. and xi. 

\ See Proc. Edin. Math. Soc. xlii. pp. 46-59, where further references 
on the subject will be found. 
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and also for the points 

x = a+kw, k = 0,1, 2, ...r, a + rw< A, 

y = h + (V -f-1 )w'. 

d.s 

It is required to find the values of z and for 


oe ss a + (r-t-l)ffl, y — 6+ (r'-t-l)to', 

which, for the sake of brevity, will be denoted by r ’+i 
and p r+ i, r '+i, respectively. These values will be expressed 
in terms of the values of p and z already determined and 
their differences. It is open for us to use either a formula 
involving central differences or one involving the differences 
lying along a sloping line in the difference table. The 
advantage of a central-difference formula lies in the fact 
that the series occurring in it is much more convergent. 
Indeed, it has been shown by Pearson * that the central- 
difference interpolation formula, from wliich equation (2) 
below is derived by integration, is so remarkably convergent 
that a table containing only sixty-seven logarithms, say those 
of the whole numbers from 34 to 100, to eight figures, is an 
adequate frame for finding all logarithms to seven figures of 
all seven-figure numbers, and for this only the first central 
difference, S 2 , has to be taken into account. But the disad¬ 
vantage of the central-difference formula is that, as values 
of Zk,k 1 and pk,w for k>r and k'>r' + l are not known, these 
central differences can only be estimated; their values cannot 
be found exactly in the first instance. Hence a method of 
successive approximations has to be used; but the second 
approximation can always be made sufficiently accurate to 
enable us to dispense with higher approximations. The 
formula involving only the backward differences does not 
necessitate the use of successive approximations; but, on 
the whole, the central-difference formulae are much less 
laborious to work with t* 

The formula for calculating p r +i,r'+\ is 

Pr+l,r'+l = ‘Pr+l,r> + V>’\\— S^ + Iiio 8 ' 4 

...}(Sr+l,r' + Sr+l,r'+l), (2) 


where $ rjr » denotes the value of 




when #=a + t 0 r, 


* K. Pearson, 4 Tracts for Computers/ no. ii. 

t Cf. Bosanquet, “ On the Capillary Rise of Liquids in Wide Tubes/ 
Phil. Mag. no. 28,1928. 
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y—b + wfr', and an approximate extrapolated value of 
« r +i,r'+i is used, as illustrated by the example below. The 
notation employed here for the differences is the same as 
that used by Pearson *. 

The formula for z r +i,r‘+i is 

2r+l,r’+l = Zr,r>+1 + V>{\— Si^ + iSo^ 4 

■••Kj 0 '‘,r' + l + Pr + ],r'+l), (3) 

where the approximate value of p found by (2) is used. 

Small errors in the original extrapolated value of s will 
produce a much smaller error in the value computed for p> 
because of the factor %w '; and this will give rise to a still 
smaller error in z for a similar reason. The value jsr 5 thus 
obtained for z is, therefore, very nearly correct. The 
original extrapolated value of s should now be replaced by 
the value obtained by substituting in (1) z x for z and the 
proper values of x and y, and the computation repeated. 
The value of z should change only by a very small amount 
now. In fact, this change should be so small that if the 
computation were to be repeated with this changed value of z 9 
there would be no further alteration in the value of z . We 
thus get the correct value of z. 

We see now that the process of solving partial differential 
equations is analogous to that of solving a pair of simul¬ 
taneous ordinary differential equations of the first order. 

If very large intervals are taken, it is possible that the 
extrapolated values of S 2 and S' 2 might be appreciably 
wrong. In such cases the computation should be revised 
at every few steps, using the new (computed) values of these 
differences. 


3. An Example . 

Consider the differential equation 

_ (log. 10 ) 2 .2 

’. W 

and suppose we want that solution which is equal to 

25*9546.10^ when x—2 and is equal to 27*6853.10* 1 when 
y— 3. Suppose that the values of z for 

x — 2*0, 2*5, ... 5*0, ..., 

y = 3*0, 3*8, ... 6*2, 

* K. Pearson, * Tracts for Computers/ no. iii. p. 10. 
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have been calculated, and that the values of z for 
x = 2 4 0, 2*5, ... 4-5, 

7-0 

have also been calculated, and we want the value of z when 
x—5'0, y= 7‘0. The computed values of z, p, and s are 
given in the annexed tables. 


Table I. 
Values of z. 


.v\*. 

2*0. 

2*5. 

3 0. 

3*5. 4*0. 

4*5. 

5*0. 

3-0. 

. 718*562 

1055-33 

1493*83 

2056-27 2768-53 

3660*75 

4767 80 

3*8 ..... 

. 943 420 

1385-58 

1961-29 

2699*73 3634*89 

4806*30 

6259-77 

4*6. 

. 1194*86 

1754*86 

2431*01 

3419*26 4603*65 

6087-27 

7928*14 

5 4. 

. 147443 

•2165-46 

3065-22 

4219*30 5680*83 

7511*58 

9783 18 

6*2. 

. 1783*63 

2619-57 

3708*01 

5104*10 6872*13 

9086*80 

11834-76 

7*0 .... 

.. 2123-95 

3119-39 

4415*52 

6077-99 8183-36 10820-60 

? 




Table IF. 






Values o ip. 



sV* 

\ 

20. 

2*5. 

3*0. 

3*5. 4*0. 

4*5. 

5*0. 

30 ... 

.. 584*971 

768 432 

992*947 

1265*41 1593*70 

1986*78 

2454*82 

3*8 ... 

.. 768*026 

10U8-89 

1303*67 

1661*39 2092*42 

2608*50 

3223*00 

4*6 ... 

.. 972*720 

1277*79 

1651*12 

2104*19 2650*08 

3303*72 

4081*91 

5*4 ... 

.. 1200*32 

1576*76 

2037*45 

2596*52 3270*14 

4076-72 

5037*09 

6*2 ... 

.. 1452*03 

1907*41 

2464*70 

3141*02 3955*91 

4931*62 

6093*40 

7*0 ... 

.. 1729*08 

2271*36 

2934*99 

3740*35 4710*72 

5872-61 

? 



121*35 

141-73 

165*01 191*52 




• 


2-90 

3*23 




The figures below the main entries in these tables are the 
values of 8* and 6 4 , or 8' 2 and 8'*, as the case may be. 

Looking at the values of 8' 3 in the column a?=5'0 in 
Table III., we can guess that an approximate value of the 
next 8 f * is 6'40. This leads to the value 

2 x 1385-78-1256-07+6-40 = 1521-89 
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of a for the.blank space in which, there is the note of interro¬ 
gation. We pnt down 6*60 as the value of S' 3 in this blank 
space. As the value 6*30 or 6*90 would produce a difference 
of only one unit in the last place in the values of p, we see it 
is not very important that our guess be quite right. 


Table III. 
Values of s. 


y\ x - 

2*0. 

2*5. 

3-0, 

3-5. 

4*0. 

4*5. 

5-0. 

3*0. 

. 215*849 

283-544 

366-387 

466-924 

588059 

733*104 

905-81 

3-8. 

. 242*074 

317*994 

410-904 

523-655 

659-509 

822172 

1015-86 








6-83 

4*6. 

269-926 

354-581 

458-180 

583-904 

735-386 

916*767 

1132*74 








6*45 








*31 

5*4. 

299-315 

393-187 

508-066 

647-477 

815-454 

1016-59 

1256-07 








6*38 

62. 

330*224 

433*789 

560-530 

714*338 

899-662 

1121*56 

1385-78 

7-0. 

362-671 

476-411 

615-604 

784-528 

988-062 

1231*77 

? 

By formula (2) we now find the corresponding values of p 
to be 

6093*41+0*8 {1(1385* 78 +1521*89) 

-^(2*40 + 6*60)} 




= 7256*04. 




The last row of Table II. now becomes 



y\ x - 

20. 

2*5. 

30. 

3*5. 

4-0. 

4-5. 

5*0. 

70. 

1729-08 

2271-36 

2934*99 

3740-35 

4710-72 

5872*61 

7256-04 



121-35 

141-73 

16501 

191*52 

221-54 





2*90 

3-23 

351 




We put down 4*00 as the value of the next fi 4 . This 
gives 255*56 as the value of B 2 under #=5*0. Applying 
now formula (3), we have, finally, for the value of z, 

10820*60+0*5{K587 2*61 + 7256*04) - & (221*54+255*56) } 
* 14092*82. 
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It is easy to verify that 10^+^ is the solution of the 
differential equation under consideration, and that the value 
of z found above is quite correct. 

In general, the value of z found would be slightly 
inaccurate. With this value of z a better value of * could 
be calculated to replace the assumed value 1523/89. The 
calculation would then have to be repeated. 

We see that, although our intervals are fairly large, viz. 
0’5 and 0'8, we have been able to attain seven-fignre accuracy 
at the very first approximation. Taking larger intervals and 
using the terms in S 4 and 8' 4 also in the second approxima¬ 
tion, it is evident that we could very rapidly tabulate the 
values of z for a large region. All intermediate values of z 
could be derived by the use of bi-variate central-difBerence 
interpolation formulae *. 

4. Initial Values for z. 

It remains now to see how a few initial values of z and 
"dz 

^ can be calculated to start the solution. By differentiating 
successively the equation (1), we find 

B S 2 B 3 2 B 4 2 B 4 ~ 

B^B? B«By 2 ’ dx 3 By’ B^By 2 ’ BaBy* 5 - 

Also by differentiating <fi(y) or ^r(x), we find the values of 

B~ bjz B 3 * a* B^ B^ 

B*’ a* 2 ’ B* 8 ’- ; By’ By 2 ’ By 3 ’ ” 

at the point x—a, y—b. Thus the values of all necessary 
coefficients in the Taylor’s expansion, 



become known; and substituting 1,2 ,... for r, r\ we can 
find a sufficient number of values of z. We can do the same 
for p. 


* K. Pearson, ‘ Tracts for Computers,’ no. iii. 
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Another procedure is also possible. We might take w and 
id' so small in the beginning that B 2 , S’ 2 might become negli¬ 
gible, and we might thus be able to use formulae (2) and (3) 
from the very beginning. 

Thus, in the example considered above, take 

w — w' — 0*1. 


We know s 0) o, -o,i> z i,c j Po,o, pi,o 5 *o, o, *o,u $i,o. To find 
i we notice that 

*o.o= 215-849, s 1>0 = 228-292, 

*0,1 = 219-030. 

Therefore, supposing that A'A.« 0 ,o is constant, the extra¬ 
polated value of 

*1,! = 219-030 + 12-443 
= 231-473. 

We find, therefore, that an approximate value of 
po, 1 = fo, 0 + 2 W '{ S 0 , 0 + * 0 , l) 

= 606-715. 

Similarly 

p ltl = 641-667. 

These values give 

«!,! = 807-689 

bv (3). ... 

" To see if a second approximation is required, we substitute 
this in (4). The value of *j, i comes out to be 231-655. As 
there is an appreciable difference between this and the extra¬ 
polated value, we revise the calculation with the new value 
of * and get 

*!,! = 807-678. 

If we compare this with the known solution, we find that it 
is quite correct. We see that by taking w and to' to be 
about 0-1, we can use formulae (2) and (3) from the very 
beginning. 


5. A more general Equation. 

If instead of (1) we have the equation 

^^=f{x )y ,z, r ,q) .( 5 ) 
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the above method still gives the solution, but we have to 
calculate in this case q also at each o£ the points where 
z r> ? is found. This can be done from the formula: 

^r+l,r-+l = Jr.r'+l + W’{|-a S2 + niO S4 

12U9W)^ 6 •••) (*r,r'+l< *r+l,r’+.)- (6) 

Thus in this case the computation o£ s, p , y, and z all 
have to go along simultaneously, instead of the computation 
of s , j9, and z only. 

6. Transformation of Equations* 

By a slight modification of Laplace’s method * any partial 
differential equation of the form 

Rr+Ss + T* = FO,y, z,p,q), ... (7) 

where R, S, and T are functions of x and y } can, in general, 
be transformed into an equation of the form 

d 2 * _ M \ 

'bxty~ fo’y> z ’P’& 

We see thus that most of the partial differential equations 
which are linear in the second-order terms can be easily 
solved numerically. 

Allahabad, 

October 2,1929. # 


C. The Scattering Potvers of the Atoms in Magnesium Oxide 
for X-Rays and some Related Properties . By G. W. 

B RIND LEV, M.Sc , Assistant Lecturer in Physics , University 
of Jjeeds f. 

1. Introduction . 

E XPERIMENTS have been made recently by R. W. G. 

Wyckoff and Miss A. H. Armstrong (1 > on the intensity 
of reflexion of X-rays by powdered crystals of magnesium 
oxide and sodium fluoride, and from their results they have 
calculated the scattering powers of the atoms in these 
crystals. The scattering power of an atom tor X-rays is 

* Forsyth, ( A Treatise on Differential Equations/ p. 504 (Loudon, 
1914). 

f Communicated by Prof. R. Whiddingtou, F.R.S. 

Phil. Mag . S. 7. Vol. 9. No. 61. June 1930. 4 B 
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closely connected with the number and distribution o£ its 
electrons and with its amplitude o£ thermal vibration. 
References to work on this subject are given in a recent 
paper by the writer <3) , in which the amplitudes of vibration 
at room temperature are calculated for the atoms in the 
crystals NaCl, KC1, NaF, and LiF. For these crystals it 
was possible to assume that the atoms are singly ionized, 
but in the case of MgO it is not certain whether the lattice 
points are occupied by neutral atoms or by singly or doubly 
ionized atoms. 

The present calculations were undertaken with the object 
of determining, if possible, the state of ionization of the 
atoms in MgO, and alse of estimating their amplitudes of 
thermal vibration, from the experimental data of Wyckoff 
and Miss Armstrong. 

2. The Relation between the Scattering Power of an Atom 
and the Number and Distribution of its Electrons . 

The most direct way, theoretically, of determining the 
number of electrons associated with each atom would be 
to use the following equation, due originally to A. H. 
Compton (3) , which enables the electron distribution U(r) 
to be calculated from the scattering power F : 

Q_„ » 

U(r) = 2 n. F n sin 2Trnr/D. ... (1) 

If F„, the scattering power in a direction 0 n , the glancing 
angle of incidence for the spectrum of order n from planes 
of spacing D, is expressed in terms of the electron as unit, 
then U(r) is the radial electron density at distance r from 
the nucleus, and the total number of electrons in the atom 

is J* U(r)d5r. This method, however, suffers from the 

disadvantage that F„ can only be measured for a limited 
range of angles, and for the largest angles at which F can 
be measured F n is quite appreciable. In consequence the 
series cannot be summed completely. This difficulty is 
magnified because n.F n occurs in the summation, and w.F n 
is still large when F» is small. Whether the higher-order 
terms in the summation are neglected, or an extrapolation 
of F to zero is attempted, there is usually a very considerable 
uncertainty in U(r). 

Wyckoff and Miss Armstrong recognized these difficulties; 
they calculated the charge distribution along a cube edge of 
MgO, using an expression similar to (1), with and without 
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an extrapolation of F to zero, and their results were markedly 
different in the two cases. Their final conclusion was that 
“in view of the inexact nature of this extrapolation too 
much physical significance cannot be attached to the results 
of these series developments ” (op. cit. p. 439). A short 
account has recently appeared of an investigation by 
E. 0. Wolien* 4 ', who has used the radial Fourier series, 
and he finds that “the data indicate that the number of 
electrons associated with magnesium and oxygen is more 
nearly that of the neutral atoms than that of the ions." 

In view, however, of the uncertainties inherently attached 
to the use of equation (1), an attempt has been made to solve 
the problem by a different method, using the experimental 
data of Wyckoff and Miss Armstrong. 


3. An Alternative to the Method of Fourier Analysis . 

The underlying theory, which has been fully discussed 
elsewhere (5) , is briefly as follows :— 

Knowing the wave function yfr for an atom with central 
symmetry, U(r) can be calculated : 

U(r) = 47r .(2) 

F 0 , the scattering power of the atom at rest , is then given by 
the equations 

*.-r dm.*#.*. 

Jo 9 

— 47rj \jnfr . ... (3) 


(f>=4tTrr(~ 


F T , the scattering power of the atom when vibrating at 
temperature T, is connected with F 0 by the relation 

Ft=*f 0 .*- m ,.(0 


where 




This expression for M was given by I. Waller w , and is true 
for crystals having cubic symmetry. is the mean square 
of the displacement of the atom from its equilibrium 
position; \/t? may be regarded as the mean amplitude of 
vibration at temperature T. 

4 B 2 
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The calculation of F 0 and Ft from U(r) is not accom¬ 
panied by the same disadvantages as the reverse calculation 
of U(r) from F, for since in equation (3) U(r) and (sin 
both tend to zero as r becomes large, F 0 can be calculated 
accurately. 

The equations (2), (3), and (4) may be made the basis of 
a method for determining the state of ionization of the atoms 
in a crystal, provided the experimental data are sufficiently 
extensive . 

A series of investigations by R. W. James and others on 
the scattering powers of the atoms in crystals of rock-salt, 
NaCl, sylvine, KC1, and aluminium (7) at different tem¬ 
peratures has shown that when the scattering powers Ft at 
room-temperature are corrected for thermal agitation and 
for zero-point energy, the resulting F 0 values for the atoms 
at rest agree very well indeed with the theoretical F 0 values 
obtained by use of equation (3) from the charge distributions 
calculated by the method of D. R. Hartree (8) , which is based 
on wave mechanical principles. Apart from the general 
evidence (9) showing that wave functions calculated by 
Hartree’s method are correct to a fairly close approximation, 
the results obtained by~James and his co-workers are strong- 
evidence for the view that scattering powers calculated from 
Hartree charge distributions are approximately correct when 
the appropriate temperature factor, e~ M , is applied, This 
principle has been discussed more fully by the writer in a 
recent paper (2) . 

In applying the principle to MgO, we require first the 
radial charge distribution and hence the F 0 functions for 
neutral 0, neutral Mg, 0” 2 , and Mg +2 . Secondly, we must 
estimate the temperature factors for the atoms in MgO, and 
so calculate the Ft functions by means of equation (4) ; this 
second step is, in general, the more difficult of the two. 
A comparison of the theoretical Ft values and the experi¬ 
mental values should then decide the degree of ionization 
of the atoms in the crystal. Whether it will be possible or 
not to make the final decision will depend on whether the 
theoretical F 0 and Ft functions are appreciably different for 
the ionized and un-ionized atoms in the region of (sin#)/\ 
where experimental measurements have been made. 

A somewhat similar investigation to the present one has 
been made by R. W. James, the writer, and R. GL Wood 
for aluminium (7) . In that case it was not possible to deter¬ 
mine whether the atoms in crystalline aluminium are singly, 
doubly; or trebly ionized, because it is only at very small 
scattering angles that F 0 is appreciably different for the 
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three ions ; this arises because the M electron(s) in Al + * 
and Al + are so diffuse. 

The same difficulty will undoubtedly arise for Mg +S , Mg + , 
and Mg owing to the diffuseness of the M electron(s) in 
Mg + and Mg; but it is not at first sight evident whether 
there will be the same difficulty for oxygen, for whereas 
neutral Mg has two electrons more than the neon-like ion 
Mg +2 , neutral 0 has two electrons less than O -2 . It was 
therefore thought worth while to examine the theoretical 
F 0 curves for neutral 0 and O -2 . 

4. The Scattering Powers of Neutral Oxygen 
and of 0~ 2 . 

The distribution of charge in neutral oxygen has been 
calculated recently by Miss Black using Hartree’s method, 
and James has calculated the F 0 function *, the atom being 
assumed to be spherically symmetrical. 

The case of 0~ 2 was more difficult. In Schrodinger’s 
equation for the wave-function ifr of an electron in a cen¬ 
tral field, there occurs a parameter E which, considered 
physically, is the total negative energy of the electron in 
the potential field. Hartree uses a constant e, given by 
E = —so that for an electron in a normal atom e is 
essentially positive. In a calculation of the charge distri¬ 
bution of F“ considerable difficulty was found in obtaining 
the wave function for the 22 electrons owing mainly to the 
charge on the outside of the ion being in a very weak 
attractive field and partly to e being very small. In the 
case of O -2 the charge on the outside of the ion would 
be in a repulsive field, and, from an inspection of e for 
other neon-like ions, e for O -2 would probably be negative , 
in which case there would be no solution of the wave 
equation of the required type ; if e is just positive a solution 
of the required type will exist but will be difficult to 
calculate. 

F 0 curves, however, have been calculated for the fol¬ 
lowing neon-like ions from charge distributions obtained 
by Hartree’s method, F“, Ne, Na + , Al +S , and Si +4 , and 
a method was therefore sought for determining the F 0 curve 
for O -2 by extrapolation. Several quite different methods of 
extrapolation have been used which lead to almost identical 
results. 

One method was as follows. The wave function obtained 
by Hartree’s method for an electron in an atom of nuclear 

* I am indebted to Miss Black and Mr. James for these data. 
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charge Ze can be represented approximately by considering 
the electron to be in a central Coulomb field doe to a 
charge Tie. Now by choosing 71 rightly, the F 0 curve 
calculated from the Hartree distribution of .charge and the 
F 0 ' curve * obtained from the “ hydrogen-like ” distribution 
can be made almost identical. Actually it was found best 
to choose Z' so that for each electron in the above series of 
neon-like ions the Hartree and the hydrogen-like F 0 curves 
coincided at F 0 =0’5. For a particular group of electrons, 
71 was found to vary linearly with Z ; hence 7J could be 
obtained with a fair degree of certainty for O -2 by 
extrapolation. The differences between the Hartree Fo 
curves and the hydrogen-like F 0 ' curves were small, and so 
by extrapolation the difference between the Hartree F e curve 
and the hydrogen-like F</ curve for 0 ~ 2 could be calculated. 
In this way the Hartree F 0 curve was estimated for each 
group of electrons in O -2 . It was found that the Fo curve 
for the two li and the two 2i electrons was practically the 
same for neutral oxygen and for 0~ 2 , but for a 22 electron 
in 0~ 2 the F 0 curve was found to fall to zero more quickly 
than for a 22 electron in neutral oxygen. As this point is 
of some importance, a few details may be given of the 
calculation. 

For a 22 electron in a Coulomb field of charge T'e <10) , 


Then 


U(r) = 


Z' 6 

U 


. r*.e ~ Vr . 


Z ' 5 P“ 

= 1 ri ‘ a i n kr.e- z ' r .dr, 

where 



On evaluating the integral 


F n '=s 


ur 


MOT 


Z' was obtained by making F 0 \ the hydrogen-like function. 


* F 0 ' is the scattering power for a hydrogen-like distribution of charge 
with nuclear charge 2!t. 
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aud F 0 , the Hartree function, coincide at F 0 =0'5; that is 
to say, 71 is given by 




A graphical solution of this equation gives 


whence 


27 = 0 - 716 , 


Z' = 17-5(-~) 

V A. ) F n =0'o 


Fig. 1. 



The variation of Z', the effective nuclear charge for X-ray 
scattering, with Z, the true nuclear charge, for the 
2i electrons of neon-like ions. 


where (\ is the value of (sin 8)/\, (X in A.U.), 

\ X /f o =-05 

for which the Hartree F 0 function is 0‘5. 

The results obtained are shown in fig. 1, where 71 is 
plotted against Z; 71 may be called the effective nuclear 
charge for X-ray scattering. The linearity of the variation 
of 71 with Z is clearly seen. It is of interest to observe how 
far the value of 71 for neutral oxygen lies from this line. 

Another method by which F 0 was estimated for 0“* will 
be described fully in a later paper, but the principle of the 




1088 Mr. GL W. Brindley on the Scattering 
method is as follows. When F 0 for a particular group of 


is the true nuclear charge, F 0 is practically independent 
of Z when 5 has the appropriate value. Values of s have 
now been obtained for the different groups of electrons in 
many atoms and ions. It is possible in the case of 0~ 2 to 
estimate s with a considerable degree of certainty, and hence 
to calculate F 0 for 0~ 2 . 

Other methods have also been used, but they all lead to 
essentially the same result for This may be taken as 
evidence that in estimating the F 0 curve for 0~ 2 from data 
for other neon-like ions no serious errors have been made. 
The error in F 0 is probably nowhere greater than 0*1, and is 
probably less for those parts of the curve which are not steep 
with respect to the (sin 6)/X axis. 

5. A Discussion of the Results for Oxygen in MgO. 

In fig. 2 the theoretical F 0 curves are drawn for neutral 
O and for O -2 . At small values of (sin 0)/\ the curves are 
quite different, owing to the number of electrons being 
different in the two cases. At large values of (sin 6)/\ the 
curves are practically coincident; this is due to the fact that 
only the li electrons scatter appreciably at large angles, 
and the li electrons in neutral 0 and O” 2 have the same 
distribution of charge. The most interesting region is 
between (sin #)/X=0*25 and 0*65, where the two curves 
are slightly different. The physical significance of this 
result appears to be as follows. When two additional 
electrons are added to neutral oxygen to form O" 2 there 
is an interaction between these electrons and those already 
present. Neutral oxygen is considered to have four 22 
electrons, and 0“ 2 , being neon-like, to have six 22 electrons. 
The interaction, therefore, of the two additional electrons in 
O ” 2 affects mainly the 22 group ; owing to their mutual 
repulsion, the 2z electrons in O" 2 have a more diffuse 
distribution of charge than the 22 electrons in neutral 0. 
This may also be seen from the data given in fig. 1, 
Z' for neutral 0 being 3*86 and for 0“ 2 2*80. Hence, 
although the scattering power of 0~ s tends to be greater, 
owing to its greater number of electrons, the effect is more 
than counterbalanced by the greater diffuseness of the 
electrons in 0~ 2 , and, except at small values of (sin 0)/\, 
F 0 for 0“ 2 is slightly smaller than F 0 for neutral oxygen. 
The curves, however, are for the most part so nearly 


electrons is plotted as a function of 


w ^ ere 
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coincident that it will be difficult to decide whether oxygen 
is ionized or not in MgO. 

As stated above, before a comparison can be made between 
theory and experiment an estimate should be made of the 
temperature factor and the corresponding Ft curves 



0 £ 04 0*6 08 
Sin 6/X 


X-ray scattering curves for (i) neutral oxygen and (ii) O -2 . 

The circles show the experimental values of Wycioff and 
Miss Armstrong. 

calculated. However, it is seen from fig. 2 that there is a 
close agreement between the theoretical F 0 curves and the 
experimental results of Wyckoff and Miss Armstrong, which 
are shown in the figure by circles. 
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The fact that the agreement between the experimental 
results and the theoretical F 0 curves is so close without the 
application of a temperature correction indicates that the 
amplitude of thermal vibration of the oxygen atoms (or ions) 
in MgO is very small. This result is in accord with the 
general physical properties of MgO. Wyckoff and Miss 
Armstrong used artificial crystals, periclase, and in this 
form MgO is very hard. On Moh’s scale of hardness 
periclase has a value approximately 6, a value which lies 
between the hardness of felspar and that of quartz. Other 
physical properties show that the atoms in MgO are very 
tightly bound together. For example, the fusion point is 
of the order of 2000° O. The coefficient of thermal expan¬ 
sion (a=0*0000114) is not much greater than that of quartz. 
The compressibility also is very small. In such a crystal it 
is not surprising to find that the oxygen atoms have a small 
amplitude of thermal vibration. 

Since the theoretical curves are so close together in the 
region of (sin 0)/\ where experimental measurements have 
been made, it is difficult to draw a definite conclusion as 
to the state of ionization of the oxygen atoms. Between 
(sin0)/\=O*3 and 0*6 the experimental results certainly 
fit the neutral oxygen curve better than the 0“ 2 curve. 
Moreover, if some small allowance be made for thermal 
vibration, then it is possible to fit the neutral O curve 
slightly better to the experimental results, but any such 
allowance increases the difference between the 0~ 2 curve 
and the experimental results. The closest agreement is ob¬ 
tained between the theoretical Ft curve for neutral oxygen 
and the experimental data when 

F T =Fo.^“° ,20(8in2 ^ 2 , 

i. e., *=0*20, whence =0*087 A.U* 

We may therefore draw the following conclusion. The 
experimental results are in agreement with the view that 
oxyuen in MgO exists as neutral oxygen rather than as 
0 “ 2 , and a comparison of theory with experiment points 
to neutral O rather than to O’ 2 as existing in MgO, but in 
view of the small difference between the theoretical results 
for neutral O and O'" 2 an unquestionable decision can hardly 
be given. This is in agreement with the result obtained by 
Wollen (4) using Fourier analysis. The present method 
shows clearly the uncertainty attached to the determination 
of the number of electrons in atoms from X-ray scattering 
data ; in the analytical method there is also uncertainty, but 
in general it is not so evident. 
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There is one further point of interest. Beyond (sin 0)j\ 
=0*6 the experimental values fall rapidly. It is very difficult 
to find an explanation for this result, but it seems to be con¬ 
nected in some way with the use of powdered crystals. In the 
experiments of James single crystals were used, and although 
the measurements were made at larger values of (sin 0)/\ 
than are used with powdered crystals, there was no sign of 
any sudden falling off of F to zero at large (sin0)/\. 
Further, the results of James were in close agreement 
with theory. Attention has recently been directed to this 
point (2) , for similar measurements by R. J. Havighurst (11> 
with powdered crystals show the same effect. . 


6 . The Scattering Powers of Neutral Magnesium 
and o/Mg +2 . 


The scattering powers of Mg and of Mg +2 have been 
calculated by the method referred to in section 4, in which 


F 0 v is regarded as a function of 



The results 


are shown in fig. 3, and, as anticipated earlier, the curves 
do not differ except at very small values of (sin The 

experimental results are shown in the figure by circles. 
No information concerning the state of ionization of mag¬ 
nesium can be obtained from this figure. It is of interest 
to note, however, that the magnesium atom (or ion) appears 
to have a much larger amplitude of thermal vibration than 
the oxygen atom. The closest agreement between Ft, the 
theoretical scattering curve for Mg (or Mg +2 ), and the 
experimental data is obtained by taking 


F t =F 0 c-***<j*#W* 


i.e., a=0*33, whence \A* 2 =0*11 2 A.U. 


The difference between the estimated amplitudes of vibra¬ 
tion, 0*11 A.U. for Mg and 0*087 A.U. for 0, is not so great 
as might have been expected from a glance at figs. 2 and 3. 
However, since 

t *T_ 3a 5 loge(F 0 /F T ) 

87r2-87T 2 ‘ (sinV)/A* ' 


the amplitude of vibration, vV, depends on the ratio 
(Fo/F t ) ; F 0 and Ft have a larger absolute difference in 
the case of magnesium, but this is counterbalanced by 
F 0 and Ft each being about twice as big for Mg as for O, 
for (sin 0)/X>O*3. The values given above for the ampli¬ 
tudes of vibration must only be regarded as rough estimates 
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for the difference between Ft and F 0 , particularly in the 
case of oxygen, is too small for accurate values to be 
obtained. It is, however, worth noting that in MgO, as in 
NaCl and LiF, the smaller ion has the larger amplitude of 
vibration. 


12 


10 

F 

6 


6 


4 


2 


X-ray scattering curves for (i a) neutral Mg and (i b) Mg'*" 2 . 

Curve (ii) is given by F T =.F 3 0“ 0 * 33 (sin 2 #)/* 2 . 

The circles show the experimental results of Wyckoff and 
Miss Armstrong. 

In conclusion, I would like to take this opportunity to 
thank Professor Hartree for his kindness in allowing me 
to make use of his results for some of the neon-like ions. 


Fig. 3. 
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7. Summary. 

(i.) It is pointed oat that the determination of the number 
of electrons associated with the atoms of magnesium and 
oxygen in MgO by means of Fourier analysis is not 
practicable owing to the uncertainties inherently connected 
with the method. 

(ii.) An alternative method is suggested based on the 
principle that the scattering power of an atom for X-rays 
can be calculated, knowing the distribution of charge in the 
atom and a temperature factor to correct for the thermal 
vibration. 

(iii.) Scattering curves are given for neutral 0, 0 -s , 
neutral Mg, and Mg +2 . Certain difficulties in the case 
of 0“* were surmounted by a method of extrapolation. 

(iv.) In the case of oxygen, the scattering curves for 
0 and 0" 2 are very similar, and there is good agreement 
with the experimental results. The data are in keeping with 
the view that the oxygen atom in MgO is un-ionized and, in 
fact, point to this conclusion, but the scattering curves for 
0 and 0 -2 are not sufficiently different for a decisive answer 
to be given. 

(v.) In the case of magnesium, no information can be 
obtained concerning the state of ionization of the atom. 

(vi.) Estimates are made of the amplitudes of vibration of 
the atoms in the lattice, the results being O'll JLU. for Mg 
and 0-09 A.U. for 0, the smaller ion having the larger 
vibration as in NaCl and LiF, but these values can only 
be regarded as rough estimates. Such small values for the 
amplitudes of vibration are in accord with the general 
physical properties of crystalline MgO. 
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Note added in proof\ April 2 6th .—In a private communi¬ 
cation Prof. Hartree has pointed out to me that a considera¬ 
tion of other physical properties of MgO indicates that the 
atoms in the crystal are ionized ; e.g. NaF and MgO have 
the same structure, but AIN is different, which suggests 
that NaF and MgO are both formed of ionized atoms, but 
that AIN is different; the interatomic distance also agrees 
with Lennard-Jones’s calculated value based on Mg +i and 
0~ 2 (Proc, Roy. Soc. cix. p. 476, table vii.). If the atoms 
in MgO are really ionized, then it would seem that reliable 
information about the state of ionization of atoms in crystals 
cannot be obtained from X-ray scattering curves. Un¬ 
certainty arises both in the analytical method and in the 
alternative method discussed above owing to the difficulty 
of obtaining sufficiently extensive experimental data. 


Cl. Problems of determining Initial and Maximum Stresses in 
Ties and Struts under Elastic or nigid End Constraints .— 
Part III.* By W. H. Brooks, B.ScP h.D.(Eng.)Lond.f 
To establish Expressions for Y/X for Struts flexed by 
Various Methods 


T HE strut equations are quickly derived from the tie 
results by substituting in the latter — P for P, and 
therefore i. n . for n, where i = V - 1 • remembering that 
n = %/p/EI, and that 

sinh %. n . I . = i . sin nl . 
cosh i . n . I ss cos nl , 
tanh i.n.l = i .tan n . L. 


. Strut Method 1 A. See fig. 4 (vol. viii. p. 947, 1929), 
with P reversed :— 

From the tie equation (4) for deflexion 8 at C, 

8/W = — (L — tanhmL/m)/2P= — (L — i . tan nL/in)/2P 
= — (L — tanwL/n)/2P = (tannL/n—L)/2P. . (70) 

* See Part I., Phil. Mag. (7) viii. p. 943 (1929); and Part II., Phil. 
Mag. (7^ ix. p. 426 (1930). Figs. 1—11 and Charts I.-VI. (referred to 
in this Part) appeared in Parts I. and II. 
t Communicated by the Author. 
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That is, initially, when 8 = 0 and W = 0, 

“ a ” = (tan n a h a /n a — L a ) /2n 0 2 . EL . . (71) 

(Strut equation As.) 

In equation (71), “n” is the W. 8.derivative, and is 
found experimentally as described in the general procedure. 
Having found “ a ” the solution to n 0 5 L a 2 , and thence the 
solution to Pa, i. e., « 0 2 EI, may be readily obtained from 

Chart VII. 



Chart YIL, on which the suffix a to n and to L is suppressed 
for reasons of clarity. To obtain a solution, the value of 
Ela/L* is located on the vertical scale of A values—drawn 
in where 10n 2 L 2 =25,—and a polar rav is drawn through the 
origin of the chart. The curve of L (the half-strut length) 
is next interpolated by aid of the vertical scale of L drawn 
in where 10n 2 L 2 = 13’5. The projection on to the abscissae 
of the point of intersection of this latter curve with the 
former ray gives the solution sought. 
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Applying the expansion 

tan£=£+j8 3 /3 + 2^/15 + 17^/315+ ... 
to equation (70), and writing nL for /3, it becomes 
8/W=L(1+n 2 L 2 /3 + 2n 4 L 4 /15 + 17n 6 L 6 /315 + ... -1)/2P, 

and substituting 

n s = 7t 2 P/4 L 2 P e , 
where P e =w 2 EI/4L 2 , 
the Euler buckling value of P, 

8/W=L{w 2 /12. (P/ P.) + 7r 4 /l20. (P/P.) 2 

+ 177r 8 /20160.(P/P.) 8 + ... }/2P 
= 2L{(P/P.) + (P/P.) 2 + (P/P,) 2 + ... }/5P. 

The latter expression in brackets is now a G.P. having 
a common ratio = P/P. less than unity, and may therefore 
be summed to infinity. Thus 

S„ = P/(P -P), 

giving 

8/W=2L/5(P.-P), .... (72) 

or, initially, “ a” = 2L/5(P,—P tt ) ; 

Pot=P«— 2L/5a.(73) 

This last expreesion may therefore be used for an approxi¬ 
mate solution in this case, or as a first approximation when 
seeking for an exact solution to equation (71). 

For a strut therefore, tested as in this case, 

2L/5a < P , i.e., 2L/a < Stt^EI/IL 2 

approximately ; and this result may be used to check a doubt¬ 
ful case of stress reversal (see section on Stress Reversal), for 
when 2L/5a is found to be > P«, i. e., when “ a” is found to 
be <8L 3 /57r 2 EI, P 0 is shown to be negative, and therefore 
the member is a tie. 

Conversely, when “a” is found to be > the 

member is a strut. 

In other words, when P„ = 0, the above approximation 
shows that the value of “ a” (which would then be constant 
and = 8/W), 

= 8L 3 /5tt 2 EI.(74) 

The exact value of this ratio for the above case—as may 
readily be deduced for the equivalent simply supported 
beam—is L 3 /6EI, and should preferably be used in a closer 
check for stress reversal. For any case the value of “ a ” 
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when P = 0, will hereinafter be referred to as the “ reversal 
ratio,” and is tally discussed in the section on Reversal 
Ratios, later. 

Strut Method 1 A. Alternatively by slope. See fig. 5- 
(vol. viii. p. 950, 1929), with P reversed:— 

From the tie equation (8) for the slope B at A or B, 

0/W =-(l- 1/cosh »«L)/2P *-(l- 1/cos nL)/2P 
= -(l-secnL)/2P = (seenL-l)/2P,. (75) 

Chart YIII. 



A.Values. 
100 5.Value& 

VALUES of |0 2 L 2 

Stress Chart for Struts A and B by slope. 

oe, initially, when B *» 0 and W also = 0, 

“a” = (secn a Lo—l)/2n a *.EI, . . . (76) 
(Strut equation Ae) 

where “ a” is the W.B. derivative. 

Graphical solutions to n a * in this equation may be quickly- 
obtained from the' A values of Chart Till., which is used in 
Phil. Mao. S. 7. Vol. 9. No. 61. June 1930. 4 C 
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ft similar way to that described for Chart VII. Here also 
the suffix a is suppressed for reasons of clarity. 

Applying the expansion 

sec#=1 +)8 s /2 ! + 5£*/4 ! 4* 61yS 6 /6 ! + ... 
to equation (75), it becomes 

0/W=(n 2 L 2 /2 l + 5n 4 LV4 ! + 61n 6 I//6 1+ ...); 

7T 2 P 

and substituting n®L* = —. p-, 

it becomes 

{w»/8.(P/P.) + 5»V16.4 ! X (P/P )® 

+ 61tt«/ 64.6 ! x (P/P,)®+ ...}/2P 
= 5/8P.{(P/P.) +(P/P.)*+ (P/P e ) s + ...}; 


and, summing to infinity as before, 

0/W=5/S(P e -P),.(77) 

nr, initially, P a == P„—5/8a,.(78) 


and may be used as a first approximation when seeking 
a solution to equation (76). 

Equation (78) shows that in this case, where the member is 
a strut, approximately, 5 /8a must be < P e , i. e., < ir*EI/4L®, 
nr “a" > 5L 2 /27 t®EI, and, when P o =0, “a” = 5 L 2 / 27 T 2 EI. 

When P is reversed, the member becomes a tie, and then 
*‘a” < 5L*/2w*EI. 

The exact value of this reversal ratio, t. e., the value of the 
W.^.derivative when P=0,as deduced from the equivalent 
simply supported beam for this case, is L*/4EI, and should 
preferably be used in a closer check. 

C strut") 

That is, the member is a < or > according as the initial 

C. tie 3 

W.5. derivative |or L 8 /6EI (fig. 4), or according as the 
initial W.#. derivative or L®/4EI (fig. 5) (see later section 
nn Stress Reversal and Reversal Ratios). 

Strut Method 1 B. See fig. 6 (vol. viii. p. 952, 1929), 
with P reversed :— 

From the tie equation (14) for the deflexion 8 at C, 

«/W* -{L-2/m.tanh (i»L/2)}/2P 

= — { L—2/tn. *. tan (nL/2) }/2P 

= —(L—2/n. tannL/2) /2P = (2/n. tan nL/2—L)/2P. (79) 
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That is, initially, - _ 

“a*’= (2/n a -tan n 0 La/2—La)/2. n 0 *EI,. . (80) 

(Strut equation Ba) 

where “ a ” is the W.S . derivative. 

Graphical eolations to nf in this eqaation may be readily 
obtained from the B values of Chart VII. in a similar way 
to that described for Strut Method 1 A. 

Expanding equation (79) similarly to the expansion of 
equation (70), it becomes 

8/W=L/2P.(l + n s L*/12 + 7i 4 L 4 /120 

+ 17n«L 6 /20160 + ...-l), 

and substituting ji*L*=7r*.P/P„ where P«=?r*EI/L 2 in 
this case, 

8/W = L/2P .{w*/12. (P/P.) + 7t 4 /120 . (P/P.)* 

+ 17/20160.(P/P.) 3 + ... } 
= 2L/5P{(P/P.) + (P/P.) 2 + (P/P,) S + ... }, 

as in Method 1 A,—but with a different value for P., and 
therefore yielding the same equations (72) and (73) in P„ to 
which corresponding deductions apply. 

Hence, for a strut with clamped ends as m this case, the 
value of the initial W .8 .derivative must approximately be 
> 2 L s / 57 t*EI, i. e., > £ the approximate value obtained in 
Method 1 a. 

When “a” is found to be approximately < 2L*/5ir*EI, 
the member is shown to be a tie. 

When P„ = 0, 

the constant value of “a” = B/W =2L l /57r*EI. (81) 

Here the exact value of the reversal ratio, as deduced 
from the equivalent encastr4 beam with P = 0, is L 3 /24EI, 
nr £ the reversal ratio of Method 1 a, and should be used 
when a closer check is required. (See later section on 
Reversal Ratios.) 

Strut Method 1b. Alternatively by slope 0 at £ span. 
See fig. 7 (vol. viii. p. 952, 1929), with P 
reversed:— 

From the tie equation (18), 

0fW - - (1 - sech mL/2)/2n*EI=(secnL/2 -1)/2n*EI, 

_ ... (82), 

or, initially, “ a ” = (sec n 0 L a /2—l)/2n a 2 EI. . . ■ . (83) 

(Strut equation B«) 


4 C 2 
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Graphical solutions to n a * in this equation may readily be 
obtained from the B values of Chart VIII. in a similar way 
to that previously described for alternative Method 1 A. 

Expanding equation (83) similarly to the expansion of 
equation (75), it becomes on substituting for P„ which 
= ir*EI/L a , 

“<*”=== 5/8P„.{(P 0 /P.) + (P i /P.)»+(P«/P.} , +...}; 

and, summing to infinity as before and making corresponding 
deductions, we get as approximate relationships 

5/8 a < PJ, i. e., < tt*EI/L 8 , 

i. e. t approximately the W .9 .derivative >5L*/8w*El. That 
is, the approximate reversal ratio in this case is , of 
the corresponding ratio obtained by Method 1a. Its exact 
value is L*/16EI, as may readily be deduced from first 
principles when P = 0. 

( strut) 

or r according 
tie J 

g ^ 

as theinitialW.S.derivative | or L*/24EI (fig.6),or accord¬ 
ing as the initial W.0. derivative | or L 3 /16EI (fig. 7). 

Strut Method 2 a. See fig. 8 (vol. ix. p. 426,1930),, 
with P reversed :— 

From the tie equation (29) for the deflexion 8 at C, 

8/W = — [Z—{sinhmZ— tanh inL (cosh inZ—1)} /in ] /2P 
3 = — [Z—{t.sinwZ—t.tan nL (cosh nl— l)}/m]/2P 
=s[{sinnZ—tannL(cosnZ—l)}/n—Z]/2P. . . . (84} 

That is, initially, when 8 = 0 and W also = 0, 

“a” = [{ sin n„Z+ tan n a L „Z) }/n„—Z]/2n a *EI, 

. . . (85) 

(i Strut equation Gj) 

where “a” = the initial W .8. derivative. 

Solutions to n a s in equation (85) for an instrument 
constant Z = 10“ units may be readily obtained from the 
G values of Chart IX. by finding the point of intersection 
of the appropriate polar ray of El. afJJ with the correct 
curve of L, the length of the half-strut, which latter may bo 
interpolated from the typical curves given. Here, as on 
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the other charts, the suffix a is suppressed for simplicity. 
Projecting from the point so found on to the abscissae gives 
the solution to P fl = n a 2 . El songht. 

Strut Method 2 A. Alternatively by the elope 0 at D t— 
From tie equation (32), 

6/W = — (cosh ini—1 ) (cosh ini— sinh ini . tanh inJS){2P 
= — (coa nl—1) (cos nl—i. sin nl.i.taanL)/2P 
= (1— cos nl) (cob nl + sin nl. tan «L)/2P, . . . (86) 


Chart IX. 



or, initially, 

“a” = (1—cos n a l) (cos nil + sin n a l . tan n 0 L„)/2n a *EI, 

. . . (87) 

(Strut equation G«) 

where “ a ” is the initial W. 6 . derivative. 

Equation (87) is the generating equation of the G curves 
and values of Chart X. from which solutions to n»* and 
thence solutions to P a = n a *EI may be obtained by inter¬ 
polation in a similar way to that described for Chart IX. 
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Strut Method 2 b. See fig. 9 (vol. ix. p. 429,1930), 
■with P reversed 

From tie equation (41) for the deflexion B at C, 

S/W = — [Z—{t. sin nl—i . tan nL/2 (cos nl— 1) }/in]/2P 

= [{sinnZ+tanrtL/2(l—cos7ii)}/n—i]/2P, . . (88) 

or, initially, 

“a”— [{ sinnj+tan n B L 0 /2(1 - cos n a l) }/n„—Z]/27?„ 2 EI, (89) 

(Strut equation Hj) 

Chart X. 



■where “a” is the "W . 8. derivative. 

Solutions to this equation are given by the H values of 
Chart IX. to. be used in a similar way to that described for 
Strut Method 2 A. 

Alternatively, from tie equation (42) for the slope 6 at D, 
0/W = — (cos nl—1 ) (cos nl—i . sin nl/i . tan nL)/2P 

=(1—cosnZ) (cosnZ—sinnZ.cotnL)/2P, . . (90) 
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or, initially, when both 6 and W = 0, 

“ a*’s= (1— cos n a l) (cos n a l— sin n a l. cot n a L a )/2n a 2 EI, (91) 

(Strut equation Ho) 

where “ a ” in this case is the W . 6 . derivative* 

Solntions to equation (91) are given by the H values and 
curves of Chart X., which are used in a similar way to that 
described in the alternative Strut Method 2 a. 


Chart XI. 



VALUES of nZL*, 

Stress Chart for Struts I and J by deflexion. 

Strut Method 3 A. See fig. 10 (vol. ix. p. 431,1930),. 
with P reversed:— 

Here the ratio of the deflexion 8 at C to Mj at D is . 
obtained from the corresponding tie equation (48), and is 

8/M] = —(1— coshmZ + sinhinZ . tanhinL)/P 
= — (1 — cos nZ— sin nl . tan wL)/P 
= (cos nl + sin nl . tan nL —1)/P; . * . (92) 
and under initial conditions when 8 = 0 and M x also = 0, 

“a” = (cosn 0 Z— sin n a l . tan ?i a L a —l)/n/EI,. (93) 

where “ a” here is the M x . 8. derivative and is obtained as 
described in the section on General Procedure. 
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Solutions to « 0 2 in the above equation are given by the 
J values of Chart XI., which has been drawn for an instrument 
-constant l — 10 units. The method of using this chart is 
similar to that previously described for the use of Chart IX. 
On this chart also the suffix “ a ” is suppressed. 

Strut Method 3 a. Alternatively from the ratio of the 
slope 6 at D to the couple Mj at D 

From tie equation (54), 

0fM.i— i . sin nlji . n.El.(cos nl—i. sin nl .i. tannL) 

= sin nl/n . El. (cos nl +sin nl. tan nL), . . (94) 


Chabt XII. 



or, initially, 

= sin n a l/naEI . (cos n a l + sin n a l • tan n a L 0 ), (95) 

(Strut equation Ifl) 

■where “<»”=■= the Mjd derivative to be substituted,and is 
found as described in the “ General Procedure.” 
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The foregoing equation is the generating equation I of 
Ohart XII.—to be used for its solution—upon which, as on 
the other charts, the suffix “ a " is suppressed for clearness. 
To obtain a solution to n a and hence a solution to V a =n a s El, 
the 1 value of EI.a/'L on the ordinate drawn in at «L= 2 units 
on the abscissa is first located j then a polar ray is drawn to 
the origin through the point so found. Where this ray 
intersects, the I curve gf L—which may be interpolated from 
the typical curves shown—locates a point vertically above 
a point on the abscissa scale of I values which gives the 
solution to P a in terms of w a L a . 

Strut Method 3 b. See fig. 11 (vol. ix. p. 435, 1930), 
with P reversed :— 

Considering tie equation (63), which was established for 
the deflexion 8 at C, the derived corresponding strut equation 
here required is 

0/M.i = —(1— cosni + t.sinn/.t.tan nL/2)/P 

= (cos nit- sin nl. tan nL/2 — 1)/P, . • (96) 

•or, initially, 

“a” = (cos n a l + sin n a l . tan n a L a /2 — l)/n„*EI. (97) 

{Strut equation Ja.) 

Here “ a ” is the Mi. 8 derivative, and is found as described 
in the “ General Procedure/' 

By substituting the value of “a” so found in equation (97), 
this equation may then be solved for n a 3 , and thus P 0 =M a 2 EI 
calculated, by the aid of the J values of Chart XI., which has 
been drawn for an instrument constant l = 10 units, and is 
used in a similar way to that described for the corresponding 
Method 3 A. 

Strut Method 3 B. Alternatively by slope :— 

From the tie equation (65) for the slope 0 and maple Mi 
at D, the ratio obtaining here is seen to be 

6/M 1 =b t. sin nl/i . nEI . (cos nl — i. sin nl/i . tan nL) 

— sin nl (cos nl— sin nl . cot «L)/nEI. . . (98) 

That is, initially, when both 6 and Mi = 0, 

“ a” * sin n„l (cos nj— sin n a l . cot n a L 0 )/n 0 EI, (99) 

{Strut equation Jo) 

■where “ a " is the Mj0 derivative. To effect a solution to 
this equation from any value of “ a ” experimentally deter- 
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mined, the J values and curves of Chart XII. should he used 
‘in a similar way to that described for Method 3 A alternative. 

An inspection of the foregoing equations for struts will 
show that, in the pin-jointed cases, the values of “a” become 
infinite when n„L B = w/2, and failure apparently occurs by 
flexing : i. e., for safety, 

L 0 (P/EI)* > 7t/ 2, or P a > i^El/AW, 

which latter is the Euler buckling value. 

Also, on inspecting the equations for struts with fixed ends, 
it will be seen that the values of “ a ” become infinite when 
n a L a = 7 r, coi responding to the Euler buckling value of 
7 t*EI/L 0 *, as would be expected. 

It must, however, be remembered, that in all cases the 
ends are elastically constrained, and, in the event of a strut 
commencing to buckle under a limiting end load, the initial 
compression in the strut will at once be reduced by the 
reactions of the end constraints as previously discussed. 

It is also well known, and should here be borne in mind, 
that where initial eccentricity of P a exists under weak 
constraints the critical values of P a < the Euler value P,. 
The fact that P a may not be truly axial to the strut does not 
however affect the relations given by the equations—a deduc¬ 
tion fully discussed in the Thesis, of which thisisan abstract. 

Correction Factors for Non-central Loading of Struts by 
Methods 2 A and 2 B, 3 A and 3 B. 

In both deflexion and slope investigations by the foregoing 
tie methods it is shown in the Thesis that a correction 
factor 

= (1 ± tanh nLj—tanh nL/tanh nL x + tanh nL) 

appears in each of the final expressions obtained for non¬ 
central loading, which factor practically reduces to unity 
when nL > 3, as is most likely to obtain, i. e. initially, when 
n 0 Lo >3. L and Li are the end distances from the non¬ 
central origin midway between the flexing loads or couples 
applied to the tie. 

The corresponding correction factor applicable to struts is 
therefore 

(1 + tanh tnLi—tanh t»L / tanh inL x + tanh i»L) 

= (14- i . tan nL x — i . tan nh/i . tan «Li + i . tan nL) 
= (1 ± tan nLj— tan nL / tan nL x + tan nL). 
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Now this factor only reduces to unity when nL = nLj, 
i. e., for central loading conditions, only. Hence care must 
be exercised when making a strut teat to ascertain that the 
flexing bridge or flexing couples are placed centrally, or, in 
particular cases where it is impossible to do so, the above 
correction factor must be introduced to obtain true results, 
using the stress charts as drawn to obtain first approxima¬ 
tions only. 

Obviously, the “a” expressions established by Methods 1 a 
and 1 b are only applicable to centrally tested cases—whether 
strut or tie—and 80 will not further be explored here. 

Stress Reversal. 

Where deformation of a structure has occurred through 
perhaps the subsidence of a support, the partial failure of 
a member or through other causes, cases may arise in which 
certain members, originally tensile, may suffer a reversal of 
stress, and so be called upon to function as struts, and vice 
versd. Now the former, state of affairs may be serious on 
account of the smaller cross-sectional area to resist buckling, 
and, if the reversed stress in the tie is of sufficient magnitude 
to cause buckling, the state of affairs will, of course, be 
apparent on inspection. When, however, — P„ < P„ mere 
inspection will furnish no evidence of stress reversal either 
qualitatively or quantitatively. 

By applying the principles of the foregoing methods, 
choosing, say, two methods to check the results of each, it 
should be possible to obtain complete evidence in doubtful 
cases of this nature both as regards the sign of the stress 
present and also as regards its magnitude. 

Criterions for stress reversal have already been noted 
in two cases, under the treatment for struts, tested by 
Methods 1A and 1 b. A third case is fully discussed in the 
Thesis. Tests applicable to all cases will now be considered. 

1. By the Reversal Ratio. 

In the treatment by Methods 1a and 1b the term “reversal 
ratios ” was introduced and explained in its natural sequence 
there. This term may be defined as “ the value of the 
initial X.T . derivative ” when P„ = 0. 

In the cases mentioned it was shown that a member is 
a strut or a tie according as the initial, derivative > the 
reversal ratio or < the reversal ratio respectively. For 
reference purposes these reversal ratios are here tabulated 
with inclusion of the values for the remaining cases. 
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r Reversal Ratios. 


method. 

Deflexion ratio. 

Fig. 

No. 

Slope ratio. 

Kg. 

Ho. 

1a. 

£ C /W=L*/6EI 

4 

0 d /W=L*/4EI 

5 

1b. 

S C /W=L S /24EI 

6 

<yW=L 2 /16EI . 

7 

2a . 

S c /W =< a (3L— 

8 

fl B /W=P/4EI 

8 

2 B ......... 

5 c /W=P(3L-2024EI 

9 

0 d /W=P^-?)/4.EI.L 

9 

-3 a. 

( yM 1= /(2L 

10 


10 

3b. 

J o M 1 =i(L-0/- > El 

11 

0 d /m,=;(l-o/ei.l 

11 

i 


Fig. 12. 

tia 



2. From the Stress Chart for the Method used . 

Where a stress chart is used the evaluation of the reversal 
ratio will be obviated, since a multiple of this ratio is given 
by the limiting tangent to the appropriate curve of L at the 
origin, and on most of the charts appears as the product of 
El .a (“a” being the initial derivative when P a = 0, and is 
consequently the reversal ratio). 
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Thus in fig. 12 a typical L curve OB from a tie chart, and 
a curve OC for the same value of L from a corresponding 
strut chart, are shown as though drawn to the same scale. 
When P a = 0, the polar ray OD becomes the common 
tangent to both curves with its value indicated in terms of 
El.a. If the member be a tie, its ray will be as OE, 
below OD, and consequently giving an intersection only on 
the tie curve OB. If the member be a strut, its ray will 
be as OF, above OD, so giving an intersection on the strut 
curve only. 

That is, for any determined value of the initial derivative 
and given value of L only one intersection can be obtained, 
and a member is shown to be a tie or a strut according as 
the intersection is found on the appropriate tie chart or on 
the corresDonding strut chart. If the tie chart yields no 
solution to a supposed tensile case, the member has suffered 
reversal of stress, and the magnitude of the stress obtaining 
can be found from the corresponding strut chart. 

General Deductions and Conclusions. 

This section is intended to form a summary to the fore¬ 
going investigations and conclusions thereto, and to draw 
further conclusions respecting the relative merits or limita¬ 
tions of adaptability—as the case may be—of the varions 
methods discussed, and is therefore later divided for con¬ 
venience of reference into two subsections : (a) dealing with 
the methods for the determinations of the stresses in ties, 
and (6) dealing with the similar methods for the determina¬ 
tions of the stresses in struts. 

Values of El. 

Throughout this research it is very apparent that in any 
tie or strut investigation the degree of exactitude experi¬ 
mentally obtainable depends fundamentally upon knowing the 
value of the flexural rigidity (El)—similarly to knowing the- 
value of Young’s Modulus (E) only, for the well-established 
methods of incremental stress determinations by the measure¬ 
ment of direct strains. 

This quantity (El) is therefore of fundamental importance, 
and, for the subsequent testing of a member, its value should 
be readily obtainable from specification and acceptance test 
data. When the factor E is unknown the usual handbook 
value for the material may be taken, and will give approxi¬ 
mate results. It was found throughout the experimental 
work done and fully recorded in the complete Thesis that— 
broadly speaking—any percentage error in the value of E 
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taken gave approximately doable that percentage error in 
the derivative “a.” 

. Here it should perhaps be pointed out that, although known 
relationships exist between E and other physical quantities 
of a material the direct determination of E from 

such quantities may not be possible when dealing with 
a member in situ,.on account of the possible objection to the 
removal of a small quantity of the material for its determi¬ 
nation. The other rigidity factor I, the second moment of 
area of the section, is, of course, a purely geometrical quantity, 
and so is obtainable from average cross-sectional measure¬ 
ments. 

(a) Ties. 

1 . Central Single-load Method. 

This method is obviously of limited application, and, 
although it is apparently the simplest of the three general 
methods discussed, it can only be easily applied to particularly 
placed members. 

For ties of uniform cross-section to which central lateral 
loads may be conveniently applied as indicated in figs. 4 to 7 
inclusive, the stresses present may be determined from 

(i.) the load-deflexion derivative of Method 1 a and 
Stress Chart I., A values ; or alternatively from 
(ii.) the load-slope derivative—where obtainable—of 
Method 1 a and Stress Chart II., A values, in 
smoothly pinned ended cases ; and from 
<iii.) the load-deflexion derivative of Method 1b and 
Stress Chart I., B values ; or alternatively from 
(iv.) the load-slope derivative of Method 1 b and Stress 
' Chart II., B values, in firmly fixed ended cases. 

2. Flensing Fridge Method. 

From the consistent experimental results obtained in the 
foregoing research, which results, together with the apparaius 
used, are fully recorded in the Thesis proper, it seems 
reasonable to infer that the Flexing Bridge Method— 
theoretically investigated by Methods 2 a and 2 b —will also 
give satisfactory experimental results, and may prove, as the 
analysis and resulting Stress Charts III. and IV. show, to 
have as wide and flexible an application as the following 
Couple Method, so that the former deductions of Method 1 
should apply with equal verity to Methods 2 and 3 also. 
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3. Couple Method. 

The stresses in ties to which it is not convenient or possible 
to apply independent lateral test loads may be determined 
by the application o£ simple flexing conples as indicated in 
figs. 10 and 11 (vol, ix. pp. 431, 435,1930)—conples which 
may be applied anywhere along a continuous portion of the 
tie, irrespective of any tie joints on either side. The end * 
conditions of fixity are immaterial in most actual cases. 

For long or short ties of whatever inclination, flexible in 
any plane, the stresses present may be determined from 

(i.) the couple-deflexion derivative of Method 3 a and 
Stress Chart V. in smoothly pinned ended cases, or 
from 

(ii.) the couple-deflexion derivative of Method 3 b and 
Stress Chart Y. in fixed ended cases. 

Alternatively, the stresses present may be determined 
from 

(iii.) the couple-slope derivative of Method 3 a and Stress 
Chart VI. in smoothly pinned ended cases, or 
from 

(iv.) the couple-slope derivative of Method 3 b and Stress 
Chart VI. in fixed ended cases. 

When in either Chart V. or Chart VI. the interpolated 
stress points lie on or near the dotted K curves, departures 
from the end conditions of fixity assumed are shown not to 
have affected the determinations. 

(b) Struts. 

1 . Central Single-load Method. 

For uniform smoothly pinned ended struts to which single 
lateral loads may be conveniently applied, as indicated in 
figs. 4 and 5 (with P reversed), first approximations to the 
stresses present may be determined from 

(i.) the load-deflexion derivative of Method 1 a and 
Stress Chart VII., A values; or alternatively from 

(ii.) the load-slope derivative—where obtainable—of 
Method 1 a and Stress Chart VIII., A values. 

For uniform firmly fixed ended struts the stresses present 
ma y be determined, as indicated in figs. 6 and 7 (with P 
reversed), from 

(iii.) the load-deflexion derivative of Method 1b and 
Stress Chart VII., B values; or alternatively from 

(iv.) the load-slope derivative—where obtainable—of 
Method 1B and Stress Chart VIII., B values. 
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2. Flexing Bridge Method. 

As concluded for ties, the similar consistent results obtained 
in this research on struts leads to the conclusion that the 
flexing Bridge Methods 2 a and 2 b will also yield satis¬ 
factory experimental results if care be taken to ensure that 
the assumed theoretical conditions are provided for as closely 
as possible. 

3. Couple Method. 

In cases where it is not practicable to apply single lateral 
loads, the stresses in pinned ended struts having any inclina¬ 
tion whatever may be determined by the application of 
flexing couples, as indicated in fig. 10 (with P reversed) 
from 

(i.) the couple-deflexion derivative of Method 3 a and 
Stress Chart XI., I values ; or alternatively from 
(ii.) the couple-slope derivative of Method 3 A and Stress 
Chart XII., I values. 

For struts having fixed ends and flexible in whatever 
planes, the stresses present may be found, as indicated in 
fig. 11 (with P reversed), from 

(iii.) the conple-deflexion derivative of Method 3 b and 
Stress Chart XI., J values ; or alternatively from 

(iv.) the couple-slope derivative of Method 3 b and Stress 
Chart XII., J values. 

The experimental part of this research, fully described in 
the Thesis, wsis carried out by the author in the Mechanical 
Laboratories of the Northampton Polytechnic Institute, 
London, during the four years 1925 to 1928, and he here 
desires to record his thanks to C. E. Larard, Esq., M.I.C.E., 
M.I.Mech.E., Head of the Civil and Mechanical Engi¬ 
neering Department, for his encouragement throughout its 
prosecution. 
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Oil. A Hot- Wire Amplifier Method for the Measurement of 
the Distribution of Vortices behind Obstacles . By E. 

Tyler, !/.&., F.Inst.P ., Lecturer , Physics Department , 
College of Technology , Leicester *. 

Introduction. 

T HE desirability of using a hot-wire method for measuring 
the longitudinal and lateral spacing of 'vortices behind 
obstacles of small section, such as cylinders and plates, when 
placed in a steady air stream, necessitates greater sensitivity 
being obtained for the detection of the velocity fluctuations 
caused by the vortex formation than when using larger 
models. When an electrically heated platinum wire of small 
diameter is employed for the detection of vortex frequency, 
if the periodic heating and cooling of it occurs at a frequency 
of 100/sec. or more, the sensitiveness of it as a detector is 
considerably decreased. Moreover, when small models are 
used, even at moderately low air speeds, the frequency ot 
formation of the vortices is generally well above the lower 
limit of audibility, and again a reduction in sensitivity is 
produced. 

In previous papers t> I have described methods in which 
the longitudinal and lateral spacing of vortices formed behind 
cylinders at low frequencies have been determined, and the 
methods described herein are the results of an attempt to 
obtain data in a much shorter time for smaller models than 
in the previous methods, combined with increased sensitivity. 
The investigations are classified under three headings:— 

1) Measurement of the longitudinal spacing of vortices 
behind cylinders, using a differential hot-wire 
method. 

(2) Measurement of the lateral spacing of vortices 
behind cylinders. 

(3) Estimation of frequency formation of vortices 
behind cylinders, inclined plates, and aerofoils. 

(1) Longtitudinal Spacing of Vortices behind Cylinder sin Air . 
Differential Hot-wire Method . 

The arrangement for the determination of such spacing of 
vortices is as in fig. 1. 

* Communicated by the Author, 

t Journal of Scientific Inst, iii. No. 12, Sept. 1926: Phil. Mag. 
v. March 1928; Journal of Scientific Inst. vi. No. 10, Oct. 1929. 

Phil Mag . S. 7. Yol. 9. No. 61. June 1930. 4 D 
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Two electrically heated platinum wires A and B, each o£ 
length 1 inch and diameter '001 inch, supplied with constant 
heating currents of *35 amp., formed part of two similar 
electrical circuits. Each wire was coupled to the grid input 
circuit of a five-valve amplifier by means of separate primaries 
of a transformer, and the plate circuit of the last valve was 
transformer-coupled to a circuit consisting of a crystal 
rectifier and a shunted reflecting galvanometer. 

The wires were arranged similarly, as in the previous 
method, each mounted vertically at the ends of prongs of 
separate forks, and placed behind the cylinder in the middle 
of a wind channel (l^x l|x 15 ft.), through which a steady 
stream of air flowed. Now, when each wire is suitably 


Fig. 1. 



placed, one in each vortex row, such that it is in a position 
where the velocity fluctuations are greatest, a periodic 
change in the resistance of the wire will occur of the same 
frequency as the frequency of formation of the vortices, 
and the resulting variations of P.D. across the wire, after 
being amplified, produce a fluctuating anode current super¬ 
imposed upon the steady anode current in the plate circuit 
of the last valve. These fluctuations of anode current 
simultaneously produce induced currents in the crystal circuit 
of the same periodicity, and, after rectification by the crystal, 
produce a steady deflexion of the galvanometer, the sensi¬ 
tivity of which is controlled by the shunted resistance S. 

Thb wire A was therefore kept stationary in a most 
favourable position in one vortex row giving maximum 
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steady deflexion of the galvanometer, while the other wire, 
B, was moved along a line np and down the stream in the 
opposite vortex row, which also gave a maximum steady 
deflexion of the galvanometer of the same magnitude as that 
produced by the wire A. The heating currents for both 
wires were kept constant for all positions of the wires, and 
the resulting deflexion of the galvanometer due to the 
periodic heating and cooling of both wires acting simul¬ 
taneously was observed. When the two wires were in such 
positions that the velocity fluctuations at these points were 
in phase, the fluctuating P.D.s across the wires being also 

Table I. 

Amplifier Results for Cylinders. 


D 

O 

ii 

cm. 

N=150. 

V 

=317’5 cm./sec. 



Y 

ND 

= 505 

YD 

V 

= 900. 


Distance 
behind 
cylinder jr, 
cm. 

X 

D’ 

h, 

cm. 

l, 

cm. 

h 

r 

b =i- 

u b V 

a ~\' r^o~ND 

100 

2-38 

•375 

1-375 

•274 

3-26 

•353 5-03 

2*20 

5-24 

•425 

1*625 

•263 

386 

•230 5 01 

300 

7-14 

*450 

1*675 

•270 

3*97 

•212 5-06 

3*85 

9-17 

■475 

1-70 

•284 

4*05 

•195 5-02 

500 

11-90 

•500 

1-75 

•286 

417 

•170 5-02 

5*65 

13-45 

•502 

3*75 

•287 

417 

<M 

O 

o 

i— 

pH 


in phase after amplification produced a reinforcement of the 
fluctuating anode current, with a consequent maximum 
steady deflexion of the galvanometer after rectification. 
When the two wires were in relative positions corresponding 
io a phase difference of 180°, the fluctuating P.D.s across 
them opposed each other, resulting in a minimum rectification, 
and hence a minimum steady deflexion of the galvanometer. 

Hence to obtain the longtitudinal spacing of the vortices, 
the galvanometer deflexions due to the rectified currents 
were observed for corresponding positions of the movable 
hot wire downstream, and by plotting these deflexions 
against the distance of the movable hot wire behind the 
obstacle downstream, similar results were obtained to those 

41)2 
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in the previous method, the graph exhibiting maximum and 
minimum values of deflexion. 

The distance between two successive maxima or minima 
was assumed a measure of the longitudinal spacing between 
successive vortices in the same row. 

Table II. 


D=‘650 cm. N=12.1. Y=437 cm./sec. 




Y 

ND = 

=5-57. 

YD _ 

V 

= 1925. 



Distance 
behind 
cylinder x, 
cm. 

X 

D’ 

h, 

cm. 

h 

cm. 

k 

l * 

-i- 

u 

*=?. i 

b v 

-a~ND- 

1*80 

2*76 

•580 

2325 

•250 

3-57 

•358 

5*57 

2-50 

3-85 

•650 

2-50 

•260 

3-85 

*310 

5*59 

4*50 

6*91 

•730 

2*675 

•276 

4-11 

•260 

5*56 

6*50 

10*00 

•820 

2*80- 

•293 

4-30 

•170 

5 55 




Table III. 





D=-32 

cm. 

V 

ND 

N = 186. V 
=5-01. V » 

V 

= 298 

= 645. 

cm./sec. 


Distance 
behind 
cylinder x t 
cm. 

X 

D- 

h, 

cm. 

l, 

cm. 

h 

7* 

*4 

V 

a ~ y • 

b V 

*75 

2*34 

•300 

100 

*300 

313 

*376 

5 01 

1*25 

3-90 

•350 

1*275 

•275 

3-97 

•210 

502 

1*90 

5-93 

*405 

1*275 

•317 

3*97 

•210 

50*2 

2*50 

7*81 

•420 

1*30 

•324 

3-90 

*223 

5 00 

4-50 

14*10 

•460 

1-320 

•349 

4-12 

•178 

5*00 


Results for cylinders are included in Tables I., II., III., 
and IY. and figs. 2, 3, and 4. It will be observed that each 
graph is characteristic of a decrease in the maximum value 
of the peaks, together with an increase in the longitudinal 
spacings for increasing distances behind the obstacle, 
evidently due to a widening out of the vortices, resulting in 
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a decrease in vortex strength as they move down the stream. 
Such an effect is consistent with the results observed by 
Fage and Johansen* for a large plate, nsing a different 
method. 

Table IV. 

Results by Vibration Galvanometer Method. 


JD= 

= 3-58 

cm. 

V 

ND 

N=10 cm. V 

=5-66. — = 

V 

=202*7 cm./sec. 

4900. 

Distance 
behind 
cylinder x, 
cm. 

X 

D* 

A, 

cm. 

l. 

cm. 

k 

l' 


u 

a= r 

b V 

l-a~ND* 

11-50 

3-20 

3*80 

13-00 

•292 

3-64 

•368 

6-67 

16-50 

4*60 

4-25 

13*50 

•314 

3-77 

•334 

6*66 

25-00 

6-99 

4-80 

14-00 

-342 

3*90 

•308 

5-64 

31-50 

8-60 

5-00 

14-75 

•339 

4-12 

•272 

5-66 


Fig. 2. 



Cylinder D= % 42 cm.; V=317*5 cm,/sec.; N=160 $ = 6*06. 

By using a loud speaker in the plate circuit of the last 
valve, the positions having the same phase and also 180° out 

* Proc. Roy. Soc. A, cxvi. (1927). 
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of phase, corresponding to maximum and minimum peaks on 
the curves, could easily be demonstrated by the audible note 
heard in the loud speaker; for since reinforcement of the 


Fig. 8. 



Cylinder I) =-66 cm.; V=487 cm./sec.; N=121; ^ = 5-57. 


Fig. 4 



CylinderD=*32cm.; Vss298cm./sec.; N = 186; ^=501. 

fluctuating P.D/s across the wire occurs when the wires are 
in relative positions of same phase, maximum intensity of 
sound is heard in the load speaker, whereas, when in positions 
corresponding to 180° out of phase, minimum resultant P.D. 
due to both wires produces minimum intensity of sound in the 
loud speaker. Thus, when the movable hot wire is traversed 
downstream, alternately maximum and minimum sound is 





of the Distribution of Vortices . 1119 

heard. As the distance of the movable hot wire downstream 
increased, the maximum intensity showed a gradual falling 
off, and at a distance of 8 cm. no sound was heard at all, 
again indicating a diminution in vortex strength. 


(2) Determination of the Lateral Spacing of Vortices behind 
Cylinders in Air . 

By using one vertical hot wire transformer-coupled to the 
amplifier as in fig. 1, it was traversed laterally in a vertical 
plane at right angles to the wind stream at different distances 
behind the obstacle. 


Fig. 5. 



distance of lateral traverse behind cylinder. 


At each position of the wire, the heating current was kept 
constant, and the corresponding steady deflexions of the 
galvanometer observed. Figs. 5 and 6 are typical results 
for cylinders of D=*65 cm. and *42 cm. 

It will be observed that each traverse produces a curve 
exhibiting two maxima, similar tp the curves obtained by 
a vibration galvanometer method described elsewhere * 


* Loc. cit. ref. f, p. 1113. See also Table IV. for results. 
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and are similar to Dryden and Kuethe’s* results using a 
different arrangement. The distance between such maxima 
was again taken as a measure of the lateral distance (h) 
between the centres of two rows of vortices, for this is 
true, assuming the maximum variation in velocity amplitude 
occurs along the paths of the centres of the vortices, 
which would therefore produce a maximum effect on the 
periodic heating and cooling of the wire, and hence a 
maximum deflexion of the galvanometer due to maximum 
rectification. 


Fiir. 6. 



a=distance of lateral traverse behind cylinder. 

The peaks of figs. 5 and 6 also show that as the distance 
of the vortiees behind the cylinders is increased there is 
a diminution in their peak values, indicating a decrease 
in vortex strength. At a distance of 4’0 cm., overlapping of 
the two rows of vortices is sufficient to produce a region 
of uniform velocity variation, for the traverses show no 
peaks, but are merely flat over this region. 

Fig. 7 shows the variation of maximum velocity ampli¬ 
tude with increase in distance downstream behind a cylinder 

* Report N. A. C. No. 829, Aeronautics,(Bureau of Standards, Jan. 8th, 
1929* 
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o£ D='65 cm. From this figure it will be seen that at first 
the amplitude is small, but grows quickly, and reaches 
a maximum value at a distance of 1*0 cm. behind it. It 
then falls off gradually. 

(3) Frequency Determination of Vortices in Air behind 
Cylinders , Inclined Plates , and Aerofoils . 

The same arrangement as used in the previous section 
for the lateral spacings was now employed to determine the 


Fig. 7 



Variation of maximum velocity amplitude behind cylinder D=*65 cm. 
Traverse downstream at *326 cm. from centre of wake, V=‘446 cm./sec; 
N=188. 


frequency of formation of vortices, and in principle is 
similar to the method first successfully used by Piercy and 
Richardson*, except that greater amplification was now 
produced. 

By suitably placing the hot wire in one vortex row, 
where maximum variation in velocity amplitude occurs, and 
inserting in the plate circuit of the last valve either a pair 
of telephones or a loud-speaker, the small oscillating P.D.s 
produced across the wire by its periodic heating and cooling 
due to formation of vortices, after amplification were made 
to produce an audible note in either the phones or the loud 
speaker, of the same frequency as the vortex formation. 

* Phil. Mag. vi. Nov. 1928. 
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With snch amplification the note heard was of sufficient 
intensity to be heard all over a large room, and demonstration 
to an audience could easily be made. 

The value of this frequency was determined by comparing 
the note heard with a similar note produced on a monochord 
standardized with a 256 fork. Tables V., VI., and VII. 
incorporate results for cylinders, inclined plates, and aero¬ 
foils, and fig. 8 shows a comparison of results for plates and 
aerofoils. 

Table V. 

Amplifier Results for Cylinders in Air. 
r for air=’148. 


Diameter D, 

Frequency N, 

Velocity V, 

V 

jSD. 

cm. 

per sec. 

cm./sec. 

ND‘ 

V 

‘61 

865 

268 

510 

1100 

•61 

57-7 

182 

5*18 

750 

•42 

139 

293 

5-02 

830 

•42 

110-7 

238 

512 

677 

•31 

181 

297 

5*30 

621 

•31 

100 

165 

5*32 

345 

•163 

300 

266 

5-42 

292 

•163 

360 

327 

5-58 

360 

•120 

510 

330 

5-40 

268 

•120 

265 

185 

5*80 

150 

•060 

335 

152*5 

7-60 

61*8 

*060 

730 

278 

6*35 

113 

•060 

820 

307'5 

6*25 

125 

•046 

373 

150 

8*75 

46*8 

•046 

453 

167 

8-00 

52-0 

•046 

645 

208 

7*02 

65 


It will be observed that the results are in good agreement 
with those obtained by other methods*. In particular it is 
of interest to compare the cylinder results with those of 
Piercy and Richardson, who obtained a few results lor thin 


VD 

rods at somewhat higher values of — . Good agreement is 

shown for similar values of ; but, furthermore, the results 

v 


* Keif and Simmons, Phil. Mag. xlix. p. 609 (1925); Richardson, . 
Proc. Phys. Soc. xxxvii. p. 178 (1925). 
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VD 


in Table V. indicate that at low values of -— for the 

v 

. V . . 

cylinders there is an increase in which is consistent 
with results obtained by other experimenters*. 


Table VI. 


Amplifier Results for Plates in Air. 


'SE.* 

Angle of 
Inclination, 
0°. 

Frequency 

N, 

Telocity 

V, 

N5‘ 

V * 

N5. sin 
T 

per sec. 

cm./sec. 


f 5 

695 

371 

*783 

068 


10 

422-5 

265 

•678 

*118 

Length =11 cm. 

10 

490 

318 

•656 

*114 

Width b, 
=-’425 cm. 
Thickness D, 

15 

299 

293 

287*5 

*442 

•292 

*114 

30 

425-5 

*146 

=*50 mm. 

45 

214 

425-5 

•213 

150 


60 

160-7 

417*5 

*163 

*141 


90 

152 

450 

•144 

*144 


' 0 

656 

384 

1*01 

0 


0 

898 

485 

1*09 

0 


0 

579 

375 

•910 

*079 

Length =11 cm. 
Width b, 

10 

415 

371 

•660 

•115 

= ’59 cm. 

17 

372 

480 

•456 

•134 

Thickness D, 
=*50 mm. 

30 

237 

480 

•292 

•146 

45 

160-5 

465 

•204 

•144 


70 

124-5 

465 

•158 

•148 


90 

116 

466 

•147 

•147 


Theory and Discussion of Results. 

Longitudinal and Lateral Spacing of Vortices 
behind Cylinders. 

Referring to Tables I., II., III., and IV., it will be 
observed that the mean value of j — '288 agrees fairly well 
with Karman’s theoretical stability condition for two parallel 

* Benard, Comptes Rendus, cxhii. p. 830 (1908); clxxxii. No. 26, 
June 21,1926. Walton, Scientific Proc. Roy Dublin Soc. xviii. No. 47, 
Jan. 9,1928. 
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rows of vortices, viz., j =’283, although the variations are 

too large to be experimental errors. The widening out of the 
vortex rows is associated with a corresponding inereuse in 
the longitudinal spacings ( l), and both these effects produce 
a retardation in the relative speed (u) of the vortices with 

Table TII. 

« 

Amplifier Results for Aerofoils in Air *. 


Type of 
Aerofoil. 

Angle of 
Inclination, 
0°. 

Frequency 

per sec. 

Velocity 

V. 

cm./sec. 

m 
v * 

V 

ND‘ 

N6. sin 0 

V • 

( 

0 

264 

278 

MS 

5*62 

0 

0 

396 

402*5 

P18 

5-40 

0 


5 

377 

445 

1-02 

6*30 

•089 

Width b , 

10 

290 

358 

■970 

6-58 

104 

= 12 cm. 

lu 

280 

363 

•928 

6*89 

•099 

Maximum 1 | 
thickness I), 

15 

230 

363 

756 

8*40 

195 

=1*86 onn. 

20 

170 

3375 

*600 

10-65 

•205 


25 

156 

390 

■479 

13*30 

•202 


30 

120 

425 

•339 

18*80 

lo9 


45 

100 

571 

•210 

30-40 

148 

r 

0 

758 

475 

1*02 

7*66 

0 


0 

660 

402 

1*05 

7-45 

0 


5 

661 

435 

•971 

8*03 

•089 

Width 5, 

5 

565 

372 

■974 

8*06 

*085 

=*64 cm. 

15 

352 

382 

•590 

13*20 

152 

Maximum * 
thickness D, 

20 

300 

347 

•553 

14-18 

189 

=*82 mm.' 

20 

390 

450 

•555 

1410 

190 


30 

250 

450 

•355 

22-00 

177 


45 

145 

450 

•205 

37*90 

145 


60 

90 

347 

•166 

47-00 

145 


respect to the fluid stream as they recede from the cylinder, 

for there is a marked decrease in ^ as the distance down¬ 
stream ( 4 ?) is increased. 

* Phil Mag. v. March 1928. The following errata in that paper 
should be notedP. 453, Table III. Values of N given are only half 
correct values for aerofoil No. 1 (Brass). The corresponding values of 
V 

^ should read half the values shown. 







1125 


of the Distribution of Vortices. 

I . ■ D 

By plotting g against — for the different cylinders, as 

in fig. 9, the results are represented fairly well by the linear 
relation 

i=4-50(l-62£), . ....(!)■ 


Fig. g. 



which compares favourably with Karman and Rubach’s* 

value of =4*30 for a cylinder in water and Fage'sif 

value = 4*27 for a cylinder in air. 

* Phys, Zeitschr. xiii. p. 49 (1912). 
t Roy. Aero. Soc. Jan. 1929. 
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2 

Beyond ^ =12, the variations of ^are of the same order 

as the experimental errors, and it is only at such distances 
behind the cylinders that the speed of the vortices relative 
to the surrounding fluid might be assumed constant. 


ND 

Frequency Formation of Vortices. Relation between -w- and 

VD ... v 

-jj— for Cylinders in Air. 

Following the method adopted by Rayleigh* and others, 
by applying the theory of dimensional similarity, the 


l'ig. 9. 



frequency of formation of the vortices, N, formed behind 
a stationary cylinder of diameter D cm. can be expressed as 



where V=velocity of the fluid stream, 

i»=kinematic viscosity of the fluid, 
K=a constant, 


and the function is unknown, and is to be determined 

from the experimental results. 

ND 

Assuming that would be affected by a change in 


* Bayleigh’s * Sound/ ii. pp. 413* 414. 
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viscosity v, and expanding as a Maclaurin series, we 

=a + &, (vT)) + c (y]j) +••• etc -> 


ND 

V 


where a, b, and c are constants. 

Fig. 10. 



the higher power terms above the first order, we have 

ND_ i A » 

— _a + b. yJ) 


=A X 



. . . ( 2 ) 


where A x and Bi are also constants. 


ND 


This is a linear equation in '-y- and 


v 

VD’ 


and by 


plotting the values of these non-diiuensional quantities from 
Table V. a straight-line graph, as in fig. 10, is obtained, 
from which values of Aj = - 198 and B t = —19‘7 are deduced. 

Substituting these values in equation (2), the experimental 
results can be well represented by the equation 


ND 


./ 


4 AA t H 1 A.ff 


V 
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which is nearly identical with that deduced by Rayleigh 
from Strouhal’s * results obtained by a different method, 
Aj and Bj haring values of ‘195 and 20*1 respectively. 


Results for Inclined Plates and Aerofoils. 

Analysis of the results for inclined plates suggests that at 

angles of inclination (0) between 20°—90°, — y* n - = *148. 


and is constant for different plates, whereas the aerofoils 
show this constancy at angles of 30° upwards. This is only 
true when the efEect of viscosity is small, as will be shown 
later. 

Between 0° and 30° there is, however, a difference 
between the plate and aerofoil results (see fig. 8) which is 
to be expected, since at low angles of inclination the 
maximum thickness D of the aerofoil plays a more important 
part in controlling the rate of formation of the vortices, and 
ND , , N&.sintf „ . , V 


xj . , iw t oui v -xt • j* p 

-y- must now replace - y -. Variations or 


ND 


with 


0 are included in Table VII. for the aerofoils. 

A comparison of the results with those of Fage and 
Johansen f shows excellent agreement for 30° upwards. 
It is therefore highly probable that the vortex frequency 
formation behind an inclined plate at 0° to the fluid stream, 
and of width b cm., is similar to that behind a plate normal 
to the stream and having effective width b . sin 6 . 

In such a case, both the lateral and longitudinal 
spacings will be modified proportionally. Confirmation of 
this has been made by Fage and Johansen, who found that 

,—\—-= =5*32, and is constant between angles 30°—90°. 
6 . sm ft 

Some later work $, by a different method, has also verified 
this constancy of y g .^ . 


Effect of Viscosity. 

By s imilar dimensional treatment to that used for the 
cylinders it can be shown by replacing the diameter D of 
the cylinder by 6.sin0, the effective width of the plate, 
and neglecting the power terms of viscosity, that 


N6. sin 8 

y 


=A 2 



v _ \ 
.b.sind/’ 


* Ann. der Phys. v.,p. 216 (1878). 
+ Loo. cit. ref. *, p. 1117. 

J To be published later. 
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and a plot of against also gives a linear 

relation. Fig. 11 shows this quite well, the constants 
A*, Bj having values ’152 and — 52'6 respectively. Thus, 
retaining the viscosity term, the equation 


^=. 152 ( 1 - 52 - 6 ^ 


is representative of the plate results over the whole range 
investigated. 

It is of interest to compare these results with those of 
Karman and Rubach * for a plate normal to a steady stream 


Fig. 11. 



of water, for without applying a correction for viscosity 

, N. b 

they obtained a value of ‘140 tor -y—. 

Further investigations are still in progress, the results of 
which will appear in a later paper. 

SUMMAHY. 

A differential method, using two electrically heated 

S latinum wires in conjunction with a valve amplifier is- 
escribed for measuring the longitudinal spacing (Z) of 
vertices formed behind cylinders of small diameter placed 
in a steady air-stream. Measurements of the lateral 
* Loo. cit. ret *, p. 1125. 

‘ Phil. Mag. S. 7. Vol. 9. No. 61. June 1930. 4 E 
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spacings ( h) of the vortex rows are also included, together 

h 

with values of and a comparison with theory shows fairly 


good agreement for the average results only. A determination 
of the frequency of formation of the vortices behind cylinders, 
inclined plates, and aerofoils is made by using the same 
amplifier, and empirical formulae included to account for the 
results. 


Physics Dept., 

College of Technology, 
Leicester. 

January 1st, 1930. 


CIII. On the Mathematical Representation of Sensibility to 
Difference of Colour. By R. A. Hottstoun, D.Sc., 
Lecturer on Physical Optics in the University of Glasgow *. 

I T is well known that a colour possesses three qualities, 
hue, brightness, and saturation, and that it can 
consequently be specified by three independent variables. 
Also any light can be matched in colour and brightness 
by a superposition of three colours, the so-called primary 
colours. These may be real, if negative quantities are 
permitted in the mixture, but are otherwise ima.ginn.r y. 
As independent variables we may choose the quantities 
of the primaries occurring in the mixture, measured in 
energy units. This was the method adopted by Helm¬ 
holtz ; thus according to Helmholtz the three variables 
are of exactly the same nature. According to Hering, on 
the other hand, the colour possesses brightness and two 
colour valencies, and two of the variables are of a different 
nature from the third. 

The merits of these rival standpoints have been a 
subject of debate for years. Helmholtz’s view had the 
advantage of a definite physical model, three different 
systems of nerves corresponding to his three primary 
colours, which made a stronger appeal to the imagination 
than Heiing’s somewhat vague physiological processes. 

* Communicated by tie Author. 
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As the result of a paper already published * and of some 
experimental work not yet published, I have found that 
the sensation of brightness is strictly proportional to the 
number of nerves excited. Colour may therefore be due 
to the number of impulses passing along each nerve per 
second. This gives a new standpoint on the subject, and 
there is also other recent work the bearing of which has 
not yet been investigated. I have therefore thought it 
worth while to re-examine the question. 

The first requirement which a theory of colour-vision' 
has to satisfy is the laws of colour mixing. The Young- 
Helmholtz theory does this in the most satisfactory 
manner on account of the definite picture which it gives 
of the process, but any other theory the variables of which 
are linear functions of the Young-Helmholtz variables 
gives the same numerical results as the latter does. This 
was pointed out specifically by Helmholtz f for the case of 
Hering’s theory, and I have illustrated the point by some 
calculations J. 

The next requirement to be satisfied is the perception of 
difference of colour. This point has not received so much 
attention in the discussion of the subject as the laws of 
colour mixing. The problem may be stated as follows: 
Let the three Young-Helmholtz variables, i. e., the 
magnitudes of the stimuli affecting the three nerve systems, 
be laid off parallel to rectangular coordinate axes. Then 
to every colour there corresponds a point in space. How 
far must we move from any given point for the colour to 
become appreciably different ? Or, putting it mathe¬ 
matically, x v x 2 , x 3 is given, and the quantities of the 
variables in the mixture are altered until there is a just 
appreciable change in sensation; what condition must 
dx 3 , dx a , dx 3 satisfy ? 

Let dS be the change in the resultant sensation while 
dSi, dS 2 , and dS 3 are the changes in the three fundamental 
sensations. Then Helmholtz assumed 


d&^dSf + dSf + dSf 



+ 


dxf <W_ \ 
xf xf) 


* Phil. Mag. viii. p. 520 (1929). 
t Phymlogfoche Optik, Auflage ii., p. 876. 
$ Phil. Mag. xxxviii. p. 402 (1919). 

4E 2 
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This expression had the advantage that when x t and % 
were zero it reduced to 




‘n/'&V 


which agreed with Fechner’s law. Helmholtz tested the 
expression by applying it to Kftnig’s* measurements on 
the discrimination of hue in the spectrum. The results 
are shown in fig. 1, which is taken from Helmholtz’s 
* Physiological Optics,’ fig. 1, 2nd Edition, p. 455. The 


Fig. 1. 



full line gives the difference of wave-length which according 
to KOnig could just be discriminated at different points 
in the spectrum. The broken line shows what it should be 
according to the above assumption. Konig and Dieterici f 
had already determined S x , S 2 , S 3 as functions of A; 
Helmholtz found that their primaries gave no agreement, 
and from their results calculated other primaries which 
gave the result shown. 

With reference to the agreement it may be stated that 
the curve in the diagram shows only two points of 
maximum sensibility to change of wave-length in the 
spectrum, one in the yellow and one in the blue-green, 
whereas it is now known there are four such maxima. 
Also E. SchrOdinger $ has pointed out that Helmholtz’s 

* Konig and Dieterici, Ann. d. Phyt. xxii. p. 579 (1884). 

t Konig and Dieterici, Berl. Bar. p. 805 (1889). 

{ Am. d. Phyt. lxiil p. 481 (1920). 




Representation of Sensibility to Difference of Colour . 1183 

expression leads to a quite impossible value for the 
brightness of the solar spectrum* “ a horrible camel’s 
back with two well-marked maxima.” Moreover, it has 
been shown by Abney and others that the brightness of 
colours is additive. This result, which is now appropriately 
known as Abney’s law, is quite incompatible with 
Helmholtz’s assumption. 

Abney experimented with a spectrum falling upon a 
screen in which slits could be opened, so as to transmit 
different colours separately and together. These were 
allowed to illuminate a surface, and the intensity of the 
ill umin ation falling on this surface was measured photo¬ 
metrically against white light from the same source. The 
red was thus, for example, equal to so many metre- 
candles of white light, the green to so many metre-candles, 
and the red and green together to a number of metre- 
candles equal to the sum of the separate values. Thus in 
computing the brightness of an illumination we can 
neglect the colour of the components. 

Helmholtz’s assumption is therefore out of the question, 
and Schrodinger has sought to replace it by 

^ gs== _1 / a^dxi + + 

H- a 2 x 2 + a%x% \ ^3 ' 

which is in agreement with Abney’s law. He tests his 
expression by the experimental results shown in fig. 1, 
and finds that the agreement is about as good as that 
obtained by Helmholtz. When x 2 , % 3 , dx 2 , dx 3 are equal 
to zero his expression reduces to 

d&Js, 

which agrees with Fechner’s law. 

The fact that both Helmholtz’s and SchrGdinger’s 
assumptions reduce to the conventional form for Fechner s 
law shows that they cannot hold for more than a limited 
range of intensities, for it is only over a limited range that 
this law represents the results even approximately. 

Let us assume we are dealing with the colour for which 

TV 

x„ =0 and =nx g = ——z x say. Then 
n J. 

dx x —n dx 2= —7-1 dx, 
ra+1 
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and according to Helmholtz 

*-K 


whence 



2dx 
3 x 


According to Schrddinger 


and 


ds*=—-—1^ ,4 + 

a x a x +«o.r 3 \ x x 


a<idx* 


n +1 / a x ndx 2 

a x nx + a 2 x \ (n + 1 )x 


atclx* \ 
(n » l)a?/ 




Thus for a composite colour Helmholtz’s assumption does 
not give the same expression for Fechner’s law as it does for 
a primary colour, while SchrOdinger’s expression does. 
Now Kdnig and Brodhun * tested this point specially, and 
found that the law was the same, no matter whether the 
colour was primary or composite. Thus on this point 
SehrOdinger’s expression is decidedly superior. 

The criticism to which SchrOdinger’s expression might 
be subjected is that he abandons the standpoint of inde¬ 
pendent sensations. The three variables defining the 
stimulus, x 1} »g, z 3 , are independent, but the increment dS 
corresponding to a given dx depends not only on x 1 , but 
also on x 2 and x z . The extent to which the red sensation 
is affected by a given change of stimulus depends on 
whether the green sensation is simultaneously stimulated 
or not. Thus the hypothesis of three independent 
sensations is fitted to Fechner’s law by abandoning their 
independence. I feel certain that the adjustment cannot 
be made in any other way. 

For let x y be the energy absorbed per second in stimu¬ 
lating the one nerve system, x 2 the energy absorbed per 
second in stimulating the other, and let S 2 be the two 


* Sits* ho Akad. Wistensch. (Berlin) p. 917 ( 1888 / 
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sensations. Then by choosing different units for Xy and. 
*2 we may write 

Sx=/H), Sj=/(* 2 ). 

The total sensation is given by 

S=/(*i) + f(x a ). 

But, experimentally, 

S —f [aX\ + bx 2 ). 

where a and b are constants, since it is necessary to express 
the energy absorbed in a third unit. This requires that 
S should be proportional to x, which is impossible. 

The expressions which Helmholtz and Schrodinger 
postulate for <fS 2 represent both change of brightness and. 
change of hue and saturation. Let us suppose that in a 
colour matching apparatus the two fields are a perfect 
match as regards brightness, hue, and saturation, and let 
us increase the brightness of the one field. Then keeping 
the brightness constant let us change the colour. The 
eye recognizes the changes as different in kind. Conse¬ 
quently it seems wrong to combine them in the same 
expression. 

I think it desirable that one of the three variables 
de finin g the sensation should represent the brightness and. 
nothing but the brightness. This satisfies Abney’s law 
and Feehner’s law automatically. It is an unusual 
standpoint for a physicist to adopt, but, as has been 
mentioned, I have obtained the result elsewhere that the 
brightness is proportional to the number of percipient 
elements active in the retina; thus Abney’s law is 
satisfied, because there is always the same number of 
percipient elements on both sides of the equation. The 
mathematician will observe that my assumption makes it 
easier for the other two variables ; they have now only to 
f ulfil the requirements of colour mixing and colour 
sensitivity, and have nothing whatever to do with Abney’s 
law or Fechner’s law. 

Let us now consider the nature of the other two vari¬ 
ables. They have in the first place to satisfy the laws of 
colour mixing. These laws are summed up in the centre 
of gravity construction which was introduced in a sketchy 
manner in Newton’s : Optiks ’ and made into an accurate 
instrument of calculation by Maxwell and Helmholtz. 
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Let us assume that we have any three coloured lights, 
and that we superimpose a units of the first, j3 of the second, 
and y of the third. Then if we admit negative values of 
«, f3, and y, we can produce in this way all possible colours. 
Place «, fi, and y at the points A, B, and C (fig. 2), regard 
them as masses, and let P be their centre of gravity. The 
position of P depends obviously only on the ratios of a, 
/?, and y, not on their absolute magnitudes, i.e., it depends 
only on the colour of the resultant • light, not on its 
brightness. All colours occurring in nature are repre¬ 
sented in the diagram, and it may be shown that, if we 
take any two colours and superimpose them, the colour of 
the resultant is obtained by placing masses on the diagram 
at the points representing the component colours equal in 
magnitude to the “ quantities ” of the components and 
taking the centre of gravity of these masses. It represents 


Fig. 2. 



the colour of the resultant. The “ quantity ” of a 
component is the sum of its a, j8, and y values and is 
thus usually not proportional to its brightness. 

Once the colours are arranged on the diagram, any three 
points may be regarded as the primaries. The laws of 
colour mixing in themselves are independent of any 
particular choice of primaries, and the latter have been 
chosen from other considerations ; for example, in order 
to make «, /?, y always positive, to satisfy the phenomena 
of colour blindness, or to be easily produced in the 
laboratory. They may be real colours or colours not 
capable of actual production. 

Once the colours are arranged on the diagram any two 
coordinates specifying the position of a point can be taken 
as the remaining variables of the theory. According to 
Hering these variables should be the red-green valency 
and the yellow-blue valency, and according to a recent 
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paper by SchrOdinger * the relations between Bering's 
valencies and the system ol fundamental sensations 
adopted by KOnig is mathematically both simple and 
interesting. The question arises as to whether the 
phenomena of the variation of colour sensibility require 
one system of coordinates in preference to another. 
Hering’s valencies were chosen to explain the phenomena 
of simultaneous and successive contrast, but these 
phenomena are not of such a definite nature as the facts 
connected with the variation of colour sensibility, and if 
the latter could be described more easily with reference 
to Hering’s theory, its position would be considerably 
strengthened. 

Whenever the fundamental colours are chosen we are 
allowed considerable freedom in drawing the centre of 
gravity construction. We may place B (fig. 2) anywhere 
on the plane with reference to CA, i. e., we have the two 
constants defining its position at our disposal. The inten¬ 
sities of the three colours are not necessarily measured in 
units of equal energy or equal brightness. Thus when we 
have the unit of a fixed, we have the ratio of the units of j8 
and y at our disposal. There are thus four constants at our 
disposal, and there is consequently a fourfold infinity of 
constructions which will satisfy the laws of colour mixture. 
Is one of these constructions unique with reference to the 
phenomena of colour sensibility ? 

Konig’s measurements on the discrimination of hue in 
the spectrum, i.e., on the smallest difference in wave-length 
8 A which gives rise to an appreciable difference in hue, 
have already been referred to and represented in fig. 1. 
He and his collaborator Dieteriei each found three maxima 
of sensibility one of which lies outside the range of the 
diagram. Their results were obtained by the method of 
mean error. Their work was repeated by a direct method 
both by Steindler f in 1906, and by L. A. Jones J in 1917. 
The latter each found four maxima of sensibility. One 
set of results obtained by L. A. Jones is represented by the 
full curve in fig. 3, the ordinate in this case being propor¬ 
tional to 1/8A, so that the maxima represent maxima of 
sensibility. The results of Steindler and Jones are in 
good agreement, and there is no doubt whatever about 

* Site. d. Wiener Akad. cxxxiv. (ii. a) p. 470 (1926). 

f Sits. d. Wiener Akad. cxv. (ii.a) p. 115 (1906). 

| Jo urn. Op. Soc. of Amer. p. 63 (1917). 
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the existence of the fourth maximum in the red; I got it 
myself on the first attempt with an improvised apparatus. 
The sensibility to difference of hue throughout the spec¬ 
trum does not vary appreciably with the intensity, until 
the latter becomes very small. It thus forms a very 
important test for any theory of colour vision. L. A. 
Jones found altogether 128 distinct hues between 400 /i/i 
and 700 fifi. 

L. A. Jones and E. M. Lowry * have made a valuable 
series of determinations of retinal sensibility to saturation 


Fij?. 8. 



differences. Eight spectrum colours were employed, 
each was diluted with white, keeping the brightness 
constant, and the number of just perceptible steps neces¬ 
sary to reach white measured in each case. The apparatus 
had comparison fields with a sharp line of separation; 
one side was diluted with white until there was a just 
perceptible difference, the other side was then made equal 
to the first, and a second step taken. Some of the results 
of Jones and of Jones and Lowry are represented in the 
following table and in fig. 4. 


Joum. Op. Soc. Amer. xiii. p. 25 (1928). 
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Table. 


X. 

Steps 
to white. 

Steps 

along spectrum. 

440 (xfi 

23 

14 

470 

22 

13 

490 

19 

26 

540 

19 

16 

575 

16 

23 

605 

20 

13 

640 

23 

7 

680 

23 



Fig. 4. 



The first column in the table gives the eight wave-lengths 
employed by Jones and Lowry, the second column the 
number of steps required to reach white from the wave¬ 
length in question, and the third column the number of steps 
along the spectrum required to reach each wave-length from 
the next according to the measurements of Jones. In fig. 4 
W represents white, and the distances between white and 
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the different wave-lengths and between consecutive 
wave-lengths are proportional to the number of steps. 
Thus fig. 4 represents a rough colour-sensibility diagram. 
The distance between two colours on it represents the 
number of just perceptible steps required to reach the 
one colour from the other. 

Fig. 5 represents the K8nig-Ives colour-mixture diagram 
in rectangular coordinates. It gives the position of the 
spectrum according to the data of Ktinig, as recalculated 
by Ives; the data of Konig are regarded at present as 

Fig. 5. 



most authoritative, and this diagram is the most con¬ 
venient way of employing them. Is it possible to modify 
fig. 5 by changing the four constants at our disposal, so as 
to make it also serve the same purpose as fig. 4 ? 

Let us consider the effect of changing these four con¬ 
stants. Let P be the centre of gravity (fig. 6) of three 
masses situated at A, B, and G. Displace B parallel to 
CB. Then P suffers a displacement parallel to CB pro¬ 
portional to its distance from CA. Displace B parallel 
to CA. Then P suffers a displacement parallel to CA 
proportional to its distance from CA. Thus in one case 
the diagram suffers an extension and in the other a shear. 
Straight lines remain straight, and the ratio of their 
parts is unaltered by the displacement. 
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Let us now diminish the unit in which the mass situated 
at B is measured. The apparent value of this mass- 
increases, and P moves along PB towards B. Every 
straight line parallel to CA moves towards B keeping 
parallel to itself, but obviously the ratio of the parte of the- 
straight line PB is altered by the change. It may bo 
shown by considering the coordinates of three points that 
straight lines remain straight. Diminishing the unit in 
which one of the other masses is measured produces, 
similar results. 

Thus, no matter how we modify fig. 5, the straight part 
from the red end to 540 pp remains straight. Now the 
corresponding portion of fig. 4 is not straight, and cannot 
be made straight even if we take a different unit for the 
least perceptible step in two different directions. If 
different units of sensibility had been required in the 


Fig. 6. 



C A 


directions corresponding to Hering’s colour valencies,, 
that theory would naturally have been strengthened. 

Since none of the variants of the colour-mixture diagram 
can be made to represent sensibility to both changes of 
hue and of saturation, it is interesting to inquire whether 
these requirements can be met separately. I have 
calculated the distances along the curve in fig. 5 which 
correspond to a difference of 10 pp, and plotted them in 
the broken curve in fig. 3 against their mean wave¬ 
lengths. The result gives the sensibility to difference of 
wave-length as recorded by the K6nig-Ives diagram. It 
will be noticed that the curve gives three of the four 
maxima obtained by L. A. Jones in approximately the 
correct positions. The fourth one is not given ; Konig’s 
data have not been sufficiently accurate. But the same 
criticism applies to the evaluations of the colours of the 
spectrum in terms of the three primaries made by Maxwell, 
Dieterici, Abney, and Dow and myself*. A redeter- 
* Phil. Mag. xlv. p. 169 (1923). 
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urination of the position of the spectrum on the diagram 
in the light of the desired result would probably reveal 
a correspondence in this point also. 

On examining the KOnig-Ives diagram it will be noticed 
that the spectrum curve is straight from 690 /x/x to 540 /x/x 
and approximately straight from 520 /x/x to 440 /x/x. If we 
assume these lines as sides of the triangle; it is obvious 
that by changing the scale of the second side the relative 
heights of the two principal maxima could be brought into 
agreement, and that by changing the units in which two of 
the three primaries are measured the positions of the 
maxima could be moved along the sides. So that doubt¬ 
less, apart from the fourth maximum, quite a good agree¬ 
ment could be obtained between the two curves. 

So much for the variation of hue along the spectrum. 
Xet us now consider the sensibility to saturation differences. 
We have four constants at our disposal in the colour- 
mixture diagram. It is therefore possible to manipulate 
the diagram so as to get five lengths on it into a given 
ratio. According to Jones and Lowry between 680 /x/x, 
575/x/x, 540 /x/x, 490/x/x, and 440/x/x and white there are 23, 
16,19, 19, and 23 steps respectively. I resolved therefore 
to adjust the diagram, so as to make the distances between 
these points take the ratio of the above numbers. Jones 
and Lowry employed a white of 5200° K. I found the 
coordinates of this point to be 0-302, 0-302, 0-396, on the 
K6nig-Ives diagram. It was selected as origin, and 680 / x/x 
and 575 /x/x chosen as the points A and B of fig. 6. An 
extension of the diagram in the direction CB brought the 
distances of 680 /x/x and 575 /x/x into the correct ratio. The 
next point to adjust was 490 /x/x. It is very nearly on CA. 
The unit in which a is measured was altered so as to make 
the distance of this point right. There then remained 
two Constants at my disposal, the unit in which /8 was 
measured and the angle between CA and CB. The re¬ 
maining two distances were expressed in terms of these 
constants, and the latter solved for. The details of the 
calculation are somewhat tedious, so I omit them and 
content myself with giving the result in fig. 7 
This figure is a colour-mixture diagram which has the 
property, that the distances from white to five of the eight 
-wave-lengths employed by Jones and Lowry are in the 
ratio of the numbers of steps of saturation difference 
necessary to reach these, wave-lengths. It is found on 
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examination of the diagram, that the distances to the other 
three points are not far from the correct ratio. Conse¬ 
quently, the diagram, when drawn in this manner, in 
addition to representing the colours in terms of the 
primaries, states approximately their degree of saturation. 

Jones and Lowry found that the steps were not equal, 
being smallest at complete saturation and at white. For 
example, if we take the case of 680 pp when it was 
gradually diluted with white, just perceptible differences 
occurred at 97-0, 93-9, 90-5, 87-0, etc. per cent, of red, 
giving differences of 3-0, 3-1, 3-4, 3-5, etc. per cent. The 
differences gradually increase to a maximum of 6 per cent., 
and then diminish to 2- 8 per cent, on reaching white. Two 


Fig. 7. 



of the wave-lengths investigated are almost comple- 
mentaries, 680 pp and 490 pp. It is consequently possible 
to follow this direction across the diagram through white 
to saturation at the other side. The white used is, in 
units of equal luminosity, 40-5 per cent, of the red, and 
69-5 per cent, of the blue at the ends of the path. If we 
specify the ends of the steps in percentages of this red and 
blue, the differences start from red at 1- 8 per cent., rise to a 
maximum of 3-5 per cent., diminish to below 2 per cent, in 
passing through white, then rise to above 3 per cent., and 
finally diminish to 1-2 per cent, at the blue end. White is 
thus a point of maximum sensibility. It is impossible by 
any manipulation of the diagram to make these steps equal. 
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Let us now eollect the results of this part of the invest!-'' 
gation. If one of the three sensations is to specify 
brightness and the other two have to specify colour, it 
would involve the least disturbance to current practice 
if the sensations taken were 

p.n.n B' Ci' 

’ R'+G' + B" FTG' + B" 

where R, G, and B are the Young—Helmholtz fundamental 
sensations expressed in units of equal luminosity and 
R r , G / , B' the same sensations in units equal quantities 
of which make white. But when it comes to specifying 
sensibility to difference of colour, neither the second and 
third variables above nor the Hering colour valencies, 
are suitable. Polar coordinates seem indicated. The 
origin must be at white, and the scale of the diagram must 
be adjusted so that the distances to the five wave-lengths 
of Jones and Lowry are proportional to the number of 
steps to these wave-lengths. Then a step of sensation 
outwards will be given by 

d*r=f(r) dr, 

where f(r) is a function which decreases to a minimum 
near the middle of the range. A step of sensation in a 
transverse direction will be given by 

dS,= ¥( ^dd, 

r 

where F(0) is chosen to bring the dotted curve of fig. 3 
into agreement with the full curve. But, from the point 
of view of getting at the mechanism, at present it seems 
neither profitable to seek the exact form of these functions 
nor to investigate the connexion of dS,. and dS, with the 
resultant step. 

In the conventional representation of the colour triangle 
white is placed at the centroid, and the units are then said 
to be of “ equal sensation value.” No further definition 
has been given of what this phrase means. But the 
procedure has been due to the sound instinct to space 
difference in colour over the diagram as uniformly as 
possible. And the shape of the spectrum curve obtained 
in this way bears a rough resemblance to the curve obtained 
by‘the exact procedure of this paper and represented in 
fig. 7. 
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CIV. Energies of Electrons in Oases. By J. S. Townsem), 
M.A., Wykeham Professor of Physics, Oxford*. 

1. r l\HE investigations of the electrical properties 
A of gases which have been carried out at the 
Electrical Laboratory, Oxford, include many experiments 
connected with phenomena observed with currents of 
various intensities when the mean energy of agitation of 
the electrons is of the order of the amount of energy 
corresponding to a potential of 5 volts. 

In the experiments on the determination of the motion 
of electrons in gases with photo-electric currents it was 
found that, after the electrons have traversed a certain 
distance through a gas under the action of an electric 
force, a steady state of motion is established, where the 
mean energy of agitation E x of the electrons and the 
mean velocity Wj in the direction of the electric force 
are functions of the ratio of the electric force Z to the 
gas-pressure p. 

The energy E x and the velocity W x were thus obtained 
experimentally in terms of the ratio Z /p, without making 
any hypothesis as to the lengths of the mean free path 
or the amount of energy lost in a collision f. 

The mean free path l and the mean loss of energy 
A. Ej of electrons in collisions with molecules of the gas 
may be found by the theory of the motion, in terms of 
the velocities W x and the energy E x . 

The numerical factors that occur in the formulae from 
which Z and A are derived have not been determined to 
a hi gh degree of accuracy, but the most interesting results 
obtained from the experiments do not depend on the 
numerical factors, as they give the changes in Z and A 
obtained with different values of E 1} and the relative 
values of these quantities in different gases. 

2. In each gas there is a range of forces and pressures 
where the coefficient A and the mean free path at unit 
pressure L = Zxp are approximately constant. These 

* Communicated by the Author. 

•j- A general description of these experiments and the tables of results 
obtained with several gases are given in the pamphlet on the 4 Motion 
of Electrons in Gases.’ Clarendon Press, Oxford. 

Phil. Mag. S. 7. Vol. 9. No. 61. June 1930. 4 F 
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ranges are well marked in helium * and in neon f, where 
the mean energy of agitation E x is approximately pro¬ 
portional to the ratio Z/p. At the upper limit to this range 
in neon, A is approximately 7 xl0~ 5 , and the mean energy 
of agitation of the electrons is about 4 volts. In helium 
the upper limit to this range is near the point where the 
mean energy of agitation is 4 volts and A is approximately 
2-6x10" 4 . With larger energies of agitation the values 
of A are considerably increased, and the increases may be 
attributed to losses of energy in large amounts in some 
of the collisions where the kinetic energy of the electrons 
is much greater than the mean energy. 

The effect of large losses of energy in neon and in helium 
may be seen directly from the curves (figs. 1 and 2), which 
give the mean energy of agitation E x in the steady state 



•4 -8 l-Z 


Z ;p. 

of motion as found experimentally in terms of the ratio 
Z/p. The ordinates of the curves give the values of E x 
in volts, and the abscissae the ratio Z/p, Z being in 
volts per centimetre and p in millimetres of mercury. 

In each gas there is a considerable portion of the curve 
which is almost in a straight line, and within this r ang e 
the changes in L and A are small. With the larger energies 
of agitation the rate of increase of E x with Z/p diminishes, 
as is shown by the change of the slope of the curves! 
This indicates that the proportion of the energy of electrons 
which is lost in collisions increases with the energy of 
agitation. 

* J. S. Townsend and V. A;. Bailey, Phil. Mag. xlvi. p. 667 (Oct. 
1923). • . . 

t V. A. Bailey, Phil. Mag. xlvii. p. .‘!79 (1924). . 
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The curve (fig. 1), which gives the energy of agitation 
of electrons in neon, is approximately a straight line 
(E 1 =10-5 xZ/p) from the point where E x is 2 volts to 
E 1 =4 volts. At the point Z/p—-S the mean energy of 
agitation is 7 -2 volts, which differs considerably from 8-4 
volts, to be expected if there were no change in the pro¬ 
portion of the energy of an electron that is lost in a 
collision. This indicates that the energy of agitation of 
a considerable proportion of the total number of electrons 
is much below 7 -2 volts. 

The energies of agitation of electrons in helium are 
given by the curve (fig. 2). This curve is approximately 
in a straight line (E x =2 xZ /p) from the point E 1 ==2 volts 



| 2 3 4-5 


Z Ip. 


to E x =4 volts. The energy of agitation is 4-7 volts at 
the point where Z/p=2-6, which is much below the 5-2 
volts to be expected if A were constant. 

These results may be explained by the theory of ioni¬ 
zation by collision as given by the author many years 
ago. In some of the collisions with the larger velocities 
of agitation the atoms acquire energy from, the electrons 
in large amounts which may cause them to radiate, and 
in others the atoms may be ionized. But the transfer of 
energy in amounts which produce these effects occurs 
only in a small proportion of the total number of collisions 
with large energies of agitation. 

4 F 2 




1148 Prof. J. S. Townsend on the 

3. This theory of ionization by collision gives a satis¬ 
factory explanation of luminous discharges which are 
maintained when the ratio of the electric force to the 
pressure of the gas is comparatively small * * * § . 

This may be seen in a direct-current discharge in along, 
wide tube containing gas at a few millimetres pressure. 
In the uniform positive column of the discharge where 
the current is maintained by the ionization of the gas 
the electric force is comparatively small. 

Recent experiments f with high-frequency discharges 
of constant amplitude have also shown that the currents 
in long tubes which are accompanied by a uniform luminous 
glow are also maintained with small electric forces. 

The theory which has been given to account for the 
long luminous columns indicates that positive ions and 
electrons are lost by diffusion to the sides of the tube, 
and these losses are balanced by the supply provided 
by the process of ionization by collision. In wide tubes 
containing gases at a few millimetres pressure the losses 
due to diffusion are small, so that the supply required to 
maintain continuity is provided by the ionization of the 
gas obtained with a small electric force J. The theory 
shows that the mean force, in a high-frequency discharge 
of constant amplitude, is the same as the force in the 
direct-current discharge. This result has been obtained 
experimentally with nitrogen § and neon, but the experi¬ 
ments with neon have not yet been completed for 
publication. 

4. The forces in the uniform luminous columns of high- 
frequency discharges have been determined by Hayman [| 
for neon and helium at various pressures in a tube 2-9 cm. 
in diameter. 

The mean force Z which is independent of the current 
is given in volts per centimetre, and the pressure p in 
millim etres of mercury in Table I. for discharges in neon, 
and in Table II. for discharges in helium. The ratios 
Z/p are given in the third line of each table, and the 

* ‘ Electricity in Gases,’ p. 440. Clarendon Press, Oxford (1915). 

f J. S. Townsend and R. H. Donaldson, Phil, Mag. v. p. 178 (Jan. 

1928) . 

J Comptes Rendus, 1.186, p. 55 (9th Jan., 1928). 

§ J. S. Townsend and W. Nethercot, Phil. Mag. vii. p. 600 (March 

1929) . 

|| R. L. Hayman, Phil. Mag. vi. p. 586 (March 1929). 
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values of E x in volts corresponding to these values of 
Z/p, as obtained from the curves figures 1 and 2, are 
given in the fourth line. 

These experiments were made in a quartz tube with 
external electrodes, so that it was possible to heat the 
whole tube to a very high temperature in order to remove 
impurities. The gases were carefully prepared, and the 
tube was washed out several times with pure gas before 
the measurements of forces in the discharges were made. 
As far as could be seen with a direct-vision spectroscope, 
there were no impurities in the gases. The light from 


Table I.—Neon. 

p . 60 40 20 10 5 2 

Z. 28-5 21 11-5 7 0 4-4 3-5 

Z Ip . -47 -52 -57 -7 -88 1-75 

E t . 4-8 5-2 5-6 6-4 7-6 — 


Table II.—Helium. 


V . 

.... 20 

10 

5 

2 

1 

z. 

32 

19 

11*5 

6*4 

5 

Z Ip . 

.... 1*6 

1*9 

2*3 

3-2 

5 

Ex . 

... 3*2 

3*8 

4*3 

5*3 

6*4 


the electrodeless discharge was examined in each experi¬ 
ment, as this method of detecting impurities was found 
to be much more sensitive than the ordinary method 
with a small spectroscopic tube *. These determinations 
of the forces in luminous discharges in pure gases are 
therefore very reliable. 

In the discharge in neon at 20 mm. pressure the 
ratio of the force to the pressure is 0 '57, and the mean 
energy of agitation of the electrons is 5-6 volts. This is 
about the point where losses of energy in large amounts 
have a noticeable effect on the mean energy of agitation 
in neon, as shown by the curve (fig. 1). 

* J. S. Townsend and S. P. MacCallum, Phil. Mag. v. p. 695 (April 
1928 ). 
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In the discharge in helium at 5 mm. pressure the 
ratio of the force to the pressure is 2-3, and the mean 
energy of agitation of the electrons is 4-3 volts, which is 
near the point where large losses of energy in helium are 
shown by the curve (fig. 2). 

5. It does not appear that these experiments can be 
explained by any hypothesis in agreement with the laws 
governing the impact of an electron on a molecule of a 
gas that have been given by Franck and Hertz. These 
laws, as described by Jeans * and Atkinson f, are said 
to be very accurate and satisfactory, and are adopted by 
many writers, without questioning their validity. 

There are, however, many phenomena which conflict 
with these laws of impact, and, if the methods by which 
they have been deduced from experimental data be 
examined, it is found that the evidence in support of them 
is not convincing. 

The losses of energy which occur in the collisions of 
electrons with atoms of helium when the kinetic energy 
of the electrons is below a certain critical value has been 
estimated by finding the amount of energy lost in a com¬ 
paratively small number of collisions. In these experi¬ 
ments the electrons move in an accelerating field, and lose 
energy in collisions with atoms of the gas while traversing 
a certain distance in the direction of the electric force. 
The experiments show that a small proportion of the total 
number of electrons lose a small amount of energy in 
traversing the gas, and this result is interpreted on the 
hypothesis that all the other electrons lose exactly the 
same amount as those comprised in the group which were 
found to have lost a small amount. The possibility of 
losses being distributed about a mean value is not con¬ 
sidered, although, according to the ordinary dynamical 
theory of gases, there are many causes which give rise to 
inequalities in the amounts of energy lost by different 
groups of electrons in moving through the same distance 
in a gas. Also, if some electrons had lost energy in 
collisions with atoms in very large amounts, these losses 
would not have been detected. These experiments, 
however, are frequently quoted as proving that the loss 
of energy of electrons in collisions with atoms of monatomic 

* Jeans, ‘ Report on Radiation and the Quantum Theory,’ 2nd ed. 
(1924). 

+ Atliiaaon, Proc. Roy. Soc. A, cxix. p. 335 (1928). 
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gases is exactly the same as if the atoms were perfectly 
elastic, when the energy of an electron is .below a certain 
value. This critical value is stated to be 19-77 volts in 
helium and approximately 16 volts in neon. 

What has been measured experimentally is a lower 
limit to the amount of energy that electrons may lose 
under certain conditions; and if the result were reliable, 
there would be an upper limit to the energy that electrons 
can acquire while moving in helium under the action of 
an electric force. If the gas were at 5 mm. pressure 
and the force 11-5 volts per cm., this upper limit to 
the energy of agitation would be about 4-6 volts. It 
is easy to see that this interpretation conflicts with the 
results of many simple experiments. 

6. The other laws governing the impacts of electrons 
with atoms relate to the large amounts of energy that 
electrons may lose in collisions. When the energy of an 
electron exceeds a certain amount, it may lose a large 
proportion of its energy in a collision with an atom. 

According to the laws of impact now adopted by many 
writers, these losses of energy in large amounts occur 
immediately the kinetic energy of an electron attains 
a certain exact value. This value corresponds to a 
certain critical potential, and for each gas there are said 
to be several critical potentials which have been deter¬ 
mined to a high degree of accuracy. 

The critical potentials in helium and neon, and the 
properties of the gases -with which they have been asso¬ 
ciated, are briefly as follows. In helium the lowest 
critical potential is 19-77 volts and the ionizing potential 
is about 25 volts. In neon the lowest critical potential 
is 16 volts and the ionizing potential 21 volts. In con¬ 
sequence of the absorption of energy in amounts corre¬ 
sponding to some of the critical potentials, the atoms are 
caused to radiate, and these potentials are called resonance 
potentials. The others are called metastable potentials. 
When the atoms absorb energy in the amounts correspond¬ 
ing to these potentials they are thrown into a metastable 
state. The metastable atoms do not radiate, but possess 
the property of ionizing molecules of impurities which 
may be present in the gas. 

This process of ionization is known as the “ Stosse zweiter 
Art,” and it is supposed to be very effective, especially in 
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helium, as the first critical potential in that gas is a 
metastable potential. In neon there are several critical 
potentials nearly the same as the first critical potential, 
and there seems to be some uncertainty as to whether 
the first critical potential is a metastable potential or a 
resonance potential. 

As far as this discussion is concerned, it is of no impor¬ 
tance whether the first critical potential is a resonance 
potential or a metastable potential. 

The first resonance potential corresponds to a line in 
the ultra-violet spectrum, and according to the theory 
the full number of lines in the visible spectrum is not 
attained until the electrons acquire energy in amounts 
which may be 1 or 2 volts less than the ionizing 
potential. In both gases the ionizing potential is said 
to be about 5 volts greater than the first critical potential, 
so that when the energy of an electron increases gradually 
as it moves under the action of an electric force, it may 
lose all its energy in collisions with atoms in amounts 
corresponding to the first critical potentials before it 
attains the energy corresponding to one of the higher 
critical potentials. Under certain circumstances, therefore, * 
it would be impossible to ionize the gas or to obtain lines 
in the visible spectrum. The ranges of the electric force 
and gas-pressure in which this result may be expected 
depend on the probability of an electron losing its energy 
in a collision, and on the difference between the ionizing 
potential and the first critical potential. 

In the experiments on which the theory is based, 
changes in currents are obtained in helium with potentials 
of about 20 volts andin neon with potentials of 16 volts, and 
opinions have differed from time to time as to whether 
these effects were due to ionization by collision or to 
radiation from the gas, or to impurities. The point on 
which the advocates of this theory have always agreed 
is that the atoms of helium have a remarkable power 
of absorbing energy in amounts of about 20 volts, and 
the atoms of neon in absorbing energy in amounts of 16 
volts, so that when the kinetic energy of the electrons 
just exceeds these critical amounts, very few can retain 
their energy after a few collisions with atoms of the 
gas. 

There now seems to be some agreement on this point, 
and these potentials are said to be either metastable 
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potentials or resonance potentials, and the ionizing 
potentials are about 5 volts greater in each gas. 

7. If these laws be true, there could be no appreciable 
effect due to ionization by collision or appreciable intensity 
in lines in the visible spectrum when the ratio Z/p is of 
the order of the values obtained in discharges accompanied 
by a uniform glow, in gases at a few millimetres pressure. 

This may be seen by estimating the number of electrons 
which obtain energies above 20 volts in helium, when the 
gas is at 2 mm. pressure and the electric force 5 volts 
per cm. In this case the mean energy of agitation of the 
electrons is about 5 volts. 

The electrons that diffuse in the direction of the force 
acquire energies greater than the mean energy Ej, but the 
number that acquire energies of 19 or 20 volts is very 
small, since they lose energy so rapidly in the amounts 
A-E, when E is four times the mean energy. These 
numbers are given by the formulae for the distribution 
of the energy of electrons in terms of the mean energy of 
agitation. Also, the probability P that the energy of an 
electron may increase from 20 to 24 volts is very small, 
even when no collision results in a loss of energy greater 
than A-E. This probability depends on the number of 
free paths that the electron traverses after attaining the 
energy of 20 volts. After traversing 160 free paths P 
is about 1 -5 X 10 _ 5 , after 200 free paths P is about 4 5 x 10' 5 , 
and after 240 free paths P is about 10~ 4 . The probability 
increases with the number of free paths, and attains a 
maximum value about 8x10" 4 when the electrons have 
traversed 800 free paths. Thus the number of electrons 
that attain energies of 23 or 24 volts is very small even 
when there are no losses of energy in large amounts. These 
calculations also show that if there were losses of energy 
in large amounts in 10 per cent, of the collisions when the 
energy of an electron exceeds 20 volts, the energy that 
an electron could attain would be limited, and no appre¬ 
ciable number would attain energies of 21 to 22 volts. 
Under these conditions most of the lines in the visible 
spectrum would be absent, whether the gas were pure 
or impure. 

8. It has been suggested that in these cases the con¬ 
ductivity is due to impurities which are ionized by title 
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process known as the “ Stosse zweiter Art,” even when, 
the amount of impurity is so small that it c anno t be 
detected spectroscopically. The theory is nevertheless 
unsatisfactory for many reasons *. It indicates that it 
would be impossible to obtain the ordinary lines in the 
visible spectrum of a monatomic gas at a few millimetres 
pressure, and if the gas were pure it would be impossible 
to have ionization. Also, the amount of impurity required 
to maintain the conductivity would be proportioned to 
the current, so that considerable amounts of impurity 
would be required to maintain currents of the order of 
10 milliamps. Under these conditions, it would be 
necessary to suppose that there is a continuous supply of 
impurity to the gas in a discharge-tube, as it has been 
found that the current tends to remove impurities from 
monatomic gases. 

It is thus quite clear that the laws of impacts of electrons 
on atoms of monatomic gas as given by Franck and Hertz 
are not in agreement with the electrical properties of 
currents in wide tubes as found experimentally. Also, as 
far as radiation from the gas is concerned, these laws are 
unsatisfactory, since they indicate that the lines in the 
visible spectrum of monatomic gases would not be excited, 
under the conditions in which bright l umin ous columns 
of gas are obtained in discharge-tubes. 

It may also be seen that these modem theories of 
critical potentials are not based on reliable experimental 
evidence. The experiments which are quoted in support 
of them depend on the interpretation of effects observed 
at the boundary of a "space containing a gas, when large 
currents of electrons are projected into the space through 
apertures in the boundary. It is supposed that the 
kinetic energies of the electrons in the collisions with 
molecules of the gas are the same as the kinetic energy 
with which the electrons enter the gas. No allowance 
is made for the effect of the negative charge in the gas 
due to the accumulation of electrons. This charge 
exerts a repulsive force which reduces the kinetic energy 
of the electrons so that the energy of the electrons when 
they collide with molecules of the gas is less than the 
energy at the boundary. Also, the reduction of the 


* J. S. Townsend and S. P. MacCallum, Proc. Roy. Soc. A, cxxiv. 
(1929). 
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energy is continuous as the electrons move from the 
boundary into the gas, so that no large proportion of the 
electrons collide with any particular velocity. Under 
these conditions it cannot be maintained that the poten¬ 
tials of the electrons as they enter the gas represent 
amounts of energy coinciding with critical properties of 
molecules. 

9. In the experiments which have been made to deter¬ 
mine the mean energy of agitation the electrons move 
in a uniform electric field, and the currents are small, 
so that there is no appreciable charge in the gas. The 
electric force is therefore undisturbed by the current, and 
the mean energy of agitation E x is found accurately in 
terms of the ratio Z/p. These results give the mean 
energy of agitation in other experiments where the ratio 
Z/p can be found experimentally, but many phenomena 
which are observed in gases depend on the distribution 
of energy about the mean. 

It is clear that in many discharges ionization by 
collision is due to electrons which have energies greater 
than the mean, and the experiments with electrodeless 
discharges also show that the colour of the discharge 
depends on the distribution of the energies of electrons. 
In neon the colour is red at the higher gas-pressures and 
changes to yellow as the pressure is reduced. In helium 
the colour is yellow at high pressures and becomes bright 
green as the pressure is reduced. Since the forces in these 
discharges have been determined experimentally, the 
changes in the intensities of the lines of the spectrum of 
the gas may be found in terms of the changes in the 
energy of agitation. The experiments show that the 
lines of long wave-lengths are very intense compared with 
those of short wave-lengths when the kinetic energy of 
the electrons is small, and as the kinetic energy increases, 
the intensities of short waves increase in comparison with 
the long waves. 

These observations are in accordance with a theory of 
the radiation from a discharge which was well known 
many years ago. 

It is therefore of interest to determine the rate at which 
electrons tend to acquire the mean energy of agitation, 
and the disturbing effects which .cause some of the elec- 
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trons to have energies which exceed the mean energy by 
definite factors. 

10. The kinetic energy of an electron in a gas depends 
on the amount of energy transferred in collisions and the 
number of collisions with molecules when the electron 
traverses a given distance in the direction of the electric 
force. Electrons may gain or lose energy in collisions, 
but the amounts of energy lost are generally greater than 
the amounts gained, so that the average effect of a large 
number of collisions may be represented by a loss of 
energy which is proportional to the kinetic energy E 
of the electron. If AE be the average loss of energy in a 
collision, the coefficient A is a small fraction, and the 
amounts of energy that may be lost or gained in collisions 
is much greater than AE *. Thus different groups of 
electrons may lose amounts of energy which are widely 
different from the average loss of energy, in traversing 
a given distance in the direction of the electric force even 
if all the electrons collided with the same number of 
molecules. 

Under some conditions there are considerable differences 
in the numbers of collisions of electrons with molecules 
of the gas, since electrons may traverse several consecutive 
free paths which on an average may be either longer or 
shorter than the mean free path (l). When the total 
number of collisions with molecules is not very large, there 
are large inequalities in the amounts of energy lost by 
electrons due to these causes. 

11. In general, when electrons move in a field of force 
the motion is automatically regulated, so that in moving 
through a given distance in the direction of the force 
the number of collisions of an electron with molecules 
of a gas is proportional to the kinetic energy of the electron. 
Thus electrons with large energies of agitation tend to lose 
much more energy in moving through a given distance in 
the direction of the force than do those with small energies. 

This controlling action has an equalizing effect which 
brings the mean energy of agitation of a group of electrons 
to a definite fixed value when the electrons move in a 
uniform electric field. 


* Proc. Roy. Soc. A, cxx. p. 511 (1928). 
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The inequalities arising from variations of the free 
paths about the mean free path l and the variations of 
the losses of energy in collisions about the mean value 
A Ej are therefore counteracted when the electrons move 
in the direction of the electric force so that no large 
deviations from the mean energy of agitation can arise 
from these causes. 

12. The following investigation of the motion due to 
diffusion shows that there are wide differences in the 
velocities of different groups of electrons in the direction 
of an electric force, which are accompanied by large 
inequalities in the amounts of energy lost by the different 
groups. 

The electrons that diffuse in the direction of the electric 
force traverse a given distance in that direction in a 
shorter time, and have fewer collisions with molecules, 
than the groups that move with the average velocity in 
the direction of the electric force. Thus some electrons 
gain energy by diffusion in the direction of the electric 
force, while others lose energy by diffusion in the opposite 
direction. In fact, the controlling action which regulates the 
general motion and causes the energies of different groups 
to approach a definite mean value, is in reality an average 
effect, which determines a steady state of motion where 
there is a distribution of energy about the mean energy 
of agitation due to diffusion. This distribution is inde¬ 
pendent of differences in the energies that may arise 
from other causes, and would be obtained if all losses of 
energy in collisions were equal to the mean loss of energy, 
and all free paths equal to the mean free path. 

The effect of the controlling action which tends to 
equalize the energies of electrons will be considered first, 
in order to estimate the rates at which the mean energy 
of a group of electrons tends to approach a certain definite 
value Ej which depends on the ratio Z/p. 

13. In order to simplify these investigations, it will 
be assumed that there are no large losses of energy in 
the collisions of electrons with molecules of the gas, in 
the amounts required to ionize atoms of the gas or to 
excite radiation. It will also be assumed that the energies 
of the electrons are large compared with the energy of 
agitation of a molecule of the gas; that the loss of energy- 
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of an electron in a collision is A. E, where E is the energy 
of the electron and \a constant; and that the mean free 
path L of an electron in the gas at unit pressure is also 
constant and the same for all values of E. 

In order to calculate the energies of different groups 
Of electrons, it is convenient to represent the mean energy 
E of a group in terms of the mean energy E x of aU the 
groups corresponding to the steady motion in a uniform 
electric field. Within the ranges of the electric forces 
and gas-pressures where A and L are constant, E x is pro¬ 
portional to the ratio Z/p. The number of collisions of 
electrons with molecules of the gas in the space between 
two planes perpendicular to the electric force Z may be 
represented in terms of the average number of collisions 
C of electrons in the steady state of motion, when the 
planes are at the distance apart (a) where Zeo=E 1 . 

Let W x be the mean velocity of the electrons in the 
direction of the electric force, T the time a/W 1; and U x 
the mean velocity of agitation in the steady state of 
motion. The total distance traversed by an electron 
moving with the velocity in the time T is, is Ujo/Wx, 
and this distance is Cxi, where l is the mean free path. 
The number C is therefore given in terms of U/ and W x 
by the formula C=U 1 a/W 1 6. 

For the purpose of these investigations it is not necessary 
to know the values of A and C, but it is important to know 
the product A •€. 

In the steady state of motion the mean energy of 
agitation of the electrons is constant, so that the energy 
(Zea) gained by the electrons in moving through the 
distance (a) in the direction of the force is equal to 
the energy lost in collisions which is approximately 
A.C.E X . 

Since Zea=E 1 , the relation between the constants 
A and C is given approximately by the formula AxC=l. 
The degree of accuracy of this formula depends on the 
distribution of the velocities of agitation about the mean 
velocity U l5 and for first approximations A may be taken 
to be 1/C. 

Hence, if the potential difference Z a between two planes 
is equal to the energy E x expressed in volts, the average 
number of collisions of electrons with molecules of the 
gas in the space between the planes is the same for all 
values of Z and p, and approximately equal to 1/A. 
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14. The mean velocity W of a group of electrons in 
the direction of the electric force, which is proportional 
to Z, is given in terms of the mean velocity of agitation 
U by an equation of the form 

x - .<T> 

p m U 

where h is a numerical constant depending on the dis¬ 
tribution of the velocities about the mean value U. The 
value of h for the Maxwellian distribution is 0-815, U 
being the root of the mean square of the velocity 
(U= y/2E/m). The distribution of the velocities of 
electrons about the mean velocity U is not the same as 
in the Maxwellian distribution, and in order to determine 
h it is necessary to find an appropriate formula for the 
distribution of the velocities. 

Equation (1) shows that W is inversely proportional 
to U, so that when the energy E of a group of electrons 
changes as the group moves under an electric force through 
a gas, the product U xW is approximately constant and 
equal to Uj xW,. In cases where the distribution of 
the energies about the mean energy changes as the electrons 
move through the gas, the product U X W is not accurately 
the same as X W x , since the factor h in equation (1) 
changes with the distribution. This applies to a group 
which begins to move through a gas when the energies 
of the electrons are approximately the same, since the 
distribution of the energy in the first stages of the motion 
is not the same as in the final stages. For this reason 
the formulae which are obtained on the hypothesis that 
the product U xW is a constant are only approximate, 
though in some cases the results approach a high degree 
of accuracy. 

15. If the kinetic energy of a group of electrons be 
small, the energy increases as the electrons move through 
the gas *. 

Let the electrons start from the plane z—0, and let E 
be the mean energy of agitation of the group in passing 
through a plane perpendicular to the electric force at a 
distance z from the origin. Also let dc be the average 

* Proc. Roy. Soc. A, lxxxi. p. 481 (1908). 
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number of collisions of an electron with molecules of the 
gas in the space between the two planes z and z+dz. 
The electrons traverse the space dz in the time dz/W, and 
the number of collisions is proportional to U dz/W. Since 
C is the average number of collisions in the space between 
two planes at a distance apart a when the velocities are 
U x and W 1( the number dc is given by the formulae 

dc dz U Wj E dz . 

C“a -TTT* W • • • W 


and the loss of energy in the collisions is 

A • E dc—Wdz/a^ .(3) 

The rate of increase of E with z is given by the equation 
dE = Ze dz—E 2 dzjaEi 

=Z<1—E*/E ftdz .(4) 

which on integration gives 


log (Ej+El/CEj—E)=2Zez/E 1 =2z/a. . . (5> 

This equation is represented by Curve 1 (fig. 3), the 
ordinates being the ratios E/E 1 and the abscissae the 
ratios z/a. 

If the energy of agitation E be greater than the energy 
corresponding to steady motion, the electrons lose energy 
as they move through the gas. The relation between 
E and z is then given by the equation 

log (E+E,)/(E—E 1 )=2z/o, .... (6) 

the constant of integration being chosen to make E very 
large compared with E : at the plane z=0. 

Equation (6) is represented by Curve 2 (fig. 3). It will 
be observed that the ordinates of Curve 2 are the reciprocals 
of the ordinates of Curve 1. The curves show that if 
the mean energy of the electrons in one group be 0-25E x 
n.nH in another group 4E x at the plane z= -255 a, the energy 
of the first group increases and that of the second group 
diminishes as the electrons move in the direction of the 
electric force, so that at the plane z=0 55a the energies 
are 5E X and 2E X , and at the plane z=2a the energies 
are -96E! and l-04E x in the two groups respectively. 
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16, The velocities of agitation of" the two groups in 
passing a plane at the distance z from the origin are given 
by Curves 3 and 4 (fig, 3), the ordinates being the ratios 
U/Ui and the abscissae the ratios z/ai These ordinates 
are the square roots of the ordinates of Curves 1 and 
2 respectively. The time required for a group to traverse 
the distance dz is inversely proportional to W and there¬ 
fore directly proportional to U. Hence the area between 
Curve 3 and the ordinates at the distances z 1 and z 2 from 
the origin is proportional to the time in which the first 
group moves through the distance (z 2 —z x ), and the 
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z/a. 

Ordinates of Curves 1 and 2, E/E^ 

Ordinates of Curves 3 and 4, U/Ui. 

corresponding change in energy is given by the ordinates 
of Curve 1 at the points z 1 and z 2 . 

Similarly the area between Curve 4 and the ordinates 
of two points of the curve gives the time in which a change 
of energy takes place in the second group. The unit of 
area represents the time T=a/W 1 . The curves show 
that the energy of the first group increases from 0-25E x 
to 0-5E x in the time 018 xT,and the energy of the second 
group diminishes from 4E X to 2E X in the time 0-5 xT. 

The velocities W for the two groups are given in terms 
of Wj by Curves 3 and 4, the ordinates being the 
ratios W/W x for the groups with energies given by 
Curves 2 and 1 respectively. 

Phil. Mag. S. 7. Vo!. 9. No 61. June 1930 4 (J 
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Hence, in general when the energies of groups of electrons 
become large or small compared with the energy E 1; 
changes arise in the motion which tend to equalize the 
energies, so that the groups have approximately the same 
mean energy E x after traversing the distance 2 a in the 
direction of the electric force. 


17. In order to determine the effect of diffusion in 
causing inequalities in the energies of the electrons, the 
inequalities arising from variations of the free paths 
about the mean free path [l) and variations of the losses 
of energy in collisions about the mean loss AE X may be 
left out of consideration. 

In the actual motion in a field of force, different groups 
of electrons move with different velocities in the direction 
of the electric force. The distance that a group moves in 
that direction in the time dt is (W +w')dt, W being the 
mean velocity due to the electric force and w' the velocity 
due to diffusion. The velocity w' is different for different 
groups of electrons, and in some groups containing small 
numbers of electrons w' may be very large compared with 
W for short intervals of time. 

The motion of electrons in the direction z due to diffusion 
may be found by the theory of diffusion of particles where 
the coefficient of diffusion is taken to be constant. The 
space distribution at a given time may be expressed in 
terms of the number of free paths c traversed by the 
particles, and for this investigation it is convenient to 
express c in terms of the number C and the distances z in 
terms of a, where a is E x /Z. e. 

The ordinary equations of motion of electrons in an 
electric field of intensity Z may be written in the form 



% +neZ ’ 



where K. is the coefficient of diffusion, n the number of 
electrons per cubic centimetre, and p the partial pressure 
of the electrons. 

In the steady state of motion where E x is the mean 
energy of agitation the partial pressure p is 2wE 1 /3, 
and w is the velocity W x due to the electric force when 
dp/dz is zero. 

Equation (7) therefore gives 

K i /W 1 =2E 1 /3Ze=2a/3, .... (8) 
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and the product 4K 1 T is therefore 8a 2 /3, T being the time 
a/W v and K x the mean coefficient of diffusion in the steady 
motion. This product may also be expressed in terms 
of the mean free path l, 4K.T=4Z 2 C/3, C being the number 
of free paths traversed by each electron in the time T. 

Hence, if cbe the number of free paths traversed in the 
time t, the product 4K X < is given in terms of the ratio 
c/C by the formula 

4K 1 *=8a 2 c/3C.(9) 

or 

4K 1 <=Ar/C, 

where A is 8a 2 /3 or 4Z 2 0/3. 


18. The effect of diffusion in causing inequalities in 
the energies of agitation may be deduced from the space 
distribution due to diffusion when there is no electric 
force acting on the electrons. All the electrons may be 
supposed to be at the plane 2=0 at the time t=0, and it 
is required to find the motion due to diffusion when all 
the electrons are moving with a constant velocity of 
agitation. Under these conditions the coefficient of 
diffusion is constant and the same for each electron, and 
K may be taken to be equal to the mean coefficient of 
diffusion K x in the steady state of motion. 

The space distribution is thus obtained from the equation 


fin __ dPn. 

di 


( 10 ) 


ndz being the number of electrons between the planes 
z and z+dz at the time t. 

The solution of this equation, which satisfies the initial 
conditions, is 

«/N=(47rK«)-*e-' 2 ' 4K ‘, .... (11) 

which gives n —0 for all values of z when t is zero except 
at the plane z=0. In this equation N is the total number 
of electrons which are near the plane z=0 at the time 
<= 0 . 

The ratio »/N is obtained in terms of 2 , and the number 
of free paths c traversed by the electrons in the time 
t by substituting in equation (11) the value of 4K£ given 
by equation (9). Hence 

«/N=(8w<V30)-i«-^ c ^. . . . (12) 
462 
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- 19. He notation is simplified by writing f(t, z) and 
f(c, z) for the’ expressions on the right of equations (11) 
and (12) respectively. 

Equation (11) gives the distribution at a given time t 
when the velocity of agitation is constant; but it is in¬ 
convenient to express the distribution in terms of t, since 
the energy of agitation of different groups of electrons 
changes when the motion takes place in an electric field. 

Equation (12) gives the distribution after each electron 
has traversed a given number of free paths c. In this 
equation the distance z is the sum of the projections on 


Fig. 4. 



5/o. 

Ordinates of Curves 1, 2,3, nn/'S. 

Ordinates of Curves 4, 5, 6, E/E,. 

Curves 1 and 4, C,=C. 

Curves 2 and 5, C i = '8 C. 

Curves 3 and 6, C,—1'2 C. 

the axis of z of the free paths of different electrons, the 
free paths being straight lines. This distribution is 
independent of the velocity of agitation, and equation 
(12) may be interpreted as giving the probability of the 
sum of the projections of the free paths being between the 
lengths z and z+dz. Equation (12) is therefore very 
convenient for determining the numbers in different 
groups when the motion takes place in an electric field. 
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. The distribution given by equation (12) may be re¬ 
presented by a curve giving the positions of the electrons 
after traversing the number of free paths c. It is con¬ 
venient to change the letter z in this equation to b, in 
order to indicate the distances of the electrons from the 
plane 2 = 0 , when each electron has traversed a given 
number of free paths c v The following expression is 
thus obtained for the ratio na/N, 

—'34 ti VU/C] x , . . (13) 

This equation is represented by Curves 1, 2, and 3 
(fig. 4), which correspond to the three values of c v -5C, 
: 8C,and 1-2C. (In neon the number C is approximately 
1 -4 x 10 4 , and in helium 4 x 10 s .) 

The ordinates of the curves are the ratios na/N 8 , and 
the abscissae the ratios b/a. 

The curves show that the number of electrons that 
attain distances b greater than 4 a from the plane 2=0 is 
very small. When c x is 1-2 C the number that exceed 
this distance is 8 x 10~ 4 . 

The mean distance b from the plane 2=0 of the elec¬ 
trons (N/2) on one side of the plane is 

f x _ 

/>=2J />/(cj, b) dl>- a V 8c'i 37J"U. . . (i4) 

When c 1 is equal to C, b is -92 xa. 

20. The electrons which diffuse from the plane 2=0 
may be divided into groups which are at different distances 
b from the plane 2=0 when the number of free paths c x 
have been traversed. In order to estimate the loss of 
energy in collisions, it is necessary to find the mean distance 
of a group from the plane 2=0 when a proportion c/c x 
of the free paths have been traversed by each electron. 
Let n x db be the number of electrons in the group between 
the planes z—b and z=b+db after the number of free 
paths Cj have been traversed, n x db =N xf(c x b)db ; also 
let c+c =c x . 

The number of electrons in the space between the 
planes z and z +dz after the total number N have traversed 
the number of free paths c is ndz— N x/(c, z)dz, which 
includes some of the electrons belonging to the group 
n x db. The number that belong to the group n x db is 
obtained by multiplying ndz by f(c', (5— z))db, since the 
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electrons that belong to the group n x db must be at the 
distance (6— z) from the plane z when the remainder c' 
of the free paths have been traversed. 

Let z=(6c/c 1 4-*), (b — z)=(bc'/c 1 — x), and dz=dx. 
When these values are substituted for z, b — z, and dz in 
the above expressions, the number of electrons belonging 
to the group n x db which are between the planes z and z +dz 
after traversing the number c of free paths is 

N dx<Hbxf{c, (cb/c-L+x)) xf(c', (c'6/ c i— x)). 

This expression may be written in the form 

N X OAfi)^ e~ b ' Ac, d/i x ( ttAcc'/ci ) -* e~^ l2,Aco 'dx. 
which reduces to 

rijdb xf(cc'/c v x)dx .(14) 

These expressions show that the group n x db is distributed 
symmetrically about the plane z=cb/c 1 when the electrons 
have traversed the number of free paths c. Thus 
dz—bdc/c x , z being the mean distance of the group from 
the plane z=0. 

Also the distribution of the group about the central 
plane is the same as that attained when electrons diffusing 
from the plane have traversed the number of free paths 
cc'/c v Thus as the group moves away from the plane 
z=0 the mean distance from the central plane increases 
and attains the maximum value a \/2 c 1 /3ttC, when 
c=cJ2, and the central plane is at the distance 6/2 from 
the plane z=0. When the group passes through this 
position, the mean distance of the group from the central 
plane diminishes, and the electrons collect together as the 
central plane approaches the plane z—b. 

. 21. The above results may also be obtained by taking 
the distributions as given in terms of the time t by equation 
11, when the velocity of agitation is constant. The group 
of electrons n x db which are between the planes z=6 and 
z=b+db at the time t x is symmetrically distributed about 
the plane z=tb/t 1 at any time t less than t v Thus the 
mean velocity of the group is a constant and equal to 
b/t x while passing from the plane z=0 to z=b. At any 
time t greater than t x all directions of motion of the 
electron in the group n x db are equally probable, and the 
mean velocity of the group due to diffusion is zero. 
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These results are represented by the curves (fig. 5) 
which give the distributions of the group in three 
positions between the planes z—0 and z=b. The distance 
b is taken as being 3 a and the total number of free paths 
c x as C/2. 

The ordinates of the curves are proportional to the 
numbers of electrons at the planes z, and the abscissae 
are the ratios z/a. Curve 1 represents the distribution 
when the number of free paths c traversed by the electrons 
is Cj/6, and Curve 3, which is similar to Curve 1, gives the 
distribution when c is 5c 2 /6. The mean distance of the 
distribution from the central plane in these positions is 
r=0-24 Xa. Curve 2 represents the distribution when 
c is Ci/2, the central plane being at the distance 1-5 a from 


4 

3 

2 

i 


0 12 3 

s/a. 

c,=-5C. 

Motion of Group n x db. 

the plane z=0. In this position the mean distance of 
the group from the central plane is a:=0-325 a. 

22. When electrons start from a plane z=0 and move 
in an electric field, the change of energy of different groups 
of electrons depends on the rate of diffusion in the direction 
of the electric force. The change in energy may be 
estimated in terms of the distance b that the electrons 
diffuse in the direction of the electric force while traversing 
a given number of free paths c v If all the electrons (N) 
start with the same kinetic energy E 1; the numbers n t db 
in the groups that have approximately the same energy 
after traver sing the given number of free paths c t are 
given by equation (12) (% 1 d6=Nd6/(c 1 , b)). 
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In order to find the rate of change of energy of the 
group {n x db), as the electrons move away from the plane 
z— 0, let the central plane of the group move through the 
distance dz while the electrons traverse the number of 
free paths dc. The mean increase of energy dE of the 
group is therefore 

dE—Zedz—XEdc .(16) 

at any time during the motion while c is less than c v 
The distance dz includes the distance bdc/c-y that the 
electrons diffuse, and the distance that the electrons 
move owing to the action of the electric force. The latter 
distance is the distance dz given by equation (2) in terms 
of dc, and is equal to aE x dc/EC. 

Thus the distance dz in equation (15) is 

dz=b dc/c 1 +aE 1 dc/EC .(16) 

Hence dE may be expressed either in terms of dz or dc. 
The latter is the most convenient variable to take, since 
the limits of integration are from c=0 to c=c v and the 
number n 1 is expressed in terms of c 1 by equation (12). 
Equation (16) thus becomes 

rfE — Z*(///ci + aEj/EC) dc —E dcj C 
or 

EdE = (EEjiC/aci + Ej 2 —E*) dc/C. . . (17; 

Let the constant bC/ac 1 be represented by the expression 
(y — l/y), where y is greater than unity, so that equation 
(17) becomes 


EdE=(E 1 +^E)(E 1 — E/y)dc/C , . . (18) 
which on integration gives 



E x being taken as the value of E when c=0. 

This equation gives the values of E for the electrons 
in the group n l db='Ndbf(c 1 , b) in terms of c, the number 
c 2 which occurs in the constant bC/ac t being the maximum 
value of c. 


23. Equation (19) may be represented by a curve 
giving E/Ej in terms of c/C for a group corresponding 
to a given value of y. The curves thus obtained for eight 
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different values of y (or eight different groups of electrons) 
are given in fig. 6, the ordinates being the ratios E/E,, 
and the abscissae the ratios c/C. 

The values of y are 1 -5, 2, 3, etc. ... 8, and the cor¬ 
responding values of bC/ac x for the eight groups are 
(1-5—66), (2—1/2), (3—1/3), and . . .(8—1/8). 

The values of E/E, for the different groups when all 
the electrons have traversed a given number of free 
paths c, are given by the ordinates of the eight curves 
at the points when the abscissae are equal toc,/C,andthe 
values of b/a for the different groups are obtained from 
the equation 

b/a={y—\/y)cJC .(20) 

The results thus obtained when c, is -8 C are given in 
Table III. 


Fig. 6 



A similar set of figures may be obtained for any other 
value of c, from the curves (fig. 6). 

24. The values of E/E, corresponding to the three 
values of c„ -5C, -8C, and 1 2C are given in terms of the 
ratio b/a by Curves 4, 5, and 6 (fig. 4). 

The ordinates are the ratios E/E„ and the scale is 
given by the figures to the right of the diagram. The 
abscissae are the ratios b/a, the scale being the same as for 
Curves 1, 2, and 3. 

Thus the pair of Curves 1 and 4 give the numbers of 
electrons and the energies of the electrons in the different 
groups when the number of free paths traversed by each 
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electron is 0-5 C. Similar results are given by the pair of 
Curves 2 and 5 when the number of free paths traversed 
by the electrons is 0-8C,and by the pair of Curves 3 and 
6 when the number of free paths is 1-2C. 

The curves, 4, 5, and 6 are almost exactly straight lines 
for the values of the ratio E/Ex exceeding 1-2. 

The equations of the lines are 

Curve 4: c x = -5C, E/E 1 =-95+-74 6/a,') 
Curve5:cx= -8C, E/E x =-85+ -65 6/a, >. . (21) 
Curve 6:Cx=l-2C, E/Ex=-85+-53 6/a.) 

The agreement between these expressions for E/Ex, 
and the values of E/Ex obtained from Curves (fig. 6), 


Table III.— (Cx=-8 C). 


y. b ja. E/Ex. -85+-656/a. 

1-6. -66 1-32 1-28 

2 . 1-20 1-65 1-63 

3 . 2-14 2-25 2-24 

4 . 3-0 2-80 2-80 

5. . 3-84 3-34 3-34 

6. . 4-67 3-86 3-88 

7. 5-5 4-4 4-42 

8.. 6-3 4-95 4-93 


is shown by the numbers in the last column of Table III. 
These numbers are the values of (-86+-656/a), and are 
almost exactly the same as the values of E/Ex given in 
the third column of the table. 

25. The equations of Curves 1, 2, and 3 (fig. 4) are given 
by equation (13). Thus the equation of Curve 2, where 
Cj =0-8C, is 

naj N^SSSxe- 42 '" 2 * 2 - 18 .(22) 

and the number of electrons n x db in the group where the 
abscissae axe between 6/a and (b+db)/a is 

. . (23) 

Let An be the number in the group where the energies 
axe between the values E and E -f-e£E after each electron 
has traversed the number of free paths c x . Since the 
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values of b/a are given in terms of E /E x by equations (21), 
the number An may be expressed in terms of E and dE. 

When Cj is -8C, the expression for dN obtained by 
substituting (E/Ei—85)/65 for b/a on the right of 
equation (23) is 

dN=0'6xN x 6 - 1- 'i(E/Si--85)2 x ^e/e,. • . (24) 

The formulae corresponding to values of c x from -8C to 
1-2C are exactly the same. Thus there is a considerable 
range of values of c 1 where the distribution is constant, 
so that in the steady state of motion the numbers of 
electrons with energies exceeding 1-2E! are given by 
equation (24). 

26. In the initial stages of the motion, when a number 
of electrons begin to move under the action of an electric 
force with the same kinetic energy E 1? very few electrons 
attain energies which are much greater than E x . This 
investigation shows that the distribution given by equation 
(24) is not fully attained at the stage where all the elec¬ 
trons have traversed the number of free paths -5 C. In 
the formula for dN corresponding to the value of 
c 1 =-5C the logarithm of the exponential term is 
—1-36(E/E 1 —-95) 2 , so that for the larger values of E/Ej 
the number dN is less than that obtained when c x is 
0-8C. 

For values of c x that are large compared with C, the 
groups with large energies are not separated in space 
from those with smaller energies, so that the distribution 
of energy is not represented in terms of b/a by equation 
(12). This is seen from the formulae for dN, correspond¬ 
ing to values of c x greater than 1-2C. The divergence 
from equation (24) begins to be appreciable when c x is 
14 xC, the logarithm of the exponential term being 
l^E/Ej — 0-75) a for this value of c v 

27. The investigation shows that the final distribution 
is a function of the ratio E/E x , which is the same for all 
gases and independent of the force Z and the pressure 
p of the gas, since the values of A, l, Z, and p are not 
involved in the formulae for dN. 

28. It is convenient to have a simple method of finding 
the proportion of the electrons with a given energy ar/Ej 
that acquire energies greater than x 2 Ei after each electron 
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has traversed a given number of free paths c l5 when 
(a? 2 — Zj) is small compared with (x x +x 2 ). Let N be the 
total number of electrons with the energy x/E v the 
number that acquire energies greater than and 

let the motion along the free paths begin at the plane 
z—0. The distribution due to diffusion after each elec¬ 
tron has traversed the given number c x of free paths is 
given by equation (13) in terms of the ratio b/a. The 
electrons which acquire energies greater than x a E are 
at distances b from the plane z=0, which exceed a certain 
value. 

The number N x is found by integrating ndb (equation 
(13)); and since this quality is given in the form Ntt * e~"'ds, 
N x /N is obtained from tables of the integrals of the function 
e g dSt 

The value of b/a for the group which attain the energy 
* 2 Ei is obtained from equation (17) by taking dE to be 
(a: 2 —x x )E 1; dc to be c u and E to be the average energy 
(sCi+x/) Ei/2. The following equation is thus obtained: 

b/a=x 2 —x 1 +((x 1 +x 2 )/2 —2 /(x x +x 2 ))c x /C, (25) 

which gives the lower limit of b/a in the integral 



The ratio N x /N increases with c x , when cj C is a small 
fraction, and attains a maximum value for a certain value 
of Cj depending on x x and x 2 . Equation (13) shows that 
Nj depends on the quantity b*C/a 2 c x which occurs in the 
exponential term, and the minimum value of this quantity 
as obtained from equation (25) is 

(b 2 C/a 2 c x )=2(x z — x x ) (x x -\-x z — 4/(X!+x 2 )), . (26) 

the corresponding value of cj C being 

( c i/C) =(x 2 — *i)/(»i +x z )/2 2/(x x +x 2 ) 

and 

(b/a—2 (x 2 — x x ). 

As an example of these formulae, the electrons may be 
supposed to be moving in helium where the number Cis 
approximately 4000, and that the energy of a group of 
N is 4Ej. After each electron in this group has traversed 
200 free paths, c 1 /C=l/20, the number N x that have 
acquired energies greater than 5E a is 1 -6 xN X10 ~ # . 
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The number N x increases with c x and attains a maxi¬ 
mum value 2 xN x 10- 4 when c x /C is 1/4-3. 

29. The accuracy of the formulae for the distribution 
of the energy E about the mean energy E x obtained by 
this method depends principally on the accuracy to which 
the product AxC may he found. A rough calculation 
shows that A is less than 1 /C, and that the relation between 
A and C is given more accurately by the formulae 
A=l/1-1 xC. As a first step towards finding a more 
accurate expression for the distribution of the energy,. 
A may be taken to be 1/11 xC instead of 1/C, and this 
has the advantage of giving an expression for JN which 
is simpler than the expression in the formulae (24). This 
change affects equations (16) to (21),since they were obtained, 
by substituting 1/C for A in equation (15). If 1-1 C be 
substituted for C in these equations, it is found that the 
value of 6/a=(E/E 1 — -85)/-65 corresponds to the number 
of collisions c x which is given in terms C by the formulae 
Cj=0-88C. When these values of b/a and c x are substi¬ 
tuted in equation (13), the following equation for JN is 
obtained instead of equation (24): 

JN=Nw-i«- !E '^- 8R ) a dR/E 1 . . . . (27) 

The number of electrons (N, E) with energies greater 
than E is obtained by integrating equation (27). Table 
IV. gives the proportion (N, E)/N of the total number 
with energies exceeding the mean energy E x by the 
factors given in the first line of the table. 

Table IV. 


E/Ej _ 1-5 2 2-5 3 3-5 4 4-5 

(N,E)/N.. 0-18 0-05 0-01 1-2X10-’ 9x 10- 5 5X 10~ e 1-5X10- 7 


The figures show that only 1 per cent, of the total 
number N have energies greater than 2 5 E x . The average 
energy of the electrons with energies greater than E x 
is 1-5 E x approximately. 

There are other points of interest in connexion with 
this method of investigating the distribution of energy 
which will be considered in another paper. 
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CV. Elastic Impact of a Pianoforte Hammer. 

By R. N. Ghosh, D.Sc* 

[Plate XIL] 

I K a series of papers t the anthor has shown that, in the 
case of felt hammers, the duration of contact of the 
hammer with the string, the displacement of the striking 
point, and the velocity of rebound can be calculated from the 
theory presented by him. In this theory the hammer was 
considered to be slightly elastic, and the free vibrations of 
the short portions of the string between the nearer fixed end 
and the striking point were considered to be negligible. 
Recent experiments | show that slight modification is 
required in order that the theory may be applicable (1) when 
the free vibrations are finite, and (2) when the impact is 
very elastic. 

It is found in case (1) that when the hammer is slightly 
elastic the pressure does not rise and fall continnously, 
but by jumps at t, 2t, 3t, etc., where 

2a 

T— -. 

C 

where a=striking distance and c=transverse wave velocity. 

The introduction of greater softness simply diminishes the 
sharp rise. For the sake of comparison two carves showing 
the relation between pressure and time during contact have 
been appended in this paper. 

Previous Results. 

The earliest theory was given by Helmholtz §, who 
assumed that the duration of contact was a very small 
fraction of the period of vibration of the whole string. 
Kaufmann l|, however, showed that the string is appre¬ 
ciably displaced during impact, and gave a theory for a hard 
hammer when the striking point was close to a fixed end. 
He assumed that the short portion of the string takes up a 
form during impact 

y\=M)- a .(l) 

* Communicated by Pro£ M. N. Saha, F.R.S. 
t Phys. Rev. xxviii. p. 458 (1926). 
t Phil. Mag. vii. p. 346 (1929). 

5 Ellis, ‘ Sensation of Tone * (Translation), p. 380. 

|| Ann. der Physik, liv. p. 675 (1895). 
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and on the longer side 

y s =zf(et—x + a). ...... (2) 

Profs. Raman * and Banerji, however, gave a general theory 
for any striking distance, assuming that the form of the 
string is given by 

y 1 =A*sinLcsin& (l—a), 0 <x<a 
y s =A*sin k(l—x) sin lea, a<x<l 

Equations (3) assume that the wave reflected from the 
further end reaches the striking point during impact, which 
experiment shows is not always true. The present author 
extended Ivaufmann’s theory to the case of an elastic hammer, 
and arrived at the following formula f : 



Among other theories, Das's f unctional formulae may be 
mentioned here. Dr. W. H. George has made a com¬ 
parative study of other theories, and a complete account 
will be found in his paperJ. 

In the present paper modifications are introduced on 
account oE free vibrations of the short portion of the string 
mentioned in the introduction. 

Let us first take the case of a slightly elastic hammer 
of effective mass M and elasticity p. Divide the total 
duration of impact into two parts, viz.: (1) the interval 
during which the hammer is in contact with the string 
but tne latter is not displaced from its initial position, 
and (2) the interval when the string is shifted from its 
equilibrium position with a finite velocity. Let one end of 
the string be the origin of x axis and the striking distance 
be a. Let f be the displacement of the hammer measured 
from the point of contact; then during the first interval the 
equation of motion of the hammer is giveu by 

.(5) 

* Proc. Koy. Soc. xcvii. p. 99 (1919). 

f Phil. Mag. xlvii. p. 1141 (1924). 

i Proc. Ind. Assoc. Calcutta, vii. p. 13, and subsequent papers (1920). 
Also Proc. Phys. Soc. London, xl. p. 80 (1927). 
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Vo 


f=—gin nt, 


( 6 ) 


«•= and V 0 is the initial velocity o£ the hammer. 

M’ 

The pressure dne to impact is given by 

p 0 =V 0 (M»tsin nt. ..... (7) 
This state of affairs continues till a velocity wave of magni¬ 
tude V, — is produced. This happens when the pressure is 
1 sec. 


Pv 


2T 0 V X 


(«) 


c being the transverse wave velocity and T 0 the tension. 
An d we find from (7) and (8) that the wave is generated 
at a time t x given by 

tann<i=20£)*.(9) 

Foi T? =-2, p= 028, M = 6'6 grm., 

<!=1-8 x 10- 5 sec. 

Total duration of impact = ’95 x 10"* sec. 

During the second regime, we assume that the displace¬ 
ment of any point on the short portion of the string is 
given by 

ain wrrm* **«»»/»/* 

( 10 ) 


sin kx , „ . rirx . met' 

^■ S ajfa +2r ' s " 1 — ,m —■ 


t'=t- tj, y 0 =displacement at x=a. While on the longer 
side 

Vi—f(ct'-x + a), and f(ct') =y„. . . (11) 

The second term in (10) is due to the free vibrations of 
the short portion of the string between the nearer end and 
the striking point, which is considered to be a nodal point 
for all the free vibrations of that portion. This is justified 
on experimental grounds, which indicate that the small part 
of the string between the nearer fixed end and the striking 
point vibrates with the latter point ns nodes for various 
modes’. Fig. lshows the phenomenon. It, will be seen that, 
in addition to the bump due to the impact of the hammer, 
there are smaller kinks superposed on the hump. The 
figure also shows that the free vibrations form a two-step 
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zigzag carve, and it has also been found that the period is 
nearly equal to ~. (See Table at the end of this paper.) 

The first term is due to the hump, the values of k being 
unknown at present. Equation (11) assumes that the other 
portion of the string is too long for the reflected wave from 
the further end to arrive daring the time of contact of the 
hammer with the string. This assumption is generally true 
in the actual case of the pianoforte where all varies from 


Fig. 1. 



M 

Also ' 

?= T « {sfe+1} +x * s t(- 1 • < 13 > 

f = compression of felt. 

From (12) and (13) we obtain the equation of motion o£ 
the striking point, 

PHI. Mag. S. 7. Yol. 9. No. 61. June 1930. 4 H 
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We shall neglect the term in y a as it is very small when fi> 
is large, and solve for y a by trial. We find that for small 
values of a, tan ka is small, and is approximately equal to ka. 
In a case when a=15 cm., and the other constants have the 
values as before, £=f0198, tan £a=*300, and ka='2 97. 

! Thus for all practical purposes we may take tan ka=ka, 
and then (14) reduces to 


T n 


=sr/^(-i)T, S in’^' I ^’ T » M 

a v ala 


and (10) takes the form 


V a X ^ • r7r ^ • T 

y x —~~-+t PrSin —.sin- 
a a 


PH 


met* 


l}, 05) 


Let us now determine the values of P r before solving (15) 
completely. We observe that t'= 0, 

. x . rtrx 


*W( i+ w) ,=Y - 


From the above we find 


f° . . rirx , f x . rxx , , n rirc 

1 y x *in- dx— I Vj - sin- dx + r r —r 

Jo « Jo « a 2 

Since at the beginning of the second state of affairs y x is 
everywhere zero except at x=a, we get 

.(16) 


P,= 




. -rr x 2V f . t tx ird' 1 . 2n-a; 2irct' ) 

y x =Vr — — •( sm — cos- s sin~—~cos-4-... J-, 

* a vl x a 2 a a J ’ 

. . . ( 16 . 1 ) 

where V/> is the velocity of the striking point at time t 1 . 

The above series can be evaluated for particular values of 

x or t’ easily. For instance, when ct'= 


a (V e —Vi) f 




a 


<x<a. 
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Now Vf will differ from Y| by a very small amonnt in the 

time ct'st^; hence the portion of the string from x =0 to 

s= ^ is Tit rest, while in the portion from es=~ to as = a 

the points will hare a velocity slightly less than the initial 
velocity of the point x=a by an amount proportional to 

its distance from the fixed end. Similarly the point *= 5 
will have a velocity at any time t', * 


Val 2 « 


(▼r-Vi) 

2 


0 <ct' < 


a 

2’ 


y»i 8= 


(Y,+YQ 


a , 

2 < ct' < a. 


Thus we find that the velocity of the point will sometimes 
be greater than, and sometimes less than, that which would 
be obtained at the same place when there were no free 

vibrations. This will repeat after an interval T= —. 
Solution of (15) : c 


y«=- 


V,e 




- sin qt' 


2Y!T 0 1 . met' 

— 5 - sin- 

7 rcfi r a 


2a?Vip v 1 . rnret' 


• • (17) 


The last two terms are due to free vibrations. 


I. 

Calculation of the Pressure due to Impact. 

From (13) we obtain, after substituting the values of 

y a and 

r sin qt'/c k\ 

P=V* e l e 2 q{a—2) 

, 2 /, T 0 \ - 1 . rirct'l /tQ , 

ior+-(l—■ iS-sm-. (18) 

2 7T\ fiaj r a J v ’ 


-i, 

+ e 2 cos< 


(18) shows clearly the effect of free vibration, and in the 
case when ft is infinite (hard hammer), 

412 
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p (hard hammer)=Y 0 /o c 


. -\t< . 2 - 1 . nrcn 

+ e a cosot+-Z-sm- . 

2 ir r a J 


(19) 


[Compare Das’s formula, Proc. Phys. Lond. 
xxix. p. 29 (1927).] 

The last term in (IS) and (19) repeats after an interval 

of and the resultant pressure can be obtained by 

algebraic summation of the two parts. In the case of a 
slightly elastic hammer we find that the pressure rises by 

1 — at intervals of —; while in the case of a 

hard hammer the rise is V 0 />c.. Hence we find that for a 
slightly elastic hammer the pressure is initially zero; after 
a short interval t x it rises to 2Vj pc ; the subsequent value 
of the pressure is given by (18). Fig. 1 shows (18) graphi¬ 
cally ; the sharp rise will dimmish with softer hammer, and 
also with the diminution in the number of the harmonics. 
If, for instance, only ten harmonics are present, then the 

2a 

sharp peaks will be rounded off and the pressure at T= — 

will be given by the first term only, the second term 
being zero. 

Amplitude of Free Vibration .—The free vibration is 
given by 

2aY t 1 . rirx . met' 

Vz= —-r 2 sin — sin 


C7T 


V 


which is a two-step zigzag curve with respect to time at a 
given point; further, the amplitude is proportional to Y t , 
diminishing with p; thus, the softer the hammer the smaller 
is the free vibration. It is also proportional to the vibrating 
length. 

This cannot be true beyond a certain limit, when our 
assumption tan ka**ka does not hold good. 


II. 

Highly Elastic Hammer. 
In this case also we assume 

® iVD . 


. mx . met 



Impact of a Pianoforte Hammer v 1181 

but in the equation of motion the term in y a is retained, 
font it is treated as small. Hence we find the solution 

y„= Ae~ v * J r'Qe 2 sin qt + Qe ~2 cos qt -f-small terms, 
where k and q have the same values as before and 



A, £, and C are constants to foe determined from the initial 
conditions. 

Att=0, y a =y a = 0, p= 0 

everywhere, and the initial velocity of the hammer is V 0 . 

On substituting these conditions in (20) we get 



Further, 

“ i=0 - 

Thus we get 

A-[«*+}*+3f + t.) + XP r ^(-iy-^. 

This is an indeterminate equation, but the value of P r can 
be determined from the following considerations:— 

(1) P must be proportional to V 0 . 

(2) It must have the dimension of length. 

(3) The series must foe convergent. 

(4) The increase in the value of P r should diminish A. 

T 

(5) As regards the effect of — on the amplitude of vibra- 

tion no definite experimental result is available at present; 
yet, borrowing the results for slightly elastic hammer, we 
find that P r must diminish with softness of the hammer, 
and . also the free vibration should be very small when the 
hammer mass is small. The effect of softness of the hammer 
on the free periods of the short piece of wire can be deduced 
from the results of § 135 * . It is found that when M=0, 


* § 136, ‘ Theory of Sound,’ i. (Lord Rayleigh). 



1163 


. Dr. R. N. Ghosh on the Elastic 
and> is finite and great, the free periods are given by 

tan£a=--£— 

/* 

When fi —0 and M is finite, then 

T 

&tanAa='j|£j. 

It is found that the effect will depend upon the mass of the 
hammer and its elasticity. In the case when the mass is 
small, and at the same /* is large, the natural frequencies 
are lowered and the harmonic scale is not disturbed ; while 
in the case when M is large, and ft, is small, the periods 
are lowered and at the same time the harmonic scale is 
disturbed. 


From these considerations we find 

p _ V 0 a{-l) r g 

r ~ trhr* ’ 


( 21 ) 




Of course, in the case of a hard hammer, instead of we 
shall .have 

From the above value of P,, 

L 0 \ fta rj 

Now 2- is a divergent series, but when only a few 

r 1 
harmonics are present we can find a lower limit of 2 - , 

and for ten components the values come out to be 2*92, 
and (24) becomes 

With the same values for the constants, the term in brackets 
has a value *88. 

The above value of P r satisfies all the conditions of the 
problem at t *=0 except one, viz.: 

At t=0, 

. * , x>siV o(—l) r • r7rx 

y*=y*- H-S y — sin —, 


TTT 


fr-0. 
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but the second term does not vanish as it ought to do, 
since y x is everywhere zero. This is due to the fact that we 
have assumed two contradictory things, viz., that there are 
standing waves in the string which start in the string with 
zero displacement and zero velocity, which is not possible. 
Thus during a very short interval of time in the initial stages 
of motion our formulse will not represent facts correctly. 

The pressure is given by 



c ctt‘ r a 


rrrct ] 



Hr. 2. 



The graph of (22) with the same values of the constants 

= is represented in fig. 2, where only ten terms have 

been included in the series. This curve shows that the 
pressure starts from zero value, rises considerably, then 
follows an irregular course, after which we find a regular 
. i 2 a 

rise and fall after an interval —. 

c 

By comparison with (Id) we find that the amplitude of 
vibration of the short portion diminishes when the hammer 
becomes Softer, just as the rise and fall of pressure become 
rounded. This effect improves the tone-quality of the lower 
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notes in the instrument, where the hammer is generally 
Tery soft. 


Summary and Conclusion. 

In the present paper free vibrations of the short portion of 
the string have been taken int.o consideration for calculating 
the pressure due to impact. It is found that in the case of 
(1) slightly elastic hammer, it rises suddenly at intervals 


of — by an amount 
c J 




while in the case of a very soft hammer the rise is not 
sudden and the pressure is given by 


P 




% 

c 




the softness has imposed greater convergence of the terms in 
series. In a subsequent paper the author intends to indicate 
the results of experiments carried out to verify the above 
theory in the case of a highly elastic hammer. 


Table. 


Frequencies of free vibration of the short portion. 
T (1 =12'5, 7=137 cm., P=019, V tt =l■04x10* cm./sec, 


No. 0. 

a cm. 

M. J Freq. obs. 

Freq. cal. 

1. 1-5X10-* 

43 

5 grins. 

270 

274 

2. 1-8 „ 

43 

10 „ 

276 

274 

3.; 26 „ 

43 



274 

4. 

2-4 „ 

72 

20 5 „ 

165 

163 

5. 

1-6 „ 

96 

20 5 

125 

! 122 


0=Duration of contact. 
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Allahabad University, 
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■CVI. On the Relation of Electronic Waves to Light Quanta 
and to Planck’s Law. By Sir J. J. Thomson, O.M., 
F.R.S.* 

SUMMABY. 

This paper is an attempt to give, by the aid of electronic 
waves, a physical interpretation of light quanta, their relation 
to electrons, and the mechanism of light. 


W E may regard an electron as consisting of two parts— 
one, which we shall call the core, carrying a charge 
of negative electricity equal to e, while the other is a system 
of waves surrounding the core, the velocity of the core being 
the group velocity of the waves in its neighbourhood. The 
wave system as well as the core may have both energy and 
momentum, and if the core is suddenly stopped the waves 
will go on and travel away from the charge. A somewhat 
similar effect was supposed to occur on the original theory 
of the production of Rontgen rays by the impact of cathode 
rays ; part of the electric and magnetic field surrounding the 
moving electron in the cathode ray was supposed to travel 
on after the electron was stopped by its impact with a solid 
and constitute the Rontgen ray. Thus it would seem that 
the two parts which at any time mako up an electron may, 
under certain conditions,be separated,and the original system 
of waves travel far from the core and form a wave system 
without any electric charge. The view taken in this paper 
is that light quanta consist of a special type of such wave 
systems, and thus that the structure of light quanta is very 
closely connected with that of electrons. 

The system of waves associated with an electron which 
travels like those inside the atom round a closed path is of 
especial importance in this connexion. Take the case of elec¬ 
trons inside an atom under the action of a charge of positive 
electricity at its centre. The electronic waves in this case (see 
Phil. Mag. ser. 7, viii. p. 1073) travel round and round the 
atom, their wave fronts intersecting the paths of the core of 
the electron at right angles. The waves circulate in closed 
paths, and as the energy also travels in closed circuits none 
of it will escape, so that there is no loss of energy by radiation, 
and the waves when once started will persist for ever. 


* Communicated by the Author. 
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The mechanical properties o£ this system of waves have 
many analogies with those possessed by a fluid in which there 
is vortex motion, the group velocity of the waves corre¬ 
sponding to the velocity of the fluid. For if u, v, w are the 
components of the group velocity of the electronic waves at 
any point, then (see Phil. Mag. loc. eit.) 

r c s 

| ( udx+vdy + wds ) =— x2t r, 

where the integral is taken round a closed circuit, c is the 
velocity of light, and p is the frequency of the waves ; thus,, 
the integral on the left-hand side is constant both with 
regard to space and lime. 

If u, v, w are the components of the velocity of a fluid, 
the above integral is called the “ circulation ” round the 
circuit*; it also is constant and depends only on the strength 
of the vortices enclosed by the circuit. The results which 
follow from the constancy of the circulation in hydro¬ 
dynamics have their analogies in the properties of the wave 
system; thus, for example, it follows from this principle that 
the motion of the liquid in which the vorticity originated 
carries along with it the vorticity, hence the motion of the 
medium in which the waves are produced will carry along 
with it the system of waves which were started in that 
medium. 

For the sake of illustrating the use of this analogy we 
will consider one or two special cases. Take first the case of 
a long straight cylindrical vortex, which may be a cylinder 
of fluid in which the motion is rotational or a hollow 
cylinder round which circulation is established. The 
particles of fluid outside the vortex or hollow describe 
circles, with their centres on its axis and their planes at 
right angles to it; the magnitude of the velocity varies 
inversely as the distance from the axis. The system of 
waves corresponding to this case would be one where the 
group velocity of the waves at any point was equal in magni¬ 
tude and direction to the velocity in the fluid. The fronts 
of the waves are everywhere at right angles to the group 
velocity, hence the wave fronts will be radial planes passing 
through the axis. The distance between two adjacent wave 
fronts measured along their normal is thus proportional to r, 
the distance from the axis ; but this distance is also propor¬ 
tional to X, where X is the wave-length at the distance r ; 
hence Xocr, but r sc 1/m, where u is the group velocity; 
hence Xw is constant, which agrees with the properties of 
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electronic waves. The waves, being electrical waves, have 
momentum, and the memeritnm at any point is perpendicular 
to the wave front through that point; hence the momentum 
will be tangential, and there will be a finite moment of 
momentum about the axis; the system of waves will, in this 
respect, resemble a top spinning about its axis. Since the 
energy is flowing round closed paths there will be no escape 
of energy. 

The system of waves associated with an electron describing 
an orbit inside an atom is somewhat more complicated than 
the two-dimensional one we have just described. The hydro- 
dynamical analogue to this system is shown in the figure, 
which represents the distribution of vorticity in a section of 
the fluid by a plane through the axis of symmetry AB. 

The vorticity consists of closed vortex rings having 
a portion of their lengths AB in common. The toroidal 



surface of which ACBDA is a section is one where the 
vortex lines are tangential to the surface, and when such 
a surface moves it carries its vorticity with it (Lamb’s 
‘ Hydrodynamics,’ p. 186, 5th edit.). Inside this surface the 
liquid is revolving round the axis AB and has a finite 
moment of momentum about the axis, and neither energy nor 
fluid bursts through the surface. All these properties are 
possessed by the waves associated with an electron moving 
inside an atom under the influence of a central force varying 
inversely as the square of the distance, and the electron 
inside the atom will consist of its core and this system of 
waves, the core travelling with the group velocity of the 
waves in its neighbourhood. If the core is detached the wave 
system will persist and may escape from the atom, carrying 
with it the energy of the waves and the atmosphere of the 
electron. I regard this system of waves as a quantum of 
light, so that, on this view, light quanta are disembodied 
electrons. After the light quantum has escaped from the 
atom it will be surrounded by the normal ether and will 
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travel with the group velocity o£ waves through this medium, 
i. e. 9 with the velocity o£ light. Its direction o£ motion will 
be the direction o£ the group velocity in the ether, which 
will be determined by the light waves surrounding the 
quantum ; thus these waves will guide the quantum along 
the path it has to travel. The light quantum on this view 
consists o£ a system of electronic waves flowing in closed 
circuits through a region filled with the atmosphere o£ the 
electron. Since the energy moves round the light quantum 
in closed circuits there is no escape of energy as it moves 
through space, and, as in the analogous case o£ vortex motion, 
the system will carry its medium along with it. No energy 
is given up by the quantum to the waves of light when once 
these are established, as they form a system of stationary 
waves with respect to the quantum. We shall suppose that 
the light quantum is symmetrical about an axis, and that the 
circuits round which the waves travel are circles with their 
centres on this axis and planes at right angles to it. 

Any singularity in the wave field inside the light quantum 
will travel round the quantum with the group velocity of 
the waves in its neighbourhood. Before the light quantum 
was detached from the atom the singularity travelling 
round was the core of the electron. The path of the core 
will have a definite position in the system of waves, i . e. 9 it 
will be at a definite distance from the centre of the atom. 
Since the density of the energy in the waves will be greatest 
at the envelope of the rays in the wave system, and this is 
a circle whose radius depends on the energy content of 
the system, we should expect that this circle would be the 
path of the core and also the path of the singularity left 
when the core is detached. 

The motion of such a singularity round the light quantum 
will produce a periodic effect whose period is the time taken 
by it to travel round the circuit, and is thus equal to the 
length of the circuit divided by the group velocity of 
the electronic waves. We regard this period as that of the 
waves of light associated with the quantum. There is also 
another period associated with this quantum—that of the 
electronic waves circulating round it. This period is 
infinitesimal in comparison with that of the waves of light; 
we shall see, however, that these electronic waves are of 
fundamental importance in determining the relation between 
the period of the light waves and their energy. 

To determine this relation we proceed as followsthe time 
taken to describe its circuit by a singularity at a distance r 
from the axis of the quantum is 2irr/u if u is the group 
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velocity of the waves. Hence the frequency of the disturbance, 
i. e., v the frequency of the light waves, is given by 

u _ u s 
~ 2irr ~ 2vur' 


If V is the phase velocity of the electronic waves inside the 
light quantum , L their wave-length, and p their frequency, 


so that 


c 2 c 2 

u -Y~pL’ 


2vru = 


c 2 2irr 
p L 


Now the circuit 2 nr must contain an integral number of 
wave-lengths; hence 


so that 


2irr 

IT 


= n (an integer) ; 


v 


inru 



( 1 > 


We now proceed to calculate E, the energy in the system 
o£ waves inside the light qaantnm. The energy in the 
electronic system in the atom before the core was detached 
was eqnal to the energy of the core +E. Suppose that this 
electronic system arose from the falling of an electron from 
a great distance into the atom. If m is the mass of the 
electron, u its velocity, then when the electronic system is* 
inside the atom and the core is describing a circle of radius r 

2 e * 
mvr =s 

r 


If the core had retained all the kineticfenergy it acquired in 
its fall, then, neglecting relativity corrections, 

imu? = — ; 

» r 

thus the core has lost by its fall an amount of energy equal 
to mu 2 /2. We suppose that this has gone into the wave- 
system, so 


E *s |mu J + E 0 , 
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where E<> is the energy in the atmosphere of the electron 
when it i3 at rest and at an infinite distance from the atom; 
E 0 is a constant, and will not appear in equations representing 
the transference of energy between light quanta or between 
a light quantum and an electron. 

Thus, when the electronic system is in a steady state, the 
energy in the waves is equal to the kinetic energy of 
the core, and is thus equal to mu 3 /2 , where m is the mass 
of an electron and u the group velocity of the waves at the 
core of the electron. 

From (1) 

E = i—%+E„. 

P 

If m 0 is the mass of an electron at rest, and p 0 the frequency 
of its vibration when in that state. 


hence 


m _m 0 
P ~ Vo ’ 


E = ^, +Eo> 

& Po 


which is equivalent to 


j, _ ra tnoC_ v _ n ^ ^ 


The resemblance of this equation to Planck’s Law is obvious, 
in fact it becomes identical with it when n—2 *. On the view 
we have taken Planck’s relation is a necessary consequence 
of the existence of electronic waves. 

We can estimate the size of the light quanta as follows :— 
Taking the case n=2, we have by (1) 



and 


vr 3 


pu 3 r 3 
“ ~2c r 


c 3 


2 


o * 

Try 


When u/c is small, as it is for visible light, p is nearly equal 
to p 0 , so that this equation becomes 


vr s 


h 

2tT 2 m Q * 


* If the time of vibration of the light quantum were measured by the 
time a disturbance took to travel over a distance equal to the wave-length 
of the electronic waves inside the quantum, n would not appear. 
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Now v—c/\f where X is the length of the light waves, 
so that 


r 3 = 
r* = 


27r s cm 0 ' 
10-16 


r=* 35\AxlO~ 5 . 
Thus for the hydrogen lines 

H a r=2*8 xl0“ 8 cm., 
fij r=2*24 x 1(T 8 cm. 


Thus the quanta for visible light are of atomic dimensions. 
Since r oc\/X, the size of the quantum varies much less 
rapidly than the wave-length. 

If the light quanta have a finite size there will be a limit 
to the rate at which energy can be transmitted by light 
waves. For if r is the linear dimension of the quantuuj, the 
maximum number of quanta per unit volume may be taken 
as l//* 3 . The energy in each quantum is hc/\, so that the 
maximum energy per unit volume is hc/\r*, and the maxi¬ 
mum rate at which energy can be transmitted across unit 
area is hc 2 /\r^ } or, substituting the value of r, 

1*3 x 10 11 ergsfpcr sec. per square cm. 

Since the energy in the light quantum is equal to 

m 0 c 2 v 
Po ’ 


its mass will equal m 0 v/p 0 . 


Moment of Momentum of a Light Quantum about its Axes . 

The momentum per unit volume in the field of the 
electronic waves in the quantum is (see * Beyond the 
Electron/ p. 41) equal to 

(energy per unit volume in the wave-field)/V, 

where V is the phase velocity of the electronic waves. 
The moment of momentum about the axis is equal to 

^ (energy per unit volume), 
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feat 2 tjt=mL, where L is the length of the electronic wave,, 
and therefore r/V=n/2ir. p. Thus the total moment of 
momentum is equal to 

ft V 

2^ (energy of quantum) - 

Since the light quantum has a finite moment of momentum 
about its axis, to fix the quantum we require, in addition to 
its energy, a vector to fix the position of its axis. 

The case we have considered is one where one complete 
electronic system, i. e. core and waves, is deprived of its core 
and the whole of its wave-system goes to form the light 
quantum. The genesis of light quanta from atoms is some¬ 
what more complicated than this. By doing work on an 
electronic system at one energy-level it is transferred to a 
higher level, and when it returns to its original level the work 
done to transfer it to the higher level apppears in a light 
quantum. Whilst the electronic system is passing from the 
lower to the higher level it is not in a steady state, and 
there is no coordination between the core and the waves; 
the velocity of the core is not necessarily equal to the group 
velocity of the waves. We may suppose that during the 
transference the energy in the wave-system does not alter 


and is equal to 


jj — where r t is the 
2 T\ 


radius of the first 


energy-level. We have seen that when there is equilibrium 
between the wave-system and the core the energy in the 
waves is equal to e 2 /2R, where R is the distance of the core 
from the centre. In the steady state at the second energy- 

level r a the energy in the waves round the core is „ —; hence 

in this position there is an excess of energy in the wave 

system coming from the first energy level equal to 

— — V Let us suppose that this excess splits off 

\ r l 1 

as a separate system, which is not so closely held by the core 
as the other. When the electron falls back to its former 

1 e 2 

level it carries with it the waves whose energy is 0 —, and 

( 1 1 \ ^ r * 

-) is free to escape as 

fi r a j 

a light quantum. The fall of the core from r 2 to r t leaves 

1 / d? 

free an amount of energy 2\ r '~f) w kich S 08S into the 
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system of waves attached to the core and increases its energy 
le* 1 e 2 

from 25 — to rz —, the value it has when core and waves are 
2 r 2 2 rj’ 


in equilibrium. 

The quantum of light on this theory is a system of 
electronic waves flowing round a closed circuit. This 
circuit must have been closed before the waves were 


detached from the core ; this is the case when the electron 
which supplied the waves was one of the electrons in an 
atom. It would not be so with a free electron like a cathode 


ray. When the core is detached from this system the only 
definite frequency in the wave-system is the frequency of 
the electronic waves themselves, and the Rontgen rays 
produced by the impact of cathode rays against a target 
must owe any definite frequency they possess to the influence 
of the target itself. The path of the electron, and therefore 
of the electronic waves, through the target, owing to 
collisions with the molecules of the target, will be very 
irregular, and may contain a loop ; the length of this loop 
must be an integral multiple of the wave-length of the 
electronic waves. The loop may be detached and escape, 
carrying with it the electronic waves which circulate 
round it. This system is of the same character as that 
given out by an atom when emitting one of its spectral 
lines. It will be quantized, because quantization is the 
result of having an integral number of wave-lengths round 
the circuit, and Planck’s relation between period and energy 
will hold. As the velocity of the electron in the target is 
continually changing through collisions, the energy in the 
light quanta it emits will not be fixed, but will vary over 
a very wide range, and thus constitute a continuous spectrum. 
This corresponds to the white spectrum of the Rontgen 
rays. Those constituents of this spectrum, which are of any 
particular wave-length, will be of exactly the same character 
as the constituents of a monochromatic spectrum of that 
wave-length 

The same thing applies to the continuous spectrum given 
out by a hot body ; this is due to the irregular motions of 
electrons in the body. We can also put the same reasoning 
into a form which brings it into close connexion with a method 
which has long been used to describe the origin of electrical 
waves. Consider an electron and a positive charge. Tubes 
of electric force stretch from the electron to the charge, and 
in these tubes lies the energy of the field. For any of this 
energy to travel away into space without carrying the electron 


Phil. Mag . S. 7. Yol. 9. No. 61. June 1930. 4 I 
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with it tubes must break away, and to do this they must 
form a loop. When the electron moves about the tubes 
move with it and may get looped. Since electronic waves 
are running along the tubes, the length of the loop must be 
an integral multiple of the length of these waves. When 
the loop gets detached electronic waves are travelling around 
its closed circuit, and we have just what on the theory we 
are considering is a light quantum. The frequency of the 
light is proportional to the energy in the quantum, and, as 
this depends on the velocity of the electron, the spectrum 
given by an irregularly moving collection of electrons will 
be continuous. 


CVII. Notices respecting New Books . 

Mineralogy . An Introduction to the Scientific Study of Minerals. 
By Sir fimi A. Miehs, M.A., D.Sc., F.R.S. Second Edition, 
revised bv H. L. Bowman, M.A., D.Sc. [Pp. xx+658, with 
761 illustrations.] (London : Macmillan and Co. 1929. 
Price 30$. net.) 

T HE second edition of Sir Henry Miers’s «Mineralogy ’ has 
been revised by Dr. Bowman, his successor in the Waynflete 
Chair of Mineralogy in Oxford. It follows the original plan of 
the book, with such changes and additions as have seemed 
necessary after the lapse of twenty-seven years. The volume is 
restricted to an account of the general properties of minerals,— 
crystalline, physical, and chemical—to the description of the more 
important mineral species, and to an account of the methods for 
the determination of minerals. No systematic account of the 
occurrence of minerals, their geological distribution and origin 
are given. 

The volume is so well known to students of mineralogy that 
no detailed review of the contents of the second edition is 
necessary, the more so as the changes from the first edition are 
not extensive. The most important addition is an account of the 
analysis of crystal structure by means of X-rays. This is limited 
to twenty pages and might well have been expanded somewhat in 
view of the importance and power of the method. The idea of the 
wave-surface has been introduced into the chapter on the optical 
properties of crystals; this is a valuable and important addition. 
Numerous minor changes have been made and many new figures 
have been added. 
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The tables at the end of the volume—comprising a list of the 
principal minerals, tables of reactions, and tables of physical 
properties are very convenient for reference purposes. The index 
is excellent. 

This text-book is one which no student of metallurgy can afford 
to dispense with. 

The Earth: its Origin , History , and Physical Constitution . By 

Harold Jeffreys, M.A., D.Sc., E.R.S. Second Edition. 

[Pp. x+346, with 16 figures.] (Cambridge: at the University 

Press. 1929. Price 20$. net.) 

The developments in the subjects dealt with in this volume 
during the four years which have elapsed since the first edition 
appeared have necessitated an increase in size and price of the 
new edition of about twenty-five per cent. The portion devoted 
to seismology has been completely rewritten and considerably 
extended. A full account is given of the important researches 
of Gutenberg and others. A chapter is devoted to general 
considerations and the structure of the upper layers, and another 
to the information as to the Earth’s interior that is provided by 
seismology. The subject is thus brought into a more intimate 
relation with the other subjects dealt with. In particular, the 
conclusions provided by seismology have an important bearing on 
the thermal history of the Earth, and the chapter devoted to this 
subject has been rewritten. 

The general question of isostasy receives a more extended 
discussion, and more definite conclusions are drawn as to the 
nature and degree of isostatic compensation. More attention has 
been given to the bodily tide in the Earth and to bodily tidal 
friction. Much fuller discussion is given of the contraction 
theory of mountain formation, and of theories of the origin of 
the continents and of the permanence of the continents. In 
addition, numerous minor additions and revisions have been made. 

The result of these additions has been to increase considerably 
the value of the book. There is no other book which surveys in 
so authoritative a manner the work in many branches of geo¬ 
physics and coordinates them. Astronomy, geology, seismology, 
and the general properties of matter are all called upon to 
contribute evidence. The style is lucid and clear, the mathe¬ 
matical portions are not unduly heavy, and the volume is' 
eminently readable. 

A new appendix entitled “ The Relation of Mathematical 
Physics to Geology” has been added, replacing that on the 
hypothesis of the infinite deformability of the Earth by small 
stresses. It contains much cdmmon sense, and can be recom¬ 
mended to the serious attention of those geologists who are 
inclined to undervalue the evidence which can be derived from 
mathematical considerations. 


412 
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Magnetism. By Edmund C. Stones, Ph.D. (Methuen’s Mono¬ 
graphs on Physical Subjects.) [Pp. vii—117, with 20 diagrams.] 
(London : Methuen and Co. 1930. Price 2s. 6d. net.) 

Theories of magnetism have been profoundly affected by modern 
views of atomic structure. This small monograph starts appro¬ 
priately, therefore, with a consideration of the magnetic properties 
of atoms from the point of view of quantum mechanics. Dia¬ 
magnetism, paramagnetism, and ferromagnetism are then dealt 
with in succession. A final chapter deals with the magnetic 
properties of the elements. 

It will be seen that the book is intended for those who have 
some previous knowledge of the subject and describes some of 
the modern investigations and the present outlook on the subject. 
The development is necessarily somewhat condensed, though lucid 
and logical. The resume of the modern outlook on the subject 
provides a fitting introduction to the subject for those who wish 
to pursue it further, and will be appreciated by workers in kindred 
subjects who find it difficult to keep in close contact with modem 
rapid developments. A summary of the more important books and 
articles on the subject of magnetism is given, and there are 
footnote references to more recent work, of which an account is 
not available in the books quoted. 

Catalogue of Lewis's Medical and Scientific Circulating Library, 
Part I. Authors and Titles. Part II. Classified Iudex of 
Subjects, with Names of Authors who have written upon them. 
New edition, revised to the end of 1927. [Pp. 408 + 166.] 
(London: H. K. Lewis and Co. 1928. Price 15s. net; to 
subscribers, 7s. 6d. net.) 

Messrs. Lewis’s Circulating Library was established in .1848, 
primarily to supply the needs of members of the medical pro¬ 
fession. It has developed into a general scientific library, in 
which may be found books of scientific or philosophical interest 
which are not to be found in the ordinary circulating library. 
The catalogue deserves to be better known and has distinct value 
for reference purposes, quite apart from the library itself. 

The first part is arranged alphabetically according to authors 
and gives the full name of the work, the editor, size of page, 
price, and date of publication. The second part consists of a 
useful classified subject catalogue; under each subject the 
arrangement is according to authors, with the addition of a word 
or two to indicate the name and scope of the book, and the date 
of publication. The latter enables most recent books to be 
identified at a glance. For such a classified index considerable 
cross referencing is desirable: this has been incompletely done. 
Under astronomy, for example, the names of neither Jeans nor 
Eddington are to be found. Eddington’s ‘ Internal Constitution 



Geological Society. 1197 

of the Stars’ is indexed under Stars, not under Astronomy* 
Arrhenius’s ‘Destinies of the Stars/ on the other hand, is given 
both under Astronomy and Stars. Other examples could be 
multiplied. In view of the incompleteness of the cross-referencing, 
a summary list of the headings in Part II. would save much 
turning of pages. 

The library does not contain any foreign books, unless trans¬ 
lated. Old standard classical works are also, in general, missing. 
These omissions limit the usefulness of both library and catalogue. 
Subject to these limitations, the Catalogue appears to be reasonably 
complete. Messrs. Lewis are to be congratulated upon the 
production of a useful volume. 
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[Conlinued from p. 1064.] 


March 12th, 1930.—Prof. E. J. Garwood, M.A., Sc.D., F.K.S., 
President, in the Chair. 


By Roy Woodhouse 


J/HE following communications were read: 

1. ‘The Age of the Midland Basalts. 

Pocock, M.Sc., F.G.S. 

Basic igneous rocks of Lower Carboniferous age are known to 
occur in the Bristol district, at Little Wenlock in Shropshire, 
in North Staffordshire, Derbyshire, and Cumberland. Rocks of 
similar type are present in the Upper Carboniferous of the 
Midlands, but hitherto no definite evidence of their age has been 
produced. 

The object of this paper is to bring together all available data 
bearing on the age of the various igneous masses in the Upper 
Carboniferous, such as those of Kinlet, Shatterford, Clee Hill, 
Claverley, Rowley Regis, Wednesfield, etc. 

The Kinlet basalt is shown, by the evidence of certain expo¬ 
sures, to be a flow of Yorkian age, probably near the top of 
that division, and this conclusion is supported by evidence from a 
recent boring east of the main basalt-mass. 

The Shatterford basalt is shown to be extrusive, on the evidence 
of its relationship to the overlying and underlying Coal Measures. 
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The horizon of this basalt is somewhat lower in the Yorkian 
than that of Kinlet. 

At Clee Hill the evidence shows the basalt to be extrusive, and 
that it suffered erosion during Yorko-Staffordian time. 

The basic igneous rock in the Claverley boring is mentioned, 
as showing the association of igneous activity with the Coal 
Measures in the tract between Wyre Forest and South Stafford¬ 
shire. 

The Eowley basalt appears to lie just below the position of the 
unconformity, if such is present in the district, between the Etruria 
Marl and the Halesowen Beds. The evidence available for deciding 
whether the Eowley mass is extrusive or intrusive is discussed. 

The rocks of Wednesfield and Pouk Hill are known to be 
definitely intrusive. 

The age of these South Staffordshire rocks is considered, their 
dose connexion (petrologically, stratigraphically, and structurally) 
with the Shropshire basic rocks is emphasized, and the conclusion 
is reached that the Shropshire and South Staffordshire basalts are 
of the same general age: namely, Yorko-Staffordian, whether 
extrusive or intrusive. 

A volcanic belt is known to traverse the Midlands from 
Hanter and Stanner in Eadnorshire to the Ashby Coalfield area. 
The main movement along this zone took place in Yorko-Staf¬ 
fordian time, and the basaltic masses in question are, without 
exception, situated along it. 

2. 6 The Origin of the Etruria Marl.’ By Thomas Eobertson, 
B.Sc., Ph.D. 

The Etruria Marl Group of the Upper Coal Measures in the 
Midlands is mainly composed of chocolate-coloured to purple clay, 
mottled with green, yellow, etc., alternating with greenish sand¬ 
stones (Espley Eock). 

There is no earlier sedimentary rock in the district that could 
by decomposition yield so characteristic a facies as this Group 
presents, nor does the Group show characters definitely known to 
belong to deposits derived from arid regions. 

In appearance and composition the Etruria Marl strongly 
resembles the denudation-products of basalt and basic tuff, and 
further examination shows that it contains fragments of basalt; 
that its position in the geological sequence is the same as that of 
the Coal-Measure vulcanicity in the Midland Province; and that 
it is best developed in those portions of the basins of deposition 
towards which the denudation-products of the Midland basalts 
would flow. 

It is thus concluded that the Etruria Marl was formed by the 
decomposition of the Midland basalts; and certain subsidiary 
deductions are made regarding the general geological significance 
of the Etruria Marl facies. 
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March 26th, 1930.—Prof. E. J. Garwood, M.A., Se.D., F.E.S., 
President, in the Chair. 

The following communication was read:— 

‘A Classification of some Rhyolites, Trachytes, and Phono- 
lites from part of Kenya Colony, with a Note on some associated 
Basaltic Rocks.’ By Walter Campbell Smith, M.C., T.D., M.A., 
Sec.G.S. 

Comparison of specimens collected on two expeditions by Prof. 
J. W. Gregory in 1893 and 1919, previously described by Dr. G. T. 
Prior (1903) and Miss A. T. Neilson (1921), supported by some 
new analyses, has led to a revision of the somewhat confused 
nomenclature. The rocks are classified as follows :— 

{Si 

Trachytes «[ ^oda-trachyte (Gibel6 type) Washington. 

^ \ Pantelleritic trachytes and kataphorite-trachytes. 

f (Kenya type) Prior and Neilson. 

Phonolites (Losuguta type) Prior. 

( Kenytes. 

The pantelleritic trachytes include most of the phonolitic quartz- 
trachytes of Prior. 

The £ Kapitian phonolites ’ are shown to be identical with the 
kenytes of Mount Kenya, which are found to contain phenocrysts 
of nepheline, as well as the more conspicuous well-known anortho- 
clase. Priors contention that the kenytes are basic members of 
the phonolite series is confirmed. 

Basaltic rocks associated with the phonolites are relatively 
scarce. They include mugearites, alkali-basalts, and porphyritie 
types with abundant phenocrysts of augite and olivine. 


April 9th, 1980.— Prof. E. J. Garwood, M.A., Sc.D., E.R.8., 
President, in the Chair. 

Prof. Mon W. Collet, For.Corresp.G.S., delivered a lecture 
on the Structure of the Canadian Rockies. The 
Lecturer said that Prof. K. F. Mather and Prof. P. Raymond 
of the Geological Department of Harvard University supervised 
in 1929, with the collaboration of Dr. Parejas of Geneva, a month’s 
Summer Course in the Canadian Rockies to investigate the strati¬ 
graphy along the Athabasca Yallev (Jasper National Park) and 
round*Mount Robson (B.C.). This course of 20 students did, in 
fact, the reconnaissance work fora two months’ expedition (financed 
by the Shaller Fund) in which the structures were studied 
under the leadership of the Lecturer, with the collaboration of 
Dr. Parejas and A. Lombard. 
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The Lecturer presented and described the section that he had 
made ’with Dr. Parejas along the Athabasca Valley, from the 
eastern border of the Rockies to Yellow. Bead Pass, that is, a 
•complete section across the Rockies. This mountain-chain is 
made up of seven * blocks ’ thrust one over the other from west to 
east, and separated by ‘clean-cut thrusts’ of the type of the 
North-West Highlands of Scotland. 

From east to west, at Boule Eoche the Carboniferous is over¬ 
riding the Cretaceous of the Great Plains. On the eastern side of 
Roche Ronde one sees the Upper Cambrian on the Cretaceous of 
the former block. At the foot of Greenock Mountain, the Devonian 
is thrust over the Triassic. In Vine Creek the Devonian again 
overrides the Triassic. On the eastern side of Gargoyle the 
Devonian can be seen resting on the Jurassic. On the eastern side 
of Chetamon Mountain the Cambrian is pushed over the Carboni¬ 
ferous, and last but not least, at the foot of Pyramid Mountain, 
the pre-Cambrian is thrust over the Devonian. 

In the Mount Robson region the Lecturer and Dr. Parejas 
detected a thrust-plane on the eastern side of Titkana Peak that 
had been imagined by Walcott, owing to the tremendous thickness 
of the Cambrian strata. 

Comparing the structure of the Canadian Rockies with the 
structure of the Alps, the Lecturer showed that we were dealing 
with two different types of folding. The structure in blocks of 
the Canadian Rockies corresponds to Argand’s ‘ground folds’ 
(plis de fond), while the Alps are made up of 4 recumbent folds ’ 
developed in a geosyncline. In the Canadian Rockies the energy 
necessary for the folding was much greater than in the Alps, for 
in the former the strata have been cut into blocks as far down as 
the pre-Cambrian. 

The Lecturer showed, moreover, that the Ordovician and the 
Silurian are missing in the eastern part of the Rockies. The 
Ordovician alone appears in the western part. He considered that 
this stratigraphical gap was a repercussion, across the Canadian 
Shield, of the Caledonian folding of the Canadian Appalachians. 

The results arrived at by his expedition confirm the structure of 
the Canadian Rockies as shown by Prof. R. A. Daly’s section 
along the 49th parallel, and the views expressed by Prof. E. 
Argand on the geology of North America in several chapters of 
his well-known ‘ Tectonique de l’Asie’. 


[The Editors do not hold themselves responsible for the 
views expressed by their correspondents .] 
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lence in front of a body moving 
through a viscous fluid, 1038. 

Pipe, on the end correction and con¬ 
duction at the mouth of a stopped, 
23. 

Planck’s law, on the relation of 
electronic waves to, 1185. 

Plates, on the variation with pressure 
of the force between two, 97. 
Pocock (ft. W.) on the age of the 
Midland basalts, 1197. 

Porter (Prof. A. W.) notes on sur¬ 
face-tension, 1066. 

Potassium chloride,on the amplitude 
of vibration of ions in, 193; on the 
etch-figures of, 233. 

Potentials of a sphere, on second 
order expressions for the, 964. 
Prasad (Dr. G.) on the numerical 
solution of partial differential 
equations, 1074. 

Probability method, on the, in the 
new statistics, 621. 
Psvchophysical law, on the, 817, 
827 . 

Pulses, on the generation ot, in 
vibrating strings, 88. 

Puri (G. L.) on experiments with 
carbon line resistances, 415. 
Quantum theory of X-ray exposures 
on photographic emulsions, on the, 

787. , . . , 

Radiation, on Hamilton’s principle 
and the field equations of, 568; 
on the optical effects of isotropic, 
spread over elliptic space, 50. 
Raksbit (H.) on the distribution of 
space charge between a plane hot 
cathode and a parallel anode, 

80. . , . 
Raman effect, on the, in the prox¬ 
imity of the critical point, 299. 
^Rational current elements, on the 
mutual action of a pair of, 92. 


Bedshitfc and relativistic cosmology 
on, 936. J 

Keimann (A. L.) on the thermionic 
emission and electrical conduc¬ 
tivity of oxide cathodes, 440. 
Resistances, on carbon line, 415. 
Resistivity, on an anomalous after¬ 
effect of dielectrics for their 
apparent, 474; on the application 
of the damping produced by cur¬ 
rents to the determination *of, 1, 
16. 

Resonators, on the free periods of, 
346. 

Rhodes (Dr. E. 0.) on reducing 
observations by the method of 
minimum deviations, 974. 
Richardson (Dr. E. G.) on the tur¬ 
bulence in front of a body moving 
through a viscous fluid, 1038. 
Roberts (R. W.) on the para¬ 
magnetic rotatory dispersion of 
aqueous solutions of cobalt sul¬ 
phate, 361. 

Robertson (Dr. T.) on the origin of 
the Etruria marl, 1198. 

Robertson (Prof. A.) on the critical 
stress for tubular struts, 324. 
Room, on the effective temperature 
of a warmed, 858. 

Rotatory dispersion of cobalt sul¬ 
phate, on the paramagnetic, 361. 
Saegusa (Prof. H.) on an anomalous 
after-effect of dielectrics for their 
apparent resistivity, 474. 

Saha (Prof. M. N.) on new methods 
in statistical mechanics, 584. 
Scattering powers of the atoms in 
magnesium oxide for X-rays, on 
the, 1081. 

Searle (Dr. G. F. C.) on the mutual 
action of a pair of rational current 
elements, 92. 

Seth (Prof. J. B.) on experiments 
with carbon line resistances, 
415. 

Shaw (Prof. P. E.) on frictional 
electricity, 577; on the nature of 
friction, 628. 

Shimizu (S.) on an anomalous after¬ 
effect of dielectrics for their 
apparent resistivity, 474. 
Silberatein (Dr. L.) on illuminated 
space-time, 50; on the quantum 
theory of X-ray exposures on 
photographic emulsions, 787. 
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S]gggi* double-slider-crank meehan- 
'. spii, on a, 639. 

Sdipa (W. C.) on rhyolites, 
trachytes, and phonolites from 
. &$bya Colony, 1199. 

Sodium chloride and fluoride, on the 
amplitude of vibration of ions in, 

im 

Solid friction, on vibrations damped 
to, 829. 

Solids, on the contact of, 610. 
gfcund, on the propagation of, in 
suspensions, 752. 

Sound-velocities in air, oxygen, and 
carbon dioxide, on measurements 
of, 1020. 

Sound-waves, on the scattering of, 
by small elastic spheres, 741. 
Space charge, on the distribution of, 
between a plane hot cathode and 
a parallel anode, 80, 

Space-group of the alkaline Sul¬ 
phates, on the, 665. 

Spacetime, on illuminated, 50. 
Spectrum, on new bands in the 
secondary, of hydrogen, 37*; on 
the band, of cadmium and of bis¬ 
muth, 519; on the/of mercury, 673. 
Sphere, on second order expressions 
for the potentials of a, 964. 
Spheres of soft metals, on the 
collision of, 593. 

Spheres, on the scattering of sound¬ 
waves by small elastic, 741. 

Starr (A. T.) on the lag in a thermo¬ 
meter, 901. 

Stars, on the equilibrium of dense, 
944. 

Statistical mechanics, on new 
method%in, 584. 

Statistics, on the probability method 
in the new, 621. 

Stephens (E.) on the Hall effect, elec¬ 
trical conductivity, and thermo¬ 
electric power of the lead-anti¬ 
mony alloys, 547. 

Stone (W.) on some phenomena of 
' the contact of solids, 610. 

Stoner (Dr. E. C.) on the equili¬ 
brium of dense stars, 944. 

Stress, on the critical, for tubular 
struts, 324, 686. 

Stress distribution in a beam, effect of 
a circular bole on the, 210. 
Stresses, on initial and maximum, in 
ties and struts, 426,1094. 


String, on the theory of the piano¬ 
forte, struck by a hard hammer, 
306, 321, 

Strings, on the generation of pulses 
in vibrating, 88. 

Struts, on the critical stress for 
tubular, 324, 668; on initial and 
maximum stresses in, 426,1094. 

Surface tension, notes on, 1066. 

Suspensions, on the propagation of 
sound in, 752. 

Sylvine, on the amplitude of vibra¬ 
tion of ions in, 193; on the etch- 
figures of, 233. 

Synge (E. H.) on a method of in¬ 
vestigating the higher atmosphere, 
1014 

Taylor (Dr. J. L.) on some hydro- 
dynamical inertia coefficients, 161. 

Teegan (J. A. 0.) on the application 
of the photoelectric cell to the 
measurement of small displace¬ 
ments, 589. 

Temperature distribution along a 
heated filament, on the, 28. 

-measurements in gaseous com¬ 
bustion, on, 402. 

-, on the effective, of a warmed 

room, 858. 

Thermionic emission of oxide cath¬ 
odes, on the, 440. 

Thermoelectric power, on the, of the 
lead-antimony series of alloys, 
547. 

Thermometer, on the lag in a, 901. 

Thomas (S.) on vibrations damped 
by solid friction, 329. 

Thompson (B.) on the upper estua¬ 
rine series of Northamptonshire, 
671. 

Thomson (Sir J. J.) on the relation 
of electronic waves to light quanta 
and to Planck’s law, 1185. 

Thornton (Prof. W. M.) on the pro¬ 
pagation of flame in gaseous 
explosions, 260. 

Ties, on initial and maximum stresses 
in, 426,1094. 

Tomlinson (G-. A.) on a molecular 
theory of elastic hysteresis, 913, 

Townsend (Prof. J. S.j on the 
energies of electrons in gases, 
1145. 

Trivelli (A. P. H.) on the quantuji 
theory of X-ray exposures on 
photographic emulsions, 787. 
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Tungsten, on the scattering power 
of; 57. 

Turbulence in front of a body 
, moving through a viscous fluid, 
on the, 1038. 

Tutton (Dr. A. E. H.) on the space- 
group of the alkaline sulphates, 
667. 


Tim (Z.) on the effect of a circular 
hole on the stress distribution 
in a beam, 210. 

Tyler (E.) on the distribution of 
vortices behind obstacles, 1113. 

Tyler (F.) on the magnetic charac¬ 
teristics of nickel, 1026. 

Valency, on the electronic theory of, 


Vaporization, on the effect of a 
dipole on the latent heat of, of a 
liquid, 422. 

Vernon (M. A.) on the electronic 
theory of valency, 233. 

Vibrations, on, damped by solid 
friction, 329; on forced, with com¬ 
bined viscous and Coulomb damp¬ 
ing, 801. 

Vina, on the acoustics of the, 88, 

Viscous fluid, on the turbulence in 
front of a body moving through a, 
1038. 

Vision, on the sense of, 817. 

Vortex system in the wake of a 
cylinder, on the, 489. 

Vortices, on the distribution of, 
behind obstacles, 1113. 

Walker (Dr. F.) on the geology of 
the Shiant Isles, 864. 


Warren (A. fib) on~the free &nd 
forced symmetrical oscillations of 
thin bars, circular diaphragms, 
and annuli, 881. 

Water, on the cataphore&is of email 
particles in, 769. 

Wave-length, on hydrogen and 
helium lines as standards of, 661. 

Weber s law, note on, 817, 827. 

Weyl (Prof. H.) on redshift and 
relativistic cosmology, 936. 

White (P.) jen the scattering mid 
diffractionof cathode-rays, 641. 

Whitehead (S.) on dipoles in rela¬ 
tion to the. anomalous properties 
of dielectrics* 865. 

X-ray exposures, on the quantum 
theory of, on photographic emul¬ 
sions, 787. 

- investigation of the copper- 

antimony alloys, on an, 993. 

-powder-photographs, on the ab¬ 
sorption in, 57. 

-reflexions, on precision mea¬ 
surements of, from crystal pow¬ 
ders, 525, 

X-rays, on the scattering power of 
the carbon atom for, 204; on the 
soft, of manganese, 847; on the 
scattering powers of the atoms in 
magnesium oxide for, 1081. 

Zero, on the inaccessibility of the 
absolute, 208. 

Ziemecki (Dr. S. L.) on the Raman 
effect in the proximity of the 
critical point, 299. 
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